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Abstract

This paper is focused on the vibroacoustic behavior of a rectangular ribbed wood panel.
This is done by developing an analytical model based on a variational approach, taking into
account the kinetic and strain energies of a special orthotropic plate, 11 ribs oriented in a
first direction and one other strong stiffener oriented in the perpendicular direction, which
are considered as beams tied to the plate. A modal decomposition is adopted on the basis
of the simply supported orthotropic plate. This allows calculating the modes of the wood
panel (ribbed modes) in the frequency range [0;5000] Hz. The acoustical radiation of the
baffled panel is also calculated. The radiation coefficients of the ribbed modes are presented
and compared, when possible, to similar unribbed plate modes. Finally, the vibroacoustic
analysis of the structure shows that an excitation placed on the hard point makes the panel

particularly radiative and decreases the apparent critical frequency.



B. Trévisan, Kerem Ege and Bernard Laulagnet, JASA, p. 3
I. Introduction

With their reduced weight and their high rigidity, stiffened panels are increasingly
used in many industrial domains as aircraft manufacturing, naval (submarine shells) and
automotive industries (rear and side walls of trucks cabs) but also in musical instrument
making (piano or guitar soundboards for example). Contrary to more simple structures like
beams or plates for which the vibro-acoustic behavior is now well described !%3:4::6:7:8:9;10

the design and modeling of ribbed structure with optimized vibroacoustic performances

remains a major industrial challenge and a hot topic of research.

Since last decades several studies in various domains have concerned the vibroacoustic
behavior of ribbed structures; most of them have been interested in periodically isotropic
ribbed flat plates!i1Z131415:161T:18:19:21 ~cyyryed panels??, stiffened cylindrical
shells23:24:25:26:27:28:29:30 - Nowadays, the development of composite materials offers new
perspectives of improvements and a resurgence of interest for these structures. Moreover,
the actual numerical resources make possible to describe many kinds of geometry and to
include new material aspects (orthotropy by example) in order to have the more accurate
results (see3! for example). However, the effects of the broadband vibroacoustic behavior of
these structures is not well known yet. In addition of the geometrical aspects, the current

studies include the special characteristics of materials like interactions between the
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3233 or the influence of air cavities

different layers in the case of laminated composite panels
on wave propagation in the case of sandwich structures3#3536:37 On the particular case of
ribbed wood panels, the pseudo-periodic parallel stiffening creates many localized
phenomena in some specific frequency range (well described for the piano soundboard

38539340 for example).

case

In order to understand the vibro-acoustic phenomena of this kind of ribbed structure,
we develop a quasi-analytical model based on a variational approach and the judicious use
of the associated orthotropic plate modes. We consider in this paper a simple geometry
with: a thin flat plate made of wood (spruce) with a special orthotropy, pseudo-periodically
ribbed in the direction of weak Young’s modulus by eleven ribs and by one straight rib in
the perpendicular direction (strong Young’s modulus direction). The geometry is described
in Fig. 1. This approach is an alternative to a complete and more accurate numerical
modeling method, i.e the Finite Element Method for the structure and the Boundary
Element Method for the acoustical radiation. In order to understand the vibroacoustic
phenomena of stiffened structures, we assume that a method that avoids any discretization
of the object would contribute to knowledge on the subject and would allow for easy

parametric studies (influence of the ribs, their number, their width/length).
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The first part of the article presents the quasi-analytical model and discusses modal
aspects due to stiffening on the whole frequency range [0,5000] Hz. Then in a second part,
the modal radiation coefficients of a ribbed structure that have never been shown before are
given. Finally, in the last part of the article the numerical results show that the apparent
critical frequency of a heterogeneous structure is very sensitive to the excitation point of
the effort. In particular, when applied on a hard point of the structure, i.e. on the straight

rib, it decreases the apparent critical frequency, selecting the more radiative modes.

II. Vibratory modeling

A. Context of the study

In this study, we focus on a rectangular ribbed wood panel (see Fig. 1). We consider a
special orthotropic plate (axis of orthoropy parallel to the edges, see Fig. 1). The boundary
conditions are simply supported and the plate has one straight rib in the direction of the
strong Young’s modulus ¥ and eleven pseudo-periodic smaller ribs in the perpendicular
direction 3. These superstructures are also made of spruce.

The eccentricity of the different superstructures is taken into account. Moreover, the
thickness of the plate, width and height of the superstructures are constant along their
length.

The analytical model developed is based on a variational approach that draws its
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2341 Moreover, the traversal displacement is

inspiration from Laulagnet & Guyader’s works
developed on the basis of simply supported plate modes.

It is necessary to calculate the kinetic and strain energies of the whole structure to
calculate the Hamilton function of the problem, and develop it on the basis mentioned

above in order to write a matrix problem and, finally, determine a new specific basis for the

ribbed structure.
B. Hamilton function for eleven stiffeners and one straight rib

The modeling is based on a variational approach. So, we want to express the

Hamilton functional of the whole problem, which is defined as:

t1
o= [ (B Eat B 1)
to

with [to; t1] an arbitrary time interval, £, and E; the kinetic and strain energies and E,,,
the work done by the external force or sound pressure. In order to solve the eigenvalue

problem, E,, is equal to zero for the moment.

1. Kinetic hypothesis and boundary conditions at the interface plate /
superstructures

Because the thickness of the plate is very small compared to the other dimensions, the
Love-Kirchhoff hypothesis referring to thin plates was adopted. Thus pumping effects and

shearing in the two bending planes are ignored®. The middle plane of the plate does not
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accept motion in the direction of the plate edges.
Taking into account these hypotheses and writing the motion as linear into the thickness

(limited development at order 1), leads to the following motion field:

p

u(z,y,z,t) = —z g—i’
v(z,y,2,t) = —z %—Z (2)

w(z,y, z,t) = w(z,y,t)

\

with z € [—%; %] (h being the plate thickness) and where u(x,y, z,t) and v(z,y, z,t) are

the motions in directions Z and ¢ and w(z,y,t) is the plate transversal displacement.

The different superstructures are considered as beams driven by bending and torsion
coupled to the plate. Nevertheless, superstructures cannot be approached as simple beams
due to their coupling with the plate. Indeed, boundary conditions are applied to the plate,
thus its motion governs all the elements attached to it, as shown in Fig. 2 which illustrates

this phenomenon in bending and torsion motions.

Therefore displacements and rotations are considered as continuous at each plate /
stiffener interface. Moreover, the negligible shearing effects of the Love-Kirchhof plate
theory are propagated to the ribs through the continuities mentioned above. Likewise for

the other kinetic hypothesis, like the pumping effect and shell assumptions applied to the
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displacement field of the superstructure. This hypothesis is in agreement with the idea of

considering the ribs and straight rib as beams.

After performing calculus, the following displacement field is obtained for ribs

oriented in direction ¢ at position r = z,:

;

ur(y, 2, t) = —2 wy(x,,y, t)
vy, 2, t) = —z wy(z,,y,t) (3)

we(z,y,t) = w(z,, y,t) + (x — 2,) we(2r,y,1)

\

where x € [a:r — g; Ty + %] and z € [%, % + H] and where h and H are respectively the

plate thickness and rib height, and b its width.
2. Expression of the Hamilton function as a function of the kinetic field of the
plate

We express the Hamilton functions of each sub-part on the basis of the different fields
of motion. These functions are expressed by the integral of the difference between the
kinetic and strain energies on an arbitrary time interval (see Appendix I for more
information on this calculus).
Thus we write successively the actions of the plate, of the bending and torsion of a rib in

direction ¢ at position x = x, and of the bending and torsion of the straight rib in direction
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Z at position y = y,. by:

ftl 3 fx 0 fy 0 phii? — (D1w o + Dsw? oy T D2w gy + D4w ) dzxdydt (4)

Hyy= [ 5 [y [y [ (1% + bHW?) — B Ijw?,)] 6(x — x,) dadydt (5)
Hy= [ 3 [ [y [pedgw? — Golgw? )] 6(x — x,) dudydt (6)

Hy = [ 3 [0 [2 [ (It + beHai?) . — Eclye?,) 6(y — y.) dadydt— (7)
= [ [y [ [pedgew?, — Gelpow?,)] 6(y — y.) dwdydt (8)

where p and p, are respectively the mass density of the plate and the rib ; h, [ and L the

Eyh3

thickness, the length and the width of the plate ; D; = IE”—hg D3 = T (i—vagors)’

2(T—vayvys)’
Dy = % and Dy = the plate dynamic stiffness ; v, and vy, = vgy Ey Poisson’s
coefficients of the plate; E, and E, the two Young’s modulus of the orthotropic plate ; £,
the Young’s modulus of a rib ; b and H respectively the width and the height of a rib ; I
and I, the rib momentum of bending and torsion inertia. Concerning the variables (.).,
they are referring to the straight rib oriented in the direction .
The Table 1 recaps the different constants used in the previous equations.
Note that all these functions are defined on the intervals z € [0;1] and y € [0; L]. This

formulation does not mean that the superstructures occupy the whole area of the plate.

Indeed, they are considered as punctual in their widths, justifying the Dirac distributions
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Oz —x,) and §(y — y.).

Because the rib height is low compared to its width, the torsional inertia does not
take warping into account. Moreover, because the plate controls the rib motion, the action
of the whole system is expressed as a function of the plates transversal displacement and

its spatial and temporal derivatives.

Finally, for a structure with a determined number N, of ribs in direction g and a

straight rib in direction ¥, we express the entire function by:
NT . .
Hsysen = Hy + Y (HY -+ HY ) + (Hup + Hy) )
i=1
C. Hamilton function as a function of modal amplitudes of unribbed plate
modes
We develop these energies on the basis of simply supported unribbed plate modes.

2341 is particularly adapted for an

This basis, currently used in the area of vibrations
analytical approach. Moreover, the radiation of the plates was studied specifically for these

boundary conditions.

1. Modal decomposition on the basis of simply supported plate modes

Through modal decomposition, the plate transversal displacement is written as a
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linear combination of unribbed plate modes weighted by modal amplitudes a,,,(t):

w(x,y,t) ZZ (t)pmn(z,y) Yo € [0;1] & y € [0; L] (10)

where ¢, (2, y) = sin (2%z) sin (“Ly).

It should be recalled that these modal shapes have orthogonal properties:

Z*TL if m=p & n=q

/Ol /OL G (T, Y) Ppq (T, y) dx dy = (11)

0 if m#p || nq
The modal decomposition (10) is finite; there are truncations on the orders (M,N).
The further the problem is from the initial basis, meaning without superstructures, the
higher the order of the truncations must be to guarantee the convergence of the numerical
results. In particular, we know that the strong inter-modal coupling introduced by the

superstructures will lead us to high orders (M,N).

2. New Hamilton function as a function of the modal amplitudes of simply
supported plate modes

By injecting the modal decomposition Eq. (10) into the Hamilton function
expressions Eq. (4) to (8) and using the orthogonal properties Eq. (11), it is possible to

analytically calculate the surface integral in the Hamilton function.
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In this case, the functional depends on the couples of variables
(@ (), (1) ,apqg (t),apq (1)) and no longer on the transversal displacement w(z,y,t) and its

space and temporal derivatives w ,, W 4z, W 4y, W4, and w. Thus, we have:

Hystem (@mn (), amn (L), apg (), dpq(t)) = / Lt (8)s i (8), (), g (0)) At (12)

to

where L(@mn (), Gmn(t), apg(t), apg(t)) is termed the Lagrangian of the system.

Afterwards, the action of the system is minimized following the principle of less
action. In practice, the differential form of Euler-Lagrange is used to determine the

evolution of the system, leading to the following equation:

oL d oL
5H5ystem =0& aapq - %&im =0 (13)

express for each mode of the unribbed plate and where p=1— M and ¢ =1 — N.

This minimization leads us to a single equation for a particular mode (p,q):

M N M N
ZZM(m,n,p,q).dpq—i—ZZ/C(m,n,p,q).apq =0 (14)

m=1n=1 m=1 n=1

where M(m,n,p,q) and K(m,n,p,q) are respectively mass and rigidity matrix terms
depending on integers (m,n, p,q). The sums on the modal amplitude integers highlight the
inter-modal coupling introduced by the superstructures. However, this expression does not

take into account the external effort at this stage of the development.
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3. Matrix formulation of the problem

Expressing the problem in this way makes it easier to show the coupling phenomena
due to the presence of the superstructures. Finally, we obtain a homogenized problem for
which the size is conditioned by an adapted truncation guaranteeing the convergence of the

solution. Thus we obtain the following matrix formulation:

{[Mflate] + [M:;bs + [Mﬁ;fraight rib]} {ap}
(15)
+ {[Kflate] + [K:;bs + [Kﬁzraight rib]} {ap} _ 6

where r = (m,n) and s = (p, q) and where M and K represent mass and rigidity matrices.

The system (15) is constituted by the sum of diagonal matrices for the plate and of
full and symmetrical matrices for the superstructures. These introduce very strong
coupling of the unribbed plate modes, as we will see in the following sections. Indeed, these

matrices do not have a dominant diagonal.

Consequently, the size of the matrix is also important for the convergence and
precision of the results. Indeed, since the wood panel studied is an heterogeneous structure,
its modes are far from the initial basis (simply supported plate). Thus it is necessary to
take into account modes with small wavelengths (high order modes) in order to describe its

vibrational behavior correctly. In the present case, this leads us to a truncation on the
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couple (p,q) around (40,30), i.e. 1200 simply supported plate modes. In the following,
when the new basis of the ribbed structure is obtained, these 1200 modes will obtain

around 350 panel modes in the frequency range [0;5000] Hz.
D. Calculus of ribbed panel modes

Ribbed modes are not as simple as simply supported plate modes, as we will see in
the following. The first step to understand the behavior of such a structure is to determine

and thus calculate the new basis specific to the panel.

1. Eigenvalue problem
In order to determine the new ribbed basis, we are interested in the canonical form of
the eigenvalue problem:

(N—Af) a=0 (16)
where N is the dynamical rigidity matrix, also called core of the system*?, with
N=M7'1K , where K and M are the mass and rigidity matrices of the system and with A
the eigenvalues : A = (27 f)2.

The search for the eigenvalues and eigen vectors of the N matrix solving Eq. (16) leads to
a diagonal matrix called D with square angular frequencies and to a matrix of eigen vectors

called P whose terms are the modal amplitudes weighted by the eigen modes of the
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unribbed plate used to re-create ribbed plate modes.

1 2 Px
(27 fr)?* (0) a) ay ..oafy"?
1 2 Px
= (27 f2)? = agl) aél) aél v
D= ;. P= (17)
1 2 PxQ
(0) (27 f;)? Ay apy Ao

2. Ribbed plate modes

Each ribbed plate mode is reconstituted by a linear combination of simply supported
plate modes. Thus for each eigen frequency f;, we calculate the corresponding modal shape
by:

M N
qb(zxy:ZZa ) Omn(x,y) Vo € [0;1] & y € [0; L] (18)

m=1 n=1
3. Numerical results: panel modes

In the aim of applying in the future the model presented to musical instruments, and
in particular to the piano soundboard, dimensions of superstructures are inspired from 3’
(see the perspectives in the last section of the article).For this study, the frequency range of
interest is [0;5000] Hz. The modal shapes are calculated for an order (p,q) equal to (41,27)
to ensure the convergence of the solution.
The presence of only one straight rib in the direction ¥ seems to separate the plate into two

parts. A vibrating area and a non-vibrating area is often found on each side of this one

(3th, 4" and 5 mode in Fig. 3).
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Under these conditions, only the two first modes seem to be similar to the homogeneous
unribbed plate modes. The separating effect appears from the third mode (242 Hz),
splitting the plate into 2 areas; for each side the vibration is approximately homogeneous.
With this consideration, the ribbed structure appears like an equivalent homogeneous
unribbed plate but only over a reduced area delimited by the straight rib.

Similarly, the regular addition of stiffeners causes localized vibrations. However, due to
these several additional ribs, the split areas are smaller than those with the straight rib
along # and this phenomenon does not appear in the first modes. Thus Fig. 3 shows that
when the frequency increases, modes can be seen for which the vibration is delimited over a
small surface, for example the 17" mode. At high frequency, the modes become very
complex. A large number of localized vibratory phenomena can be seen such as oblique

waves and wave reflections in the inter-rib spaces. See Fig. 3.
III. Acoustic radiation of ribbed panel

The behavior of such a structure is not limited to a purely vibratory aspect. Its
radiation, which is complex due to its particular geometry, has rarely been studied with the
Finite Element Method, due to high numerical and temporal costs (Chabassier & al.3! in
the case of a grand piano soundboard). This is why the analytical model presented here is
a good alternative in order to perform parametric studies quickly and with minimum

computer resources.
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In the modeling, the baffled hypothesis is made. In real situation, a panel radiates in the
two half spaces (up and down) which naturally communicate, tending at low frequency to
considerable acoustical short cuts. Indeed, the radiation becomes dipolar as the
wavelengths are large compared to the size of the structure. Thus it is better to assume no
baffle in this frequency range. The influence of the baffle on the acoustic radiation at low
frequency can be found in3?.

Nevertheless, when focusing on a frequency higher than the first octave, the acoustic
wavelengths fall and become smaller than the size of the panel and the baffled hypothesis

becomes solid. Therefore only the radiation on one face is calculated.

We are interested in the acoustic radiation of the ribbed wood panel and more
particularly in the general indicators such as the acoustical radiated power W(w), the
space average quadratic velocity < v* > (w) and the radiation coefficient o(w). We invite

the reader to refer to the Table 2 to read the rest of this paper.
A. Vibroacoustic problem: forced response

In the following, we considered a sinusoidal and harmonic excitation applied at (z.,y.)
with an amplitude F' of 1N. So, the Hamilton function now includes the work done by this
external force minimized following the same approach that in the previous parts. It comes

the vector of generalized effort F., and these components are defined by the following
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relation:

OE,  OF Y 2, Gomn®mn(Te, Ye)

Oay, Oay,

F

pq —

= F Opq(Te, ye) (19)

with a,, an arbitrary mode of the series. Thus, in the frequency domain, the problem with
a second member and the vector of modal amplitudes can be written with the following

expressions:

(f{* . w2]\:4> G=Flen (20)

= —1
Ga= (K =wM)  Fyn (21)

Note that the light fluid assumption is made. Therefore the Eq. (20 & 21) does not take
into account the acoustical boundary pressure that we assume to be negligible at the first
order. For a full calculus, see?.

Moreover the structural damping is taken into account by making the stiffness matrix

K* = K (1 + jn) as a complex number with n = 2% for all the frequencies.
B. Expression of the ribbed panel radiated power

In the case of a harmonic problem, after application of the modal decomposition (10),

we give the following expression of the radiated power®:

W(w) = 5 {—ijZa;q(w)P;q(w)} (22)

where a7 (w) is the conjugated modal amplitude of a mode (p,q) and Py, (w) the
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generalized boundary pressure defined by:

Pulw) = | Om(e.y)p(e.y,2=0) dS (23)

with p(z,y, z = 0), the boundary pressure.

Solving the Helmoltz equation in the wave number domain®%® and applying the
boundary conditions (baffled plate), we obtain an expression of the pressure in the wave
number domain:

pow?ti, (ky, by, 2 =
Bk by 2) = 200 Tethe b 2 2 0)

e k=% avec ky, k, € R (24)

where k., = \/k? — k2 — k] is the reduced wave number in the direction Z and

U, (ks, ky, z = 0) the particular acoustical displacement Fourier transform of the plate.

With the series development of the plate Eq. (10), we obtain:

(kg by 2 = 0) =3 Y Ao (b, Fy) (25)

where @mn(kx, k,) refers to the Fourier transform of a simply supported mode. Returning
to the spatial domain, using an inverse Fourier transform leads to the following expression

of the pressure in the fluid:

1 0 5 how? ~ . . .
p(x,y, Z) = H // ]p];)w Z Zamn¢mn(k$7 ky)e+]kxxe+]kyy€_]kzz dk, dl{?y (26)
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In this expression, note the undefined double integral in the wave number domain.
Therefore it is estimated numerically®. By integrating this expression of the pressure in Eq.

(23), we define the generalized acoustic pressure:

P;q = Jjw Z Z UmnZmnpg (W) (27)

where Z,,,,q(w) is the inter-modal radiation impedance of modes (m,n) and (p,q) with:

+00 4 e

Pow ¢mn¢

) =5 | | e e )
—00 - Y

where * is the conjugate complex number.

Neglecting inter-modal coupling, i.e. Z,,,,, = 0 if nm # pq, thus the classical light fluid

8;18;32;44)

assumption (effects of inter-modal coupling can be consulted in , we can define a

new expression of the acoustic radiated power of the panel in the frequency domain as®:

- “’7 SN amnl® Runn (@) (29)

where Rnmn(w) = R (Znnmn(w)). The Rypmn(w) calculus is performed numerically. We

show that?*:

T 4r?

POW ‘¢mn|2

C. Expressions of the space average quadratic velocity < v?> > (w) and of the

radiation coefficient o(w)
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The space average quadratic velocity expression is given by?:

1 b
<w>=gs [ | poloyw) dudy (31)

2S z=0 Jy=0
where S = [ % L is the plate surface. Applying the modal decomposition Eq. (10) and using

the orthogonal properties of the modal shapes in the simply supported basis, leads to the

following expression of the space average quadratic velocity in the frequency domain:

< (W) >= % S famn(w)]? (32)

Finally, we define the radiation coefficient by®:

1 W(w)
o(w) = pocS < v? > (w)

(33)
where pg and ¢ are respectively the mass density and the celerity of sound.
D. Expression of the radiated power in the panel basis

Calculating the radiated power in the ribbed modes basis is not necessary but allows
defining the modal radiation coefficient of a ribbed structure, which has never been
presented in the literature before. We give the expression of the power Eq. (22) in scalar

form:
Wiw) = 30 {—jw 5, 5, ap (@) By (w) }

< Ww) = 1%{—jw EL*T(w).Pa}

(34)

)
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where @*' is the transposed vector of modal amplitudes taken from Eq. (21) and P, is the
vector of generalized boundary pressure that we defined in the same manner as:

P;q = Jw Zm Zn U (W) Znpg (W)

= P, = jwZw)ad(w)

(35)

where Z% is the inter-modal acoustic impedance matrix whose terms are Zmnpg(w). This
leads us to a compact matrix expression of the radiated power. Thus we obtain:

w2 T =

W(w) = 5 a" (w).R*(w).a(w) (36)
where éa(w) is the real part of the simply supported plate inter-modal impedance matrix
and a(w) the vector of modal amplitudes for an excitation at a specific frequency obtained
from solving Eq. (21).

As presented in the first part, solving the homogeneous problem Eq. (15) conferred the

matrix of eigenvectors ﬁ, and consequently, the transfer matrix T to the new ribbed basis

which is the orthonormed basis of eigenvectors. By definition, we have:

QI
I

el

<

(37)

where @ is the vector of modal amplitudes in the initial plate basis and b the same vector

now in the ribbed basis. Therefore we give the acoustic radiated power expression in the

ribbed basis:

W(w) =< " (w).TT.R*(w).T-b(w) (38)
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Thus we define the real part of the acoustical modal impedance in the ribbed basis by:

R*(w) =TT .R*w).T (39)

E. Radiation coefficient definition of a ribbed mode

We explained in the introduction that we neglected inter-modal coupling between
simply supported plate modes, which means considering zero energy exchanges between
two modes of the simply supported plate. From the matrix point of view, the inter-modal
impedance matrix R will be assumed to be diagonal.

This simplification allows easily calculating the radiation of the structure in a light fluid
and introducing the radiation coefficient of a particular mode (p,q). We now want to
determine if this hypothesis can be generalized to a ribbed structure, at least in a
frequency range.

This raises the question of whether extra-diagonal terms (inter-modal coupling) are
negligible, which implies a dominant diagonal matrix. Indeed, diagonal terms represent the
interaction of a ribbed mode with itself whereas extra-diagonal terms represent energy

exchanges between modes.

F. Inter-modal coupling in the acoustic radiation of a ribbed structure

_ rlbw)

In this part, we focus on the normalized radiation impedance®!! r(w) = in the

S
pocy

frequency range [25;5000] Hz. Regarding R4 it could be R%() or R*() according to have
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interest in unstiffened coefficients or stiffened coefficients. The results will be presented as
10.log(|rij(w)]). When i = j, we obtain the real radiation impedance part of a ribbed panel
mode which is what we will study in the following. When 7 # j, we talk about inter-modal
radiation impedance between modes, an impedance which can be negative, contrary to the
case i = J.

In the same way as for the radiation impedance of simply supported plate modes, it is

common to verify if interaction terms are negligible compared to diagonal terms:

Trmnmn (W) >> |rmnpq(w)| (40)

Indeed, the radiation impedance notion of a mode (m,n) is meaningful only if these
interaction terms (m,n),(p,q) between two modes of simply supported plate are
negligible%8,

Fig. 4-a and 4-c present the modal radiation coefficients of 1% and 5" ribbed panel
modes (see Fig. 1) as well as examples of inter-modal coupling. Fig. 4-a shows that for the
first mode, the extra-diagonal terms (dashed plots) are far below the diagonal term (full
plot) with differences exceeding 10 dB.

On the other hand, for high order modes, we quickly see that energy exchanges are strong.
Even if it is negligibly higher than the coincidence frequency (here around 700/800 Hz),

Fig. 4-c shows that these energy exchanges (dashed plots) have the same order of
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magnitude as the modal radiation coefficient of the mode coupled with itself (full plot)

under 150 Hz and in the frequency range [300;500] Hz.

Nevertheless, these tendencies also exist for simply supported plate modes. Indeed,
locally, the coupling terms of simply supported plate modes can be at the same order of

magnitudes as coefficients with themselves, as show Fig. 4-b and 4-d.

Indeed, for the mode (1,1) of a simply supported rectangular plate with the same
dimensions, we also notice that differences between some couplings (dashed plots) and the
radiation coefficient ry 1.1 (full plot) are only around 5 dB under 100 Hz. See Fig. 4-b. For
high order modes such as mode (5,5), presented in Fig. 4-d, we note that energy exchanges
are sometimes higher than the exchange of the mode (5,5) with itself, from low to high

frequencies. These less common results can be consulted in CVALOR**.
G. Radiation coefficient of ribbed modes

As recalled above, speaking about modal radiation coefficients supposes that modal
interaction terms could be neglected initially. We make this assumption in the following,
meaning we neglect the extra-diagonal terms of the matrix Es(w). This allows focusing on

the notion of the radiation coefficient of a ribbed mode.

1. Plate ribbed by eleven stiffeners in one direction ¥
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Firstly, we focus on a structure ribbed in only one direction. We take the geometry
presented in Fig. 1 for which we remove the straight rib in the direction Z. Thus the plate
is pseudo-periodically ribbed in the direction Z and each rib has a different height and
width with mean values around 19 and 27mm?3°. Therefore the structure is
quasi-homogeneous but where small variations of dimensions can lead to considerable
asymmetry on the vibration %4,

This is the case of the two first modes. For a simply supported plate with the same
dimensions, the first mode (1,1) presents a symmetry, contrary to our case study where the
vibration is localized on the right half part (Fig. 5). This loss of symmetry implies a
decrease of the modal radiation coefficient of the first ribbed mode compared to that of a
simply supported plate mode (1,1) under the coincidence frequency. But both are close as
shown by the small differences, with a maximum of 1.5 dB at 25 Hz.

The second ribbed plate mode is also strongly affected by small variations of rib
dimensions. Although it resembles, at the first order, the mode (2,1) of a simply supported
plate mode, we note a considerable loss of the anti-symmetry of the latter with different
magnitudes at either side. Contrary to the first radiation coefficient, which is only weakly
affected, this coefficient is very sensitive at low frequency, as shown in Fig. 6. Indeed, we

see differences higher than 20 dB between the two coefficients at 25 Hz and, contrary to the

first mode, this time the stiffeners increase the radiation coefficient. We assume that the
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reduction of the vibrating anti-symmetry tends to make it more efficient at low frequency.
These first results show the influence of small variations of rib dimensions but they also
show that it is impossible to predict if the radiation increases or decreases.

At a higher frequency, we see an alternation in most cases of quasi identical non ribbed
plate modes and of modes with localized vibrations. Therefore most of the radiation
coefficients are similar to those of a non-ribbed plate like the 5" mode compared in Fig. 7
to the mode (5,1) of a rectangular plate with the same dimensions.

On the contrary, some modes present localized vibrations in inter-ribbed spaces. It would
be pointless to compare them to the modes of an unribbed plate with the same dimensions.
For the 6th mode (Fig. 8), a comparison with the mode (1,2) of a rectangular plate
reduced by 4 in the direction ¥ slightly overestimates the radiation coefficient around 4 dB
at 25 Hz but shows that for some modes, only a small area of the structure radiates.

Thus the radiation coefficient of a quasi homogeneous structure, pseudo-periodically ribbed
in only one direction, can be close to those of an unribbed rectangular plate. In most cases,
the modal shapes are similar to those of an unribbed plate and so the corresponding
radiation coefficients are similar (Fig. 7). However, there are also localized modes for
which the radiation coefficients are close to those of a reduced plate (Fig. 8). Finally, it is
impossible to predict how the superstructures will modify the radiation because of the

smallest modification of the geometry can have an considerable influence.



B. Trévisan, Kerem Ege and Bernard Laulagnet, JASA, p. 28

2. Ribbed plate in two perpendicular directions: complete ribbed wood panel
Although we can assume that a structure ribbed in both directions quasi
homogeneously will have a similar behavior to the previous case, this is completely
different for the ribbed panel. Indeed, the straight rib introduces a strong heterogeneity
which splits the panel into two vibrating areas, as seen in section II.D.3. Thus we are now
interested in the radiation coefficients of the ribbed wood panel (Fig. 1).
The presence of the straight rib along ' tends to regularize the small variations of different
heights / widths of each rib along ¢ and implies a symmetrization effect on the two first
modes. Therefore they are similar to modes (1,1) and (2,1) of a rectangular unribbed plate
with the same dimensions*%46. Thus the conclusions are the same concerning the radiation
coefficients, as shown in Fig. 9 and 10.
On the other hand, the heterogeneous aspect due to the straight rib appears from the 3th
mode for which the panel is split into two. Thus the radiation coefficient is similar to that
of a rectangular unribbed plate with reduced dimensions along ¢/. Indeed, the radiation
coefficient of the mode (3,1) of the reduced plate (dashed dark plot in Fig. 11) is a very
good approximation of that of the 3" mode (full plot). However, we note that at the first
order the mode (3,1) of a plate with the same dimensions (light dash-dotted plot) is also a
correct approximation, as shown by the small differences, with a maximum of 2 dB at 25

Hz.
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Increasing the frequency considerably changes the behavior of the ribbed plate in two
directions in comparison to the previous case. Indeed, reduced homogeneous modal shapes
are rare from the 7" mode which is the last distinctly identifiable mode. Fig. 12 shows a
comparison between its radiation coefficient and that of mode (2,2) of an unribbed plate
with the same dimensions. Despite this relative agreement, this comparison shows that
both coefficients are only comparable at a frequency higher than 100 Hz. Indeed, at low

frequency, the differences become very significant, reaching 20 dB at 25 Hz.

For high order modes, the straight rib introduces geometric complexity, having
considerable impact on the modal aspect of the system and making mode identification
almost impossible. This is alternated with localized modes. The 10" panel mode (Fig. 13)
is a perfect example of this aspect. The vibration is split into two areas where we can see 4
maximum amplitudes of vibration below the straight rib and 3 above it. Consequently, its
radiation coefficient is also unique and not comparable to the radiation coefficient of
unribbed plate modes or that of the 271" mode (Fig. 14) for which the vibration is
extremely complex.

Finally, the high complexity of the vibratory aspect caused by structural heterogeneity is
similar to that caused to the radiation. Thus the modes quickly become dependent on the

geometry of the structure, removing the pertinence of making a comparison with a simple



B. Trévisan, Kerem Ege and Bernard Laulagnet, JASA, p. 30

structure like the rectangular simply supported plate.
H. Influence of inter-modal coupling on the radiation coefficient o(w)

In view to providing an interpretation of ribbed mode radiation coefficients, we have
assumed up to now that inter-modal coupling of the radiation impedance matrix was
negligible. We now focus on the calculus of the radiation coefficient o(w) Eq. (33), plotted
in 10.log(o(w)) for a sinusoidal excitation placed on the straight rib at the coordinates (x =
0.73 m ; y = 0.61 m). The structure modeled refers to Fig. 1, i.e. the ribbed wood panel.
Fig. 15 shows the influence of taking into account coupling terms. Globally, we observe
very good agreement between the full and dashed plots, except for the frequency range
[400:800] Hz. Indeed, in this range we tend to underestimate the radiation coefficient o(w)

at a maximum of 2 dB.

Globally, this result shows the bias involved when couplings are assumed to be

negligible. It is localized within a short frequency range and is rather weak.
IV. Numerical comparison between several excitation points

In this last part, we deal with the radiation of the same ribbed panel with different
excitation point. Moreover, we now take into account the inter-modal coupling of the

radiation impedance matrix in the ribbed basis. Since the radiation coefficient alone is
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insufficient for understanding the influence of superstructures on radiation, we consider the
acoustical radiated power, the space average quadratic velocity and the radiation coefficient

Eq. (29), (32) and (33) in the following.
A. Influence of the excitation point: hard and weak point

For a ribbed structure, the excitation point has a considerable influence on acoustical
radiation. To show this, we chose two characteristic points on the panel. These two points

(see Fig. 16) are at the abscissa . = 1m and at the ordinate:

e y. = 0.61m, on the largest superstructure (straight rib), so the hard point,

e y. = 0.47m, on the plate far from the first point, near the middle between the edge of

the plate and the straight rib.

However, first let us define the critical frequency f. of a plate. At this frequency, the
propagation velocity of flexural waves in the plate and in the fluid (air) is the same. Below
this frequency, the bending wave is subsonic and poorly radiative; higher, it is supersonic
and radiative.

For a simple case like an unribbed isotropic plate, we can easily determine the propagation
velocity of the flexural wave in the structure. Thus we have the following expression of the
critical frequency for an isotropic plate?:

A [12p(1 — v?)
2mh E

fc:
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depending on the velocity of propagation of the wave in the fluid ¢, the plate thickness h,
the plate mass density p, the Young’s modulus E and the Poisson’s coefficient v of the

plate.

For an orthotropic plate, there are two critical frequencies because of different
propagation velocities due to the two Young’s moduli. In our case, these frequencies are
around 1450 Hz and 7250 Hz. For a structure with a complex geometry and
superstructures, it is impossible to calculate f.. Nevertheless, we define the apparent

critical frequency when the radiation coefficient is close to unity (0 dB in log scale).

Therefore there are two important results concerning the radiation coefficient (Fig.
17-c). Firstly, without mentioning the excitation point, we can see that the simple presence
of the superstructures decreases the apparent critical frequency from 1450 Hz to less than
800 Hz. Thus the superstructures increase the radiation efficiency in the frequency range
[800;1450] Hz. Obviously, above 800 Hz all the modes excited are radiative; on the
contrary, at low frequencies below 400 Hz, the modes are weakly radiative, independently
of the excitation point.

The second important result concerns the transitional frequency range [400;800] Hz which

can be defined when the excitation position has an influence on the radiation efficiency.
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Thus, excitation at a hard point of the structure (straight rib) tends to increase the
radiation factor in this transitional frequency range: the apparent critical frequency
decreases from 800 Hz (dashed plot) to 400 Hz (full plot). Indeed, far from the straight rib,

the radiation factor is low under 800 Hz.

However, the conclusions are different for the two other indicators (Fig. 17-a and
17-b). Under 800 Hz the excitation point has a small influence. On the contrary, at a high
frequency, we can observe that for both the acoustical radiated power and the space
average quadratic velocity that the average values are around 15 dB lower for an excitation
placed on a hard point. Obviously, the straight rib has a lower mobility which is why an
excitation on the hardest point of this heterogeneous structure leads to decreasing the

radiated power and the space average plate velocity.

Finally, these results show that an excitation on a hard point implies a decrease of the
average velocity and of the acoustical radiated power in favor of better radiation efficiency

at mid-frequency.

B. Perspectives: toward the piano soundboard

In this paper, we have mentioned the possibility to apply our model to the piano
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soundboard. The soundboard of a piano plays an essential role in the functioning of the
instrument. Indeed, string sections are too thin to radiate on their own. Thus their
vibrations are transmitted to the soundboard through the bridge which serves as an
effective acoustic radiator. The vibroacoustic behavior of this ribbed structure has been
studied by Suzuki, Conklin, Giordano, Boutillon47:48:4%50:51:53 and more recently by
Berthaut, Ege & Boutillon and Chaigne3%:3%40:52,

With a work of mind, the bridge can be assimilated to the straight stiff rib of our
semi-analytical model whereas the eleven smaller ribs can be assimilated to the stiffeners
(See Fig. 18). Our results show that a smaller bridge could increase the acoustical power of
high pitched notes but this also implies increased mobility and thus lower sustain of sound.
This raises the question of the optimal dimensions of the bridge in order to find the best
acoustical power /sustain trade-off.

An excitation placed on the straight rib / bridge provides another non negligible advantage
for acoustical radiation of a stiffened structure: in other words the presence of this straight
rib homogenizes the response of the ribbed structure. To demonstrate this, we consider an
excitation moving along the straight rib and a second moving in the same direction at

Yo = 0.47m (see dashed lines on Fig. 16). Obviously, for the latter the excitation will
sometimes occur on the plate, sometimes on the ribs. Fig. 19 presents the evolution of the

acoustical radiated power as a function of the frequency along the ¥ axis for these two cases.
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Fig. 19-a shows that the radiated power is globally homogenous for an excitation on the
straight rib. On the contrary, it is strongly affected for an excitation far from this
superstructure (Fig. 19-b). As mentioned before, for a point placed directly on the plate,
the average value of the acoustical radiated power is around 15 dB higher than for an
excitation on the straight rib / bridge. However, we can also see that the value falls when
the excitation moves to the ribs. This means that the response has a large number of
discontinuities. Indeed, the ribs can be seen clearly in Fig. 19-b. These results show the
importance of the straight rib / bridge in order to obtain the most homogenous acoustical

response possible.
V. Conclusion

This article has presented the basis of a new analytical model for predicting the
vibroacoustic behavior of orthotropic ribbed plates. Here, we have limited our study to the
case of a wood panel: a special rectangular orthotropic plate with several ribs in one
direction and one perpendicular straight rib.

The model developed allowed us to present the modes of a complex structure and focuses
on the acoustic radiated power, the space average quadratic velocity and the radiation
coefficients for different excitation points. It also allowed determining the influence of
stiffeners on acoustic radiation.

Moreover we have introduced the notion of modal radiation coefficients for a ribbed
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structure and have showed that it is meaningful. Namely the first modes of the stiffened
panel exhibit radiation coefficients whose behaviour compares to the one of the unstiffened
corresponding mode. On contrary, when the modal shape becomes complex, no similarity
can be done with the radiation factor of existing modes and the tendency needs to be
evaluated numerically, because of the specificity of the complex stiffened mode under
consideration. One other conclusion is that the radiation coefficient of a stiffened panel
increases sensibly, when the point excitation is located on a rib. Consequently, the
apparent critical frequency decreases too in a sensible manner, rendering this critical
frequency depending of the localization of the effort.
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Appendix I : Hamilton function calculus
In this Appendix, we give the main calculus steps for expressing the Hamilton function

of the system without external force. The original expression is:
t1
H :/ (E.— Ep)dt (42)
to

where E, refers to kinetic energy and Ep the strain energy of the system. [ty, 1] is an
arbitrary time interval. We initially focus on the contribution of the plate and then the
contributions of the superstructures.

Thus, we split the calculus into three sub-functions:
e [, for the plate
e H, for a rib in the direction ¥
e H, for the straight rib in the direction &
with :

Ny
leate = Hp + Z Hﬁl) + Hb (43)

i=1

The contribution of the plate can be found in the literature?:

Hopae = t';l L g phi® — (Dyw?, + Dsw?,, + Dow gpw,y, + Dyw?,) dSdt (44)
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The result is not immediate for the superstructures. We give the displacement field of a

rib in direction ¢ at position x = z, :

(

ur(yazat) =% w,x(xryyat)

v (Y, 2,t) = —z wy(x,,y,t) (45)

wy(z,y,t) = w(x,, y, t) + (& — x,) w(z,,y,t)
\

where x € [xr — g; Ty + g] and z € [%, % + H] where h and H are respectively the plate

thickness and the rib height.

Kinetic and strain energies are calculated on the entire rib volume placed at x = z,.

Let the kinetic energy be:

1 3 L S+H ) ) ,
Ec = 3 /z__g /y_o/h Pr (urft + Vg t+ wrft) dxdydz (46)

_h
-2

Replacing 7, 97, and W, by their expression from (45) and after making the

integral on variables x and z, we have:

1 L
Eo = P / O (Ifw?y +bHW? + Igw?x) dy (47)
y:

where bending inertia is equal to [y = % [(% + H)3 — (%)3} and torsion inertia is

Ig:h{_gs—"]f'
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For the strain energy, we must calculate the small deformation tensor
E=1 (grad(ﬁ) + grad(ﬁ)T) and the strain tensor € = Mg& (Inverse Hook law). We find

the following small deformation tensor and its vector form:

0
0 —2W 4y (T, Y, T) 0
—22W 4y (21, Y, 1)

0

@l

I
M
I

(48)

DN | —

_2zw,yy($r7 Y, t) $w,ry(xr7 Y, t)

N | —

_Zw,acy (l‘ra Y, t)

0

(sym) 0

TW 4y (T, Y, 1)

The strains are linked to deformations through a flexibility matrix. The matrix My for

an orthotropic material is:

1 Vay Vgz
By By E,
Yy L Yyz
E, £, E, (0)
Ve Vzy 1
= Ez Ez E
Mg = : (49)
1
3Gy
1
(0) e
1
2G,.
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Thus we determine the three strains in the rib:

Oyy = —2Eyw 4 (2,9, 1)

Ouy = —2G W 4y (2, Y, 1) (50)

\ Oyz = J:Gyzw,a:y(xm Y, t)

After which we calculate the strain energy:

1 L L t+H
= —/ / / o : € drdydz (51)
2 x:f% y=0 h:%

with 0 : € = Ey2%w? (2,,9,t) + (Goy2® + Gyo2®) w2, (2,,y,1), let

1 [L
Ep = 5/ OEy[fwi/y(xmyat) + Dyw?xy(w’”’y’t) dy (52)
y=

with I = 5 [ (4 + H)" = (4)°] and

D, = f > fh2+hH myzQ + Gyzm2 dedz = Gy, h{gs + G,y I¢ that we define as the torsion

dynamic rigidity of an orthotropic beam in the plane (%, 2).
For the sake of simplicity, we consider the beam as isotropic in the following. D,

becomes D, = G <Hb3 + If) = G, 1,. So, we express the Hamilton function of the rib H, :

21 ; fy o Pr (Ifw?y(xr,y,t) + bHW* (2, y,t) + Igw?x(m,y, t)) (59

—Erlfw?yy(:pr, y,t) + Grlgw?xy(xr, y,t) dydt
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that we gather on a line at x = x, :

ftl 3 fz Ofy 0 |:p7” (]fw (l’ Y, )+ wa (I Y, )) - Erlfw?yy(ﬁf,y,t)} 5(ZE - l’r) d[L’dydt
+ 0L L eIy t) + G, (2,y,1)] 0(2 — ) dadydt

- b + Hrt
(54)

For the straight rib, the functional H, is determined following the same approach so we

obtain:

= [ [y [ e (T2 (2, y. t) + beHoiX(, y, 1)) — Eolpew?,, (2, y,1)] 6(y — ye) dudydt
L [ [ped et (@, y, t) + Gelgow?, (2, y,1)] 6(y — y.) dudydt

= Hy, + Hy
(55)
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Figure 1: (a) top view of the stiffened rectangular wood panel ; (b) section view of the panel.
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Figure 2: Diagrams of displacement continuity at the interface plate / superstructure along
y. (a) bending plane; (b) torsion plane.
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a) f=1044Hz — f-1670Hz T=2422Hz

b)

<)

Figure 3: Modes of the stiffened rectangular wood panel. (a) 1°* to 6" modes (low frequen-
cies); (b): 17" mode at 865.8 Hz with localized vibratory phenomena; (c) 271" mode at

4190 Hz with complex vibratory phenomena.
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a) 15! mode real part of the normalized ical imped b) 15! mode real part of the normalized ical imped
of the ribbed wood panel compared to crossmodal terms of a simply supported plate compared to crossmodal terms
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Figure 4: Real parts of normalized radiation impedances of the 1% (top: fig a) and 5™
(bottom: fig ¢) and d) modes for two structures: on left (fig a) and c)) for the stiffened

rectangular wood panel ; on right (fig b) and d) for a simply supported plate.
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—_, of a ribbed plate with surface = Lx * Ly

LI of a rectangular plate with surface = LX * Ly

1% mode / f=101.19

Real part of normalized impedance r(o) [dB]

Frequency [Hz]

Figure 5: Normalized radiation coefficient of the 1% mode of a rectangular wood panel ribbed

in one direction.
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2" mode / f=104.44 Hz

., of a ribbed plate with surface = L)< * Ly

S of a rectangular plate with surface = Lx *L

20—
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30—
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Figure 6: Normalized radiation coefficient of the 2" mode of a rectangular wood panel

ribbed in one direction.
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Figure 7: Normalized radiation coefficient of the 5 mode of a rectangular wood panel ribbed

in one direction.
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17
..... .1 » ©f a rectangular plate with surface =L /4* Ly
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Figure 8: Normalized radiation coefficient of the 6'* mode of a rectangular wood panel ribbed

in one direction.



B. Trévisan, Kerem Ege and Bernard Laulagnet, JASA, p. 50

1' mode / f=104.45 Hz

—_ of aribbed plate with surface = LX * Ly

LI of a rectangular plate with surface = LX * Ly

Real part of normalized impedance r(o) [dB]

Frequency [Hz]

Figure 9: Normalized radiation coefficient of the 1% mode of a rectangular wood panel ribbed

in two directions.
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Figure 10: Normalized radiation coefficient of the 2"¢ mode of a rectangular wood panel

ribbed in two directions.
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Figure 11: Normalized radiation coefficient of the 3" mode of a rectangular wood panel

ribbed in two directions.
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Figure 12: Normalized radiation coefficient of the 7" mode of a rectangular wood panel

ribbed in two directions.
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Figure 13: Normalized radiation coefficient of the 10** mode a rectangular wood panel ribbed

in two directions.
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Figure 14: Normalized radiation coefficient of the 271" mode of a rectangular wood panel

ribbed in two directions.
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Radiation coefficient o ( ) as function of the frequency for an excitation on the strong beam (x=0.73 , y=0.61)
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Figure 15: Normalized radiation coefficient with and without taking into account crossmodal

terms in R"°(w): top: radiation coefficient o(w) ; bottom: difference between the two plots.
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Figure 16: Drawing of the positions of the two excitation points.
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Figure 17: Acoustical radiated power, space average quadratic velocity and radiation coef-
ficient as a function of frequency for two excitations points on a stiffened rectangular wood

panel: in full plot on the straight rib, in dashed plot far from the straight rib.
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Figure 18: Upright piano soundboard from?°.
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Evolution of the acoustical radiated power LW = 10*Iog(WMIref) [dB] along the strong beam
a)

Excitation point along x

=

Excitation point along x

Frequency [Hz]

Figure 19: Evolution of the acoustical radiated power Ly = 10log(W/W,es) [dB] as a
function of frequency for a stiffened rectangular wood panel. Top: along the straight rib ;

bottom: far from the straight rib.
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[ | Plate length L | Plate width
p | Plate mass density h | Plate thickness
D; | Plate dynamic stiffness pr | Rib mass density
E,. | Rib Young’s modulus H | Rib height
b | Rib width Iy | Rib momentum of bending inertia
G, | Rib shear modulus I, | Rib momentum of torsion inertia
E. | Straight rib Young’s modulus H. | Straight rib height
b. | Straight rib width Iy, | Straight rib momentum of bending inertia
G. | Straight rib shear modulus I, | Straight rib momentum of torsion inertia
pe | Straight rib mass density H, | Plate Hamilton functional
H,, | Rib bending Hamilton functional H,, | Rib torsion Hamilton functional
Hy, | Straight rib bending Hamilton functional | Hy, | Straight rib torsion Hamilton functional

Table 1: Description of the different constants used in the Hamilton function of the problem.
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W (w) Acoustical radiated power

<v? > (w) | Space average quadratic velocity

o(w) Radiation coefficient
(Te, Ye) Coordinates of the excitation point
F gen Generalized force vector
Fuq Component of Fgen
a Vector of modal amplitudes in the simply supported plate basis
b Vector of modal amplitudes in the ribbed basis
n Structural damping

p(x,y,z =0) | Acoustic boundary pressure

U, Particular acoustical displacement 2’
S Plate surface
c Acoustical celerity
00 Fluid mass density
Z%(w) Inter-modal acoustical impedance matrix

Zmnpg(w) Term of Z%(w)

R*(w) Real part of Z%

Rinpg(w) | Real part of Z,pq(w)

R (w) Real part of the acoustical impedance matrix in the stiffened basis
r(w) Normalized acoustical impedance
Pg, Generalized acoustic pressure
P, Vector of Pg,
P Transfer matrix
T(ky, k) Bi-dimensional Fourier transform of function I'(z, y)

Table 2: Acoustic radiation glossary
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