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An explicit approximation of the Colebrook equation for fluid flow frict ion factor
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15 Abstract: The Colebrook equation for determination of hydraulic resistaniceglisit in fluid

18 flow friction factor and hence it has to be approximately solved using ite@tieedure or

20 using some of the approximate explicit formulas which were developed byautyrs. Here
will be shown one approximation of the Colebrook equation based on Lambert W-function.
25 Keywords: Hydraulic resistance; Colebrook equation; Approximate solutionpeshi/-

27 function; Flow friction

32 Nomenclature

34 A-Darcy friction factor (dimensionless)
Re-Reynolds number (dimensionless)
39 e-Inner roughness of pipe (m)

41 D-Diameter of pipe (m)

a4 x-argument of Lambert W-function

46 S-defined in text

51 1. Introduction
53 An integral part of the frictional pressure drop due to fluid flow in pipes involves the
determination of hydraulic resistances, i.e. friction factprAn accurate determination of the
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pressure drop due to fluid flow in oil and gas wells is required for optimizing oil @&nd ga
production design calculations. Some of these calculations include developing tulgirsgnso

to maximize well deliverability, wellbore flow performance, sizing stefiow lines, and

designing artificial lift installations (Farshad et al 2001). The desigil of gas pipelines and
networks is commonly presented through a series of numerical procedures and
recommendations, and usually flow equations are recommended by the several acthdirsgac

to common design and calculation practice (Coelho and Pinho 2007). Example of such equation

can be here discussed Colebrook’s (1).

The transition region between laminar and fully turbulent rough pipe flow was diefine
empirically on pipes that had a uniform roughness created by a coatingayhus#dnd covering
the entire pipe interior. Measurements by Colebrook and White (1937) showed that gipes wit
non-uniform roughness did not display exactly the same transition curves. For romahpipes

Colebrook (1939) showed the transition region of turbulence could be described by:

251 € ]

% =2 log(—\/_+ 371D
A Re A - (1)

Many researchers, as referred by Coelho and Pinho (2007) adopt a modification of the

Colebrook-White equation (1), using the 2.825 constant instead of 2.51.

This implicit equation was obviously too complex to be of practical use in the time twhas i

developed. It may be difficult for many to recall the time as recentlyea$370’s when there
2
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were no personal computers or even calculators that could do much more than add or Isubtract
that environment an implicit relationship such as Colebrook’s (1), which was wellRkihe,

was impractical and some simplification was essential. Rouse show thatdd&leljuation is a
reasonable and practically adequate solution and plotted chart based upon it (Moodiyn1944).
order to simplify this chart for ordinary engineering use, Moody (1944) adoptedcororenient
co-ordinates Re=%{). In Rouse diagram friction factak)(is implicit in both co-ordinates, i.e.

Rev% =f{1/¥7). To be precise Rouse use primary axias = (1/% ) and secondary as

Re=f(.), while Moody (1944) use only Rexj( This graphical solution is the simplest but most
approximate way to avoid trial-error or iterative solution to the implicieook relation.

Today, equations such as Colebrook’s can be easily solved very accuratelemtareit

procedure using common software tools like MS Excel (B2kil0a). But, here will be shown

one another way to solve Colebrook relation but no less accurate with Lambert W-function
involved (Brkic 2010b). Among many today available explicit approximations to the implicit
Colebrook equation (Moody 1947, Wood 1966, Eck 1973, Jain 1976, Swamee and Jain 1976,
Churchill 1973, 1977, Chen 1979, Round 1980, Barr 1981, Zigrang and Sylvester 1982, Haaland
1983, Serghides 1984, Manadilli 1997, Romeo et al 2002, Sonnad and Goudar 2006, Rao and
Kumar 2007, Buzzelli 2008), here will be shown another one based on Lambert W-function and

its solution proposed by Barry et al (2000).

2. On the Colebrook’s equation for fluid flow friction factor
For turbulent flow in rough pipes which is of greater practical interest, trebfalk equation
(1) is by far the most widely used correlation to calculate Darcgsdn factor §). It relates the

friction factor @) to the Reynolds number (Re) and relative pipe roughué3y Before 1939.,
3
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in which Colebrook’s equation developed, for turbulent regime in smooth pipes widely was use

Prandtl’'s equation also implicit in friction factor (2):

1 2. Iog( RES\/EJ =2 Iog(Re \/X)— 08 (2)

Also, for turbulent regime in rough pipes widely was used von Karman'’s relation (3):

1 371D 2-¢ €
W =2- Iog( . J =174-2- IOQ(FJ =114-2- Iog(B] 3)

In that way transition curve between these two regimes does not exist. But exjperim
conducted by Colebrook and White (1937) show that smooth curve between hydraulically
“smooth” regime and turbulent rough regime actually exist. From stricijpematical point of
view, what Colebrook had done is incorrect, i.e. log(A483(A)+log(B), but physically this

relation gives good results, i.e. smoothing the contact between two lines (Figure 1)

Figure 1. Colebrook relation make transitional curve among hydraulically “smoothheegnd

turbulent rough regime

Problem can be treated as inverse; according to logarithm’s rules it iyencatrect to split

the Colebrook’s relation into two pieces.
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3. Transformation of the Colebrook’s equation using Lambert W-function

For real values of the argument x, the W-function has two branchgsh&principal branch)

©CoO~NOUTA,WNPE

and W.; (the negative branch). The range of the lower branck#/-1, while the upper branch
13 W, is divided into -Ew,; <0 and &w; (Figure 2). W is referred to as principal branch of the
16 Lambert W-function. The evolution of W function began with ideas began proposed by J.H.
18 Lambert in 1758 and refined by L. Euler over the subsequent two decade (Gray 1978);Only

21 part of the principal branch of the Lambert W-function will be used for solution ofroblgm.

25 Figure 2. Real branches of Lambert W-function

30 Prandtl's equation (2) can be expressed in explicit form in exact mathematicalithout any

approximation involved (4):

1 2 Re-In(10)
38 W |n(1o)W[ 2.2.51}

(4)

44 Similar transformation of Prandtl’s equation (4) in explicit form is avaslabliterature

(Goudar, Sonnad 2003, 2007). Unfortunately, the Lambert W-function cannot be solved without
49 some approximations. Further according to 8(R010b), after few logarithm and antilogarithm

o1 operation and used similar idea as original Colebrook’s to unite Prandtl’s and von Karman’

54 relation, the Colebrook equation can be written in explicit form in exact mathaihvasig

56 without any approximation involved (5).
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N

1 -1 W[Reln(lo)} 5.02~W[Re'5lgg'o)}
—— =-2.log 10" L 802 1, & I__ 5 oq : ¢

= +
371D Re In(10) 371D 5)

Here shown procedures for solution of reformulated Lambert W-function easifinda

application in professional software packages (Clamond 2009, Hayes 2005). No tsnistrai
ranges for values of Reynolds number and relative roughness in comparisons tb origina
Colebrook relation do not exist. Besides these two original reformulation of the @iKebr

equation (Brké 2010b) shown in this paper (5), in the paper of Moore (2006), another possible
transformation of the Colebrook equation using Lambert W-function is shown. Similéioaqua

is available in the paper of Nandakumar (2007) and in the papers of Sonnad and Goudar (2006,
2007). But relations shown in these papers have limitation in applicability for higis\adlue
Reynolds number and relative roughness because today available computers caateowviper

extremely large numbers (Sonnad and Goudar, 2004).

4. Approximate solution of the Colebrook’s equation based on the Lambert Wunction
Numerical approximations for solution of the Lambert W-function are alsoinedtan some of
the computer algebra packages. The Lambert function is implemented in ratgrgmatical
systems like Mathematica by Wolfram Research under the name ProdoctMaglab by
MathWorks under the name Lambert. Note that name “W” for Lambert function is ot as

the related function (Hayes 2005). The modern history of Lambert W-function began in the
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1980s, when a version of the function was built into the Maple computer-algebra system and

given the name W.

©CoO~NOUTA,WNPE

Formal solution of the Lambert W-function can be defined as (6):

18 (6)

24 Boyd (1998) give his procedure for calculate of approximate value of Laiimction using
27 so called “shifted” function. But here, approximate solution of transformed Colebrodioagua

(7) is done after procedure proposed by Barry et al (2000) (8).

Y Iog[lO‘O"‘z‘438 +Lj ~ -2 Iog[2'1—8'S+L]
36 Ir 371D Re 371D 7)

41 Where S is (8):

43 Re
~In

45 1816 |n[1‘1"_"ej (8)
In(1+1.1-Re)

N
N
(0p)

51 For more accurate procedure, but also more complex, readers can consult paper eif &

53 (2000).

URL: http://mc.manuscriptcentral.com/lpet Email: jamessp8@aol.com



©CoO~NOUTA,WNPE

Petroleum Science and Technology Page 8 of 15

5. Conclusion

Main advantage of here shown transformed Colebrook equation (1) based on Lambert W-
function written in explicit form in exact mathematical way without any @xpration involved
(5) is that accuracy of its solution depends only on accuracy of proposed procedahgtifon s
of Lambert W-function. Here is shown one very accurate and simple appraxiroathe
implicit Colebrook equation based on solution of the Lambert W-function after Baaty e

(2000).

From the implicit Colebrook relation many explicit approximate formulas deweloading

possible a very accurate estimation of the friction factor without caroghgerative calculus

(Moody 1947, Wood 1966, Eck 1973, Jain 1976, Swamee and Jain 1976, Churchill 1973, 1977,
Chen 1979, Round 1980, Barr 1981, Zigrang and Sylvester 1982, Haaland 1983, Serghides 1984,
Manadilli 1997, Romeo et al 2002, Sonnad and Goudar 2006, Rao and Kumar 2007, Buzzelli
2008). Chen (1979), Schorle et al (1980), Gregory and Fogarasi (1985), Ouyang and Aziz

(1996), Romeo et al (2002), Abdolahi et al (2007), Rao and Kumar (2007), Goudar and Sonnad
(2007, 2008), Concha (2008), B¢K009), Yildirim (2009), etc., in their papers made

comparisons of in that time available approximations of Colebrook equation.

Here shown approximate solution of Colebrook equation (7), made maximal estimatied rel
error no more than 3.15% over the entire range of Reynolds number and relative roughness
where original implicit Colebrook equation (1) can be used. This extreme vkdtieererror is
estimated for extreme low Reynolds number and relative roughness. Hereagbmeximation

(7) is the most accurate for high values of Reynolds number and relative roughoagsaim

8
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other available approximations of the Colebrook relation. Estimated error ingius re below

0.002%.
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Figures
Figure 1. Colebrook relation make transitional curve among hydraulicallgd®rhregime and
turbulent rough regime

Figure 2. Real branches of Lambert W-function
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