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FROM A KAC-LIKE PARTICLE SYSTEM TO THE LANDAU EQUATION
FOR HARD POTENTIALS AND MAXWELL MOLECULES

NICOLAS FOURNIER AND ARNAUD GUILLIN

ABSTRACT. We prove a quantitative result of convergence of a conservative stochastic particle
system to the solution of the homogeneous Landau equation for hard potentials. There are two
main difficulties: (i) the known stability results for this class of Landau equations concern regular
solutions and seem difficult to extend to study the rate of convergence of some empirical measures;
(ii) the conservativeness of the particle system is an obstacle for (approximate) independence.
To overcome (i), we prove a new stability result for the Landau equation for hard potentials
concerning very general measure solutions. Due to (ii), we have to couple, our particle system
with some non independent nonlinear processes, of which the law solves, in some sense, the
Landau equation. We then prove that these nonlinear processes are not so far from being
independent. Using finally some ideas of Rousset [25], we show that in the case of Maxwell
molecules, the convergence of the particle system is uniform in time.

1. INTRODUCTION AND MAIN RESULTS

1.1. The Landau equation. The homogeneous Landau equation reads
1.
1) 0u5i(v) = 5diva ([ alo = 0 [fi(w)VA(0) ~ Fi0) V(o)) o).
R
The unknown f; : R? — R stands for the velocity-distribution in a plasma and the initial condition

fo is given. We denote by S;r the set of symmetric nonnegative 3 x 3 matrices. The function
a:R3 — SF is given, for some v € [-3,1], by

a(v) = [v*M" ., where I, =1I3— v| (g[;)
v
is the projection matrix onto v. The only physically relevant case is ¥ = —3, which corresponds to

a Coulomb interaction. However, the other cases are interesting mathematically and numerically.
In particular, the Landau equation can be seen as an approximation of the Boltzmann equation in
the asymptotic of grazing collisions, as rigorously shown by Villani [30] for all values of v € [—3, 1].
We are concerned here with Maxwell molecules (v = 0) and hard potentials (y € (0,1]). The
well-posedeness, regularization properties and large-time behavior of the Landau equation have
been studied in great details by Villani [29] for Maxwell molecules and by Desvillettes and Villani
[8, 9] for hard potentials. We finally refer to the long reviews paper of Villani [31] and Alexandre
[1] on the Boltzmann and Landau models.
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1.2. Notation. We denote by P(R?) the set of probability measures on R3. When f € P(R?)
has a density, we also denote by f € L'(R?®) this density. For ¢ > 0, we set Py(R?) = {f €
P(R?) : my(f) < oo}, where my(f) = [gs |v]?f(dv) < oo. For o > 0 and fe P(RS), we put
Ealf) = [zs exp(|v]|*) f(dv). The entropy of f € P(R?) is defined by H(f) = [gs f(v)log f(v)dv if
f has a density and by H(f) = oo else.

We will use the Wasserstein distance defined as follows. For f,g € Po(R?), we introduce
H(f,9) = {R € P(R* xR3) : R has marginals f and g} and we set

_ ) 1/2
Wg(f,g):mf{(/ |[v — w| R(dv,dw)) : ReH(f,g)}.
R3 xR3
See Villani [32] for many details on this distance.
We also define, for v € R?,
b(v) = div a(v) = =2|v["v and o(v) = [a(v)]*/? = |o|*T/210,, .
For f € P(R3) and v € R3, we set

bfoo) = [ o= w)f(do), atf)i= [ alv=v)ftn), a2 (0= [als0)

More generally, we will write ¢(f,v) = [ps ©(v — v.) f(dv,) when ¢ : R® — R. We emphasize that
al’?(f,v) is [a(f,v)]'/? and is not [gs a/%(v — v.) f(dv.).
Finally, for A and B two 3 x 3 matrices, we put ||A||? = Tr(AA*) and (A, B)) = Tr(AB*).

}1/2

1.3. Well-posedness. We will use the following notion of weak solutions.

Definition 1. Let v € [0,1]. We say that f = (fi)i>0 is a weak solution to (1) if it belongs to
L% ([0,00), Pay~(R?)) and if for all o € CZ(R?), all t > 0,

(2) /RB @(v) fi(dv) = /}R3 o(v) fo(dv) +/O /}R3 /R3 Lp(v,v,) fo(dv) fs(dv,)ds
where o 3
Le(v,v.) := 2 D ar(v —0)0he0) + > bi(v = v.)dkp(v).
k=1 =

A weak solution f is conservative if it conserves momentum and energy, that is ng vfi(dv) =

Jgs vfo(dv) and ma(fe) = ma(fo) for all t > 0.

An important remark is that |Lep(v,v.)| < Cu(1 + |v] + |v])2TY for ¢ € CZ(R3) and since
f € L2.([0,00), Pay~(R?)), every term makes sense in (2). Our first result concerns well-posedness
and stability.

Theorem 2. (i) If v = 0, then for any fo € P2(R?), (1) has a unique weak solution f = (fi)t>o0
starting from fo. This solution is conservative. If moreover H(fo) < oo, then H(f:) < H(fo) for
all t > 0. If fo € Py(R3) for some q > 2, then SUP[0, 00) mq(fi) < co. Finally, for any other weak
solution g = (g¢)e>0 to (1), it holds that Wa(ft, gi) < Wa(fo, go) for all t > 0.

(ii) If v € (0,1], consider fo € P2(R3?) with E4(fo) < oo for some a € (7,2). Then (1) has
a unique weak solution f = (fi)i>o starting from fo. Moreover, this solution is conservative and
sup;so Ealft) < co. If H(fo) < oo, then H(f:) < H(fo) for all t > 0. Finally, for all n € (0,1),
all T > 0 and any other weak solution to g = (g¢)¢>0 to (1), it holds that supyo, 71 Wa(ft, 9t) <
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Cyp.rWa(fo,90))* ™", the constant Cy, 1 depending only onn,T,~, a and on (upperbounds of ) Ex(fo)
and supjg 7 Ma+~(9t)-

Point (i) is well-known folklore, even if we found no precise reference for all the claims of the
statement. The well-posedness, propagation of moments and entropy dissipation has been checked
by Villani [29] when fj has a density and the well-posedness when fy € P2(IR?) has been established
by Guérin [19]. The noticeable fact that Wy decreases along solutions was discovered by Tanaka
[28] for the Boltzmann equation for Maxwell molecules, see also Carrapatoso [5, Lemma 4.15].

Similarly, the existence part in point (ii) is more or less standard: the well-posedness, propaga-
tion of moments and entropy dissipation can be found in [8] when H(fy) < oo, but H(fp) < oo
is mainly assumed for simplicity. The propagation of exponential moments seems to be new, but
far from surprising: it is well-known (and more complicated) for the Boltzmann equation for hard
potentials, as was discovered by Bobylev [4], see also Alonso et al. [2].

On the contrary, the uniqueness/stability part in point (ii) seems to be new and rather interest-
ing. As far as we know, the best available uniqueness result is the one of Desvillettes and Villani [8,
Theorem 7], where fo € P2(R?) is assumed to have a density satisfying [ps f3(v)(1 + [v]*)dv < o0
for some s > 15 + 5. Thus, we assume much less regularity, but much more localization. Fur-
thermore, our stability result holds in the class of all weak solutions. Actually, a stability result
in the class of all weak solutions (at least with finite entropy) can also be derived using the ideas
of Desvillettes and Villani, but this would use the regularization properties of the equation which
guarantee that any weak solution is smooth. On the contrary, we use no such regularization. This
is crucial for propagation of chaos, since then the approximate solution consists of empirical mea-
sures which, by nature, are not smooth. Similarly, it is very important for us that the stability
result does not involve any exponential moment of the second solution g, because we are not able
to propagate the exponential moments of our particle system.

1.4. The particle system. We now introduce an approximating particle system, in the spirit of
Kac [21], who was dealing with the Boltzmann equation. As shown by Carrapatoso [5] when v = 0,
this system can be derived from Kac’s system in the asymptotic of grazing collisions.

We fix N > 2 and consider an exchangeable (R3)¥-valued random variable (\/'Oi’N)i:17,,,7 N,

independent of a family (B;?)i1<i<j<n,t>0 of i.i.d. 3D Brownian motions. For 1 < j <i < N, we
set By = —B}'. We also put B{* =0 for alli = 1,..., N and we consider the system

N + N t
(3) Vvtz,N:VOZyN_i_N 2 /0 b(‘/sl,N _ ‘/SJ’N)dS—"\/—N § /0 U(V;’N _ ‘/S]’N)dB;‘], i = 1’ B .,N.
j=1 =1

Proposition 3. Fiz v € [0,1] and N > 2. The system (3) has a pathwise unique solution
(th’N)izl,..,,N,tzo, which is furthermore exchangeable. The system is conservative: a.s., for all
t >0, it holds that 1 V2N = SN Vi and SV [VIN2 = Y [V

In [11], Fontbona, Guérin and Méléard consider, when v = 0, the same system of equations,
but with a fully i.i.d. family (B}’ )i<i j<nt>0 of Brownian motions. Such a system also approxi-
mates the Landau equation, but is not conservative (one only has E[Y"F V;"V] = E[XV V""] and
B[N (VN2 = B[N VN [?]) and thus physically less relevant.

1.5. Propagation of chaos. The main result of the paper is the following.

Theorem 4. Fiz v € [0,1] and fo € P2(R3). If v € (0,1], assume moreover that E,(fo) <
oo for some a € (v,2). Consider the unique weak solution (fi)i>o to (1) built in Theorem 2.
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For each N > 2, consider an exchangeable (R?’)N-valued random wvariable (\/'Oi’N)i:17,,,7N and the

corresponding unique solution (th’N)i:LMNypo to (3). Set ul¥ = N—! Ziv Oyin. Assume that
- t

for all p > 2, M, :=my,(fo) + supNEQE[|Vz}1’N|P] < 0.

(1) If v = 0, then for all n € (0,1), there is a constant C,, depending only on n, on (some
upperbounds of ) {M,,p > 2} and on (some upperbound of ) H(fo) when H(fo) < oo such that

Cy(BDVE (', fo)l + N7V i general,
Cy(BDVE (', fo)l + N7V if H(fo) < oo.
(i1) If v € (0,1], then for all T > 0, all n € (0,1), there is a constant C,, v depending only on 1,

T, v, o, on (some upperbounds of) E.(fo) and {My,p > 2} and on (some upperbound of ) H(fo)
when H(fo) < 0o such that

s EW3 (i, f1)] <

(1, fo)] + N=YNI=n in general,
(Y, fo)] + N~V if H(fo) < oo.

If (ViNYici v ~ fEN, then we know from [14, Theorem 1] that E]VZ(ud, fo)] < CN~—1/2
and that N~1/2 is generally the best rate we can hope for when comparing an empirical measure
of an i.i.d. sample to the common distribution. Here we obtain a rate in N~1/3 (or N~/4 without
entropy), up to an arbitrarily small loss, which is not so bad. Let us finally mention that in point
(i), the time uniformity really uses that we are in dimension d > 2.

Cy, r(E[W.
sup E W2 N, < 7,
[0,%)] W3 (g, fe)] {CW,T(E[W

N N

1.6. References on propagation of chaos. Showing the convergence of a toy particle system
to the Boltzmann equation was proposed by Kac [21] as a step to its rigorous derivation. He
called propagation of chaos such a convergence. Getting some uniform in time convergence is
quite relevant, since then the large time behavior of the PDE indeed describes that of the particle
system. Another important motivation is the numerical resolution of the Boltzmann equation
without cutoff: indeed, it may be relevant to replace grazing collisions by a diffusive Landau-like
term. Choosing the right threshold level requires to know quite well the rates of convergence. See
[13] for a complete study, in this spirit, of the 1D Kac equation.

To our knowledge, the only result directly comparable to Theorem 4 is the one of Carrapatoso
[5, Theorem 4.2] which concerns Maxwell molecules (v = 0): he obtains (under some different
conditions on f), a uniform in time rate of convergence in (almost) N~1/972 for another distance,
strictly controlled by supgg o) EDV3 (1", f1)]'/?, which we can bound by (almost) N /6.

Concerning the non-conservative particle system approximating the Landau equation, Maxwell
molecules have been studied by Fontbona, Guérin and Méléard [11] (there it is proved that
Supjo, 7 EW3Z(ul, fi)] < CoN=2/T), see also [12]. Moderately soft potentials are investigated
in the companion paper [15] (supjo 7 E[]WV3 (uf", f¢)] < CrN~12 when v € (—1/4,0), a less good
rate when v € (—1,—3/4] and a convergence without rate when v € (—2,—1]). As compared to
[15], the present situation is simpler (because hard potentials are rather easier than soft potentials)
but more complicated (because we study the conservative particle system).

Sznitman [27] was the first to prove the convergence (without rate) of Kac’s conservative particle
system to the Boltzmann equation for hard spheres (y = 1). Some recent progresses have been
made by Mischler and Mouhot [23] (from which [5] is inspired) where, using an abstract and purely
analytic method, a uniform in time quantitative convergence of Kac’s particle system was derived,
for the Boltzmann equation for Maxwell molecules (v = 0, with a rate in N ¢ for some very small
¢) and hard spheres (y = 1, with a rate in (log N)~¢ for some very small €). Even if these rates
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are clearly far from being sharp, these results are impressive. However, the method uses some
smoothness of the solution (f;):>0 with respect to fo (something like one or two derivatives, in
some sense, required), which is closely related to uniqueness/stability theory. Such a theory is
completely understood only for Maxwell molecules (where the kinetic cross section is constant)
and hard spheres (where the angular cross section is integrable). Finally, let us mention the
paper of Cortez and Fontbona [6], who considered the simplest model (the 1D Kac equation), but
who obtained by coupling methods a good rate of convergence (although probably not optimal, in
N~1/3) for a conservative particle system. These authors told us that, putting together the ideas
of [6] and of [16], they are now treating the case of Kac’s conservative system for the 3D Boltzmann
equation for hard potentials.

1.7. Scheme of the proofs. Interpreting a solution (f;);>o to a kinetic equation in terms of
the time-marginals of a 3D process (V;);>0 solving some nonlinear Poisson SDE was initiated by
Tanaka [28] for the Boltzmann equation for Maxwell molecules. Roughly, (V;):>0 represents the
time-evolution of the velocity of a typical particle. A similar process was proposed by Guérin
[19] for the Landau equation, with a white noise-driven SDE. Here and in [15], we rather use
a Brownian SDE. We show that for any weak solution (f;);>o and for Vi ~ fo, the SDE V, =
Vo + fot[b(fs,Vs)ds + a'/?(f,,V.)dBy] is well-posed and V; ~ f; for all t > 0. We call (V;);>0 a
(ft)r>0-Landau process. To prove uniqueness/stability, we will consider two weak solutions (fi):>0
and (g¢)r>0 and we will couple a (f;)i>o-Landau process and a (g¢)r>0-Landau process in such a
way that they remain as close as possible. Using the same Brownian motion for both processes,
sometimes called synchronous coupling, does not provide sufficiently good estimates. We will use
a finer coupling, based on some ideas of Givens and Shortt [18] about the optimal coupling of
(multidimensional) Gaussian random variables (for W, distance). Such a finer coupling is crucial,
in particular to obtain a stability result that requires exponential moments of only one of the
two solutions. As already mentioned, this is important because we are not able to propagate
exponential moments of the particle system.

Similarly, we will finely couple our particle system (VV),—; n with a family (WV),_;
of (fi)i>o-Landau processes. The conservativeness of our particle system implies that the family
(WZ’N)i:L...,N is not independent. But we will use a second coupling to show that for 1 << K <<
N, (Wti’N)i:LM k are approximately independent. The idea of using two couplings is already
present in the paper by Cortez and Fontbona [6].

The time uniformity we obtain in the case of Maxwell molecules relies on a recent noticeable
argument of Rousset [25] for the Boltzmann equation. For two solutions (f:)i>0 and (g¢)r>o0,
Tanaka’s theorem [28] tells us (roughly) that (d/dt)Wa(ft, g:) < 0. Rousset manages to prove, in
dimension d > 3, something like (d/dt)Wa(fi, gt) < —k-Ws°(ft, g¢) for all € > 0. This implies that
ft tends to a unique equilibrium as ¢ — oo at some arbitrarily fast polynomial speed. Much better,
he gets a similar result for the particle system, uniformly in N. Again, extending this strategy to
the Landau equation really uses a fine coupling with suitable different Brownian motions.

1.8. Plan of the paper. In the next section, we quickly prove the existence part of Theorem 2.
In Section 3, we study the regularity of b, a, o and b(f,-),a(f,-),a'/?(f,-). We prove Proposition 3
(well-posedness of the particle system) and the well-posedness of the Landau process in Section 4.
Section 5 is devoted to the proof of a central inequality, which is used a first time in Section 6 to
prove the uniqueness/stability part of Theorem 2. We next show in Section 7 that all the moments
of the particle system propagate, uniformly in N and in time. This allows us to handle the proof
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of Theorem 4 (propagation of chaos) in Section 8, based on a second use of our central inequality,
except the time-uniformity (when « = 0) which is verified in Section 9.

2. EXISTENCE, MOMENTS AND EXPONENTIAL MOMENTS

As we will use several times in the paper, the explicit expressions of a and b yield to
Tr a(v — vs) = 2[v — v, |27,
(4) a(v — v v v = o = vl ([P oe]? = (v-v.)?),
b(v —vs) v =—=2|v— v (Jv|* — v vs).
The existence part of Theorem 2 is, as already mentioned, more or less well-known.

Proposition 5. Let v € [0,1] be fized and let fo € Payoy(R3). Then there exists a conservative
weak solution (fi)i>o in the sense of Definition 1 enjoying the following properties.

(i) If H(fo) < oo, then H(f;) < H(fo) for allt > 0.

(ii) If mq(fo) < oo for some q > 2, then supy ooy mq(ft) < Cq, for some finite constant
depending only on v, q and on (an upperbound of ) mq(fo).

(iii) If v € (0,1] and Ea(fo) < oo for some o € (0,2), then supy ooy Ealfi) < Ca, for some finite
constant C,, depending only on «,~y and on (an upperbound of) E4(fo).
Proof. If vy = 0, the existence (and uniqueness) of a weak solution (f;);>0 to (1) has been checked

by Guérin [19, Corollaries 6 and 7]. Point (i) is proved by Villani [29, Section 8] as well as point
(ii) (see [29, Theorem 1]): he assumes additionally but does not use that fo € L!(R?).

If v € (0,1] and if fo € Pay~(R3) with H(f) < 0o, then we know from Desvillettes and Villani
[8, Theorems 1 and 3] that (1) has a weak solution (f;):>0 satisfying points (i) and (ii). If we only
know that fo € Patos(R?), we introduce f§' = fo * Gp, with G, (v) = (n/27)%/? exp(—n|z|?/2).
Then H(f') < oo and we consider a corresponding weak solution (f;"):>0, satisfying points
(i) and (ii). In particular, we have sup, s, Supjo o) Ma2+2+(f{") < oo. We thus infer from (2)
that for all ¢ € CF(R?), sup, > supjy o) [(d/dt) [gs o(v) f{(dv)| < oc: the family {(f{)iz0,n >
1} € C([0,00), P(R?)) is equicontinuous (with P(R?) endowed with the topology of weak conver-
gence). We thus can find (f;)i>0 € C([0,00), P(R?)) so that, up to extraction of a subsequence,
limy, sup(o 7y | fgs () (f* = ft)(dv)| = 0 for all p € Cp(R?) and all T > 0. This function (ft)i>o
also satisfies point (ii), because point (ii) is satisfied by (f/*)¢>0 uniformly in n. Thus (fi)i>0 €
L>([0,00), Pay2+(R?)). Finally, it is not difficult to pass to the limit, for each ¢ € CZ(R?), each t >
0, in the equation [ps @(v)f{*(dv) = [gs (V) f§ (dv) —|—fg Jrs Jrs Lo(v,v.) f2(dv) f2 (dv,), to deduce
that (f:)i>0 is a weak solution to (1): the only difficulty is that Ly is not bounded, but this problem
is fixed using that [L(v, vi)| < Cp (14 ||+ |v.])*T7 and that sup,,> Supg o) Mat2+ (fi + fi") < oo,

We now assume that v € (0,1], we fix a € (0,2), and we give a formal proof of point
(iii) without justifying the computations: this probably does not prove that every weak so-
lution propagates exponential moments, but certainly shows that it is possible to build such
weak solutions. We consider ¢(v) = exp((1 + |v]2)*/2), we set E,(f) = Jgs () f(dv) and we
observe that Eo(f) < En(f) < eEa(f). It holds that dpp(v) = avg(l + |v|2)*/2~1p(v) and
() = af(1+ [v*)*2 Mgy + (o — 2)vpv (1 + [v]})*272 + avgvy (1 + [v]?)*~2](v), whence

Lo(v,vy) :% [2(1 + )22 (v — v,) + (1 + 0|21 T a(v — v,)

+ (( = 2)(1 + |v| /272 L (1 + [0]*)* ) a(v — v )v - v|p(v).
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Recalling (4), we find
L(v, vs) :%h} — o (14 Jof?)*/2 { —2(1+ [o*)of? + 201 + o) vs|?
+ (= 2) + a(l+ ")) (oo ]* — (v v*)2)} p(v).

Using that |[v — v.|? > |v|7 — |v.|” and that |[v — v.|7 < |v|7 4 |vi|Y, we deduce that

Lo(w,0.) < = a (14 o7 02 = (1 + o) oo (o)

2000+ 0 o222 20 o)
+ (0= 2) + a1+ D7) (0Pl 2 = (v 0.)2) ] o(0)
< —a(l+ )2 P p(0) + O((1+ [0)2 + (14 )27 (L4 o H7)p(v)

for some constant C' depending only on 7, «. By the weak formulation of (1), we get

d ~
gga(ft) S/ [7 a(l + |,U|2)oz/2—1|v|2+7
R3

+ O o) 4 (1 o272 (14 ma s ()] (o) o).

But we know from point (ii) that supy ) m2+,(ft) is bounded by some constant depending only
on v and ma4~(fo) (which is itself controlled by £.(fo)). We end with

%ga(ft) < / [ = a(L+ o) o2 4 O+ o) + O+ o) 7252 () fu(dv).
R3

For large values of |v|, we have (14 [v]?)®/2= 1 v|?T7 =~ |[v]*+t7 and (1+|v[?)*/2 4 (1+|v|?)?/2Fo1 ~
jp|max{art2e=2} But o +v > a (because v > 0) and a4+ > v + 2o — 2 (because a < 2), so that
we can find some constants K, L > 0 so that for all v € R3,

—a(1+ o) 2 o 2T + C(L + [0])*2 + C(1 + |v]*)Y/2F7 < —1 + K<y
Consequently,

d~ ~ -
Ega(ft) < =Ea(fr) + K/]RS I <nyo(v) fr(dv) < =Ea(fi) + Ko(L).
We classically deduce that supjg .. Ealft) < max{E,(fo), Kp(L)} as desired. O

3. REGULARITY ESTIMATES

The following estimates can be found in [12, Lemma 11] (with C' = 1, but with another norm).
Let S;f be the set of symmetric nonnegative 3 x 3-matrices with real entries.

Lemma 6. There is a constant C' such that for any A, B € S;,
|AY? = BY2| < CllA= B|'* and |[AY? = B2 <C(|ATM A IBTH)V2IA - B
We will sometimes need the ellipticity estimate of Desvillettes and Villani [8, Proposition 4].

Lemma 7. Let vy € [0,1]. For all A > 0, there is C'4 depending only on A and v such that for all
f € Po(R3) satisfying H(f) < A and ma(f) < A, for allv € R3, ||[a(f,v)]7 ]| < Ca(l + v])77.

We next observe that the coefficients a, b and ¢ are locally Lipschitz continuous.
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Lemma 8. Fiz v € [0,1]. There is C depending only on ~y such that for all v,w € R3,

[b(v) = b(w)] < Clo = wl(jo]” +|wl"),  llo(v) = o(w)|| < Clo —w|([o]"/? + w]"/?),

and ||a(v) — a(w)| < Clv —w|([o]""7 + [w['*7).

Proof. Since b(v) = —2[|v|7v, since o(v) = |[v[7/? ', = |[v|/2t (I3 — |v|2v ® v) and since
a(v) = [v]**7(I3 — |v|~2v ® v), one easily checks that |Db(v)| < Clv|?, that |Do(v)| < C|v|?/? and
that |Da(v)| < C|v|**7, from which the results follow. O

Our main results are based on the use of a SDE of which we now study roughly the coefficients.
Lemma 9. Fiz v € [0,1]. There is C depending only on vy such that for every f € Pai~(R3) and
every v, w € R3,

(i) [b(f,v)] < C([v['* +mi4(f)),

(ii) [b(f,v) = b(f,w)| < Clv = w[(|v]" + [w|” +m(f)),

(iii) la(f,v)|| < C(W**Y + mais(f)),

(iv) lla(f,v) — a(f,w)|] < Clo — w|([o]"F7 + w7 +m1y(f)),

(v) a*2(f,0)|* < C(PH +maiy (f)),

(vi) la*/2(f,0) = a2(f,w) > < Clo = wP (1 + Mg ()L + [of* + [w]?)

Proof. First, we have |b(f,v)| < 2fR3 lv — w7 f(dw) < C([]* + mip4(f)) and [la(f,v)| <
la'/2(f,v)]* = Tx a(ﬁ ) = fRs Tra(v—w )f(dw =2 [gs [0 —w|*"7 f(dw) < C([v[**7 +ma24y(f)).

Next, |b(f,v) — w)| = | [gs (b(v — 2) — b(w — 2)) f(dz)], so that by Lemma 8,

b(f,v) = b(f, w)| < Clv — w] /Rs(lv — 2|7+ |lw = 2[") f(d2) < Clo = w|(Jo]” + [w]” + m4(f))-

With the same arguments, one finds [|a(f, v)—a(f,w)|| < Clo—w]| [ps(Jv—z" T +|w—2"T7) f(dz) <
Clv —w|([w"7 + [w[*™*Y +miy(f))-

Point (vi) is more difficult, although probably far from being optimal. Stroock and Varadhan
[26, Theorem 5.2.3] state that there is C' > 0 such that for all A : R® s SJ, |D(A?)|| <
C||D2A||(1,é2, which we apply to A(v) = (1 + |[v|?)77/2a(f,v). Observing that ||a(2)| < C|z|**7,
that || Da(z)|| < C|z|** and that ||D%a(z)| < C|z|7, we find

DA <[+ )72 [ o= sl )+ (0 o) [ o

)y [ o s )|
SC(1+maa ().

Thus [[D(AY?)]3, < C(1+ mays(f)) and [[(Av))'/? —

(A)?|? < O+ maiq ()0 — wl.
We now write, using that (A(v))*/? = (1 4 [v]|?)~/%a'/?(f,v

)
la2(F,0) = aM/2(f,w) |2 <21+ o272 ()2 = (A(w)) 2|2
21+ Jwf?) (1 P = (1 [l Pt 2, w)
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Recalling (v) and using that |(1 4 |w]?)?/4 — (1 + |[v]?)7/4] < Clv — w|, we get
Hal/Q(f,’U) - al/Q(fa ’LU)H2
<Clo —wl* | (1+ [0]*)? (1 +mary () + (1 + [w]*) 7 (jw 7 + m2+w(f))}-

This can be bounded by C|v — w|*(1 4+ mai~(f))(1 + [v]* + |w|?) as desired. O

4. WELL-POSEDNESS OF THE PARTICLE SYSTEM AND OF THE LANDAU PROCESS

We first verify that the particle system (3) is well-posed.

Proof of Proposition 3. Since b and ¢ are locally Lipschitz continuous by Lemma 8, the system
classically admits a pathwise unique local solution (Vti’N)i:l,___,N,te[O,T) with 7 = supy~; 7% and 73, =
inf{t >0 : Zf[ [VEN12 > k). We now show that a.s., Ziv VN = Ziv Vi and Ziv VN2 =
Zf[ [V§™|? for all £ € [0, 7). This will of course imply that 7 = oo and thus end the proof.

Summing (3) over ¢ = 1,..., N, using that b(—z) = —b(z), that o(—x) = o(x), that o(0) =0
and that B = — B for all i # j, we immediately find that Y% V" = SN VIN forall ¢ € [0, 7).
We next apply the It formula, which is licit on [0, 7), to get, using that o(x)o* () = a(x),

N N N t
DV =Y VTP D / VI b(VEN = VIN) + Tra(VEN = V)Y ds
i=1 i=1 i,j=170
9 N gt N -~ e
+—— ViN o (VN — yIiNY B,
WAL |
But since b(z) = —2|z|7z and Tr a(x) = 2|z|72,
N
D RVIN (VN —VIN) 4 Ty a(VPN = VI
ij=1
=D (VN = VPN bV = VIN) 4+ Tra(VIN = V)] = 0.
ij=1

Using next that o(—z) = o(z) and that BY = —BJ% we also have

N
VN (VN —viN) BT = Y (VN = VPN (VN = VN)dBY,
ij=1 1<i<j<N
which a.s. vanishes because o(z) = |z|'*7/2I,. (so that z*o(x) = 0). We conclude that
SVIVEN 2 = SV [VEN |2 on [0,7), which ends the proof. O

We next build our Landau process.

Proposition 10. Fiz vy € [0,1] and f = (fi)i>0 € L5.([0,00), Pair(R3)), as well as go € P2(R?)

loc
and a go-distributed random variable Vi independent of a 8D Brownian motion (Bt)i>o.

(i) The SDE V, =V + fot b(fs, Vs)ds + f(f a'/?(fs,V.)dB, has a pathwise unique solution.
(i) If f is a weak solution to (1) and if go = fo, then V; is f; distributed for all t > 0.
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Proof. We start with point (i). Since the coefficients v ~ b(fs,v) and v +— a'/?(f,,v) are
locally Lipschitz continuous (uniformly on compact time intervals) by Lemma 9 and because
J € L2.([0,00), Pay~(R?)) by assumption, the SDE under study classically has a pathwise unique
local solution (Vi):ep0,r), where 7 = supy> 7 and 7 = inf{t > 0 : [Vi| > k}. We thus
only have to verify that 7 = oo a.s. Using the It6 formula and taking expectations, one eas-
ily checks that for all k > 1, all t > 0, E[|[Viar, 2] = E[|Vo|?] + E[ OtM’“ r(s, Vs)ds], where
k(s,v) = 2z - b(fs,v) + Tr a(fs,v). Recalling that b(v) = —2|v|7v and Tr a(v) = 2[|v|**7, we
find that (s, v) = 2 [gs [v — w|"(Jw|* = [v]?) fs(dw) < 2 [os [v — w||w|? fs(dw). Tt is not hard to
deduce that k(s,v) < C(1 + maty(fs))(1 + |v]?) and then that

E[|[Vinr,*] < ma(go) + C/O (1 + Moy (f))E[L + [Vanr, ]ds

for all t > 0 and all k£ > 1. Since moy~(fs) is locally bounded by assumption, the Gronwall lemma
implies that for all 7' > 0, Cr := supy>4 supjq E[|Virr |?] < 0o. Hence for all T, Pr(ry < T) =
E=2E[| V., 21, <7] < E[|[Vran|?] < Crk=2 — 0 as k — co. We conclude that 7 = 0o a.s.

We now prove (ii). For t > 0 and ¢ € CZ(R?), we introduce A;p(v) = [ Lo(v,v.) fe(dvs) =
(1/2) 35 1y @t (o 0) O 0(0) + 35—y bi(f2,v)Op(v). Then g = L(V;) solves

(5) /}Rd p(v)gi(dv) = /Rd p(v)p(dv) +/O | Asp(v)gu(do)ds for all p € C2(R?),

with u = go. But (fi)t>0, being a weak solution to (1), also solves (5) with p = fo. Horowitz and
Karandikar [20, Theorem B.1], who generalize Ethier and Kurtz [10, Chapter 4, Theorem 7.1], tell
us that (5) has a unique solution (for any given u € P(R?)). Since fo = go by assumption, we thus
have (fi)i>0 = (g¢)e>0-

To apply [20, Theorem B.1], we need to verify the following conditions:

(a) C%(R3) is dense in Cp(R?®) (the set of continuous functions vanishing at infinity) for the
uniform convergence;

(b) for each ¢ € C%(R3), (t,v) — Ayp(v) is measurable;
(c) for each t > 0, if p € C? attains its maximum at vg, then A;p(vg) < 0;

(d) there is a countable family {px}r>1 C C.(R?) such that for all t > 0, {(pk, Arr)}e>1 is
dense in {(p, Aip), ¢ € C2(R3)} for the bounded-pointwise convergence;

(e) for any deterministic (tp,v9) € [0,00) x R3, there exists a unique (in law) continuous
R3-valued process (X;)i>¢, such that X;, = vy and for all ¢ € C2(R3), the process ¢(X;) —

fti Asp(X,)ds is a martingale.

Points (a) and (b) are obvious, as well as point (¢) (simply because V(vg) = 0, because the
Hessian (k1 (vo))r is non-positive and because a(ft, vo) is nonnegative). Point (e) is equivalent
to the existence and uniqueness in law, for each (tg,v9) € [0,00) x R3, for the SDE V; = vy +
ﬁi b(fs, Vs)ds + fti a'/?(fs,Vi)dB,. If ty = 0, this follows from point (i) (choose go = d,,). The
generalization to all positive values of ¢y is clearly not an issue. For (d), consider a countable family
{pkti>1 C Co(R3) so that for any ¢ € C2(R?) with, say Supp ¢ C B(0, R), there is a subsequence
(kn)n>1 so that Supp @x, C B(0,2R) and limy, (@, —¢leo+|Ver, = V@leo +[D%pr, —D?*¢|o] = 0.
Then for each ¢t > 0, we clearly have lim,, || Ak, — At@|loo = 0. O
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5. A CENTRAL INEQUALITY

As already explained in Subsection 1.7, our uniqueness, stability and propagation of chaos results
are based on some coupling between SDEs, and using similar Brownian motions is not sufficient
to our purposes. We recall the following fact: the best coupling between two multidimensional

Gaussian distributions N'(0, X;) and N(0, 33) does not, in general, consist in setting X; = E}/QY
and Xy = Z;/2Y for the same Y with law N (0,I5). As shown by Givens and Shortt [18], the
optimal coupling is obtained when setting X1 = E}/QY and X5 = El/QU(El, 35)Y, where

(6) U(S1, %) = 55125 2 (217520 ) 2

is an orthogonal matrix. Point (i) below, proved in [15], is an immediate consequence of [18].

Lemma 11. (i) Let m be a probability measure on some measurable space F, consider a pair of
measurable families of 3x 3 matrices (01(x))zer and (02(x))zecr and set ¥; = fF oi(z)of (x)m(dz).
If 31 and X5 are invertible,

1217% — 55%U(21, )| /Hal — oo(2)||Pm(dx).

(ii) Let € € (0,1). With the same notation as in (i) but without assuming that X1 and 3o are
invertible, setting U.(31,32) = U(51 + €l3, Xo + €l3),

V2 S PUL(SL )P < OVEA+ 151 + Zal|V2) + | low (@) — oa(2)|Pm(da),
512w PUL(5, %) i

where C' is a universal constant.

(iii) For each € € (0,1), the map (X1,%2) — U.(31,%3) 4s locally Lipschitz continuous on
Sf xSy

Of course, we introduced U, to avoid some technical problems, because we will generally not be

able to control the invertibility of the matrices we will study.

Proof. Point (i) is nothing but [15, Lemma 3.1] and point (iii) is obvious. To check (ii), we
introduce the space F' = F'U{A} (where A ¢ F' is some abstract point), the probability measure
m' (1—5)]Ipm+€5A on F’, and the maps o = (1 —¢)"'/20;1p + I3 Ay from ' to M3x3(R).
It holds that [, o}(c})*dm’ = %; + €I, so that point (i) yields

H<21+a-13>1/2—<22+513>1/2Ue<21,E2>H2S | lot@)=oi@ ()= [ os(@)-os(o)Pmds).

It then easily follows, using that U. (31, ¥2) is orthogonal (whence ||U. (21, 32)[|? = Tr Iy = 3) and
Lemma 6 (which gives ||(3; + eI3)'/? — 23/2” < Cy/fe), that

212 = £5/2UL (21, S2) || SOVE + (1 +els) V2 — (2 + e13) V2UL (21, )|
1/2
<ove+ ([ loa(o) = oala) Pm(do))
F

The conclusion follows: it suffices to take squares and to note that [, [|o1(z) — o2(x)||*m(dz) <
2 [p(lor@)* + lloz(@)[I?)m(dz) = 2Tr (51 + o) < C|[E1 + Baf|. O

The following proposition, to be used several times for both uniqueness and propagation of
chaos, plays a central role in the paper. The ¢ present in the statement is here only for technical
reasons and may be disregarded at first read.
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Proposition 12. Let v € [0,1] be fized, let f, g € Patr(R?) and R € H(f,g). Fore € (0,1), let
LR = [ (10— g wUefaf ), ol )P
R3 xR3

+2(u = w) - (b(f,v) — b(g, w)) ) R(dv, duw),

(i) If v = 0, there is a universal constant C' such that T-(R) < C\/z2(1 4+ ma(f + g))'/2.

(i) If v € (0,1], then we fix « > ~. There are some constants k > 0 and C depending only on
v, «, such that for all M > 0,

Te(R) < CVE(l4mars(f+9))' 2+ M [v—w* R(dv, dw) +C(1+mai (9) +Ea(f))e M.
R3 xR3

As already mentioned, it is important that no exponential moment of g is required in (ii).
Proof. We thus fix v € [0,1], f,g € Pay~(R3), R € H(f,g) and ¢ € (0,1).

Step 1. We first verify that for all z,y € R3,

lo(z) = a()” < 207 + 20y 7 — 4(jaly))"*(x - y).

Recall that o(z) = |z|**7/?II,. and that |o(z)||*> = Tr a(z) = 2|z|>*"7: we have to check that
(o(2),a(y)) > 2(|z|ly])/2(z - y), i.e. that (L., IL,1) > 2(z-y)/(Jz||ly]). A computation shows
that IT, 1T, = Is—|z|2aa* —|y| 2yy*+(z.y)|2z|2|y| 2zy* and thus (I1,., 11,1 ) = Tr 1L, I, =
1+ (x-y)?/(Jx*|y|?). The conclusion follows.

Step 2. We fix v and w and we apply Lemma 11-(ii) with F' = R3 x R3, with m = R(dy, dz), with
01(y,2) = o(v—y) and 02(y, 2) = o(w — z). It holds that [, o107dm = [4s, ps a(v—y)R(dy,dz) =
a(f,v) (because o(x)o*(x) = a(x) and R € H(f,g)) and [, o205dm = a(g,w). We thus find

la/2(f, ) = a'/(g,w)Ue(alf,v), a(g, w)|[> <CVE(L + a(f,v) + alg, w)|)*/?
[ ot y) = olw— 2)|PRidy.do).
R3 xR3
Next, it holds that b(f,v) — b(g,w) = [gs, gs(b(v —y) — b(w — 2))R(dy, dz) simply because R €
H(f,g). Recalling finally that ||a(f,v)|| < C(maty(f) + [v|*T7) by Lemma 9, we get

I'.(R) <Cye (L + [0 + [w|*™ + mapy (f + 9))/2R(dv, dw)
R3xR3

s AR d) R )
R3 xR3 JR3 xR3

<OVE+ma (F+ )+ [ Ay )Ry, ds) R, du)

3RS
where
Av,y,w,2) =[lo(v —y) = o(w = 2)||* + 2(v — w) - (b(v — y) — b(w — 2)).
Step 3. The goal of this step is to check that A(v,y,w,z) = A1 (v, y, w, 2) + As(v, y, w, z), where
Ar(v,y,w,2) = (v—w+y—2) (blv—y) —bw—2))
is antisymmetric (i.e. Aq(y,v,z,w) = —A1(v,y,w, z)) and where
0 if y =0,

A v, Y, w, = S
A {4<|v—w|2+|y—z|2>|v—y|v ity € (0,1
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We introduce the shortened notation Ay = Ag(v,y,w,z), X = v—y and ¥ = w — z. By
definition, we have Ay = (X —Y) - (b(X) —b(Y)) + [|o(X) — o(Y)]|?. Using that b(X) = —2| X" X
and Step 1, we find

A < =2(X =Y) - (IX]"X — [YY) + 2| X P57 2]V 27 — 4(IX[)Y])*(X -Y)
=2(X - Y)(I X2 = [Y[72)2,

If v = 0, this gives Ay < 0. If now v € (0,1], we use that (z V y)'=7/2|27/2 — /2| < |z — y| (for
x,y > 0) to write

Ag <2IX||Y](|X 72 = [Y]P/2)? <20X||Y[(|X|V [Y])2(1X] = [Y])? < 2(X|A[Y])]X =Y
We conclude noting that (| X|A|[Y])? < | X[V = |v —y|” and | X —Y|> < 2(Jv — w|? + |y — 2|?).
Step 4. We now observe that L := [oq s [rs . ps A1(v,y, w, 2)R(dy, dz) R(dv, dw) = 0. Indeed,
A; being antisymmetric, we have L = [ps s [ps, gs A1(y, v, 2, w)R(dy, dz)R(dv, dw) = —L.
Step 5. When ~ = 0, it suffices to gather Steps 2, 3, 4 to conclude the proof.
Step 6. Finally, gathering Steps 2, 3, 4 when v € (0, 1] yields

TL(R) SOVE(L+ ma (f +g)* +4 / (o — w]? + [y — 2[%)[o — y|" R(dy, d=) R(dv, dw)
R3xR3 JR

dx]Rd
—OVE( + o (f + )7 + 8 / / v — w2l — |7 f(dy) R(dv, dw).
R3xR3 JR3 xR3

For the last equality, we used a symmetry argument and that the first marginal of R is f. Finally,
we recall that a > -~y is fixed and we write, for any M > 0,

s [ o= wPlo— ol s R du) <0 [ o= wPR(dodu) + Lo,
R3xR3 JR3 R3 xR3
where

I :8/ v = w*lv = y|" Lisjo—yjr> ary £ (dy) R(dv, dw)
R3xR3 JR3

<16 [ [ (ol Pl ) gzangse) + Loy () Rdo, dw),
R3xR3 JR3
We then write, for @ > 0 to be chosen later,

Iy <16e=(M/16)°" e /RS(W +w) ([ + [y e + e ] £ (dy) R(dv, dw)
X

SC@’“(M”G)@M/S 3/3(1+|w|2)[62“‘”|a+62“‘y‘a]f(dy)R(dv,dw)
R3 xR3 JR?

o—a(M/16)*/7 /R - /R 3 (14 Jwf2F7 e T T £ (dy) R(dv, dw)
X

by the Young inequality. Choosing a = (1 + 7)/(4 + 27), setting x = a/16*/7 and using that
R € H(f,g), we conclude that

In < Ce™ ™M™ (14 mys(9) + Ealf))
as desired. =
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6. WELL-POSEDNESS

We now have all the weapons to give the

Proof of Theorem 2. We fix v € [0,1]. If v = 0, we assume that fo € P2(R?) and consider the
weak solution (ft)¢>0 to (1) built in Proposition 5, which indeed satisfies all the properties of the
statement. If v € (0,1], we assume that fo € P2(R?) satisfies £,(fo) < oo for some a € (v,2)
and consider the weak solution (fi):>o to (1) built in Proposition 5, which also satisfies all the
properties of the statement. In particular, sup,s,€q(f:) < oo depends only on 7,« and on (an
upperbound of) £,(fo). We consider another weak solution (g¢)¢>o to (1), only assumed to lie in
L5, ([0,00), Paiy (R?)).

Step 1. We consider Vo ~ fy and Wy ~ go such that E[|[Vo — Wy|?] = W3(fo,90) and a 3D
Brownian motion (By);>0, independent of (Vo, Wy). We consider the pathwise unique solution to

t t
Vi =V0+/ b(fs,vs)ds+/ a'’?(fs, Vs)dBs,
0 0

see Proposition 10, and we know that V; ~ f; for all ¢t > 0. Next, we recall that the matrix U, was
introduced in Lemma 11-(ii) and is locally Lipschitz continuous, so that it is not difficult to verify,
as in the proof of Proposition 10-(i), that the SDE (with stochastic parameter (V5)s>0)

t t
(7) Wi =W +/ b(gs, W5 )ds +/ a'?(gs, WE)Ue(a(fs, Vi), algs, W5))dBs
0 0

has a pathwise unique local solution. But the matrix U, (a(fs, Vs), a(gs, W£)) being a.s. orthogonal
for all s > 0, the process B = fg U(a(fs, Vs),a(gs, WE)dBg is a 3D Brownian motion. We conclude
that the SDE (7) is, in law, equivalent to to the SDE W; = Wo—i—fot b(gs, Ws)ds—i—fg a'’?(g,, W,)dBs.
We know from Proposition 10-(i) that such a process does not explode in finite time, so that
the unique solution to (7) is global, and from Proposition 10-(ii) that W§ ~ g, for all ¢ > 0.
Consequently, we have Wi (f:, g:) < E[|V; — W§|?] for all values of t > 0 and ¢ € (0,1).

Step 2. We set u; = E[|V; — W§|?]. Computing |V; — W¢|? with the It6 formula, taking
expectations and differentiating the obtained expression with respect to time, we find

EU% =E Ha/l/z(fta ‘/t) - a’l/Q(gta WtE)UE(a(fta ‘/;5)’ a’(gt5 Wte))H2

+2(Ve = W) - (0(f1, Vi) = blge, W) |-

Denoting by R € P2(R? x R3) the law of (V;, W) and recalling the notation of Proposition 12,
we realize that (d/dt)uf = T'c(RS).

Assume first that v = 0. Then Proposition 12 tells us that (d/dt)ui < C\/e(1+ma(fi+ g:))'/2.
Recalling that f,g € L2 ([0,00), P2(R?)), that W3(fi, g:) < uf for all ¢ > 0 and all € € (0,1), and

that E[|[Vo — Wo|?] = W3(fo,90) by construction, we easily deduce that W2 (f,g:) < W3(fo,90)
for all t > 0. Of course, the uniqueness of the weak solution starting from fy follows.

When ~ € (0, 1], we work on [0, 7] for some fixed T' > 0. By Proposition 12, for all M > 0,

d e
T S OVE(U+mars(fi+ 9e))'2 + Muf + C(L+mais(g0) + Ealfi))e ™
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For the rest of the step, we call Cr a constant, allowed to vary from line to line, depending only
T,y and on (some upperbounds) of supyy 7 ma++(g:) and Ea(fo). We thus have

d o/
Euﬁ < Crve + Mus + Cpe™"M ! ,

whence supyy 7y ui < [uj + Crv/e + CTe_”MaM]eMT. Recalling that u§ = W3(fo,g0) and that

W3(ft, 9¢) < u$, we may let € — 0 and find that

— M/
[Sllp] W;(ftagt) < [W22(f0590)+CT6 M ]e]MT‘
0,T
We now choose M = [k 'log(1 + 1/W32(fo,90))]"/®, which is designed to satisfy emrMT
W3 (fo,90)/ (1 +W5(fo, 90)) < W5 (fo,g0) and we end with
[SOH’II?] W22(fta gt) < CTW22(an 90) eXp(T(H71 1Og(1 + 1/W22(f05 go))’}//&)_
We easily conclude, since o > v, that for any 7 € (0, 1), supyo 71 Wa(f1, 1) < Cyp,r(Wa(fo, go))t ",

the constant C, 7 depending only on 7, T, a and on (some upperbounds) of supjy 77 m2++(g:) and
Ea(fo). The uniqueness of the weak solution (f):>o starting from fy clearly follows. a

7. MOMENTS OF THE PARTICLE SYSTEM

The goal of this section is to study the moments of the particle system. The following result uses
the fact that the particle system a.s. conserves kinetic energy. Sznitman [27] and Mischler-Mouhot
[23] have handled similar computations for the Boltzmann equation for hard spheres.

Proposition 13. Fiz v € [0,1], N > 2, consider an exchangeable (RN -valued random wvari-
able (VOZ’N)izl _____ ~ and the corresponding unique solution (th’N)tzo to (3). Then for all p > 2,
SUP|0,50) E[ VNP < CP(EHVOl’N|p+7])p/(p+7), the constant C), depending only on p and .

Proof. We fix N > 2 and write V}! = Vti’N for simplicity. We recall from Proposition 3 that a.s.,
for all t >0, EN := N~' SV |Vi|2 = EY. We fix p > 2 and we set u? = E[|V;}[P].

Step 1. Starting from (3) and applying the It formula with ¢(v) = |v|?, for which Ox¢(v) =
plv|P~ 2o and O (v) = p[Ig—i|v[P~2 + (p — 2)vrvi|v]P ], we get

N

d » B _

e I EN A AR ARTD
j=1

VAT a(VE = V) + (= DIV eV - VOV VY

Recalling (4), using exchangeability and that everything vanishes when j = 1, we find

d , p(N-1) _
—uf =B 2R [[V - V2 (= 2V + 2V R v
+ (0= APV RIVEE - (V)2
p(N

-1 1 2 1 P 1p—2i1,22
< 7 _ Y[ _— p Y p .
<PV - v (= A+ S|
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Step 2. When v = 0, we thus have (d/dt)u} < —(p/2)ul + (p?/2)E[|V;}[P~2|V;?|?]. We then use
exchangeability to write

B[V, 2 V2 = B[V P2 Zm 2| < B[V P2 BN < 2(uf) DR (BN .

But E[(EN)P/?] = E[(E})P/?] < E[|V}|P] by Jensen’s inequality and exchangeability. We end with
d
Doy < Ll 4 2B P20
We classically conclude that supy . uf < max{uf, E[|V'["](2p)?/2} = E[|Vy P](2p)P/2.
Step 3. We suppose next that v € (0,1]. We know from Desvillettes and Villani [8, Lemma 1]
that there are some constants x, > 0 and C}, such that for all z,y > 0,

P a2p-2 P
-y + 2z Y + 5
We deduce, using exchangeability, that
i p <p(N7
"t~ 2N

p(N —1) _ _
BBV = V2T (= mol VP + GoIVAIVEP ™ + G VAV )]

K —
<E[[V! - V2P (- BRIV + 26,V VAP

—y2aP? < —Kpx? + Cp(xyp_l + yaP™h).

B[V = V2 (= VAP = VAP + SV P2+ B2y pe2)

<

Changing now the values of x, > 0 and C), (which still depend only on p) and using that |v —w|” >
’|v| - |w|’7 > |v]Y — |w|” and v — w]” < |v|7 + |w|7, we easily find

Sup < = KEIV P + CEIVAPIVD + VA VP 4 VIV )

< — wp B[V PF] + GE[IV PV + [V IV2[P).
But

N N
1 % 1 i
BV IV = B[V P D2 V] < 2BV SO IveP] < 2B [V ir(eN ).
2 1

By Hélder’s inequality and since E}¥ = EJ', we deduce that
E[|Vt1|p|Vt2|V] < QE“th|p+v]P/(p+7)E[(EéV)(p-i-v)/?]v/(p-i—v).
A last application of Holder’s inequality shows that E[(EY)®+7)/2] < E[[V,""|P+7], whence finally

;lt u? < — K R VEHPT] + CPEHVOLN|p+v]v/(p+v)E[|th|p+v]p/(p+v)
— LRV 7] + CE(V, N ]
(5 <= @)+ C B[V )

the value of C, depending only on p,~ and changing from line to line. For the second inequality,
we used that for s, a,z > 0, —kx 4+ azP?/ Pt < —(k/2)x + (2/K)P/7aP+7)/7: it suffices to separate
the cases kx > 2axz?/ Pt and ka < 2ax?/(P+7). We classically deduce from (8) that SUD[) 00) Uf <
max{ub, (2C,E[|Vy N [P1]/k, )P/ @tV Since ul = E[|Vy "N |P] < E[[VyoN [PT7]2/®+7) | the proof is
complete. O
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8. PROPAGATION OF CHAOS

The goal of this section is to check Theorem 4, except the time uniformity in the Maxwell case.

8.1. The setting. We consider, in the whole section, v € [0,1] fixed and fo € P2(R3). If vy € (0, 1],
we assume moreover that £, (fo) < oo for some a € (7y,2). We denote by (fi):>0 the unique solution
to (1), as well as, for each N > 2, the unique solution (Vti’N)z':l,...,N,tzo to (3) starting from a given
exchangeable (R®*)N-valued (Vi"™V);=1.. n. We suppose that M, := m,(fo) + supy E[|V; " |?] <
oo and we conclude from Theorem 2 and Proposition 13 that for all p > 2, SUP[0,00) myp(ft) +

SUP N >2 SUP[0, o) E[|V;"" |P] < 0o and depends only on +,p and on some (upperbound of) M. If
v € (0,1], we know that sup;>qEa(ft) < co. If finally H(fo) < oo, then H(f;) < H(fo) for all
t > 0, whence, by Lemma 7,

9) sup sup [|(a(fy,v)) || < oo
>0 veR?

and depends only on v and on (upperbounds of) ma(fo) and H(fo).

In the whole section, we write C for a constant depending only on 7, «, on (upperbounds of)
{M,,p > 2} and additionally on (an upperbound of) &,(fo) if v € (0,1]. It is also allowed to
depend on (an upperbound of) H(fp) when the latter is supposed to be finished. Finally, any
other dependence will be indicated in subscript.

We fix N > 2 for the whole section, we recall that u = N~! Zf[ 6yinv and we put ey = N1
By [15, Proposition A.1], we can find (WOi’N)izl,___7N ~ fO®N such that
(a) {(VJ™N, WiN),i=1,...,N} is exchangeable,
1N 1N _1 N 1/i,N iN
(b) WQQ(N ! 21 5VU«;,N,N ! Zl 5W[-)L,N) =N 1 21 |V0 - WO |2 a.s.,

(c) denoting by Fy the law of (Vo™ )iz1.. n, W2(Fx, fEN) = E[Zf[ VN —wiN ).

8.2. A first coupling. We first rewrite suitably the particle system.

Lemma 14. For eachi=1,...,N, the process
1 Kt
N _ 1/2(, N 17i,Ny—1 i,N §,N ij
- [a (Ms )Vs )] U(‘/; - Vs )st
|
is a 8D Brownian motion. Furthermore, for alli=1,... N, allt >0,
t t
VN =V [ b Vs 4 [ v s,
0 0

Remark 15. Observe that a'/?(u,ViN) = [N~! Zjvzl a(VEN — VINY2 with a(z) = [o(z)]?.
If a2 (ulN , VENY s not invertible, we use Lemma 16 to define [a'/?(ul, VIN)|"1o(VEN — VIN),
We thus always have

(i) for all = 1.... N, a2 ViV a2 VMoV — Vi) = o(ViN — Vi),
(i) NV (a2 VI (Vi V) (a2 VI o (VY — Vi) =T,

S S

Lemma 16. For Ay,..., Ay € S;' and M = N~1 Zf[ A?, we can find some matrices By, ..., By
such that (a) M'/2B; = A; for all j = 1,...,N and (b) N~* ZiVBjB; =1I3. We write B; =

Mﬁl/QAj, even in the case where M is not invertible.
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Proof. If M is invertible, it suffices to set B; = M‘l/QAj. If M = 0, the choice B; = I3 is suitable.
Assume now that M has exactly two non-trivial eigenvalues A1, A2 > 0 (the last case where M has
exactly one non-trivial eigenvalue is treated similarly). Consider an orthonormal basis eq, ea, 3 of
eigenvectors, that is, Me; = A\e1, Mea = Ages and Mes = 0 (so that M = Ajere] + Aqeaes) and
observe that Ajes = 0 for all j. It then suffices to set B; = ()\II/Qele’f + A;l/Qegeg)Aj +ege;. O

We can now give the

Proof of Lemma 14. For i fixed, the Brownian motions (B%);.; are independent. Hence the (ma-
trix) bracket of the 3D martingale (87" );>o is given by (recall that ¢(0) = 0)

N - ot

1 . . . ) ) ) *

N2 [ (@ VNN v (fah 2l V(v - VY)Y ds = T,
=170

which implies that (87" );>o is a Brownian motion. We used Remark 15-(ii). Rewriting (3) as
in the statement is straightforward, using that a'/2(u, Vi) [a'/2(u, ViN) Lo (VEN —VIN) =
o(VEN — VI N) by Remark 15-(i). O

We next introduce a (non-independent) family of Landau processes. Recall that the matrix U
was introduced in (6), that U. was defined in Lemma 11-(ii). Denote ey = N1

Lemma 17. The system of equations (fori=1,...,N)
. . t . t . . . .
wpt =wgt +/ b(fs,Wﬁ’N)dS+/ a' 2 (fo, WM Uey (a(u, Vi), a(wl , WEN ) dBoY,
0 0

with v = N~1 Ziv (SWti,N, has a pathwise unique solution. Furthermore, th’N ~ fr for allt >0

and the family {(Vf’N, W:’N)tzo,i =1,...,N} is exchangeable.

Proof. As usual, the existence of a pathwise unique local solution follows from the fact that the
coefficients are locally Lipschitz continuous (which follows from Lemmas 9 and Lemma 11-(iii)).
But for each i, the matrix Ue (a(ud, VEN) a(vN, WEiN)) being a.s. orthogonal for all s > 0, the

process fot Uey (a(plY, VENY a(v]N , WEN))dBLN is a 3D Brownian motion. Consequently, the SDE
satisfied by W is equivalent (in law) to the SDE W; = V + fot b(fs, Wy)ds + fot at/?(fs, W,)dBs
(with Vo ~ fo). We know from Proposition 10-(i) that such a process does not explode in finite
time, so that the unique solution is global, and from Proposition 10-(ii) that W™ ~ f; for all
t > 0. Exchangeability is obvious, using that it holds true at time 0 (see point (a) at the end of

Subsection 8.1). O

8.3. A second coupling. Unfortunately, the processes (Wti’N)tZO are not independent, so we
have to show that they are almost independent in some sense.

Lemma 18. For all K = 1,...,N, we can find an i.i.d. family of processes (ZZ’N’K)I':L“,,K,QO
such that ZZ’N’K ~ fe forallt >0, alli=1,...,K and such that for all n € (0,1), all T > 0,

- - K

i, N i,N,K
(10) i:slgPK[s()u%)]E[|Wt A 2] < CTLTW'

Moreover, the constant Cy 1 is of the form C,T if v = 0.
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Proof. Let K € {1,...,N} and n € (0,1/2) be fixed for the whole proof. We also put § =
(K/N)? > 0. For simplicity, we write VI = ViN Wi =WiN and Z¢ = ZLNV-K,

Step 1. We recall that the Brownian motions (B%);<;<j<n are independent, that BY = —BJ?
and we introduce a new family (Eij)lgi, j<n of independent Brownian motions (also independent
of everything else). We recall that the Brownian motions Bi’N were defined in Lemma 14 and we
introduce, fori =1,..., K,

N ot
Zi 1 i, Ny — i j Rij ij
Bt = TN Z/O @2l VI o (VN = VPN <y BY + Ty iy BY).
j=1

One easily checks, using Remark 15-(ii), that the continuous 3D martingales B LN, BK N satisfy

(BN gINY, = I3tl;—;y, so that they are independent 3D Brownian motions. We next claim that
the system of equations (for i =1,..., K)

t t
Zi= Wi+ / b(fo Z1)ds + / V2 (fo, Z)XUIABEY,
0 0

where we have set U! = U, (a(ul, V), a(vN,W¥)) and X! = Us(a(fs, W2),a(fs, Z?)) for simplic-

S
ity, has a pathwise unique solution (with the same arguments as usual, see the proof of Lemma

17) and that for each i = 1,...,K, Z} ~ f; for all ¢ > 0. Furthermore, the Brownian mo-
tions fot XiUtdB:N being independent (as orthogonal martingales with deterministic brackets), as
well as the initial conditions W{, the pathwise uniqueness stated in Lemma 10-(i) implies that

the processes (Z})i>0, for i = 1,..., K, are independent. It only remains to prove (10) and, by
exchangeability, it suffices to study E[|W}! — Z}|?].

Step 2. Here we verify that, denoting by R} the law of (W}, Z}), of which the two marginals
equal f; ans using the notation of Proposition 12, we have

d
EEHth - Ztl|2] < CnKNnil + Fz?(RiV)-

Recalling the equations satisfied by W1 (see Lemma 17) and Z!, as well as the expressions of 31V
(see Lemma 14) and 1V, we see that

Wizt = [ W (s, ZDlds
0

N t
1 . .
o= / (@ 2(f0, W) = a!/2(fo, Z) XU 2 VIV o (VY — VN )aBY
N 2o

K t
1 ) )
+—=> / a2 (fo, WHUS a2l , VI o (VN = VIN)dBY
VN ‘= Jo

K t

1 ) .

— ﬁE / a'?(fe, ZH XU a2 (ul VI e (VEN — VIN)dBY .
j=1"0
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All the Brownian motions appearing in this formula are independent. By the It6 formula, we find
(d/dt)E“th - Ztl|2] = E[Il + IQ + I3 + 14], with

Il :2(Wt1 - Ztl) : [b(ft’ th) - b(fta Ztl)]a
N 2
L=~ > @25 W) = a2 (fe 2D X0 2 VN e (VRN = V)

)

K
1 _ . 2
Iy = } : H[a1/2(ft; ”rt1>Ut1[a1/2(ﬂéV7 th’N)] IU(th’N B ‘/tj,N)‘ 7

. 2
NZH V2 (f, ZDUL X Pl VI (VY = v
Using that N1 ijl[a(th’N— VI2 = [a2(ud, V;PY)]? and that ||A]|2 = Tr AA*, we find
1 1/2 1 1/2 1y y1 1/2 1,Ny\1—1 1,N N
I <5 102050 W) = aV2(fi ZH X021 VI (VN =1 |
j=1

[ 2w - a2z x|
:Hal/Q(ft, W) — a/2(f,, Ztl)th”z

because U} is a.s. an orthogonal matrix. Recalling the notation of Proposition 12 and that
= Us(a(fe, W}),a(ft, Z})), we conclude that E[I; + I5] < T's(RY).

By exchangeability, we have, for ¢ > 1 and ¢’ = ¢/(¢ — 1), by Hélder’s inequality,
K 2 2
Blfs] < E[[o/20 W |02, v o (N = v ]
2¢71/ 2¢'11/q
<l 2w e et v e v

By Lemma 9, since W} ~ f; and since supjg o) M (244)q(fs) < 00 (see Subsection 8.1), we have
E[l|a'/2(f:, W}H)||?9)Y/7 < C,. Next, we have a.s.

(", Vi e (VY = v ))? < i a2 (" V.o e (VY = VPP = N
by Remark 15-(ii) and, by exchangeability,
Elllfa"?(uy’ . ;") o (VY = V2N i a2l VI T e (VY - VNP = 1
Consequently, _

K 2 ’ 1/‘1/ ’ ’
Elfs] <C B ||l 2(a, VM) o (VY — v v o] o v i

Choosing ¢ = 2/n, we find that 2(¢’ — 1)/q’ = n, whence E[3] < C,, KN"~!. Finally, I, is treated
exactly as I3 and this ends the step.
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Step 3. If 4y = 0, by Proposition 12-(i), I's(RN) < CV(1 + ma(f:))"/? < CV4, so that we
end with (d/dt)E[|W}! — Z}|>] < CV§ + C,KN"~' < C,KN""! (because § = (K/N)?). Since
Wy = Z}, we conclude that E[|W}! — Z}|*] < C,, KN"'T as desired.

Step 4. Assume next that v € (0,1]. We then have supjy .o)[ma+~(ft) + Ealfi)] < 00, see
Subsection 8.1. We thus infer from Proposition 12-(ii) that for all M > 0,

Is(RN) <OV + M lv — w2RY (dv, dw) + Ce= M7
R3 xR3
But V6 = KN~! and Jgs s [0 — w*RY (dv, dw) = E[[W}! — Z}|?], so that we have proved that
(d/dt)E[|W} — Z}[?] < C, KN + ME[|W} — Z}?] + Ce="*M*" and thus

sup E[|W}! — Z}?) < [C,TKN"! + CTe M7 eMT.
[0.7]

Choosing M = [k~ log(1 + K~IN1=")]"/  for which e=*M""" = 1/(1 4+ K—IN=") < KN"—1,

sup B[|W,! — Z}|2) < C,TKN"exp (T[n_l log(1 + K‘lNl‘”)]V/a).
[0.7]

Since v < @, this is easily bounded by C, 7(KN7~1)1=1 < C, p KN~(=0° < ¢, p KN?1-1. O
A first consequence of the previous Lemma is the following quantitative law of large numbers.

Lemma 19. Consider a function ¢ : R® — R satisfying |¢o(x) — o(y)| < Clo — y|(1 + |2]? + |y|9)
for some q > 2. As usual, we set o(p,x) = [ps p(x —y)u(dy) for any probability measure p on R?.
Then for all T > 0, all n € (0,1/2),

EU%E[|¢(V5Va th,N) —o(ft, th’N)F] < Cn,TﬁpNnil/?

Moreover, the constant Cy 1., is of the form Cy T if v = 0.

Proof. Using exchangeability, we write

N

E[lo(, W) = o(fi W] :ﬁE[(Z[wW}N W) = W) ]

=1

= (11 +2(N — 1)L + (N — 1) I3 + (N — 1)(N — 2)14),

with (we develop the squared sum and separate the cases (a) i =j =1, (b) i =1and j # 1 or

i#Flandj=1,(c)i=j#1,(d)i#j,i#1,j#1)

Iy =E[((0) — o(fr, W;"™))?],
I =E[(2(0) — o (fo, W™ (WY = WEN) — oo, W2 M)
I3 =E[(s(

[(e(

th,N - Wt27N) o(fts th N )?]
I, =E[(p th,N - WtzyN) o(ft, th N))( (th,N - thyN) —o(ft, WtLN))]-

Using only that ¢ has at most polynomial growth, that th’N ~ WtQ’N ~ f; and that all the
moments of f; are uniformly (in time) bounded, we easily verify that I; + I + Is < C,, whence
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N=2(I; + 2(N — 1)l + (N — 1)I3) < C,N~'. We next use Lemma 18 with K = 3 to write
Iy < Ji+ Jo + J3, with
T =El(p(Zy"° = 2870 = o(fe, 20 VN2 = 2PN = of, 2070))),
Jo =El(p(W ™ = W) — o200 = 2070 + L (fo, W) = (£ 2077))
1,N,3 3,N.3 1,N,3
X p(Zy 7" = Z2077) = e, 2,
Js =Bllp(W™ = W) — o(fe, W)
1,N 3,N 1,N,3 3,N,3 1,N 1,N,3
X (oW ™ = Wi™) — o(Z; =27 )+ el fe, W) = o(fe, 270
But J; = 0 because Ztl’N’g,ZtQ’N’g, ZS”N’B are independent and f;-distributed: it suffices to first
take the conditional expectation knowing Z;*** and to observe that E[p(Z} " ? — 22N-3)| 23] =
<p(ft,Ztl’N’3). Next, using that all the variables th’N,WtQ’N,Wf”N,Z,}’N’3,Z5’N’3,Zt3’N’3 are fi-
distributed, that all the moments of f; are uniformly bounded, that ¢ has at most polynomial

growth, the local Lipschitz property of ¢, and that |o(f, w) — ¢(ft, 2)| < Cplw — 2[(1 + mg(fi) +
|w]? 4 |z]9), we easily get convinced that, by exchangeability and the Cauchy-Schwarz inequality,

E[J2 + J5] < CWE“W:&LN - ZtLN13|2]1/2-

This is bounded by C,, 7,N""1/2 by Lemma 18 with K = 3, and the constant C,, 7, is of the
form C,W\/T in the case where v = 0. |

8.4. Computation of the error. We now handle the main computation of the proof.
Lemma 20. For all T >0, all n € (0,1/4), all t € [0,T],

Co(1+ T2 B[V N = Wy N2+ N1=V4)ify =0,

1,N 1,N — .
]EH‘/tLN*WtLNF] < C”?(l + T)5/2 (EH‘/O - WO |2] + N7 1/2) Zf,y =0 G,nd H(fo) < 0,

=) Cor (BIVY Y = W V2] + N if v € (0,1],
Cpr (BI[VeY — WM 2] + N-1/2) 177 if v € (0,1] and H(f) < oo.

Proof. For simplicity, we write Vi = V"N, Wi = W}N and U} = U, (a(u, V"N, a(N, W] N)).
Also, we set ul¥ = E[|[V;"Y —W,""|2]. For each t > 0, we define (N = N—! Ziv Oy yiny, which
a.s. belongs to H(ul,v}). We fix n € (0,1/9) and T > 0 and we work on [0, 7.

Step 1. Recalling the equations satisfied by V! (see Lemma 14) and W' (see Lemma 17), the
It6 formula leads us to

Lo <E[2(V W) (0 V)~ b W) + (¥ V) — a2 WU ]
—E[2(V,} = W) (bl V) = b W) + a2 V) = a2, WO ]
+E[2(V = W) - 60 W) = b W)
+E[l@20, W) = a2 (1, W)U
+ 2B (@2 (u V) — a2 WU, (@2 W) = a2(fi WU

Using now that U} is an orthogonal matrix and the Cauchy-Schwarz inequality, we find that

d
Zul’ < B[] + 24 /ul EJY) + BIK]] + 2B [\ LV K},
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where
¥ =2V = W) - (b(ud, Vi) — b W) + [a 2 (0, Vi) — a2 (), WHUH P,
JtN :|b(VtN’Wt1>*b(ftaWt1>|2’
KN =[la*? ()Y, W) — a'2(fr, W],
LY =)a' (1 , Vi) — a2 () , WHUE.

Step 2. We first prove that E[I}¥] = E[T'., (¢}Y)]. Using exchangeability,

1 N

E["] :E{N DRV =W - (0 Vi) = b W) + a2 (Y Vi) — a2 WU ).
i=1

It then suffices to recall that ¢V = N~! Ziv 5(Vti,N1Wti,N), of which the marginals are p¥ and v},

that U} = U (a(ud, Vi), a(v)N, W})) and the notation of Proposition 12.

Step 8. Using Lemma 19 and the Lipschitz property of b checked in Lemma 8, we immediately
get that E[J}N] < C,],TN"_I/Q, with moreover C,, 7 = C,]Tl/2 if v =0.

Step 4. Here we verify that

(i) we always have E[KN] < C,, 7 N"~'/4, with moreover C, 7 = C,T'/* if = 0;

(i) if H(fo) < oo, then E[K}N] < C,, 7 N"~1/2_ with moreover C, v = C,T"/? if v = 0.

For (i), we use the first inequality of Lemma 6 to write KV = ||a*/2(v]N, W}) —a/2(f;, WH|? <
Clla(w, W}) — a(fi, W}h)||. We then apply Lemma 19, which is licit thanks to the Lipschitz
property of a checked in Lemma 8, to get E[K}N] < C,, 7 N"~Y/4, with C,, r+ = C, TY* if y = 0.

For point (ii), we use the second inequality of Lemma 6 and then the ellipticity estimate (9)
to write K3Y < Cllla(fe, W)~ lla(vy", W) — a(fe, WHII? < lla(¥, W) — a(fe, W}!)|]?. Again,
Lemma 19 implies that E[KN] < C, 7 N7~ /2, with moreover C, 7 = C, TV/? if v = 0.

Step 5. We now check that E[v/KNLYN] < E[IN] + E[K]] + CJulE[KN]3=m/2. We first
observe that by Lemma 8,

Ly =1 = 2(V = W) - (b(uy, Vi) = b, W)

N
1 7 7
=1 =2V = W) = 0V = V) bW = W)
i=1

N
1 i i i i
<V + OV} - WEIN SV = WHA IV = WD+ [V + W + [V + (W)

i=1

N 1 1 1 4 1 12 7 7]2 1/2 N
<+ CIVE =W (5 SOV = W+ Vi = W)y B
=1

<1N +cM}N\/ HN,

where we have set

N

N
1 . . 1 , ,
HY = > (+ [V + W+ [V + WP and - MY = [V = WP+ 2> [V = W2

i=1 i=1
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Since \/z(y + 2) < /Ty + Vxz <z +y + /xz, we conclude that

E[\/KNLY] <EUN] + EIKN] + CE[(KY)V2(MN)V2 (HN) VA

=E[IN] + E[K}] + CE[(MM) V(K2 (K2 (H]T)V)

<E[] + EIKY] + CE[M ) PEIK MO 2E(((KY)Y2(H{Y) V422,
where we used the triple Holder inequality with p =2, ¢ = 2/(1 — ) and r = 2/n for the last in-
equality. But it holds that E[M/] = 2ul¥ by exchangeability. To complete the step, it only remains
to prove that E[((K)/2(H)/1)2/1] < Cy. But K < 2al2(u, W) + 2laV/2(fi, W12 <
C(maogr (fe+v)+WE?) by Lemma 9 and HY < 1+|V.H?7 4+ WY +may (1 + 7). Observing
that E[(ma (N +vN))?] < E[|V;H[27P 4 |[W,H[*?] by Hélder’s inequality (if p > 1), that W'Y ~ f,
and recalling that supjg ) mp(ft) + SUPy>2SUP o) E[|[V;"N[P] < oo for all p > 2 (see Subsection

8.1), we conclude that K}¥ and H}Y have uniformly bounded moments of all orders, so that finally,
E[((BN)"2(HN)V)? < Oy

Step 6. From Steps 1 and 5, (d/dt)u)Y < 3E[IN] + 3E[K]] + C\/u) (BTN +E[KN]1-n).
Using Steps 3 and 4, we see that E[JN] + E[K}N] + E[KN]1~" < &, 1 ~, where

(i) oyrN = C,],T(N”_l/‘l)l_" < CU7TN277_1/4 in general (with Cy, 7 = Cy(1 + T2 if v = 0);
(ii) 87,5 = Cypr (N2 121 < N20=1/2 if H(f,) < oo (with Cyr = Cyy (1 + T)V/2 if 4 = 0).
Using finally Step 2, we end with

d
ﬁugf < 3E[en (GY)] + Sprn + CJulN Sy N

Step 7. Assume that v = 0. By Proposition 12-(i) (recall that ey = N~1),
E[l.y (V)] < OVENE[L +ma(pf +v)]"? = CVENE[V; Y P+ WY PIV2 < C ey < Coprw.

Thus (d/dt)ud < Cop1r,N + C\/ugvén,T,N < C\/(S%,T,N + u,{vén,T,N. Integrating this differential

inequality, we deduce that supjy 7 uy < C(1+T)*(u) +6,1,n), from which the conclusion follows.

Step 8. Assume next that v € (0, 1] and recall that o > . By Proposition 12-(ii), for all M > 0,
Loy (GY) SCVEN(L+magy (! + 1) + M o — w]* ¢ (dv, dw)
R3 xR3
kMY
+Ce™™ M (mapy (1)) + Ea (7))
We have E[mot, (u¥ + v{¥)] = E[|[V,H7 2] + maoyq (fi) < C, see Subsection 8.1. Also, it holds that
ElEa(vY)] = Ea(fr) < C. Finally, E [5s, ps [0 — w]*¢N (dv, dw)] = uf. All in all, we have checked

that E[T., (¢V)] < C\En + Ce—rM* 4 Mul. Recalling Step 6, using that \/en < Céyr,n and
that \/ry < z + y, we conclude that

d /e
Zul < 8y + (M + Chull +Ce",

whence ul¥ < [ul + CTé, 1N + C’Te*"”"MWa]e(M*C)T. As usual, we make the choice M =
[k~ log(1 + 1/[ud) + 6,7 n5])]7/%, for which e=nMT < ud’ + 8, v N, and this leads us to

u < Crlug + 8y 7. v exp(Tw™ log(1+1/[up’ + 0y, 78]/ + CT) < Cyrlug + 8 n]' ",
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because v < a. We conclude that ul¥ < O, r(u) + N?"=V4H1=n < O, p(ul) + N=V/4H)1=9 in
general and ulY < C, r(ul) + N21=V/2)1=n < O, p(ud + N=Y2)1=5 if H(fy) < oc. O

8.5. A quantified law of large numbers for non independent variables. Here we check the
following result, to be applied soon to the family W} N

Lemma 21. Let N > 2, u € P5(R3), n € (0,1) and k > 0. Consider an exchangeable family
Wi,...,Wn of R3-valued random variables such that for all K = 1,...,N, there are some i.i.d.
p-distributed random variables Z{ ..., ZE such that max;—1 _ x E[|W;—ZEK|*] < k KN""1. Then

.....

]E{W%(%ij:(swﬂu)} < c(1 +J$@£(ffgx5+ﬁ)’

where C is a universal constant.

Proof. We divide the proof into four steps.

Step 1. We recall the well-known fact that for f, f’, g, ¢’ € P2(R?) and A € (0, 1), it holds that
WEAf+(1=XN)g, \f'+(1=N)g") < IW3(f,9)+(1= )W3(f’,g"). Indeed, consider X ~ fandY ~ g
such that E[|X — Y] = W3 (f,9), X' ~ f  and Y’ ~ ¢’ such that E[| X' — Y'|?] = W3(f’,¢’), and
U ~ Bernoulli(\), with (X,Y), (X’,Y”), U independent. Then Z := UX+(1-U)Y ~ Af+(1—N)g,
7' =UX'"+(1-U)Y' ~ Af'+(1—\)g', and one easily verifies that E[|Z — Z'|?] = AE[|X —Y|?] +
(1= NE[IX" = Y']P] = AW3(f.9) + (1 = MW (S, g").

Step 2. For K € {1,...,N}, we set upx = K1 Zfil dw,. We prove in this step that

(6ma() + 48) K

I .
To this end, we set R = | N/K| and we assume that RK < N the other case being easier (no
need to introduce vfy, ;). We introduce, for k =1,..., R, v}y = ZZ (k DK +1 0w, as well as
v =(N—RK)~ Zi]\;RKJrl Sw,. We then write uy = KN~} Zk W+ (N—=RK)N~'wi,

and we use Step 1 to obtain W3 (uy,u) < KN™! Zle W3, pw) + (N — RK)N W3 (v, 1 1)
By exchangeability, we thus find

EW3 (un, 1)) < EW3 (uxc, )] +

RK N — RK
EDVE (v, )] < S BIMVB Y, 0] + = EDVE (R0, 0)

The conclusion follows, because RK < N, because vi¥ = g, because N — RK < K and because
EWE (0, 1, )] < 2ma(p) + 2E[Wi 2] < 2ma(us) + 4E[|ZL 2] + AE[|W, — Z1[2] < 6ma(u) + 4r.
Step 3. We then introduce (x = K! Zfil §4x. Since the ZX's are i.i.d. and p-distributed,
we know from [14, Theorem 1] (with p = 2, d = 3 and g = 5) that for all K = 1,... N,
E[W3 (Cie, )] < C(ms(p))?/® K =/2. Next, we have EIW3 (ux, (k)] < K~ 7 E[[Wi — Z/ 2] <
kK N1, Consequently, E)WZ (uur, p)] < C(ms(p))?/°K=Y2 + 2x K N1,
Step 4. Gathering Steps 2 and 3, we find that for all K € {1,..., N},

m 2/ K ma K
EDV (] < S 2 (Omalig 24K .

< C(1L+ (ms(1)?° + r) [\/%+ =i

Choosing K = | N2(1=7/3 | completes the proof. O
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8.6. Conclusion. We now have all the weapons to prove Theorem 4, except the time uniformity
in the Maxwell case. We start with the case of hard potentials.

Proof of Theorem 4-(ii). We thus assume that v € (0,1] and we fix T > 0 and n € (0,1).
We recall that plY = N71 Zf[ dyin and v = N-1 Zf[ Syin and we write Wi(pl, fi) <
V2N, vN) + 2W2(UY, f;). Lemma 18 (together with the fact that sup,sqms(f;) < oo) al-
lows us to apply Lemma 21 to obtain supg 1 E)V; (v, f1)] < Cp pN(171/3 < CppN"/3. Next,
we write EVE(ulY,vM)] < NPV EVEN — w1 = BN — WY 2], We conclude from
Lemma 20 that supg o E[W3 (7", v{V)] is controlled by Cor(E[[Ve N — WM 2] 4+ N—=/4)1=n in
general and by C,, 7(E[|[Vy" — Wy [2] + N=V/2)1=7 if H(fy) < oc. By points (a) and (b) stated
at the end of Subsection 8.1, E[|[Vy"N =WV [2] = EIN 2 N (VPN —wWiN 2] = EW2 (ud, vd)] <
QEWZ (1), fo)] + 2EWZ (WY, fo)]. And EDWVE(WYY, fo)] < CN~Y/2 by [14, Theorem 1], because

.....

Copr (B3 (1), fo)] + N1, and even by Cy r(EWVE (1, fo)]+ N3 if H(fy) < co. O

Proceeding similarly, we find the following weak version of Theorem 4-(i).

Theorem 22. Assume that v = 0. Fiz fo € P2(R3) and consider the corresponding unique
weak solution (fi)i>0 to (1). For each N > 2, consider an exchangeable (R*)™ -valued random
variable (V()i’N)izl ,,,,, ~ and the corresponding unique solution (Vti’N)izl,...,N,tzo to (3). Set uN =
NN Oy . Assume that for all p > 2, My = myp(fo) + sup o E[[Vy N [P] < co. For all
n € (0,1/4), there is a constant C,, depending only on n, on (some upperbounds of ) {Mp,p > 2}
and on (some upperbound of ) H(fo) when it is finite such that

C(1+ )52 (BVE (1), fo)] + N"=1/4) in general,

E[W2 (Mt aft)] < {Cn(l + t>5/2(E[W22(M(J)V7 fo)] + anl/B) ZfH(fO) < 0.

9. UNIFORM CONVERGENCE TO EQUILIBRIUM IN THE MAXWELL CASE

We now prove, when v = 0, the uniform (in N) convergence to equilibrium of the particle
system, following the arguments of Rousset [25]. We will easily deduce the time-uniformity of the
propagation of chaos.

In the whole section, we assume that v = 0. For N > 2 and for Fy an exchangeable law on
(R3)N | we call LN (Fy) € P(C([0, 00), (R*)N) the law of the solution (V;");—1 x>0 to (3) with
(Vi™MYiz1... v ~ Fx. We also put LY (Fy) = L((V;"N)iz1.n) € P((R¥)N) for each ¢ > 0. We
introduce

N N
=) B N )

Remark 23. The uniform distribution on Sy is invariant: LY (U(Sn)) = U(SN) for all t > 0.

This observation is classical and actually holds true for any value of v € [0,1]. To give a
precise reference, let us mention that in [5, Theorem 4.2-(ii)], Carrapatoso shows that under some
conditions on Fiy € P(Sy), Wi (LY (Fy),U(Sy)) tends to 0 as t — oo, which implies that U(Sy)
is invariant.
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Theorem 24. Fiz N > 7 and some exchangeable (VOi’N)i:LM,N ~ Fy € P(Sn). For all p > 0,
there is a constant Cp, depending only on p such that if N > 6 4 2p, for allt > 0,

1 N L CPE[1+|V0LN|8+4P]1/2
SWELY (Fx),U(Sw) <min { SW(Fx U(Sx)), )

Although we slightly clarify some points and although the coupling is slightly more technical
for the Landau equation, the proof closely follows [25]. In the next subsection, we recall some facts
about U(Sy). We build a suitable coupling in Subsection 9.2 and recall Rousset’s main inequality
in Subsection 9.3. We conclude the proof of Theorem 24 in Subsection 9.4. Finally, we deduce
Theorem 4-(i) from Theorems 22 and 24 in Subsection 9.5.

9.1. The uniform law on the sphere. We will need the following facts.
Lemma 25. Let (X{¥,...,XY) ~U(Sy). Then

(i) EWRN- SN 5w, N(0,3711,))] < ON-1/2;

(ii) for all p > 1, E[|X{N|P] < Cp, where C,, depends only on p;

(iii) if 1 < p < N — 4, for py the spectral radius of My = N~1 ZiVXZN(XZN)*, we have
E[(1 — pn)7?] < Cp, where C, depends only on p.

We will use twice the following observation.

Remark 26. For any f,g € P2(R?), W2(f,g) > [(V))V/? — (V)2 + |ms — my|?, where my =
Jos vf(dv) and Vi = [os [v — my|* f(dv).

Indeed, for any X ~ f and Y ~ g, E[|X - Y|?] = E[|(X —E[X]) — (Y —E[Y])|?] + |[E[X —Y]|?
Vi 4 Vy = 2(ViVg)' 2+ [my —my .

Y

Proof of Lemma 25. Consider an i.i.d. sample (Y1,...,Yy) of the N'(0,3711I3) distribution. Define
my = NNy, Ey = NPV Y — mp|? and XY = Ey"/?(Y; — my). Then it is classical
(see e.g. [25, Proof of Lemma 4.3]) that (X,..., X¥) ~U(Sn).

To prove (i), we set uy = N1 Zf[ Sy~ and vy = N7! Zf[ dy,. We have EDW32 (un,vn)] <

N EVE[Y; - XV P = NTUEYE(|(Y —my)(1— 1/VEN) +ma 2] = E[(1 — VEN)? + [my[?].
By Remark 26 and since m,, = mpy and V,, = Ey, we conclude that E)W3(un,vy)] <
E[W3(vn, N(0,37113)], so that EW3 (un, N(0,373)] < 4E[W3(vn, N (0,37 13)]. By [14, Theo-
rem 1], it holds that E[W3 (v, N(0,37'13))] < CN~1/2 and this proves (i).

Point (ii) has been checked by Carrapatoso [5, Lemma 10].

We finally check (iii) (see [25, Lemma 4.4] for a less precise statement), assuming that N >
p+ 4 > 5. The empirical covariance matrix Ay = Zf[(Yz —mpy)(Y; — mpy)* classically (see
Anderson [3, Section 7]) follows a Wishart(3, N — 1)-distribution, and My = Ax/Tr Anx. The
eigenvalues 0 < Lf[ < Lév < Lév of Ay are known to have the density (see Anderson [3, Theorem
13.3.2], this uses that 3 < N — 1)

*

g (01,02, 03) = k" (01lals) N =2[(Ls — b5) (L5 — 01)(Ly — £1)]e T2 T 0 gy gy,

where ky = 7-/223W=D/2D((N —1)/2)T((N —2)/2)T((N —3)/2)T(3/2)T(1)T(1/2). But 1 —py =
(LY + L) /(LY + Ly + LY) > 2(Ly LY)Y? /(BLYT) = 2(Ly Ly LY)/? /(3(LY')*/?). Consequently,
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for p € [1,N —4] (so that 3< N —p — 1),
3

p
E[(1 - pn)~7] 3(5) /3 63’“/2(616263)”’/2%(61,éz,ﬁs)d&dﬁzd&
-

3\P _ 3\P _ _
:(5) KN RN /}R gl o, ) dlrdladls = (5) Kt E[(LY 7)),

But using that LY < Tr Ay = Ex ~ x?(3N — 3), it is not hard to verify that E[(LY)%"/?] <
C,N37/2. We thus end with E[(1 — pn)7P] < C,N*?/2k ky_p. Using the expression of #y and
the Stirling formula, we easily conclude that supy~,.4 E[(1 — pn)7P] < 0o as desired. O

9.2. The coupling. Recall that U was defined in (6). We need to use U(a(z),a(y)), which is
unfortunately not well-defined. The lemma below gives some sense to A(z,y) = o(y)U(a(z), a(y)).

Lemma 27. Recall that for x € R3, o(x) = |2|Il,1 and a(z) = |z|*I1,.. We can find a measurable
family of 3 x 3 matrices (A(z,y))s,yers verifying A(—x, —y) = A(z,y) and

(a) Az, y)A* (2, y) = aly),

(b) {o(x), Az, ) = lzllyl + -y,

(c) (o(x) = A*(z,y))(z —y) = 0.
Proof. Tf = 0, it suffices to set A(z,y) = o(y). Else, we consider an orthonormal basis (e1, ea, €3)
satisfying e; = x/|z| and e3-y = 0 and we set A(z,y) = —(y-e2)eres+(y-e1)ezes+|yleses. To check
(a), put y; = y-e;, note that y3 = 0 and that Is = eje] +eqel+esel: direct computations show that
both a(y) = [y|*Is — yy* and A(w,y)A*(z,y) equal y3eie] + yiezes + [y eses — yiya(ere + ezed).
For point (b), one starts with o(z) = |z|I3 — |z|~tzz* = |z|(e2e} + ese}), whence o(x)A* (z,y) =
|| (=y2e2e] + yrezes + |yleses) and thus Tr o(2) A" (2,y) = [2|(y1 + [y]) = |2[ly| + 2 - y. For (c),
one easily finds that both o(z)(x — y) and A*(z,y)(z — y) equal —ya|z|es.

Since A(z,y) satisfies conditions (a)-(b)-(c) with —a and —y, it is possible to handle the con-
struction in such a way that A(—z, —y) = A(x,y). Measurability is not an issue. O

We now build a suitable coupling.

Lemma 28. Consider two exchangeable laws Fy and Gy in P(Sn). There exists an exchangeable
Jamily {(VIN WiNYis0,i = 1,..., N} satisfying the following properties:

() B[y Vo — W 2] = W3(Fw, Gn);
(i1) a.s, NTU U Vg — W2 = WR(N L0 6, NE30Y Gi) < 2
(iii) (Vi )izt v yez0 ~ TV (Fy) and (W™ )izt w0 ~ LY (Gr);
(v) a.s., for all t >0,
1 Qi N N2 L i N2
NZWt Wit = NZWO’ - Wy
i=1

=1
9 Nt _ . _ . _ . _
—m 30 [N VNN S WEN | (Y EN) N W s
i,j=1"70

Proof. The function A(x,y) cannot be continuous and this causes some technical difficulties. We
write Vi = V"™ and Wi = W)Y for simplicity.
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Step 1. By [15, Proposition A.1], we can find Hy € P(Sy x Sy) with marginals Fy and
GN such that, for ((Voi)izl,___,]v, (Woi)izl,___,]v) ~ HN, the famﬂy {(VOZ,WOZ),Z = 1, .. .,N} 1S ex-
changeable and points (i) and (ii) hold true. Actually, the inequality in (ii) follows from the fact
that W2(f,g) < ma(f) + ma(g) (choose an independent coupling between f and g) and that
ma(N~1 N dyi) = ma(N~1 sV dw;) = 1 because both Fiy and Gy are carried by S

Step 2. We consider (Vi)iz1... .5, (Wi)iz1...n) ~ Hx and some families (B}?)1<icj<n.i>0,
(B')l 1,....N >0 (B )ie1,. N30 of 3D Browman motions, all these objects being independent.
For 1 < j<i<N, we set B = —BJ'. We also put B =0 for all i =1,..., N and consider the
system of SDEs

N t
. . 1 .
1,€ __ 1,€ 1, 7 1
(11) Ve =Vie4— §4_ /Ob(V;E—VS”ds—i——E / (V5 —VI9)dBY + B!,
1 N +
4,e i/ E 1€ j,€ %, s 7, s 7, i
(12) W ° =Wj +N E: /Ob(WS8 w? )ds+—§ / (VEE—VIe Wie—Wi)dBY + eB.

This is a 6 N-dimensional stochastic differential equation with measurable coefficients with at most
linear growth (because |b(z)| = 2|z| and ||o(z)|?> = || A(y, z)||* = Tr a(z) = 2|z|?). Thanks to the
additional noises, the diffusion matrix is strictly uniformly elliptic. Consequently, we can apply
the result of Krylov [22, p 87] (the coefficients are assumed to be bounded in [22], but we can use a
standard localization procedure or the results of Rozkosz and Slominski [24]): the system (11)-(12)
has at least one (weak) solution.

Step 8. We now prove that
(13) Zlvza Wza _ Z"/O WO|2+65t+_Z/ Vza Wza) (de de)
_ 2 Z/ |Vze Vj sHer W] e| (Vze Vj s) (Wzs W] e)]d

7,j=1

This follows from a direct application of the It6 formula, together with the equalities

N
1 i i i j i j
15 =g 2 (20707 = W) - (b(ViF = V) = b(Wie = WE9))
i,j=1
(Vi = VI = AV = Vi W Wi )
N
=~ Nz > IV = VESNIWE = W = (V5 = V) - (Wi — W)
i,j=1
and
2 [
Jp=— / Ve —Woe) - (o(Ve = V%) — AV = VIS Whe = W1F) )dBY =0
t N\/Nij:10(s s)((s s) (s s s s))s

)
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that we now check. Using that BY = —BJ! o(—x) = o(x) and A(—z,—y) = A(z,y), we see that

s =2 3 [ (i v - v )

1<jJ
(Ve = Vi) - AW - vPe W W) By

It then suffices to use that (v —w)*(o(v) — A(v,w)) = 0 by Lemma 27-(c) to conclude that J§ = 0.
Using next that b(—x) = —b(z), we write
1 X _ _ _ . _ _ . _
I im gy S0 (VI = V) = (WEe = WE9) - (V2% = V<) = bWi< = W)

TN
)=

(Vi = V) = AWV = VIS W - W),

But lo(s) ~ Al Y =T o0 (1) + T A )A(0.0) = 2T o(a) A o) = 2+ 27—
2(Jz|ly| + = - y) because o(x)o*(x) = a(z), A(z,y)A*(z,y) = a(y) by Lemma 27-(a), because
Tr a(z) = 2|z|?, and because Tr o(x)A*(z,y) = |z||ly| + = - y by Lemma 27-(b). Also, since
b(z) = —2x, we have (x —y) - (b(z) — b(y)) = —=2|z|*> — 2|y|> + 42 - y. Allin all, (x —y) - (b(z) —
b(y)) + |lo(x) — A(x,y)||? = —2|z||y| + 22 - y. This completes the step.

Step 4. The coefficients b, o, A have at most linear growth and the initial conditions are bounded
(for N fixed, since Hy is carried by Sy xSy ). It is thus routine to verify that for allp > 2, allT > 0,
Sup.¢ 0.1y E[supp. ) 31 ([V;"°[P + W |P)] < 0o and that the family {(V;"", W;*)i=1,.. n.iz0,€ €
(0,1)} is tight in C([0, o0), (R?)2Y). We thus may consider a limit point (V,i, W});=1. n.4>0 and we
now check that it satisfies all the requirements of the statement. Exchangeability, as well as points
(1) and (i) (which concern only the initial conditions) are of course inherited from the fact that they
are satisfied by (V5 W/%)i—1.. n.¢o for all € € (0,1). Point (iv) is easily obtained by passing to
the limit as ¢ — 0 in (13) (this uses only that sup.¢ (1) E[supjg 1 Z?(W;EP + W52 < 00).
Since b, o are continuous (and even Lipschitz continuous), it is not hard to pass to the limit in (11)
and to deduce that (V,');—1,.. nt>0 is a weak solution to (3), whence (V;)i=1,  ni>0 ~ LY (Fn).
Using finally that A(z, y)A* (x y) = aly) = o(y)o*(y) and that A(—x,—y) = A(x,y), we deduce
that for each € € (0,1), (12) can be rewritten in the same form as (11) (with another family of
Brownian motions B¥). We thus prove as previously that (W{),—1 . n.>0 ~ LV (Gy) and this
completes the proof. Observe that although (V;', W{);—1, . n t>0 satisfies all the required properties,
it does not seem possible to check that it solves (11)-(12) with € = 0. O

9.3. Rousset’s inequality. The following Lemma summarizes a few results found in [25].

Lemma 29. Consider f,g € P(R*) and R € H(f,g) such that [o, |[v|*f(dv) = [gs [v]Pg(dv) =1,
Js vf(dv) = [psvg(dv) =0 and [gs, ps |v — w*R(dv,dw) < 2. Denote by p(f) the spectral radius
of [gs vv* f(dv) € S5. Observe that p(f) € (0,1], since [4q vo* f(dv) has trace 1. For all ¢ > 1,

there is a constant Cy depending only on q such that
[ o= wPRldv,dw) < Gyt = p(7) fmasa(f + )/ 1D(R)
R3 X R*

where D(R) = [pa, s Jpswpsl|v — 2l|w —y| — (v — z) - (w — y)|R(dv, dw)R(dz, dy).

We start with the following Lemma [25, Theorem 1.4], of which we sketch the proof for com-
pleteness.
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Lemma 30. Consider f,g € P(R?) and R € H(f,g) such that [os |v]*f(dv) = [gs |v]*g(dv) =1
and [gs vf(dv) = [gs vg(dv) = 0. For p(f) the spectral radius of [gs vv* f(dv), it holds that

2
D) 220 - p)(1-[ [ e wRedw)]).
R3 xRR3
where D'(R) := [oa, s [psygsl|v — 22w —y|* — (v — x) - (w — y))*|R(dv, dw)R(dx, dy).
Proof. Consider two independent couples (U, V) and (U, V) with law R. Using that E[U] = E[V] =
0 and E[|U]?] = E[|V|?] = 1, a straightforward tedious computation shows that
D'(R)=E[U-UP|V-VP - [U-0U)-(V-V)’|=2(A+ B+ C+D),
where A = E[[UP|V|* — (U - V), B=1-E[U-V]?, C = E[(U-U)(V - V)] = E[(U - V)?] and
D=E[(U-U)V -V)]—-E[U- -V){U-V)]. Clearly, A > 0 and it is not hard to verify that D =
S 1 (E[URVI? — E[URVIJE[UVi]) > 0. Next, C = 373 ,_; (E[UxVi]? — E[ULUJE[V,Vi]). Working
in an orthonormal basis in which (E[U,U;])x, is diagonal and using that p(f) = maxy E[U?],

o< yeee - <oy (v - Sl) = n (- 3 H)

k=1 k=1
because E[|U| ] = 1. But by Cauchy-Scwharz’s inequality (and since, again, E[|U|*] = 1),
3 9 3 2
Uka E[Uka]
2
= < .
(ZE[Uka]) = (Z )(ZEUk) 2 E[UZ]
k=1 k=1 k=1
Finally, —C < p(f)(1 = E[U - V]?) and D'(R) > 2B +2C > 2(1 — p(f))(1 — E[U - V]?). O
Proof of Lemma 29. Using Jgs [0 f(dv) = [ps [0[Pg(dv) = 1 and [p, ps [0 — w]*R(dv, dw) < 2, we

deduce that 0 < [ps., ps (v - w)R(dv,dw) < 1 and then that

/}RSX]RS |v — w|*R(dv, dw) = 2 — 2 /}RSX]RS (v-w)R(dv,dw) <2 — 2(/ (v - w)R(dv, dw)) )

R3 xR3
Applying next Lemma 30, we find

[, o= wP R dw) < (1= () D (R)
Using that (recall that ¢ > 1)
XPIY (X ¥)2 < [XIIY] = (€ VRIXIIY < (X Y] - 00 V)]Vl |y /e

and the Holder inequality, we see that D’(R) < D(R)'~/4(K,(R))'/4, where we have set K ,(R) =
Jrs wms Jrswgs (2l — z|Jw — y|]7T R(dv, dw)R(dx,dy). To conclude, it suffices to observe that
K (R) < Cymag+a(f + g), which immediately follows from the fact that R € H(f,g). O

9.4. Conclusion. We can now give the

Proof of Theorem 24. We fix N > 7, p € [0,(N — 6)/2] and some exchangeable Fiy € P(Sy). We
put ¢ = p+1. We apply Lemma 28 with Gy = U(Sy) to build a coupling (V,"™, W N),Z1 . N0
between LN (Fy) and LN (U(Sy)). We introduce the notation UYN = N=1 SV [V — w2
and ulY = E[UN]. We also set uN = N=1V Oy, N = N1V wi, as well as N =
NN Oy gy Lemma 28-(iv) precisely says that vy = udd - 2]0 (¢N)ds, with D
defined in Lemma 29. Since U} < 2 by Lemma 28-(ii), we deduce that a.s., U} < 2 for all ¢ > 0.
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We now apply Lemma 29 With R =¢V € H(ut ,v{’), which is licit since [p, vuf (dv) =
Jrs vt (dv) = 0 and [g, |v]?pd fRd |v|?v¥ (dv) = 1 (because both Fy and Gy are carried
by Sx) and since UY fRded |v w| N (dv, dw) < 2: we deduce that

N < Co(1— p()) Mmoo (Y + )M D(G) Y.
Taking expectations and using the triple Holder inequality (with 2¢, 2¢ and ¢/(q¢ — 1)),
uf’ < CeEI(L = p(v]")) 2NV COE[(mgyoq (uf) +17Y))*]V COEID(GN)) 1.
Since (Wti’N)izl _____ N ~ U(Sy) for each t > 0 by Remark 23, we infer from Lemma 25-(ii) that
E[(may2q(v)))?] < E[[WY[%+4] < €, and from Lemma 25-(iii), since p(v}Y) is the spectral radius
of [rsvo v (dv) = N=E SV WP (W) and since 2¢ < N — 4, that E[(1 — p(v))~%] < C,.
Also, we know from Proposition 13 that E[(magyeq(u))?] < E[|[V,"N [49+4] < C,E[|V Y [4a+4]. We
end with
ul¥ < CE[1 + |V N [t COR[ DN

Recalling that UYN = Uy — 2 fo (¢N)ds, we conclude that, for some ¢, > 0 depending only on g,
d N
Sl = ~B[D(N)] < —egBI1 + [V 47/l o/ o)
Integrating this inequality, we find, recalling that p = ¢ — 1 and setting x, = ¢q/(q — 1),
-p
ué\f < (Kp [1 + |V1 N|8+4P] 1/(2P)t+( ) 1/10)
By construction, since LY (U(Sy)) = U(Sy) for all t > 0, we have N=IW2 (LN (Fn),U(Sy)) < ul¥
and, by Lemma 28-(i)-(ii), u)’ = N7*W3(Fn,U(Sn)) < 2. We conclude that

-p
NI (F), U(Sw)) < (pBL1 -+ VoY [FH2] 7Y @0 1 (NI (Fw U(Sw))) )

On the onde hand, this implies that N~"'W2Z(LN (Fn),U(Sn)) < N=IW2(Fy,U(Sy). On the
other hand, this gives N“'W2(LN (Fn),U(Sn)) < (kpE[1 + [Vg-N [BH49)=1/(20)¢ 4 2-1/P)=P  which
is controlled by C,E[1 + [V N [8T4P]1/2(1 4 )P, O

9.5. Uniform propagation of chaos. We start with a consequence of Theorem 24.

Corollary 31. Assume that v = 0, fix N > 2 and consider some exchangeable Sn-valued ini-
tial condition (Vg™ )iz1.. n, the corresponding solution (V;"™)i—1. x>0 to (3) and set pN =
-1 21 VN For all p > 0, there is a constant C, depending only on p such that for all t > 0,

EWE (", N (0,371 T))] < Cp (N2 4 B[L+ [V N[ /2(1 4+ )77
Proof. Let p > 0 be fixed. If first N — 6 < 2p, then we simply use that Wi (u, N(0,37113)) <

a.s., so that the inequality obviously holds with C}, = 2,/2p + 6.

If next N —6 > 2p, we use Theorem 24: for all £ > 0, there is (Xf’N)i:L___7N ~ U(Sn) such that
N-USVEVAY — XN < G E[L 4 |V N [BH42)1/2(1 4 ¢) =P, We now put v¥ = N1 32N 6 i
and we know from Lemma 25 that EW2(vN,N(0,37'13))] < CN~'/2. But W3 (,u,{V,VtN) <
NS TVEN — XPN 2, whence EVZ (N, v)] < CLE[L + |V N [B+4P]1/2(1 4 1) P O

We finally give the
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Proof of Theorem 4-(i). Recall that v = 0, that fo € P2(R?) and that (f;):>0 is the unique weak
solution to (1). We assume without loss of generality that [ps vfo(dv) = 0 and that ma(fo) = 1.

For each N > 2, we consider an exchangeable (R3)"-valued random variable (Voi ’N)Z-Zl _____
the solution (V;"™)i—1.__ x>0 to (3). We set ul¥ = N1 Zf[ dyi.n. We assume that for all p > 2,

My, :=my(fo) +supy>o E[|Vy""|P] < 0o. The constants are allowed to depend on upperbounds of
{M,,p > 2} and on some upperbound of H(fy) when it is finite. We fix n € (0,1/5).

Step 1. By Theorem 22, we have

(i) BV (¥, £)] < Cy(1 + O 2EB (Y, fo)] + N7-1/4) in general;

(i) EDVB (2, £2)] < Cy(1+ ) 2(EVE (), fo) + NT-1/3) if H(fo) < oc.
Step 2. Here we verify that for any p > 0,

E[W3 (1, N(0,3715))] < Cp(1+t) P + C,N ™2 + CEWS (11, fo))-

We put m = N~' 320 Vo™ and EY = N=1 327 [Vg™ —m{|”. On the event Qv = {E) > 1/4},
we set VA = (v —md)//EY and iy = N1 Zf[ d¢i.x . Conditionally on Qy, (VOZ’N)Z-Zl _____ N
is exchangeable and takes values in Sy, so that we can apply Corollary 31:

Cp | GEL+To\ Vg V]2 G, | G

VN (L4t = VN (Q+tp

For the last inequality, we used that |V | < 4|V;" |+ 4|m{| on Qn, whence E[Tq, [V, " [FH47] <
CLE[[VE N [B744] 4 CLE[md [87+4] < C,E[|V, N P*4], which is bounded by assumption.

Next, we write

i, N zN zN \/EWN*1 2 2
Wi (ji s g SNZWO -V NZ’ —miy ﬁﬂn{f’ :(\/Eévfl) +|m{' 2.

By Remark 26, we have (v/E} — 1)2 + |m{’|? < W3(u', fo), because m
my, = 0 and Vy, = 1. At this point, we have proved that

Ello,Ws (47, N(0,37'L))] <

— NV — N
#JUV—mO,V#(J)V—EO,

E[lo, W3 (1", N (0,37 15))] < CuN~Y2 4 Cp(1+6) 7 + 2EDV; (1), fo)].

We next observe that E[Tos W3 (1", N(0,3713))] < E[Tpycq/yma(py + N(0,37'13))] =
B[ gy <10y (B + [mf’|? + 1] < (5/4) Pr(E < 1/2) + E[|m{[?]. But, Pr(E) < 1/4)
Pr(|/EY - 1| > 1/2) < 4E[|y/EJ —1/%, and we have checked that E[Tos W3 (1Y, N(0,37113))]
5E[\/EY —1|%] 4+ E[|m 2], which is controlled by 5E[W3 (1, fo)] as seen a few lines above.

Step 3. We deduce that W3 (f, N(0,37I3)) < Cp(1+t)P: assume (only during this step) that
(V§"™)iz1.....n consists of ii.d. fo-distributed random variables, so that E[W3(ud, fo)] < CN~1/2
by [14, Theorem 1]. Write W2(f;, N'(0,37'13)) < 2BEW2(fs, uN)] + 2EW2 (¥, N(0,3713))] <
Cy(1+ t)>/2(N~Y2 4 N"=Y/4) 4 Cp(1 4+ )77 + CN /2 by Steps 1 and 2. It then suffices to let
N — oo.

<
<

Step 4. We now conclude the proof in the general case.

If (14 1)%2 < (EW2(ud’, fo)] + N~Y4)7" then we use Step 1-(i) to write EW2(ul, f;)] <
Co(EIWS (1, fo)l + N~ "W EWS (g, fo)] + N7~1*) < Cp(EIWVE (1, fo)] + N~H4)1=om.
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If now (14 t)%2 > (EW3(udY, fo)] + N=Y/4)=" then we use Steps 2 and 3 with p = 5/(2n)
to write EVZ(a, f)] < Cy(1+1)-9/C0) + CON-12 + CEWZ(d, o). Bus (1+ 1)~/ <
EDV3 (1, fo)l + N71/* and we end with E[WV3 (1", f)] < Cy(EDVS (i), fo)] + N714).

Thus supyy o) EDVZ (1l , f2)] < Cy(EDV (1), fo)] + N71/4)1=57 as desired.

Step 5. We finally conclude when H(fj) < oc.
If (1+)°2 < EW2(ud, fo)] + N~Y/3)7", then we use Step 1 to write E]W3(ul, f;)] <

Co(EIWE (1, fo)l + N3 "W EWS (g, fo)] + N7=13) < Cp(EIWVE (1, fo)] + N ~H3)1=4m.

If now (14 t)%2 > (EW3(udY, fo)] + N=1/3)=" then we use Steps 2 and 3 with p = 5/(2n)
to write BVZ(a, f)] < Cy(1+1)-5/C0) + CON" 12 + CEWR(d, o). Bus (1+1)-%/@D <
EDV3 (1, fo)] + N71/% and we end with V3 (1", f)] < Cy(EDVS (i), fo)] + N7V,

We conclude that supyy o) EDWV3 (uf, f1)] < Cy(EIW3 (g, fo)] + N=Y3)1=4 a5 desired. O
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