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INFINITE DIMENSIONAL MULTIPLIERS AND PONTRYAGIN
PRINCIPLES FOR DISCRETE-TIME PROBLEMS

MOHAMMED BACHIR AND JOEL BLOT

ABSTRACT. The aim of this paper is to provide improvments to Pontryagin
principles in infinite-horizon discrete-time framework when the space of states
and of space of controls are infinite-dimensional. We use the method of re-
duction to finite horizon and several functional-analytic lemmas to realize our
aim.

Key Words: Pontryagin principle, infinite horizon, difference equation, difference
inequation, Banach spaces, Baire category.
M.S.C. 2010: 49J21, 65K05, 39A99, 46B99, 54E52.

1. INTRODUCTION

We treat of problems of Optimal Control in infinite horizon which are governed
by discrete-time controlled dynamical systems in the following forms

Tt41 :ft(:ct,ut), tGN, (11)
or

i1 < fi(weg,ue), t €N, (1.2)
X and U are real Banach spaces, the state variable is z; € X; C X, the control
variable is u; € Uy C U and f; : Xy x Uy — X471 is a mapping. For (LZ), X is
endowed with a structure of ordered Banach space, and its positive cone, X :=
{z € X : & > 0}, is closed, convex and satisfies X1 N(—X) = {0}. An initial state,
o € Xy is fixed. We define Ead(c) the set of the processes ((z)en, (ut)ien) which
belong to [[,cn Xt % [],en Us, which satisfy 29 = o and (L)) for all t € N. We define
Iad(o) the set of the processes ((x¢)sen, (u¢)ten) which belong to [T,cn X¢ ¥ [ [,en Uts
which satisfy ©o = o and (2) for all t € N.

To define criteria, we consider functions ¢; : X; x Uy — R for all £ € N. From
these functions we build the functional

+oo
J((zt)ten, (ut)ien) = Z@(%, ug). (1.3)
t=0

Notice that J is not defined for all the processes ((x¢)ien, (ut)ien) € J[,en Xt X
[I;cn Ui And so we define the set of the processes ((w¢)ien, (ut)ten) € Ead(o)

(respectively in Tad(c)) such that the series 3% (4, u;) converges into R, and
we denote this set by Edom(c) (respectively Idom(o)).

We also consider other criteria to define the following problems.
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2 BACHIR AND BLOT

(PE;(0)) : Find ((%4)ien, (Ut)ten) € Edom(c) such that J((Z¢)ien, (Git)ten) >
J((z1)ten, (ut)ien) for all ((z¢)ien, (ut)ien) € Edom(o).

(PE2(0)) : Find ((#¢)en, (4t)ien) € Ead(o) such that

B Supy, 4 oo 2o (Gt (@1, i) — d(wr,ue)) > 0 for all ((ze)ren, (ur)ren) € Bad(o).
(PEs3(0)) : Find ((#¢)en, (4t)ien) € Ead(o) such that

liminfT_>+oo Zf:o((bt(jtuﬁt) — ¢t(xt,ut)) > 0 for all ((:Et)tENu (ut)teN) S Ead(o)
We also consider similar problems when the system is governed by ([2)) instead of
1.

(PIi(0)) : Find ((Z¢)ten, (41)ten) € Idom(eo) such that

J(#¢)ten, (U)ten) > J((21)ten, (we)ien) for all ((z4)ien, (ut)ien) € Idom(a).
(PIy(0)) : Find ((£¢)ien, (4t)ien) € Tad(o) such that

B SuUp ., 4 oo 3o _o (Gt (@1, i) — d(wr,u)) > 0 for all ((we)ren, (ur)ren) € Tad(o).
(PI5(0)) : Find ((Z¢)ten, (Gt)ten) € Iad(o) such that

lim infT—>+oo Z;,T:O((bt(‘%t? ﬁt) — qﬁt(xt,ut)) > 0 for all ((xt)t€N7 (ut)tEN) € Iad(a)

These problems are classical in the theory of infinite-horizon discrete-time Optimal
Control, [9], [5].

A way to establish necessary optimality conditions in the form of Pontryagin
principles for the above-mentionned problems is the method of reduction to finite
horizon which appears in [4]. In [5] several variations of this method are given
in the setting of the finite dimension, and in [I] we find the use of this method
in the setting of the infinite dimension. The basic idea of this method is that
when ((Z4)ten, (lit)ten) is optimal for one of the previous problems, its restriction
to {0, ..., T} is an optimal solution of a finite-horizon optimization problem. Using
on these finite-horizon optimization problems a Karush-Kuhn-Tucker theorem or a
Multipliers Rule, we obtain multipliers indexed by the finite horizon T'. The second
step is to build, from these multipliers sequences, multipliers which are suitable for
the infinite-horizon problems.

When X and U have an infinite dimension, several difficulties arise, notably due
to the closure of the ranges of linear operators, and due to the fact that in infinite
dimensional dual Banach space, the origine is contained in the weak-star closure of
its unit sphere.

Now we briefly describe the contents of the paper. In Section 2, we give the
statements of the main results which are Pontryagin principles. In Section 3, we
establish results of Functional Analysis which are useful in the sequel. In Section 4,
we establish results on Lagrange and Karush-Khun-Tucker multipliers. In Section
5, we give the proofs of the results of section 2. In Section 6, we give some additional
applications of results that we use in the proof of the main theorems.

2. THE PONTRYAGIN PRINCIPLES.
First we specify some notation.

We denote by Int(A) the topological interior of a set A and by A its closure. When
Z is a vector normed space, z € Z and r € (0,+00), Bz(z,7) denotes the closed
ball with z as center and r as ray. The set co(A) (respectively €6(A)) stands for the
convex hull (respectively the closed convexr hull) of a subset A in Z, Aff(A) stands
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for the affine hull of a subset A in Z. The relative interior of A C Z, denoted ri(A4),
is the topological interior of A in the topological subspace Aff(A).

In the paper, the assumptions that we will use in our results belong to the
following list of conditions.

(Al) For all t € N, X, is a nonempty open subsets of X, and U, is a nonempty
subsets of U.
(A2) X is separable.

And when ((2;)ten, (Git)ten) is a given process and when o € X, is given, we
consider the following conditions.
(A3) For all t € N, ¢, is Fréchet differentiable at (&,4;), f; is continuously
Fréchet differentiable at (Z¢, ;).
(A4) for all t € Ny, we have 0 € Int[D fi(Z¢, 4 )((X x Ty, (G:)) N Bxxv)], where
Bx xyu denotes the closed unit ball of X x U.
(A5) For all t € N, the range of Dy f; (24, 4y) is closed and its codimension (in X)
is finite.
(A6) There exists s € N such that As := Dy fs(&s,0s)(Tu, (4ts)) contains a closed
convex subset K with ri(K) # () and such that Aff(K) is of finite codimen-
sion in X.
Recall that Ty, (1) := {a(uy — 4;) : o € [0,4+00),u; € U }. We have not assume
that the sets U; are open, but when we speak of the differentiability of a mapping
fon Xy x Uy at (&4, 4t ), the meaning is that there exists a differentiable function f
defined on an open neighborhood of (&4, 4;) which is equal to f on the intersection
of this neighborhood and X; x U;. When we speak of tangent cone, we consider
the case where U; is convex.

Remark 2.1. Note that the condition (A6) is satisfied and is included in (A5),
whenever there exists an s € N such that Ty (Gs) = X, in particular, if 45 belongs
to the interior of Us.

The first main result concerns the problems governed by (L.

Theorem 2.2. Let ((£¢)ten, (Git)ten) be an optimal process of (PEy(c)) when k €
{1,2,3}. Under [(A1)-(A6)], we assume moreover that U, is convex for all t € N.
Then, there exist \g € R and (pi)i>1 € (X*)N such that the following conditions
hold.

(Mo, pt) # (0,0), for all t > s.

0> 0.
t = Pt+1 0 let(j?t; ﬁt) + )\O-Dl(bt(j?t; ﬁt) fO’I’ all t € N*

A0-Dodi (&4, 0t) + pry1 © Dafi(Zy, ), ue — ) <0 for all t € N and for all

—~

The second main result concerns the problems governed by (L2).

Theorem 2.3. Let ((Z¢)ten, (Git)ten) be an optimal process of (PIi (o)) when k €
{1,2,3}. Under [(A1)-(A6)], we assume moreover that Uy is convex for all t € N
and that Int(Xy) # 0. Then, there exist \g € R and (p)i>1 € (X*)N such that
the following conditions hold.

(1) (Mo, pt) #(0,0), for allt > s.

(2) Mo >0, and p, >0 for all n € N,.

(3) Pt = Pt+1 © let(j?t; ﬁt) + )\O-Dl(bt(j?t; ﬁt) fO’f’ all t S N*
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(4) <)\0-D2¢t(«i‘t7ﬂt) +pt+1 o Dgft(.ft,ﬂt),ut — ’llt> S 0 fOT all t € N and fOT all
Ut € Ut.

The proofs of Theorem [Z21and Theorem 23] are based on the following two ideas:
the first one is the reduction to finite horizon given by Lemma [Tl and the second
one is to find criteria ensuring that the multipliers are not trivial in the infinite
horizon. This criteria will be given by Lemma 3.3

3. PRELIMINARY RESULTS OF FUNCTIONAL ANALYSIS

It is well known from Josefson-Nissenzweig theorem, (see [[6], Chapter XII]) that
in infinite dimensional Banach space Z, there always exists a sequence (py, ), in the
dual space Z* that is weak™® null and inf,, ey ||p|| > 0. In this section, we look about
reasonable and usable conditions on a sequence of norm one in Z* such that this
sequence does not converge to the origin in the w*-topology. This situation has the
interest, when we are looking for nontrivial multipliers for optimization problems,
and was encountered several times in the literature. See for example [I] and [3].
The key is Lemma which permits to provide a solution to this problem. We
split this section in two subsections. The first is devoted to establish an abstract
result (Lemma [33]) which permits to avoid the Josefson-Nissenzweig phenomenon.
The second is devoted to the consequences of this abstract result which are useful
for our optimal control problem.

We need the following classical result.

Proposition 3.1. Let C be a convex subset of a normed vector space. Let xo €
Int(C) and x1 € C. Then, for all o € (0,1], we have azo + (1 — a)z1 € Int(C).

We deduce the following useful proposition.

Proposition 3.2. Let (F, ||.|r) be a normed vector space and C' be a closed convex
subset of F with non empty interior. Suppose that D C C is a closed subset of
C' with no empty interior in (C,||.||r) (for the topology induced by C). Then, the
interior of D is non empty in (F,||.||F).

Proof. On one hand, there exists zo such that zo € Int(C). On the other hand,
since D has no empty interior in (C, ||.||r), there exists z; € D and €; > 0 such that
(Bp(z1,e1) NC) C D. Using Proposition Bl we obtain that for all a € (0, 1], we
have axo+ (1 —a)z1 € Int(C). Since axo+ (1 —a)x1 — 21 when a — 0, there exist
some small o and an integer number N € N, such that Bp(azo+(1—ap)z1, %) -
(Bp(z1,€1) NC) C D. Thus D has a non empty interior in F.

3.1. A key lemma. A map p from a vector space Z into R is said to be subadditive
if and only if, for all z,y € Z one has

p(z+y) < p(x) +p(y).

A map p is said to be sublinear if it is subadditive and satisfies p(Az) = Ap(z) for
all A >0and all z € Z.

We give now our principal lemma. This lemma is based on the Baire category
theorem.

Lemma 3.3. Let Z be a Banach space. Let K be a non empty closed convex subset
of Z and suppose that ri(K) # 0. Let T be any nonempty set and (pp)net be a
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collection of subadditive and lower semicontinuous functions on Z and let (A\p)neT
be a collection of nonnegative real number. Suppose that, for all z € K, there exists
C. € R such that, for alln € T, pn(z) < CA,.

Then, for all a € K, there exists b, € Aff(K) such that for all bounded subset B of

Aff(K) there exists Rp > 0 such that
VYneT, suppn(h—a)<Rp-(An+pn(by —a)).
heB

Proof. For each m € N, we set F,,, ;= {z€ K:VYn €T, p,(z) <mA,}. The sets
F,, are closed subsets of K. Notice that

Fp=Kn (ﬂ P (- oo,mAn])> :

neT

where, for eachn € T, p,, 1 (]—00, m\,]) is a closed subset of Z by the semicontinuity
of p,. On the other hand, we have K = UmeN F,,. The inclusion D is trivial. We
prove the inclusion C. For each z € K, there exists C, € R such that p,(z) < C.\,
forallm e T. If C, <0, we have that z € Fy. If C, > 0, we put my := [C,] + 1
where [C}] denotes the integer part of C,, then we have that z € F,,. We deduce
then that for all m € N, the sets F,, — a are closed subset of K — a and that
K —a = U,en (Fin —a). Using the Baire category Theorem on the complete
metric space K — a, we get an mg € N such that F},, — a has a nonempty interior
in K — a. Since by hypothesis K — a has a nonempty interior in the normed vector
subspace F' := Aff(K) — a of Z, then by using Proposition we obtain that
F,,, — a has a nonempty interior in F'. So there exists zg € Fy,, — a and some
integer number N € N, such that Br(zo, %) = (F N Bz(z0, %)) C Finy —a. In
other words, for all 2 € Bp(b, &) C F,, where b := a+ 2z € F,, C F and all
n € T, we have:

pr(z) < mo,. (3.1)
Now, let B be a nonempty bounded subset of F, there exists an integer number
Np € N, such that B C Bp(0,Np). On the other hand, for all h € B, there
exists z;, € Bp(b, &) such that h = NgN - (2, — b) (it sufficies to see that zj :=
b+ W}LN € Br(b, %)). So using B.I) and the subadditivity of p,,, we obtain that,
for alln € T

pu(h) = pu(NBN - (2, —b))
S NBan(Zh_b)
S NBN' (pn(zh> +pn(_b))
< NpNmgA, + NgN - p,(-b)
—b
< NpNmgA, + NgNmg - pp(—)

mo

—b
NpNmg ()\n +pn(m_0)> .

Setting Rp := NgNmg and by := ;—ﬁ € F and by taking the supremum on B, we
obtain for allm € T,

sup pn(h) < Rp - (An + pn(bo)). (3.2)
heB
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Now, let B be any bounded subset of the closure F of F. There exists a bounded
subset of F', B, such that B = B. Hence for each z € B , there exists a sequence
(hg)r in B such that hy — z when & — +o00. Thus, using the lower semicontinuity
of p, for all n € N and the inequality ([32), we obtain

pn(2) < liminf p,(hi) < suppn(h) < Rp - (An + pa(bo)),
k—o0 heB

and by taking the supremum on B, we obtain, for all n € T,

z€B

Since F' = Aff(K) — a, by changing the bounded subsets B of F by B — a, where B

is a bounded subset of Aff(K) and by setting b, := by + a € Aff(K), we conclude
the proof. O

We obtain the following corollary, which may be of interest in some cases.

Corollary 3.4. Let Z be a Banach space and let A be a non empty subset of Z.
Let T be any nonempty set and (pn)ner be a collection of sublinear and lower
semicontinuous functions on Z and let (An)neT be a collection of nonegative real
number. Let C': Z — R be a upper semicontinuous function. Suppose that

VneT,Vze A, pn(z) <C(2)\,. (3.3)

If ri(To(A)) # 0, then, for all a € K, there exists b, € Aff(C5(A)) such that for all
bounded subset B of Aff(co(A)) there exists Rp > 0 such that
VneT, suppn(h - CL) < Rp- (/\n +pn(ba - a))
heB
Proof. We can apply Lemma [33] with K =¢6(A). For this, it suffices to establish
that
Vn € T,Vz € ©0(4), pn(z) < C(2)A.
The previous inequality is obtained by using ([3.3)), the sublinearity and semiconti-

nuity of p,, for all n € N, together with the upper semicontinuity of the function
C. O

3.2. Preliminaries for multipliers in infinite horizon. As consequence of
Lemma B3] we obtain the following proposition. The sequences (\,), € (RT)N
and (fn)n € (Z*)N in the following result, correspond to the multipliers.

Proposition 3.5. Let Z be a Banach space. Let (fn)n € (Z*)N be a sequence of
linear continuous functionnals on Z and let (\y)n € (RT)N such that \,, — 0 when
n — +oo. Let K be a non empty closed convex subset of Z such that ri(K) # 0.
Suppose that
(1) for all z € K, there exists a real number C, such that, for all n € N, we
have fn(2) < C\,.

(2) fa Y3 0 when n — +00.
Let a € K and set X := Aff(K) — a. Then, we have,

(i) H(fn)|X||X* — 0 when n — +o00.
(ii) If moreover we assume that the codimension of X in Z is finite, then
| fnllz+ — O when n — +o0.




INFINITE DIMENSION 7

Proof. Using Lemma with 7 = N, the linear continuous functions f,, and the
bounded set B := Sx + a of Affi(K) (where, Sx denotes the sphere of X), we get
a point by depending only on X and a constant Rp > 0 such that

1(fn)ixllx- = Hhs||up*1fn(h) < Rp - (A + fu(bo)).

Since f, = 0 (n — +00) and A, — 0 (n — 400) we obtain that [|(f.) x|/x+ —
0 (n = 400). Suppose now that X is of finite codimension in Z, then there exists
a finite-dimensional subspace E of Z, such that Z7 = X @& E. Thus, there exists
L > 0 such that

I fallz < L (I(fa)ie s + 1(Fa)ixllx-) -

Since fp Y0 (n — +o0) and since the weak-star topology and the norm topology
coincids on E' since its dimension is finite, we have that ||(fn)zllzx — 0 (n —
+00). On the other hand, we proved above that ||(f,)x | x~ — 0. Thus, || fu|z- —
0 (n — +00). O

Remark 3.6. Proposition shows that under the condition (1), we have that

5

fn 7 0, whenever ||(fn)x|lx+ # 0. If moreover, X is of finite codimension in Z,

w*
then fn # 0, whenever || fn|lz- # 0. Thus, the condition (1) is a criterion ensuring
that a sequence of norm one in an infinite dual Banach space, does mot converges
to 0 in the weak® topology.

To ensure that the multipliers are nontrivial at the limit, the authors in [3] used
a lemma from [[2], pp. 142, 135], which can be recovered by taking C(z) = 1 for
all z € Z in the following corollary.

Definition 3.7. A subset Q of a Banach space Z is said to be of finite codimension
in Z if there exists a point zo in the closed conver hull of Q such that the closed
vector space generated by Q — zo := {q — 20| ¢ € Q} is of finite codimension in Z
and the closed convex hull of Q — zo has a mo empty interior in this vector space.

Corollary 3.8. Let Q C Z be a subset of finite codimension in Z. Let C : Z — R
be a upper semicontinuous function. Let § > 0, (fx)r € (Z*) and Mg > 0, A\ —
0 (k — +00) such that

(i) I fxll =6, for all k € N and fi “> f (k — +00).
(it) For all z € Q, and for all k € N, fi(z) < C(2)Ag.
Then, f #£0.

Proof. First, note that from the condition (i), the linearity and continuity of f,
k € N and the upper semicontinuity of C, we have also that, for all z € T0(Q)
and for all k € N, fr(z) < C(2)\x. Suppose by contradiction that f = 0, then
using Proposition 3.5 and the fact that @ is of finite codimension in Z, we get that
I f&llz+ = 0 (n — 400), which contredicts the condition (7). O

The following proposition is used in the proof of our main result Theorem [2.2)
In Proposition B3, the sequence (8),>s in(R*) and the list (ft(n))lgtgn+1 €
(X*)"*1 correspond to the non trivial multipliers at the finite horizon n, for all n >
2. The aim is to find conditions under which, these sequences have subsequences
which converge to non trivial multipliers at the infinite horizon.




8 BACHIR AND BLOT

Proposition 3.9. Let Z be a separable Banach space and Z* its topological dual.
Let K be a closed convexr subset of Z such that ri(K) # 0 and that Aff(K) is of
finite codimension in Z. Let (ﬂ("))nzg be a sequence of nonegative real number and
(ft(n))1§t§n+1 € (Z*)"*, for alln > 2. Let s € N, be a fized natural number.
Suppose that:
(1) for alln>2, 8™+ |||z« =1,
(2) there exists at,by > 0 such that || fi*||z < a:B™ + be||f2]|z for all n > 2 and
foralll<t<n+1,
(3) for all z € K, there exist a real number c, such that: fI'(z) < c,8" for all
n > 2.

Then there exist a strictly increasing map k — ny, from N into N, 8 € RT and
(fe)e>1 € (Z*)N such that:

(i) ™ — B when k — 400,
1) for each t € N, f'* 0 + when k — 400,
t

(iid) (B, fs) # (0,0).

Proof. From (1) and (2) we get that, for each ¢ > 1, the sequences (ff")i1<t<n-+1
and (A{)n>2 are bounded. Hence, using the Banach-Alaoglu theorem and the
diagonal process of Cantor, we get a strictly increasing map k — nyg, from N into
N, a nonegative real number 8 € RT, and a sequence (f)i>1 € (Z*)"~ satisfying
(i) and (i7). Suppose by contradiction that (3, fs) = (0,0), i.e. g™ — 0 and

Tk % 0 when k — +oo. Using the condition (3) and Proposition we have
that || f*||z+ — 0 when k — +00. Since ™ — 0 when k — 400, we have also
B + || f2%|| z+ — 0 which is a contradiction with the condition (1). O

4. MULTIPLIERS

In this section, after the recall of the method of reduction to finite horizon, we
establish multiplier rules (Lemma [£5] and Lemma [6), in the spirit of Fritz John’s
theorem, for the problems of finite horizon.

First we recall the method of reduction to finite horizon. When ((Z4):en, (@t )ten)
is an optimal solution of (PEg(0)), k € {1,2,3}, we build the following finite-
horizon problem.

Maximize J7(z1,..., 27, U, U..., ur) = E?:o e (e, up)
(EF(0)) when Vt € {0,....,T}, i1 = felwe, up)
To =0, Try1 = TT41.
Similarly, when ((Z:)en, (4+)ten) is an optimal solution of (PI;(0)), k € {1,2,3},
we build the following finite-horizon problem
Maximize J7T(z1,..., 27, U, U..., ur) = ZtT:o e (T, up)
(IF (o)) when Vit € {0,....,T}, w11 < fr(we, ut)
To =0, Tr41 = TT41-

The proof of the following result is similar to the proof given in [4].

Lemma 4.1. Let k € {1,2,3}. When ((&t)ten, (Ut)ten) i an optimal solution of
(PEy(0)) (respectively (PIy(0))), for all T € N, T > 2, then the restriction
(Z1, ..., T, G0, ..., W) is an optimal solution of (EF(c) (respectively (IF(c))).
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To work on these problems, we introduce several notations. We write x :=
(x1,...,xT) € Hthl X; and u? = (ug, ..., ur) € HtT:o U;. For all t € {0,...,T}, we
define the mapping g/ : H;‘ll X; X HtT:o Uy — X471 by setting

—x1 + f()(O’, ’LLO) if t=0
g;‘F(XT,uT) = —xt+1+ft(xt,ut) if te {1,,T—1} (41)
—quLl + fT(IET, UT) if t="T.
We define g7 : Hthl X X H;‘;O Uy — HtT:o X by setting
gt(xT, uT) = (gOT(xT, uT), ...,g%(xT, uT)). (4.2)

And so the problem (EF(0)) is exactly

Maximize J7(xT,ul) (4.3)
when g'(xT,u’)=0 '
and the problem problem (IF(c)) is exactly
Maximize JT(xT,u”) (4.4)
when gt (xT,ul) >0 '

Under (A3), g7 is of class C* at (%7,107) as a composition of mappings of class
C', and the calculation of its differential gives

DgT (xT,ul)-(6x”,6u”) = (D (xT,uT)-(6x",6u”), ..., Dgh(xT, ul)-(6x", 6u’))
and we have
Dol (xT,u®) - (6x*,6u”) = —6x1 4+ Do fo(0o, uo) - Suo,
and when t € {1,...,T — 1},
Dgl'(x™ uT) . (6x™, ou) = =6z 11 + Dy fi(xe,wy) - 6y + Do fy(xe,wy) - duy,
and
Dg7(x",u") - (6x",6u") = D1 fr(wr, uy) - v + Dafr(xr, ur) - Sur.
Thus in order to study ImDgT (X7, 4”) we need to treat the equation
DgT&T,aT) - (6x7,6u”) = (b, ...,br41).

It is the following system

bl = —5I1 —|— Dgfo(O', UO) . 5’&0
b2 = —5I2 + Dfl (il, ﬁl) . (5{E1, 5’[1,1)
(4.5)
br = —dxp+ Dfr_1(Tr—1,07r-1)- (dxr_1,0ur_1)
bTJrl = DfT(.TfT, ﬁT) . (5IT, 5uT)

Lemma 4.2. Under (A1) and (A3), the set ImD1gT (X7, %) is closed into XT+1.

Proof. Suppose that a sequence ((b,...,b%,))n € (ImD1g” (X", a7))Y converges
to some (by,ba,...,br11). We prove that (by,ba,....,b711) € ImD1g” (X7, 47T). In-
deed, there exists (027,825, ...,02%) € X T satisfying

by = —ox}

bg = —5.%5’ + Dfl (il, ﬁl) . 5.%?

(4.6)
by = —dxip+ Dfr_1(Tr-1, aT—l) ozl

b%+1 = DfT(jT7aT) . 55[:7%
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Since (bT), converges to by, we get that (dz}), converges to some dr; and so
(Df1(&1,11) - 6xt), converges to D f1(Z1,71) - dx1 by continuity. Since (b%)y

converges to by, we get that (dz%), converges to some dze and so by = —d0x2 +
Df1(&1,101) - 6x1. We proceed inductively to obtain
bl = —5$1
b2 = —5$2 + Dfl(jfl, ﬁl) . 5{E1
(4.7)
br = —d0xr+ Dfr_1(Tr_1,U7r-1) dx71
bry1 = Dfr(ir,ar) - dxr.

This shows that (b1, ba, ...,bry1) € ImD1g” (%7, 4T) and conclude the proof. O

The proof of the following result is similar to the proof of Lemma 3.10 in [IJ,
replacing Lemma 3.5 in [I] by Lemma [1.2

Lemma 4.3. Under (A1), (A3) and (A5), the range ImDg” (X7, @™ is closed in
XT+1,

The following theorem was established in the book of Jahn [8] (Theorem 5.3 in
p.106-111, and Theorem 5.6, p. 118).

Theorem 4.4. Let =, Y and Z three real Banach spaces, and {C € =. We assume
that the following conditions are fulfilled.
) Y is ordered by a cone C with a nonempty interior.
2) S is a convez subset of E with a nonempty interior.
3) Z:Z — R is a functional which is Fréchet differentiable at {

(1

(2)

(3)

(4) T : 2 =Y is a mapping which is Fréchet differentiable at {
(5)

(6)

(7)

ot

H := — Z is a mapping which is Fréchet differentiable at 5
S:={¢eS:T(€) e —C, H(E) =0} is nonempty.
ImDH (€) is closed into Z.

6
7

If§ 18 a solution of the following minimization problem

Minimize Z(&)
when EesS

then there exist Ao € [0,+00), Ay € Y* a positive linear functional, Ao € Z* such
that the following conditions are satisfied:

(1) (AOaAh{\Q) 7£ (O,O,O)A R R
(ii) (AMoDZ(E) + A1 o DT(€) +A20DH(E),£—€) <0 forall£ € S.

Lemma 4.5. Let ((£¢)ten, (GUt)ten) be an optimal process of (PEy)(0)) when k €
{1,2,3}. Under (A1), (A8) and (A5), we assume moreover that Uy is convex for all
t € N. Then, for allT € N, T > 2, there exist \} € R and (p] )1<i<7+1 € (X*)T+!
such that the following conditions hold.

(a) M and (p])1<t<7+1 are not simultaneously equal to zero.

(b) )\T > 0

(c) pf =pf,0 let(ajt,ut) + AT D16 (34, 04) for all t € {1,...,T}.

(d) (M -Daope (&4, @) +pfiy 0 Do fi(de, ), ug — @) < 0 for allt € {0,...,T} and

for all uy € Uy.
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Proof. Using Lemma B, we know that (%7,a%) = (&1,..., 27,10, ..., A7) is an
optimal solution of (EF(0)). We want to use Theorem [£4] where the inequality
constraints are absent, and so we don’t nee to the first assumption of Theorem [4.4]
and among the conclusions we lost that the p; are positive. We have not inequality
constraints and so we can delete I' and conditions on the cone C, and we have
H = g7, Using Lemma A3} we know that ImDg” (X7, a7T) is closed in X7*!. And
so there exists A\g € [0,+00) (that is the conclusion (ii)) and As € (X*)T*! such
(Mo, A2) # (0,0). Denoting by pgT) the coordinates of Ay in X*, we obtain the
conclusion (i). From conclusion (ii) of Theorem 4], using the partial differentials
with respect to u”" and with respect to u”’, and using the openess of Hthl Xy, we
obatin
Mo D1 JT (T aT) + Ay o DgT (T, 07) =0

NoDoJT(XT,aT) + Ay o DgT (37, a7),u” —a’) <0

for all u” € HtT:O U,. This gives the conclusions (¢) and (d). O

Lemma 4.6. Under (A1), (A3) and (A5), we assume moreover that Uy is convex
for allt € N and that Int(Xy) # 0. Then, for allT € N, T > 2, there ezist \J € R
and (pf)1<i<r+1 € (X*)THL such that the following conditions hold.

(a) M and (p])1<t<7+41 are not simultaneously equal to zero.

(b) AL >0, and py >0 for all t € {1,...,T + 1}.

(C) p? = pz:,’_l o let(«ihﬂt) + AgD1¢t(jt,ﬂt) fOT all t S {1, ceey T}

(d) (A& Dagy(&, ) + ptiq 0 Do fe(&e, @), us — ) <0 for all t € {0,...,T} and
for all uy € Uy.

Proof. We procced as in the proof of Lemma without deleting the inequality
constraints, but deleting the equality constraints. ([l

We need the following lemma for the proof of our main result Theorem

Lemma 4.7. Under the assumptions of Lemmal[{.5 or Lemma[{-6], suppose more-
over that (A4) is satisfied. Then, for all T € N, T > 2, there exist N} € R and
(pE)1<i<r+1 € (X*)THL such that the following conditions hold.
(1) For all T > 2, for all s € {1,..,T} and all 1 < ¢t < T + 1, there exists
at,by > 0 such that ||pl|| < a:\ + b |p).
(2) Forall s € {1,...,T}, (AL, pT) #£0.
(3) For all s € {1,..,T}, for all z € Ag := Dafs_1(%s—1,Us—1)Tv, ,(ts—1)),
there exists C, € R such that: VT > 2, psT(z) < Cz/\OT.

Proof. By adding (c) and (d) of Lemma[L3] (respectively Lemma [£.6]) we obtain for
allt € {1,...,T}, for all h € X and for all u; € Uy

<ptT+1a D1 fi(24,01)(h) + Dafe(Ze, ) - (ug — )
+AD (D1 (¢, 1e) (h) + Doy (&e, ) - (ur — r)]

< pf(h).
Equivalently, for all ¢ € {1,...,T} and for all (h, k) € X x Ty, (i)
<ptT+17 Dfi(@s, ) - (h, k) < ptT(h) - /\ng)t(jtvat)(ha k). (4.8)

Thus we get for all ¢ € {1,...,T} and for all (h, k) € X x Ty, (i)
(P2, Dfe(@e, i) - (b k) < i Bllx + A5 1 DGe(@e, an)l - | (hs k)| x w0 (4.9)
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Since, for all t € Ny, 0 € Int (D fi(&,4:)((X x Ty, (4:)) N Bxxv)), there exists a
constant r; > 0 such that Bx(0,r;) C D fi(Z, ) ((X X Ty, (i) N Bxxy). Thus,
from ([49) we obtain

P4l < —(Ilpt |+ 25 | Do (e, e I1)- (4.10)

On the other hand, using (¢) of Lemma (respectively Lemma [LG]), we get, for
allt € {1,.., T},

17 | < pFall - 1Dy fe(e, o)l + AT ([ D1 (e, eI (4.11)

Thus, by combining (I0) and (£II) for all T > 2, for all s € {1,...,T}, and all
1 <t<T+1, there exist a¢, by > 0 such that

Py [ < arAG + bellpd |l

This gives the part (1). Suppose that there exists s € {1,..., 7} such that (A}, pI) =
(0,0). Using the above inequality we obtain that A} and (p)1<t<r41 are simul-
taneously equal to zero which contredicts the part (a) of Lemma (respectively
Lemma [L8). Thus, (A}, pT) # (0,0) which gives the part (2).

Now, using (d) of Lemma (respectively Lemma [@) for an arbitrary s €
{1,...,T}, for all T > 2, and for all us € U, we have

(pF o Dafs 1 (Fs—1,15-1),us—1 — Us—1) < —(AE Dagps—1(Fs5—1,15-1), Us—1 — Us—1).

For all z € Ay := Dafs_1(Zs—1,0s—1)(Tu,_,(lis—1)), using the definition of the
set Ty, , (Gs— 1) there exist (u”" ;) € UY ;| and (a)r € (RT)Y such that y, =
hmk_>+oo(ak( Yk —tis—1)) and z = Dafs_1(&s-1,TUs—1) - Y». S0, using the above
inequality and doing k — +o0, we get

pl(2) € —~(N'Daps—1(d5-1,05-1),Y2),

and so there exists

Cz = _<D2¢s—l(:ﬁs—luﬁs—1)u yz>
such that, for all T > 2, we have p(z) < C,AL. This gives the part (3). O

5. THE PROOF OF THE MAIN RESULTS.

This section is devoted to the proofs of the Pontryagin principle for systems
governed by a difference equation, and of the Pontryagin principle for systems
governed by a difference inequation

Proof of Theorem Let us prove the existence of the sequences (p;)ien, €
(XN and \g > 0 satisfying the theorem. By Lemma [LH for all T € N, T > 2,
there exist A\J' € R and (p])1<t<r4+1 € (X*)TH1 such that the following conditions
hold.

(a) M and (pf)1<t<7+1 are not simultaneously equal to zero.

(b) )\T > 0

(c) pf =pf0 let(xt,ut) + AT D1y (24, 1,) for all t € {1,...,T}.

(d) (N -Daoy (&4, @) 4+ pfq © Dafi(dy, ), ug — Gy) < 0 for all t € {0,...,T} and

for all u; € Us.
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From (A6), there exist s € N such that the set As := Dafs(Z5, 4s)(Ty, (4s)) contains
a closed convex subset K with ri(K) # 0 and Aff(K) is of finite codimension in X.
Since the set of the lists of multipliers of a maximization problem is a cone, using
the above consequences of Lemma [LH we can normalize the pair (AL, p?) # (0,0)
and so we can assume that A} + [|pI||x~ = 1. By combining Lemma ET] and
Proposition applied with K, we get a strictly increasing map k — Ty, from N

into N, and A\g € R* and (p;);>1 € (X*)Y such that:
(i) AiF — Ao > 0 when k — +o0,
(ii) for each t € N, ptTk N p; when k — +o0,
(iif) (Ao, ps) # (0,0).
Thus, by doing k — 400 in (¢) and (d) we obtain (3) and (4). From () we get (2).
Now, if there exists ¢t > s such that (Ao, p:) = (0,0), we proceed recursively using

(3) to obtain that (Mg, ps) = (0,0) which is a contradiction with (¢i¢). Thus, for all
t > s, (Ao, pt) # (0,0) this gives the part (1). O

Proof of Theorem [2.31 We proceed as in the proof of Theorem 2.2 replacing
the use of Lemma by the use of Lemma O

6. APPENDIX: SOME ADDITIONAL APPLICATIONS.

In this section we establish some additional consequences of the abstract result
(Lemma B3]). We begin by the following extension of [Theorem 2.5.4 [7]]. The
[Theorem 2.5.4 [7]] can be obtained by taking K = Z, a = 0 and B = Bz(0,1) in
Proposition [6.1]

Proposition 6.1. Let Z be a Banach space, T be any nonempty set and (pn)net
be a collection of lower semicontinuous and subadditive functions from Z into R.
Let K be a closed convex subset of Z such that ri(K) # (. Suppose that for each
z € K we have sup,cpn(z) < +o00. Then, for each a € K and each bounded

subset B of Aff(K), we have

sup sup p,(z — a) < +00.
n€T z€B

Proof. The proof is immediat by using Lemma with A, =1forallne 7. O

The above proposition is in fact an extention to subadditive functions of the
classical Banach-Steinauss theorem.

Corollary 6.2. (Banach-Steinauss) Let X be a Banach space and'Y be a normed
vector space. Let T be any nonempty set. Suppose that (T),)neT is a collection of
continuous linear operators from X to Y. Suppose that for each x € X one has

sup [T ()[ly < +o0,
neT

then

sup sup || T,(z)[ly = sup | Tnlpx,y) < +oc.

neT ||z||=1 neT
Proof. The proof follows immediately from Proposition applied with: K = X,
a = 0, the bounded set Sx (the unit sphere of X) and with the collection of
the continuous subadditive functions p,(z) := |Tn(z)||y for all n € T and all
reX. O
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We also have the following corollary.

Corollary 6.3. Let A be a nonempty set and (Z,||.||) be a Banach space. Let
w:AxZ — R be a map such that:

(1) For all z € A, the map z — ¢(z, z) is lower semicontinuous and sublinear.
(2) For all z € Z, the map x — p(x, 2) is bounded.

Then, there exists a real number C' € R such that sup,c 4 o(z,2) < C||z||, for all
z€ 4.

Proof. We apply Proposition Gl with T = A, p, := ¢(z,.), using (1) and (2), there
exists C' € R such that sup,¢ 4 supy,=; ¢(x,2) < C. Thus, by the homogeneity of
Pz, we have p(z,2) < C|z||, for all z € A and all z € Z. O

Finally, we get the following proposition, which gives, a necessary and sufficient
condition such that the Dirac masses are continuous functionals.

Proposition 6.4. Let X be a nonempty set and (B(X), ||.||so) be the Banach space
of all bounded real-valued functions. Let Y C B(X) be a subspace and ||.|y be a
norm on'Y such that (Y, ||.|ly) is @ Banach space. Let us denote by 6, the Dirac

mass or the evaluation at x € X defined by §, : f — f(x) for all f € B(X). Then,

the following assertions are equivalent.
(@) 95 : (Y, ||-lly) — R is continuous for each x € X,
(b) there exists a constant o € RY* such that ||.||y > || co-

Proof. Indeed, suppose that 6, : (Y, |.]]ly) — R is continuous for each z € X.
Consider the map ¢ : X xY — R defined by p(z, ) = f(z) for all (z, f) € X xY.
This map satisfies the hypothesis of Corollary [63, so there exists C' € R such
that sup,cx f(z) = sup,ex ¢(x, f) < C| flly for all f € Y. Thus by symmetry,
supgex |f(@)] = [ fllooc < C|f|ly for all f € Y. This implies that C' > 0 and so we

take a := &. For the converse, we have [6,(f)| = [f(2)| < [|fllsc < Z||f|ly which
shows that ¢, is continuous on (Y, ||.||y) since it is linear. O
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