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EULER-LAGRANGE EQUATION FOR A DELAY VARIATIONAL
PROBLEM

JOEL BLOT AND MAMADOU L. KONE

ABSTRACT. We establish Euler-Lagrange equations for a problem of Calcu-
lus of Variations where the unknown variable contains a term of delay on a
segment.
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1. INTRODUCTION
We consider the following problem of Calculus of Variations
Minimize J(z) := fOT F(t,my, o' (t))dt
when  z € C°([-r,T],R")

TYor € C([0,T],R")

To = 1/}5I(T) = C
where r, T € (0, +00), r < T, F :[0,T] x C°([-r,0],R") x R"® — R is a functional,
¥ € CO[-r,0],R"), ¢ € R", and z4(0) := z(t + 0) when 6 € [—r,0] and t € [0,T].
C° denotes the continuity and C' denotes the continuous differentiability.

(P)

The aim of this paper is to establish a first-order necessary condition of opti-
mality for problem (P) which is analogous to the Euler-Lagrange equation of the
variational problem without delay. Note that in other settings of delay variational
problems, the question of the establishment of an Euler-lagrange equation was stud-
ied, for instance in [§] (see references therein), [9], [2].

Now we describe the contents of the paper. In Section 2, we specify the notation
of various functions spaces, we introduce an operator to represent the dual space
of C%([—r,0],R™) into a space of bounded variation functions (denoted by R,,) and
we establish properties on this operator. In Section 3, we state the main theorem
of the paper (Theorem [B]) on the Euler-Lagrange equation. We provide comments
on this theorem. In Section, we introduce function spaces and operators which
are specific to the delayed functions and we establish several of their properties.
In Section 5, we provide conditions to ensure the Fréchet differentiability of the
criterion of (P). Section 6 is devoted to the proof of the Theorem B]

2. NOTATION AND RECALL

When X and Y are real normed vector spaces, £(X,Y) is the space of the
continuous linear mappings from X into Y. When A € L(X,Y), we use the writings
Az = A(z), (A, z) = A(z) when Y = R, and we write the norm of linear continuous
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2 BLOT KONE

operators as ||A]|z :=sup{||A- x|y : € X, ||z||x < 1}. The topological dual space
of X is denoted by X* := L(X,R).

When a < b are two real numbers, the space of the continuous functions from
[a,b] into X is denoted by C°([a,b], X); its norm is || f||sc, a5 := sup{||f(t)|x : t €
[a,b]}.

When F is a finite-dimensional normed vector space, and when a < b are two
real numbers, BV ([a,b], E) denotes the space of the bounded variation functions
from [a,b] into E. NBV ([a,b], E) denotes the space of the g € BV ([a,b], E) which
are left-continuous on [a,b) and which satisfy g(a) = 0. When g € BV ([a, b], E),
the total variation of g is V,?(g) which defined as the supremum of the non negative

numbers Zf:o I f(t:) — f(tix1)|| g on the set of the finite lists (¢;)o<i<k+1 such that
a =ty << ..<tgs1 =b. The norm on NBV ([a,b], E) is ||g|lsv = V(g).

Denoting by B([a,b]) the Borel o-field of [a,b], when v € NBV([a,b], E), there
exists an unique signed measure p[y] : B([a,b]) — R such that, for all @ < 8 in [a, b],

n[]([a; B)) = 7(B) — v(e). Necessarily we have p[y]([ev, 5]) = 7(8+) — ¥(a), and
when 8 = b, v(b+) := v(b). The Lebesgue-Stieltjes integral build on ~ is defined

by ff dy(0)f(0) = f[aﬁ] f(0)du[y](0) where a < 8 in [a,b] and where f is p[y]-
integrable. We also recall the useful inequality | f: dy(0)e(8)] < VEM)ellso,(a,0)-

We denote by (ex)i<k<n the canonical basis of R” and by (e} )i<k<n its dual
basis. When g € NBV ([a,b],R™), g(8) = >", ge(0)e;, when f : [a,b] — R™,
f(0)=>"1_, f*(0)ey, where the f* are u[gi)-integrable, we set

B n B
/ dg(6) - £(8) =3 / dgi (6) F*(9). (2.1)
« k? «

=1

The theorem of representation of F. Riesz of C°([—r,0],R)* permits to define the
operator

R1: C°([-r,0],R)* = NBV([-r,0],R)
by

0
(6,0 = / AR (0)(0)4(6). (2.2)

when ¢ € C°([—r,0],R)* and ¢ € C°([-r,0],R).
R is a topological linear isomorphism from C°([—r,0],R)* into NBV ([-r,0],R),
and it is an isometry: ||R1(0)|sv = ||¢||z when ¢ € C°([—r,0],R)*.

When n € N, n > 2, when L € C°([—r,0],R")*, for all k € {1,...,n} we define
lx € C°([—r,0],R)* by setting

{l, @) == (L, per) (2.3)
where ¢ € C([-r,0],R). We set

Ru(L) =Y Ri(l)e;. (2.4)
k=1

This formula defines an operator

Ry : C°([=r,0],R™)* — NBV([—r,0],R™).
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When ¢ = >,_, ¢"ex, € CO([—r,0],R™) we have

(L,¢) = (L, 1¢k€k> Dk 1< ,Pter)
= Y- 1k, 0 £y = iy J2, dRa(6) (0)8 ()
= Sroy JO ARy (L) (B)er) - 6(0)
and using (Z4]) we obtain

(L) = / dR(L)(0) - 6(0). (2.5)

T

Lemma 2.1. R,, is a linear topological isomorphism from C°([—r,0],R™)* onto
NBV ([—r,0],R™).

Proof. R™ is endowed by the norm || Y"1 _, uFex| := maxi<p<, [u¥|, and R™ is
endowed by the norm || >"7_, preill := > p_; |Pkl-

Let g € NBV([-r,0],R™), g(0) = >_r_, gx(0)e;, with g, € NBV([—r,0],R). We
define the linear functional

L7: CO([-r,0,R") » R
0
(19,6) z[dgk ©)6©) = [ dg(6)- 900
where¢€00([ 0L, R™), ¢ ():Ek:ﬁbk()k

Since VO, (gr) < VBT( ) for all k € {1,...,n}, for all ¢ € CO([—r,0],R"), we have
(L9, 0)] < iy | f2, dgi(0)d*(0)] < S5, (lgxll By |6 |oc.[—r.0) which implies the
following inequality

(L7, ¢)| < nllgllBvlllso,—r0- (2.6)
This inequality proves that LI € L(C°([-r,0],R"),R)

Hence we can build the linear operator
£: NBV([-r,0],R™) — C°([-r,0,R")*, £(g) := L.

From (2.6) we have ||£(¢9)|z < nl|lg||sy which implies the continuity of £.
When £(g) = 0, for all ¢ € C°[-r,0],R), taking ¢ = e, we obtain that
f_r dgr(0)p(0) = 0, therefore Ry *(gx) = 0, and since R, is a linear isomorphism,
we obtain g = 0 for all k¥ € {1,...,n}, hence ¢ = 0. We have proven that £ is
injective.
When L € C°([—r,0],R")*, setting g(6) := >_r_, Ry (¢k)(0)ef, we verify that g €
NBV ([-r,0],R™)and that L = £(g), and so we have proven that £ is surjective.
Hence £ is linear bijective and continuous. Using the Inverse mapping Theorem

of Banach, we obtain that £! is continuous, and since R,, = £7!, we obtain the
announced result. O

Now we consider a case with a dependence with respect to the time.

Theorem 2.2. Let [t — L(t)] € C°([0,7],C%([—r,0],R™)*). Then the following
assertions hold.
(i) [t = Ran ( ()] € C°([0,T], NBV ([-r,0],R"™))
(ii) [(¢,0) — Rn(L(t))(9)] is Lebesgue measurable on [0,T] x [—r,0]
(iii) [(t,0) — Rn(L(t))(0)] is Riemann integrable on [0,T] x [—r,0].
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Proof. Assertion (i) is a straightforward consequence of Lemma 2711 Assertions (ii)
and (iii) are is proven in [6] (Theorem 4.1) in the case where N BV ([—r, 0], M,,(R))
is the space of the functions in BV ([—r, 0], M,,(R)) (M, (R) being the space of the
real n x n matrices) which are left-continuous on (0,7] and equal to 0 at T. The
modifications to do to adapt the proof to the case of the present paper are clear. [

We need the two following results to study the Nemytskii (or superposition)
operators.

Lemma 2.3. Let £, F be two metric spaces, and ® € C°(E, F). P.(€) denotes the
set of the compacts subsets of £. Then we have:
VK € P.(€),Ve>0,36°>0,Ve € K,Vz €&, d(z,2) <6 = d(P(z),P(z2)) <e.

This result is established in [13], p. 355. It permits to compensate the lack for
compact neighborhood of compact subset in non locally compact metric spaces, for
instance in infinite-dimensional normed spaces. In [5] and in [4] we have called it
”Lemma of Heine-Schwartz”.

Lemma 2.4. Let £, F be two metric spaces, A be a nonempty compact metric
space, and ® : A x £ = F be a mapping. Then the two following assertions are
equivalent.

(i) @€ CO(Ax &, F).

(ii) No € CO(CY(A,E),C (A, F)) where No(u) := [a — ®(a,u(a))].

This result is established in [4] (Lemma 8.10).

We need to use the following classical Lemma of Dubois-Reymond.

Lemma 2.5. Let a < 8 be two real numbers. Let p € C%([a, B],R™) and

q € C%Ja, B],R™). We assume that, for all h € C*(|a, B],R™) such that h(a) =
_ B / _

h(B) =0, we have [ (p(t)-h(t)+ q(t) - ' (t))dt = 0.

Then we have q € C*([a, B],R™) and ¢’ = p.

This result is proven in [I] (p. 60) when n = 1. Working on coordinates, the
extension to an arbiratry positive integer number is easy.

3. THE MAIN RESULT

In this section we state the theorem on the Euler-Lagrange equation as a first-
order necessary condition of optimality for problem (P). First we give assumptions
which are useful to this theorem.
(A1) F € C°([0,T] x C°([-r,0],R™) x R™, R).
(A2) For all (t,¢,v) € [0,T] x C°([-r,0],R") x R", the partial Fréchet differen-
tial with respect to the second (function) variable, Do F(t, ¢, v), exists and
DoF € C9([0,T] x C°([—r,0],R™) x R™,C°([—r, 0], R™)*).

(A3) Forall (¢, ¢,v) € [0,T]x C°([—r,0], R") x R™, the partial Fréchet differential
with respect to the third (vector) variable, D3 F'(t, ¢, v), exists and DsF €
C°([0,T] x CO([—r,0],R™) x R™ R"™).

Theorem 3.1. Under (A1, A2, A3) let x be a local solution of the problem (P).
Then the function [t — DsF(t, x4, a:'(t))—ftmm{HT’T} Rn(D2F(s,xs,2'(s))(t—s)ds]
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is of class C* on [0,T] , and we have

{ LDy F(t, a2 () =
R(DoF(t, 21,2 (£)))(0) + & [P TY R, (DyF (s, 2,2/ (5))(t — 5)ds.

The operator R,, which is used in this theorem is defined in Section 2 (formulas
24), 23)). The Euler-Lagrange equation of this theorem can be written under
the integral form as follows

DgF(t T, T fO S .IS,.I/(S)))( )dS
+f"“““”T R (DaF (s, 3,2/ (5))(t — 8)ds +
where ¢ € R™ is a constant which is independent of ¢.

Note the presence of an advance (the contrary of the delay) in this equation. In
other settings, [2] and [9], the Euler-Lagrange also contains a term of advance.

4. A FUNCTION SPACE AND OPERATORS

We define the following function space

X = {x e C-r,TI,R") : |, ,, € C'([0,T],R™)}. (4.1)

On X we consider the following norm
lzllz = sup |lz(®)] + sup [l2'(t)]- (4.2)
—r<t<T 0<¢<T

Lemma 4.1. (X, || - ||x) is a Banach space.
Proof. We can also write ||z||x = |Z/loo,[—r7] + |2]|oc,[0,77- Since || - |loo,[—r 1]
and || - ||so,jo,r) are norms, || - ||z is a norm. We consider the space C*([0,T],R")
endowed with the norm |z|c1 0,77 = [|2]oc,j0,7] + [|2'[l0c,0,7]- We know that
(CH([0,T),R™), || - lc1,[0,77) is a Banach space. Let (z*)ren be a Cauchy sequence
in (X, - ||x). Since (:Eﬁo,r])kEN is also a Cauchy sequence in C1([0,T],R") there
exists u € C*([0,T],R™) such that limy_, ;o ||3:‘k[0,T] —ulle1,0,7) = 0. Since (z%)ren
is also a Cauchy sequence in the Banach space (C°([—r,T],R"),]| - |[oo,0,7]) there
exists v € C°([—r, T],R™) such that limj—, oo [|2* = v]|so,[—r, 7] = 0.
Since || - [loo, 0,77 < |l - lo1 0,77 We have limg 4 oo ||;vﬁ0yT] — || ,[0,7] = 0, and since
I Nloeo.ry < 11 Moo=y we have limyyyoo [l = V) 1 lloc o, = 0. Using

the uniqueness of the limit we obtain V) = U Therefore we have v € X and
from the inequality [z* — ullx < [|2* — Voo, (—r1] + [[2F — v]lc1 j0,7) We obtain
limg 4 oo ||7% — ullx = 0. O

We define the set
WA={zxeX:z0=2,2(T) =} (4.3)

Lemma 4.2. 2 is a non empty closed affine subset of X and the unique vector
subspace which is parallel to A is B :={h € X : hg =0,h(T) =0}.

Proof. Setting y(t) := t(t) when t € [—r,0] and y(t) := +(¢ —(0)) +¢(0), we see
that y € 2 which proves that 2l is nonempty. From the inequalities ||z(T)|| < ||z|/x
and ||| llco,=r0] < [[2[x, We obtain that  is closed in X. It is easy to verify
that 2 is affine. The unique vector subspace of X is ¥ = A — u where v € 2. and
we can easily verify the announced formula for 5. O
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When z € CO([—r, T],R™) we define
z:[0,T] = C°([—=r,0,R™), x(t) := x4. (4.4)
Lemma 4.3. When z € C°([-r,T],R™) we have x € C°([0,T], C°([-r,0],R™)).

Proof. Using a Heine’s theorem, since [—r, T is compact and x is continuous, x is
uniformly continuous on [—r, T, i.e.

Ve > 0,30, > 0,Vt,s € [-r,T], |t — 8| < b = ||z(t) — z(s)|| <e.

Let € > 0; if t,s € [0,T] are such that |t — s| < d. then, for all § € [—r,0] we
have |(t + 0) — (s + 0)| < 0. which implies ||z(t + 6) — z(s + 6)|| < ¢, therefore
[2(t) = 2(s)l oo, 0,17 < € O

After Lemma we can define the operator
S:C'([-n,T],R™) — C°([0,T],C°([-7,0],R™)), S(z):=z. (4.5)

Lemma 4.4. S is a linear continuous operator from (CO([—r, T}, R™),| - ||loo) into
(C°([0, 7], CO([=7,0L,R™)), || - loc). Setting S' := S|, S' is a linear continuous
operator from (X,|| - ||x) into (C°([0,T], CO([—r,0],R™)), || - |oc)-

Proof. The linearity of S is clear. When z € C%([—r, T],R") we have ||S()||c =

SupOgtST(Sup—TSGSO z(t+0)) = SUP_,<s<T lz(s)| = ||55||oo,[fr,T] which implies
the continuity of S.
The continuity of S* results from the inequality || - ||oc,—r7) < || - [|%- O

Now we consider the following operator
D:X— C°[0,T],R"), D(z):=x (4.6)

Lemma 4.5. The operator D is linear continuous from (X, - ||x) into

(CO([OvT]an)v H ’ HOO)
Proof. The linearity of D is clear. When z € X, we have
ID(@)lloo,0,71 = 17 llo0,f0,77 < [zl
which implies the continuity of D. O
When V and W are normed vector spaces we consider the operator
B:L(V,W)x E— W,B(L,y) :=L-y.

B is bilinear continuous, and when [ is a compact interval of R, we consider the
Nemytskii operator defined on B

Np:CI,L(V,W)) x CO(I,V) — CO(I,W) }

Np(L,h) = [t = BL®#), h(8)) = L) - h(t)] (4.7)

where we have assimilated C°(I, L(V,W))x C°(I,V) and C°(I, L(V,W))x V). Ng
is bilinear and the following inequality holds

VL € C°(I, L(V,W)),¥h € C°(L, V), [INs(L, h)|so.r < | Llloo,r - 1lloz- (4.8)

This inequality shows that Np is continuous and consequently it is of class C.
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5. THE DIFFERENTIABILITY OF THE CRITERION

First we establish a general result on the differentiability of the Nemytskii oper-
ators.

Lemma 5.1. Let I be a compact interval of R, V', W be two normed vector spaces,
and ® : I xV — W be a mapping. We assume that the following conditions are
fulfilled.

(a) ® € COI x V,W).
(b) For allt € I, the partial Fréchet differential of ® with respect to the second
variable, Do®(t, ), exists for all x € V, and D2® € C°(I x V, &(V,W)).

Then the operator Ng defined by Ng(v) := [t — ®(t,v(t))] is of class C* from
CO(I1,V) into C°(I,W), and we have DNg(v) - 6v = [t — Da®(t,v(t)) - dv(t)].

Proof. Under our assumptions, from Lemma 2.4] the following assertions hold.
Ng € C°(C(1,V),C°(I,W)) (5.1)

Np,s € C°(C(I,V),C°(I, L(V,W)). (5.2)

We arbitrarily fix v € C°(1, V). The set K := {(t,v(t)) : t € I} is compact as the
image of a compact by a continuous mapping. Let ¢ > 0; using Lemma 24 we have

{ B¢ >0Vt I,VscI,Vy eV,
[t —s[+ [lo(t) —yll < B¢ = [|D2®(t, u(t)) — D2®(s,y)|| <,

which implies
B> 0,9Vt € I,Vy € V. [Jo(t) — yll < B = [|[D2@(t, u(t)) — D2@(t, y)|| < e,

Let v € C°(1,V) such that ||§v|leec < B¢. For all y € Ju(t),v(t) + dv(t)] =
{1 = No(t) + A(v(t) + dv(t))}, we have |ly|| < ||[dv(t)]| < 5, and consequently
(|D2®(t, u(t)) — Da®(t,y)|| < e. Using the mean value theorem ([I], Corollaire 1, p.
141 ), we have

{ [@(t, v(t) + dv(t)) — B(t,v(t)) — D2®(t,v(t)) - du(t)|| <
SUPyeju(t),v(t) +su(t)( [ D20t v(t)) = D2@(t, )| - lov(B)]| < e|dv(@)]

which implies, taking the supremum on the ¢t € I,
[Neo(v+6v) = No(v) = Ng(Np,a(v),00)|[oc,r < €]|0v]|oo,1-
And so we have proven that Ng is Fréchet differentiable at v and
DNg(v) - v = Ng(Np,a,dv).
When v, v, dv € CY(I,V), using (£.8) we have

[(DNg(v) = DNg(v')) - 00]lco.r = [[NB(Np,a(v),6v) — Np(Np,a(v'), 60)||lco,r =
INB(Np,a(v) — Npya(v'), 00) oo, < INDya(v) — Npya (0! - |60]l0c.1,

and taking the supremum on the dv € C°(I,V) such that ||6v|/o.;r < 1 we obtain
IDNg(v) = DNe(v')|loo,1 < [INDyo(v) = Npya (") lloo,r
and (B.2) implies the continuity of DNg. O
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In different frameworks, similar results of differentiability of Nemytskii operators
were proven in [4] (for almost periodic functions) , in [5] (for bounded sequences),
in [3](for continuous functions which converge to zero at infinite).

From F : [0,T] x C°([-r,0],R") x R® — R we define the following Nemytskii

operator
Np(U,v) := [t — F(t,U(t),v(t))]. '

Lemma 5.2. Under (Al, A2, AS3), Np is of class C' and for all U, U €
C°([0,T],C%[~r,0],R™)), for all v, dv € C°([0,T],R™) we have
DNgp(U,v) - (06U, 6v) = [t — Do F(t,U(t),v(t)) - 8U(t) + DsF(t,U(t),v(t)) - dv(t)].
Proof. Tt is a straightforward consequence of LemmaBIlwith V = C°([—r,0
R™ W =R, ® = F, and by using that the differential of F(¢,-,-) at (U(t),
applied to ((5U(t), 5U(t)) is equal to Do F (¢, U(t),v(t)) - 0U(t) + D3 F(t, U(t),v ( ) -
du(t). O
Lemma 5.3. Under (A1, A2, A3), J € C*(X,R) and for all x € A and for all
h €0, we have
DJ(z)-h= fOT(DQ (tyxe, @' (1)) - hy + D3 F(t, xy, 2’ (t)) - b/ (t))dt.

Proof. We introduce the operator in : X — C%([—r, T] R") by setting in(x) ==z,

and the functional I : C°([0, T],R) — R by setting I(f fo t)dt the Riemann
integral of f on [0,T]. The operator in is clearly l1near and frorn the inequality
Il - loo,j=r,7) < |l - llx, it is continuous. I is linear and by using the mean value
theorem, it is continuous.

Note that J = I o Npo (Soin,D). Since in, S, D and I are linear continuous, they
are of class C*, and so (S oin, D) is of class C'. Using Lemma 5.2l N is of class
C', and so J is of class C' as a composition of C' mappings. The calculation of
DJ is a simple application of the Chain Rule :

DJ(z)-h = DI(Np(S@in(x),D(z)) - DNpS(in(z), D(x)).
(DS(in(z) - Din(x)h, DD(x) - h)
= I(DNp(z,2').(h, 1))
= [ (D2F(t 20,2 () - he + DsF(t,ze, ' (8)) - 1 (t))dt.

6. PROOF OF THE MAIN RESULT

To abridge the writing, we write DoF[t] := DoF(t,x¢,2'(t)) and DsF[t] =
DsF(t,xz¢,2'(t)), and in the proofs we write g(t,0) := R, (D2F[t])(0).

Lemma 6.1. Under (A1, A2, A3), for all h € 0, we have
fo Dy F[t] - hedt =
{ J R (Do FIH)(0) - h()dt + [ ( JrintttrThp (D2F[s](t—s)ds) W (t)dt.
Proof. Using Proposition 3.2 in [6] and g(t, —r) = 0, we have, for all ¢t € [0,T],
DoFlt]-he = [° deg(t,0) - h(t +0)

= [ deg(t.€ —t) - h(€)
g(t,0) - h(t) — [ g(t.€ —t) - W(€)de,
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which implies

T T T t
/ODQF[t]-htdt:/O g(t,O)-h(t)dt—/O /tirg(t,f—t)-h(g)dgdt. (6.1)

Weset A:={(t,£):0<t<T,t—r <¢ <t} and from the Fubini-Tonelli theorem

we have
/OT/t:g(t,ﬁ—t)-h’(f)dﬁdt://Ag(t,f—t)dgdt (6.2)

For each £, we consider A ¢ :={t € [0,T]: (¢,§) € A}. We have

{ [0,6+7] if &€[-r0]

A.,E: [§7§+r] if §E[O,T—T]

[€,T] if £elT—rT].
Using the Fubini theorem, we obtain

[ Iagte=0n(©de = [1 ([, 9(t.&= N ()dt)dg
= 2[4 9t €=t (€)dt)dg

+Jo (a9t € — DR (€)dt)de

+ i ([ 906 € = O ()dt)dE.

For the first term of (63]), since h is equal to zero on [—r, 0], we have h’ equal to
zero on [—r, 0] and consequently we obtain

(6.3)

0
| (] ates—vnieina—o (6.4)

For the second term of ([63), we have

T—r T—r E+r
/0 </A o€ o @i = / </§ g(t,€ — ON()db)de

and replacing £ by t and ¢ by s we obtain

T—r T i
For the third term of ([@.3]) we have

Jr_ (s glts—t) B (s)dt)ds = [;_ ([4  g(t,s —)dt) - }(s)ds
= fro ([ gts—dt) - W(s)ds = [;_ ([ gl B~ a)da) - B(B)dp

which implies
T T T
/T—r(/A,,S g(t,s —t)-h'(s)dt)ds = /T_T(/t g(s,t — s)ds) - h'(t)dt. (6.6)
Using ([@4)), (6.5) and (6.6]) in (63) we obtain
T t T min{t+r,T}
/0 (/ g(t,s —t)-h'(s)ds)dt = / (/t g(s,t —s)ds) - W' (t)dt. (6.7)

t—r O
Using (6.06]) in (1) we obtain the announced formula. O
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We set
{ p(t) = Ru(D2F(t, ¢, 2'(t)))(0)
q(t) = D3F(t,z,2'(t)) — ftmm{HT’T} Rn(D2F (s, zs,2'(5)))(t — s)ds.

We know that x is a local minimizer of J on the closed affine subset 4, that
is the tangent vector subspace of i at x after Lemma From Lemma 5.3 we
know that J is of class C!, and then, using a classical argument, we can assert that
DJ(z)-h =0 for all h € . Using Lemma [5.3] we obtain

0=DJ(x) h= / (p(t) - h(t) + () - W (1))de

and so, using Lemma [Z.5] we obtain tat ¢ is C! on [0,7] and that ¢’ = p which is
the formula given in the statement of Theorem B.Il Hence Theorem [B1]is proven.

[1]
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[4
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12]
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