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Abstract. In this article, we bring a new light on the concept of the inf-convolution operation
@ and provides additional informations to the work started in [1] and [2]. It is shown that any
internal law of group metric invariant (even quasigroup) can be considered as an inf-convolution.
Consequently, the operation of the inf-convolution of functions on a group metric invariant is in
reality an extension of the internal law of X to spaces of functions on X. We give an example of
monoid (S(X), @) for the inf-convolution structure, (which is dense in the set of all 1-Lipschitz
bounded from bellow functions) for which, the map argmin : (S(X),®) — (X,.) is a (single
valued) monoid morphism. It is also proved that, given a group complete metric invariant
(X,d), the complete metric space (K(X),dx) of all Katetov maps from X to R equiped with
the inf-convolution has a natural monoid structure which provides the following fact: the group
of all isometric automorphisms Autrs,(K(X)) of the monoid K(X), is isomorphic to the group
of all isometric automorphisms Autss,(X) of the group X. On the other hand, we prove that
the subset Ko (X) of K(X) of convex functions on a Banach space X, can be endowed with a
convex cone structure in which X embeds isometrically as Banach space.
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1 Introduction.

This article brings some additional informations to the study of the inf-convolution structure
developed in [1] and [2]. Given a set X, a map o : X x X — X and two real valued functions
f and g defined on X. The inf-convolution of f and g with respect the map « is defined as
follows

F & 9@) = {F@)+e(a))iveeX. (1)
«@

Historically, the inf-convolution appeared as a tool of functional analysis and optimization
and starts with the works of Mac Shane [10], Fenchel, Moreau and Rockafellar; see [9] for refer-
ences, see also the book of J.-B. Hiriart-Urruty and C. Lemarechal [5]. We proved in [1] and [2],
that the inf-convolution also enjoys a remarkable algebraic properties. For example, we proved
that the set (Lip! (X),®) of all no negative and 1-Lipschitz functions defined on a complete
metric invariant group (X, d), is a monoid and its group of unit is isometrically isomorphic to
X. This result means that the monoid structure of (Lip} (X),®) completely determines the
group structure of X whenever X is an group metric invariant.

In this paper, we give additional lighting to the understanding of the inf-convolution op-
eration. Indeed, it seems that the inf-convolution is not an ”external” operation to the space
X acting on it, but is in reality a canonical extension of the internal law of X to the space
Lipi_(X ), whenever X is a group metric invariant. In oder words, any internal law of metric
invariant group (even quasigroup) is an inf-convolution. This approach is motivated by Propo-
sition 1 and Theorem 1 below.

A metric space (X, .,d) equipped with an internal law . : (y, z) — y.z defined from X x X
into X is said to be metric invariant, if

dxy,z.z) =d(y.z,z.x) =d(y, z) Vz,y,z € X.

Note that every group is metric invariant for the discreet metric. For examples of not trivial
group metric invariant, see [2] (For informations on group complete metric invariant see [7]).
Let us denote by v : € X +— ¢, the Kuratowski operator, where d, : t € X — d(z,t). We
denote by X the image of X under the Kuratowski operator, X := v(X). The set X is endowed
with the sup-metric

doo (¥(a), v(b)) := sup |y(a)(x) — v(b)(x)|.

zeX

It is well known and easy to see that the Kuratowski operator v is an isometry: for all a,b € X

doo (’Y(a)a V(b)) - d(aa b)

We define the inf-convolution on X as in the formula (1). For two element v(a),v(b) € X,

(v(@) ®~(0)) () == _inf _ {y(a)(y) +~(0)(2)}-

y,2€X/y.2=x

We obtain the following result which say that (X,.) and (X,@®) has in general the same
algebraic structure. Recall that a quasigroup is a nonempty magma (X, .) such that for each
pair (a, b) the equation a.z = b has a unique solution on z and the equation y.a = b has a unique
solution on y. A loop is an quasigroup with an identity element and a group is an associative
loop.

Proposition 1 Let (X,.,d) be a metric invariant space. Then, the following assertions are
equivalent.

(1) (X,.) is a quasigroup (respectively, loop, group, commutative group)



(2) (X, ®) is a quasigroup (respectively, loop, group, commutative group).

In this case, the Kuratowski operator v : (X, .,d) — (X, @, dwo) s an isometric isomorphism
of quasigroups (respectively, loops, groups, commutative groups).

We then ask whether the operation @ of (X ,®) naturally extends to the whole space
(Lip} (X),®). An answer is given by the following result. The part (1) = (2) was estab-
lished in [1] for Banach spaces in convex setting and in [2] in the group framework (as well as
the description of the group of unit of (Lip} (X), ®)).

Theorem 1 Let (X,.,d) be a complete metric invariant quasigroup. Then the following asser-
tions are equivalent.

(1) (X,.) is a (commutative) group.
(2) (Lip*(X),®) is a (commutative) monoid.

In this case, the identity element of (Lip} (X),®) is v(e) where e is the identity element of
X and its group of unit is X which is isometrically isomorphic to X.

The Proposition 1 and Theorem 1 are in our opinion the arguments showing that the monoid
structure of (Lip! (X),®) is in reality a natural extension of the group structure of (X,.) to
the set Lip} (X).

We use the following result in the proof of Theorem 1. This result is the key of this algebraic
theory of the inf-convolution. The part I) = II) was proved in [2]. The part I1) = I) is new.
A more general form in metric space framework not necessarily group is given in section 2.

Theorem 2 Let (X,.,d) be a group complete metric invariant and let a € X. Let [ and g be
two lower semi continuous functions on (X, d). Then, the following assertions are equivalent

I) the map x — [ @ g(x) has a strong minimum at a

IT) there exists (§,2) € X x X such that §Z = a and : [ has a strong minimum at § and g
has at strong minimum a Z.

Theorem 2 also gives the following corollary. Consider the following submonoid of Lip*(X)
S(X):={f € Lip'(X)/ f has a strong minimum }

and the metric p defined for f, g € Lip'(X) by

1) —gl)
PU9) = S TR — g (o)

For a real-valued function f with domain X, arg min(f) is the set of elements in X that realize
the global minimum in X,

argmin(f) = {z € X : f(z) = inf f(y)}.

For the class of functions f € S(X), argmin(f) = {xs} is a singleton, where x; is the strong
minimum of f. We identify the singleton {z} with the element x.

Corollary 1 Let (X,.,d) be a group complete metric invariant having e as identity element.
Then, (S(X),p) is a dense subset of Lip'(X) and for all f,g € S(X) we have

argmin (f @ ¢g) = argmin (f).arg min (g).



In other words, the map argmin : (S(X),®, p) — (X, .,d) is continuous monoid morphism and
onto. We have the following commutative diagram, where I denotes the identity map on X and

v the Kuratowski operator

(X,.) —> (S(X),®)

arg min
\ l .

(X,.)

We are also interested on the monoid structure of the set (X)) of Katetov functions. There
are lot of literature on the metric and the topological structure of this space (See for instance
[3], [6] and [8]). We give in this section some results about the monoid structure of K(X) when
X is a group, and the convex cone structure of the subset o (X) of K(X) (of convex functions)
when X is a Banach space. Let (X, d) be a metric space; we say that f : X — R is a Katetov
map if

|f(z) = f(y)] < d(z,y) < f(z)+ f(y); Va,y e X. (2)

These maps correspond to one-point metric extensions of X. We denote by K(X) the set of
all Katetov maps on X; we endow it with the sup-metric

doo (f;9) := sup |f(z) — g(z)] < +o0
xeX

which turns it into a complete metric space. Recall that X isometrically embeds in K(X) via
the Kuratowski embedding v : @ — ¢, where d,(y) := d(z,y), and that one has, for any
f € K(X), that deo(f,y(x)) = f(z). It is shown in Section 7 that (K(X),®) has a monoid
structure and K¢ (X) has a convex cone structure. We obtain the following analogous to the
Banach-Stone theorem which say that the metric monoid (K(X), ®, d ), completely determine
the complete metric invariant group (X,d). Note that in the following result, any monoid
isometric isomorphism has the canonical form. We do not know if this is the case for other
monoids as the set of all convex 1-Lipschitz bounded from bellow functions defined on Banach
space (See Problem 2. in [1]).

Theorem 3 Let (X,d) and (Y,d') be two complete metric invariant groups. Then, a map
D (K(X),®,ds) = (K(Y),®,ds) is a monoid isometric isomorphism if, and only if there
exists a group isometric isomorphism T : (X,d) — (Y,d') such that ®(f) = fo T~ for
all f € K(X). Consequently, Autrso(KK(X)) (the group of all isometric automorphism of the
monoid K(X)) is isomorphic as group to Autrso(X) (the group of all isometric automorphism
of the group X ).

2 The inf-convolution on complete metric space.

The main theorem of this section (Theorem 4) extend [Theorem 3, [2]] and [Corollary 3, [2]]
to complete metric invariant space. In [Theorem 3, [2]] and [Corollary 3, [2]], only the part
I) = II) was proved in the group context. Here, we give a necessarily and sufficient condition
in the more general metric context.

We need some notations and definitions. Let X be a set and o : X x X — X be a map.
Given z € X we denote by A, (x) the following set depending on «
Ap(z) ={(y,2) e X x X 1 a(y,z) =2} C X x X.

Note that Ay (a(s,t)) # 0 for all s,t € X. We also denote by A; ,(x) (respectively, Ag o(x))
the projection of A, (z) on the first (respectively, the second) coordinate:

A o(z) ={ye X/Izy € X : aly,2y) =2} C X.



Ao o(z) ={2€ X/y. € X : a(y.,2) =z} C X.

Definition 1 Let (X,d) be metric space and o : X x X — X, be a map. We say that « is
d-invariant at © € X, if Ay(z) # 0 and there exists L1, Ly, L), L > 0 such that

Lad(y1,y2) < d(a(y,2), a(y2, 2)) < Lid(y1,y2); Yy1,92 € A1a(7);2 € Az ().
and
Léd(z1,z2) <d(a(y,z1),a(y, z2)) < Lid(21,22); V21,22 € A2,a(ﬂf);y € Al,a(ﬂf)-

The set A, () is endowed with the metric induced by the product metric topology of X x X
Led((y,2), (y,2) == d(y,y') + d(z,2') for all (y, 2), (3, 2') € X x X.

Proposition 2 Let (X,d) be metric space and a : X x X — X be a map. Suppose that « is
d-invariant at x € X. Then the restriction of a to the set A, (z) is continuous.

Proof. Let (v, z), (Y0, 20) € Aq(x). Then,
d(Oé(y, 2)7 Oé(y, z0)) + d(a(ya 20), Oé(y07 20))

Llld(za ZO) + le(ya yO)
ma’X(Lllﬂ Ll) (d(za ZO) + d(ya yO))

d(a(y, 2), a(yo, 20))

INIACIA

This inequality shows that the restriction of « to the set A, (z) is continuous.

For two functions f and g on X, we define the map 7y, depending on f and g by

Nrg: X XX — RU{+oo}
(y,2) = fly)+g(2)

Note that the inf convolution of f and g at x € X, with respect to the law «, coincide with
the infinimum of 7y 4 on A, (z)
= inf = inf .
f o g in {f(y) +9(2)} inf  n5.4(y,2)

y,2€X/a(y,z)=z (y,2)EAL(x)
@

Exemples 1 The Definition 1 is satisfied in the following cases.

1) Let (X, ||.]) be a vector normed space and « : X x X — X be the map defined by a(y, z) :=
y+z. In this case, the inf-convolution correspond to the classical definition of the inf-convolution
on vector space and we have Ay o(x) = Az o(x) = X for all x € X and o satisfies

laty, z) — a(z,2)|| = [la(z, y) — alz, 2)| = ly = z[; Va,y,z € X.

2) Let (C,||.||) be a convex subset of a vector normed space (X, ||.||) and let A €]0,1] be a fized
real number. Let o : C x C — C be the map defined by a(y,z) == Ay + (1 — X\)z. Then,
{(z,2)} C As(x) and Ay(x) = {(x,x)} if, and only if x is an extreme point of C' and we have

laty, 2) — a(z,2)|| = Aly = 2[; Va,y,2 € C.

and
oz, y) — alz,2)] = (1 =Ny — 2[; Vz,y,2€C.

3) If (X, .,d) is a metric group, (. is the law of internal composition of X) and « : (y, z) — y.z,
then Ay o(z) = Ag o(z) = X for all z € X. Moreover, « is d-invariant at « for each z € X if
and only if, (X, .,d) is metric invariant. We recall that a metric group is said to be metric in-
variant, if d(y.x, z.x) = d(z.y,xz.2) = d(y, z) for all z,y, z € X. Every group is metric invariant
for the discreet metric. We can find examples of group metric invariant in [2].



4) However, there exists examples of metric monoids (M, d) with a law . which is not metric
invariant but such that . is d-invariant at each element of the group of unit of M (See Proposition
5 and Remark 1).

Definition 2 Let (X,d) be a metric space, we say that a function f has a strong minimum at
xo € X, if infx f = f(xo) and for all € > 0, there exists 6 > 0 such that

0< f(x) — fzo) <0 =d(z,z0) <e.

A strong minimum is in particular unique. By dom(f) we denote the domain of f, defined by
dom(f) :={x € X : f(z) < +oo}. All functions in the article are supposed such that dom(f) #
0.

In what follows, an element a(y, z) € X will simply be noted by yz and the inf-convolution
of two functions f and g will simply be denoted by

f@&g(a):= inf {f(y)+g(z)}

For a € X, we say that f & g(a) is strongly attained at (yo, 20), if the restriction of 1y 4 to the
set A, (a) has a strong minimum at (yo, 29) € Anx(a).

Theorem 4 Let (X,d) be a complete metric spaces. Let a: X x X — X, be a map (a(y,z) :=
yz for all y,z € X x X). Let f and g be two lower semi continuous functions on (X,d). Let
a € X and suppose that the map « is d-invariant at a. Then, the following assertions are
equivalent.

I) the map x — f @® g(x) has a strong minimum at a € X

IT) there exists (§,2) € Ay (a) i.e §Z = a, such that : f has a strong minimum at § and g has
at strong minimum a Z.

Moreover, in this case, we have

(1) the restricted map nys.g : Ao(a) = RU{+00} has a strong minimum at (g,2) € Aq(a) i
f ®gla) is strongly attained at (g, 2).

(2) f(z) = f() > fog(x2) — fDgla) and g(z) — g(Z) > f S g(Fz) — f D g(a) for allz € X.

Proof. First, from the definition of the inf-convolution, for all y,v’, 2,2’ € X,

fogws) < fly)+9(=) (3)
fog'z) < f)+g(2) (4)
By adding both inequalilies (3) and (4) above we obtain
fegwd)+feglyz) < (fly)+ ( )+ (Fy) +9(z). (5)
I) = II). Replacing f by f—1f @ g(a) and g by g — 1 f & g(a), we can assume without loss

of generality that f @ g has a strong minimum at a and f @ g(a) =0. Let (yn)n; (2n)n C X be
such that for all n € N*, y,z, = a and

0=fog@) < floa)+olen) <TOgla)+

in other words

S =

0< flyn) +9(zn) <
By appllaying (5) with y = y,; 2 = 2,3 ¥ = yp and 2’ = z, we have

F®g(Yynzp) + F©9(Ypzn) < (Fyn) +9(2n)) + (f(yp) + 9(2))



Using the above inequality and (6) we obtain

1 1

0=2(f®g(a)) < fRYynzp) + [ B g(ypzn) = —+ . (7)
Since z — f @ ¢ has a strong minimum at a, then d(x,a) — 0 whenever f @ g(xz) — 0. On the
other hand, f @ g(z) > f®g(a) =0 for all x € X. Thus from (7), we get that f & g(ynzp) — 0
and f @ g(ypzn) — 0 when n,p — +oo. We deduce that d(y,zp,a) — 0, when n,p — +oo.
Since ypzp, = a for all p € N and « is d-invariant at a, then d(y,,yp) < L%d(ynzp,ypzp) =
L%d(ynzp, a) — 0, when n,p — +o00. Hence (y,)n is a Cauchy sequence and so converges to
some point § € X since (X, d) is complete metric space. Similarly, we prove that (z,), con-
verges to some point Z € X. By the continuity of the map « : (y, z) — yz (See Proposition 2),
we deduce that ¢z = lim,, (yn2,) = lim, (a) = a.

Using the lower semi-continuity of f and g and the formulas (6) we get

fG) +9(2) < liminf f(y,) +liminfg(z,)
< liminf (f(yn) +9(2n)) <0 = f @ g(a).

n—-+o0o

On the other hand, it is always true that f ® g(a) < f(§) + g(2) since §Z = a. Thus

@) +93) =fegla)=0. (8)
Using (8) we obtain
fegge) < f(§)+9(x)=g(x) —g(2). (9)
and
fegz) < [f(x)+9(2) = fz) - f(). (10)

Using (10) and the fact that f @ g has a strong minimum at a, we have that f(z) — f(g) >0
and if f(yn) — f(g) — 0, then f & g(y,Z) — 0 which implies that d(y,Z,a) — 0 since f @ g has
a strong minimum at a. On the other hand we have d(y,,7) < L%d(yni, gz) = L%d(yni, a) by
the d-invariance of « at a. Thus d(y,,y) — 0 and so f has a strong minimum at §. The same
argument, by using (9), shows that g has a strong minimum at 2

IT) = I). We first prove that f @ g has a minimum at §Z = ¢ and that f(3)+g(2) = f ® g(a).
Indeed, since f(y) > f(g) and g(z) > g(Z) for all y, z € X, then we get

f&gla)= inf {f(y)+9(2)} 2 (@) +9(3)

On the other hand, f @ g(a) < f(9) + g(2) since §Z = a. Thus, f D g(a) = f(§) + g(2). On the
other hand, using again the fact that f(y) > f(9) and g(z) > g(2) for all y,z € X, we obtain
for all x € X,

fogl@) = f {fy)+9()} = F(5) +9() = f D g(a).

It follows that f@®g¢g has a minimum at @ = §z. Now, let (z,,), C X be a sequence that minimize
f®g. Let €, — 07 such that

fagla) < faglz,) < fogla)+e, (11)

From the definition of f @ g(x,), for each n € N*, there exists sequences (Yn)n, (zn)n C X
satisfying vy, z, = x, and



£ @ gan) ~ = < flm) +g(en) < £ © glon) +

Since f(7) + g(2) = f @ g(a), it follows that

f@g(w,) - fogla) - % < (f(yn) = F(@) + (9(2n) — 9(2)) < f @ g(@n) — f D g(a) + %

Using the inequality (11) we get for all n € N*

= < (flom) — F@) + (9(n) () S en +
Since (f(yn) — f(9)) = 0 and (g(zn) — g(2)) = 0, we get that
0= o) = F3) < (F(om) = F@) + (g(en) — 9(2)) S ent +
and
1

0 <g(zn) —9(2) < (f(yn) — f()) + (9(zn) — 9(2)) < en + -

Sending n to 400, we have lim, 1o f(yn) = f(§) and lim,_ 1o g(zn) = g(2). Since f
and g has respectively a strong minimum at y and 2z, we deduce that lim, 100 yn = ¥
and lim,, 4o 2, = 2. By the continuity of the map « : (y,2z) — yz on A,(a), we obtain
limy, 400 (Ynzn) = §Z = a. Since y,z, = x, for all n € N*, we have lim,_, - , = a. Thus
f @ ¢ has a strong minimum at a

Moreover, we have the additional informations:

(1) f @ g(a) is strongly attained at (7,2) (We assume as in I) that f @ g(a) = 0). We know
from (8) that f & g(a) is attained at (§,2). To see that 7y, has in fact a strong minimum at
(7,2), let ((Yn, 2n))n C Aq(a) be any sequence such that

Flum) + 9(z0) = g v 20) = 0k {£(0) +9(2)} = npp(3,2) = 0. (12

By applying (5) with y = ¢, ¥ = yn, 2 = Z and 2’ = z,, and the formulas (8) and (6), we obtain
0<f@g(@zn) + fOg(yn?) < (f(F)+9(2)+ (fyn) +9(2n))

= (f(yn) +9(zn)) (13)

Thus f @ g(§z,) — 0 (and also f ® g(ynz) — 0) from (12) and (13) and the fact that f @ g(x) >
0= f®g(a), for all z € X. It follows that d(gzn,a) — 0 and d(y,Z,a) — 0, since f @ g has a
strong minimum at a. Hence, d(y,, %) — 0 since d(yn,7) < L%d(ynfz‘,gjé) = L%d(ynfz', a) by the
d-invariance of « at a, and the fact that §Z = a . In a similar way we have d(z,,2) — 0. Thus
(g, %) is a strong minimum of 7y 4.

(2) This part follows from (9) and (10) .m

3 The monoids structure for the inf-convolution.

The following corollary will permit to describe the group of unit of submonoids, for the inf-
convolution structure, of the set Lip'(X) of all 1-Lipschitz and bounded from below functions.

Corollary 2 Let (X,.,d) be a group complete metric invariant having e as identity element.
Let f and g be two 1-Lipschitz functions on X. Then, the following assertions are equivalent.



1) feg=dle,.).
(2) there exists § € X and ¢ € R such that

fQ)=d@,.) +ci=7(g) +c

and

g()=d(F ") —e=7(F ") —c
Proof. (1) = (2). Since the law . is in particular d-invariant at e and the map d(e, .) has a strong
minimum at e, by applying Theorem 4, there exists g,z € X such that §Z = e, f(§) + g(2) =
f@®gle) =0and f(z) — f(§) = dle,2Z) = d(g,2) and g(z) — g(2) > d(e,jz) = d(§~', ), for
all z € X. On the other hand, since f and g are 1-Lipschitz, we have f(x) — f(§) < d(g,z)
and g(z) — g(2) < d(Z,z) = d(g~',z) , for all z € X. Thus, f(z) — f(§) = d(§,x) and
g(z) — g1 = g(z) — g(2) = d(g~,2) , for all x € X. In other words, f(.) = d(7,.) + ¢ =
Y(@) +cand g(.) =d(F1,.) —c =G 1) — ¢, with ¢ = f(§) = —g(2).
(2) = (1). Suppose that (2) hold, then f & g(z) = (v(§) ® (77 ")) (=) for all z € X. Since
(X,.,d) is group complete metric invariant, by using Proposition 1. we get f & g = v(e) :=
d(e, .)..

Lemma 1 Let (X,.,d) be a metric space and . : (y,z) — yz be a law of composition of X.

1) Suppose that d(yx,zx) < d(y, z) and d(zy,zz) < d(y,z), for all x,y,z € X. Then we have,
for all a,b e X
Y(ab) < ~(a) & (b).

2) Suppose d(yz, zx) = d(xy,zz) = d(y, 2), for all z,y,z € X. Then, we have for all x € X
and all a,b € X
(v(a) & (b)) (xb) = ~y(ab)(xb)

and
(v(a) & (b)) (az) = ~(ab)(az).

If moreover X is quasigroup, then we have for all a,b € X
V(a) & ~(b) = ~(ab).
Proof. 1) Let a,b,z € X, then we have

v(a) @y(0)(x) = inf {d(a,y) +d(b,2)} > inf {d(az,yz)+ d(ab,az)}

yz=x
> inf d(ab,yz)
yz=x
= d(ab,xz) := y(ab)(x)
2) Using the metric invariance, we have for all z € X and all a,b € X

(v(a) ©~(b)) (xb) = inf {d(a,y)+d(b,2)}

yz=x
< d(a,x)
= d(ab, xd)
= (ab)(ad)
Combining this inequality with the part 1), we get (y(a) ® v(b)) (xb) = v(ab)(zb). In a similar

way, we prove (y(a) ® v(b)) (ax) = 7(ab)(ax). If moreover, X is a quasigroup, then for each
t,b € X, there exists z € X such that ¢ = zb. So we obtain y(a) ® v(b) = v(ab).m

We give the proof of Proposition 1 mentioned in the introduction.



Proof of Proposition 1. (1) = (2). Suppose that (X,«a) is quasigroup. Using Lemma
1, we have that v(a) & v(b) = ~(ab), for all a,b € X. Using this formula and the injectivity
of v , it is clear that (y(X),®) is quasigroup (respectively, loop, group, commutative group)
whenever (X, .) is quasigroup (respectively, loop, group, commutative group).

The last part of the theorem, follows from the formula y(a) & v(b) = v(ab) and the fact that
is isometric.

(1) = (2). Suppose that (v(X),®) is a quasigroup. Let us prove that (X,.) is quasigroup.
First, we show that for all a,b € X, we have that vy(a) @ v(b) = vy(ab). Indeed, let a,b € X.
Since @ is an internal law of (y(X), @), then there exists ¢ € X such that v(a) ® v(b) = ().
Using Lemma 1, we obtain y(ab) < v(c¢). Hence 0 < d(ab,c) = y(ab)(c) < v(c)(c) = 0. This
implies that ¢ = ab. Finally we have vy(a) ® v(b) = y(ab) for a,b € X. From this formula and
the injectivity of +, it is clear that (X .) is quasigroup (respectively, loop, group, commutative
group) whenever (y(X), ®) is quasigroup (respectively, loop, group, commutative group).m

The following Corollary is a particular case of the work established in [2].

Corollary 3 Let (X,.,d) be a group complete metric invariant having e as identity element.
Then,

(1) the set Lip'(X) of all 1-Lipschitz and bounded from below functions, is a monoid having
v(e) := d(e,.) as identity element and its group of unit U(Lip* (X)) coincides with X + R.

(2) the set Lip} (X) of all 1-Lipschitz and positive functions, is a monoid having (e) := d(e, .)
as identity element and its group of unit U(Lip’ (X)) coincides with X.

Proof. (1) The fact that Lip'(X) is a monoid having v(e) := d(e,.) as identity element,
follows from Proposition 7. and Lemma 3. in [2]. Using Proposition 1, we have that X + R C
U(Lip'(X)). The fact that U(Lip' (X)) C X +R, follows from Corollary 2. Thus U(Lip" (X)) =
X +R

(2) Since the inf-convolution of positive functions is also positive and (e) := d(e, .) € Lip} (X),
then Lip} (X) is a submonoid of Lip*(X'). On the other hand, Xc U(Lip% (X)) C U(Lip! ( ) =
X +R. Since the element of ¢ (Lip! (X)) are positive functions we get U(Lipl (X)) = X.m

We give now the proof of Theorem 1 mentioned in the introduction.

Proof of Theorem 1. The part (1) = (2) can be deduced from [2] (See also [1]). Let us prove
(2) = (1). Since (Lip} (X),®) is a monoid, there exists and identity element fo € Lip} (X).
Since fy is the identity element, it satisfies in particular: vy(a) & fo = v(a) for all @ € X. Since
~(a) := d(a,.) has a strong minimum at a, applying Theorem 4 to the functions v(a) and fo,
there exists (g, 2) € X x X satisfying §Z = a such that v(a) has a strong minimum at § and fy
has a strong minimum at Z. Since a strong minimum is in particular unique, then § = a. So, we
have az = a, for all @ € X. Thus e := Z is the identity element of X. From the associativity of
(Lip} (X),®), we obtain in particular the associativity of (X ,®). Since (X,.) is a quasigroup
(loop) then from Lemma 1, we have v(a) @ v(b) = 7(ab) for all a,b € X, so we deduce by
the injectivity of 7, that (X, .) is also associative. Hence, (X, .) is a group. The fact that, the
identity element of (Lip! (X), ) is y(e) where e is the identity element of X and its group of

unit is X, follows from Corllary 3.

4 Metric properties and the density of S(X) in Lip'(X).

Let us consider the following sets

S(X):={f € Lip"(X)/ f has a strong minimum }
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S+(X) = {f € Lip}r(X)/ f has a strong minimum}

Corollary 4 Let (X,.,d) be a group complete metric invariant having e as identity element.
Then, S(X) is a submonoid of (Lip*(X),®) and U(S(X)) = X +R. On the other hand S; (X)

is a submonoid of (Lip} (X),®) and U(S+ (X)) = X.

Proof. Since (Lip'(X),®) is a monoid having y(e) € S(X) as identity element and since S(X)
is a subset of (Lip} (X),®), it suffices to show that @ is an internal law of S(X) which is the

case thanks to Theorem 4. On the other hand, X + R C U(S(X)) C U(Lip*(X)) = X +R.
Hence U(S(X)) = X + R. In a similar way we obtain the second part of the Corollary.m

Consider now the metrics p and p on Lip'(X) defined for f,g € Lip'(X) by

1) —gl)
PU9) = S TR — g (o)

p(f,9) = p(f —inf f,g —infg) + |inf f —infg|.

Proposition 3 Let (X,d) be a complete metric space. Then

(1) the sets (Lip*(X),p) and (Lip*(X),p) (respectively, (Lipt (X),p) and (Lip} (X),p)) are
complete metric spaces.

(2) the set (S(X),p) is dense in (Lip'(X), p) and (S(X),p) is dense in (Lip* (X), p).
(3) the set (S4(X), p) is dense in (Lip} (X), p) and (S4+(X),p) is dense in (Lip! (X),p).

Proof. The part (1) is similar to Proposition 5. in [1] (See also Lemma 1. in [1]). Let
us prove the part (2). Indeed, let f € Lip'(X) and 0 < ¢ < 1. Consider the function
fe = (1 —e)f. Clearly, f.is (1 — €)-Lipschitz and p(fe, f) — 0 (respectively p(fe, f) —
0) when ¢ — 0. On the other hand, applying the variational principle of Deville-Godefroy-

Zizler [4] to the (1 — €)-Lipschitz and bounded from below function f., there exists a bounded

Iwe(ﬂlc)—wle(y)l < ¢
r—y -
and f. + . has a strong minimum at some point. We have that f. + ¢, is 1-Lipschitz and

bounded from bellow function having a strong minimum, so f.+ ¢, € S(X). On the other hand,
p(fe+ e, f) < p(fe + @es fe) + p(fe, [) = p(pe, 0) + p(fe, f). It follows that p(fe + pe, f) = 0
when ¢ — 0 (respectively p(fe + @e, f) — 0). Thus (S(X),p) and (S(X),p) are respectively
dense in (Lip'(X), p) and (Lip*(X), p).

(3) Let f € Lip! (X), from (2), there exists f. € S(X) such that p(fe, f) — 0 when € — 0.
In particular, infx fe — infx f. If infx f > 0, then for very small ¢ we have f. > 0 and
so fe € Sy(X). Ifinfx f = 0, since infx fe — infx f = 0 then p(fc — infx fe, f) < p(fe —
infx fe, fo) + p(fe, f) = 0 when € — 0 and (f. —infx f.) € S (X). Thus, (S+(X), p) is dense
in (Lip% (X), p). We deduce then that (S (X), p) is also dense in (Lip} (X),p).m

Lipschitz function ¢, on X such that sup,cx |@e(7)| < € and sup, yex /o2,

5 The map argmin(.) as monoid morphism.

For a real-valued function f with domain X, argmin(f) is the set of elements in X that realize
the global minimum in X,

argmin(f) ={x € X : f(z) = inf f(y)}.

yeX

For the class of functions f € S(X), argmin(f) = {xs} is a singleton, where z is the strong
minimum of f. In what follows, we identify the singleton {«} with the element z. We have the
following proposition.

11



Corollary 5 Let (X,.,d) be a group complete metric invariant having e as identity element.
Then, the map,
argmin : (S(X),®, p) = (X,.,d)

is surjective and continuous monoid morphism. We have the following commutative diagram,
where I denotes the identity map on X and ~ the Kuratowski operator

(X, ) —= (5(X), ®)

arg min
\ l .

(X,.)

Proof. Let f,g € S(X), then there exists x¢,2, € X such that f has a strong minimum
at xy = argmin(f) and g has a strong minimum at z, = argmin(g). Using Theorem 4,
f @ g has a strong minimum at zyz, = (argmin(f)) (argmin(g)). Thus argmin(f & g) =
(argmin(f)) (arg min(g)). On the other hand, the map argmin send the identity element d(e, .)
of S(X) to the identity element e of X, since the strong minimum of d(e, .) is e. Hence, arg min is
a monoid morphism. For each z € X, v(z) € X ¢ S(X) and argmin (y(z)) = . Thus, arg min
is surjective. Let us prove now the continuity of arg min. First, note that for all f,g € Lip*(X)
and all 0 < a < 1,

@
p(f:9) < a=suw|f(z) —g(@)| < T—. (14)
zeX -
and in consequence, we also have
inf f — inf g| < :
|1£1{ff 1§fg|_ T (15)

Let (fn)n C S(X) and f € S(X). Let z,, := argmin(f,) and 2y = argmin(f). Since f has a
strong minimum at x¢, for all € > 0, there exists § > 0 such that for all z € X,

|f(z) = flag)| <6 = d(z,xp) <e

Suppose that p(fn, f) < 2%5. Using the triangular inequality and the inequations (14) and

(15) with a = % < 1, we have

|f(@n) = flep)l < [f(@n) = fulen)| + [fo(@n) = fzy)]
2cr
<
T l-a
= 9

which implies that d(arg min(f,),argmin(f)) := d(z,,z¢) < e. This implies the continuity of
argmin on S(X).m

Note that, the map ¢ : (Lip'(X),®, p) — R defined by & : f + infy f, is continuous monoid
morphism. The following proposition which is a consequence of the above corollary, says that,
in the case of (S(X),®, p) there are several continuous monoid morphism from (S(X),®) into
K with K =R or C.

Proposition 4 Let (X,.,d) be a group complete metric invariant and x : (X,.,d) — K be a
continuous group morphism. Then, x o argmin : (S(X),®,p) — K is a continuous monoid
morphism.
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6 Examples of inf-convolution monoid in the discrete case.

Let X be a group with the identity element e. We equip X with the discrete metric dis. So
(X, dis) is group metric invariant and Lip} (X) consist in this case on all positive functions
such that |f(z) — f(y)| < 1for all x,y € X. The Kuratowski operator 7 : & > 0, is here defined
by 6,(y) =1if y # x and 0, (z) = 0, for all z,y € X. We treat below the cases of X = Z and
X =Z/pZ.

6.1 The inf-convolution monoid (I3,(Z), ®).

Let X = Z equipped with the discrete metric dis which is invariant. Let [39,(Z) the set of
all sequences (z,), of real positive numbers such that |z, — x,,| < 1 for all n,m € Z. For
u = (un)n and v = (up)n in 135,(Z), we define the sequence

(u @)y = inf (up—r +vr); Vn € Z.
kez

The set (135,(Z), ®) is a commutative monoid having the element J. as identity element and its
group of unit U(I35,(Z)) is isomorphic to Z by the isomorphism I : Z — U(I3,(Z)), k + 0.

6.2 The inf-convolution monoid (I3,(Z/pZ), ®).

Let p € N* and X = Z/pZ equipped with the discrete metric dis which is invariant. We
denote by 139.(Z/pZ) the set of all p-periodic sequences (z,), of real positive numbers such
that |z, —zn| < 1forall n,m € {0,...,p — 1}. We identify a sequence (z,), € [35,(Z/pZ) with
(%0, ..., xp—1). For u = (upn)n and v = (up), in I55,(Z/pZ), we define the sequence

By = i n—k +vk); Yne{0,..,p—1}.
(u® ) ke{g{{;_l}(u ktuk); Vnef0,..,p—1}

The set (I55,(Z/pZ),®) is a commutative monoid having the element ¢, as identity element
and its group of unit U(IF,(Z/pZ)) is isomorphic to Z/pZ by the isomorphism I : Z/pZ —
U3 (Z/pZ)), k — Ok

7 The set of Katetov functions.

We give in this section some results about the monoid structure of K(X) when X is a group,
and the convex cone structure of the subset o (X) of £(X) (of convex functions) when X is
a Banach space. If M is a monoid, by U(M) we denote the group of unit of M.

7.1 The monoid structure of K(X).

Proposition 5 Let (X, d) be a (commutative) group metric invariant having e as identity ele-
ment. Then, the metric space (K(X),®,ds) is also a (commutative) monoid having v(e) = de
as identity element and satisfying:

(@) doo(f ® 9,2 ® 9) < doo(f, 1) and dos(g ® f,9 © h) < doo(f, h), for all f,g,h € K(X)

(0) doo(Be © F,80 © h) = duc(f © 8, h © 8,) = doo(f, 1), for all f,h € K(X).

Proof. Since K(X) is a subset of the (commutative) monoid Lip'(X) of 1-Lipschitz and
bounded from below functions, which have ¢, as identity element (See [2]), it suffices to prove

that, for all f,¢g € K(X) and all 21,22 € X, we have

d(zi1,22) < f@g(xr) + f D g(xz)
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Indeed, it follows easily from the definition of the infinimum, the formula (1) and the metric
invariance that, for all n € N*, there exists yn, zn, y,, 2., € X such that y,z, = x1 and y, 2z, = x2
s.t

fogle)+ foglrs) > (f(yn) +9(zn) + %) + (f(y;) +9(2) + %)

= () + £ + (9(en) + 9() + =
> d(yn,y%)+d(zn,z;)+%
= d(Ynzn,Yn2n) + AYn2n: Ypzn) + %

2
= d(xlayazn) + d(y;Zm 1’2) + E

Y

2
d _
(w1, 22) + -

Thus f & g(z1) + f @ g(z2) > d(x1,22) by sending n to +oo. Hence (K(X),®) is a monoid
having . as identity element.

We prove now that doo (f @ g,h @ g) < deo(f, h). Let f,g9,h € K(X) and z € X, there exists
Yns Zn sSuch that y,z, = x and h ® g(x) > h(yn) + g(zn) — % Hence, for all n € N*

FOge) RO g) < (Fm)+ o))+ (~hlm) — o) + 1)

= Jyn) — hlon) +

< du(fm)+

Hence, doo(f ® g,h @ g) < doo(f,h) by sending n to +oo. In a similar way we prove that
doo(g ® f,g ® h) < doo(f, h). For the part (b), it suffices to prove that f @ da(.) = f(.a=1)
and §, & f(.) = f(a™'.) for all @ € X, since the map x — az and x — za are one to one and
onto from X to X whenever a is invertible. Indeed, f & d,(z) = inf,.—, {f(y) + d(z,a)} =
inf(yq-1)(a2)=2 {f(yafl) +d(az,a)}. Using the metric invariance, we have for all z € X,
f®6a(x) = infy.—y {flya™) +d(z,€)} := fla™) ® dc(x) = f(.a™')(x), since &, is the i-
dentity element. Similarly we prove that §, @ f(.) = f(a~'.). This conclude the proof of the
proposition.m

Remark 1 In general, one can not get equality in the part (a) of Proposition 5 since the inf-
convolution does not have the cancellation property in general (See [11]).

IfY C X and f € K(Y), define f : X — R (the Katetov extension of f) by f(z) =
infyey {f(y) + d(z,y)}. It is well known that f is the greatest 1-Lipschitz map on X which is
equal to f on Y ; that f € K(X) and x : f ~ f is an isometric embedding of X(Y) into K(X)
(see for instance [6]) Thanks to the following lemma (we can find a more general form in [2])
we can assume without loss of generality that X is a complete metric space.

Lemma 2 Let (X,d) be a group which is metric invariant and (X, d) its group completion.
Then, (K(X),®,dx) and (K(X),®,ds) are isometrically isomorphic as monoids. More pre-
cisely, the map

x:(KX),®,ds) — (KX), &, dw)
fo= f= TGYHyig)f({f(yHE(y,f)} (16)

is an isometric isomorphism of monoids.
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Proof. It suffices to shows that x is a surjective morphism of monoids. The surjectivity is clear,
since if F' € K(X), we take f = F|x, then f = F on X and so f = F on X by continuity. Let
us show that x is a monoid morphism. Indeed, let f,g € K(X). Using the continuity of f, g
and y — y~! and the density of X in X, we have for all z € X,

Joge) = nf {7(5)+3()}
= inf {F@) + 9 ')}
= Jg‘({f(yHg(y’lw)}-
= f@eglx)

Thus f @ g coincide with f®g=f@®gon X. Hence f®7=fDgm

The following theorem shows that, up to an isometric isomorphism of groups, the group of
unit of £(X) and the group of unit of X are the same.

Proposition 6 LetA(X, d) be a group which is complete metric invariant. Then, the group of
unit U(K(X)) and X (which is isometrically isomorphic to X ) coincides.

Proof. Since (X,d) be a complete metric invariant group, from Proposition 1 we get that
X CU(K(X)). On the other hand, U(K(X)) C U(Lipt (X)) = X.m

We deduce the following analogous to the Banach-Stone theorem.

Theorem 5 Let (X,d) and (Y,d') be two complete metric invariant groups. Then, a map
O (K(X),®,dw) = (K(Y),®,dx) is a monoid isometric isomorphism if, and only if there
exists a group isometric isomorphism T : (X,d) — (Y,d') such that ®(f) = fo T~ for all
f e K(X). Consequently, Autrso(K(X)) is isomorphic as group to Autrso(X).

Proof. If T : (X,d) — (Y,d’) is an group isometric isomorphism, clearly ®(f) := foT ! gives
an monoid isometric isomorphism from (K(X),®,ds) onto (K(Y),®,dw). For the converse,
let ® be monoid isometric isomorphism from (K(X),d) onto (K(Y),d), then ® maps iso-
metrically the group of unit of (X) onto the group of unit of X(Y). Using Proposition 6, ®
maps isometrically the group X onto Y. Then, the map

T::’y_lo@‘f( oy

gives an isometric group isomorphism from X onto Y by Proposition 1, where <I>|  denotes the
restriction of ® to X. Since ® is isometric we have for all f € K(X) and all z € X

f(I) =d (fa 51) =dw ((I)(f)a (I)((Sl)) =d ((I)(f), 5T(a:)) = (I)(f) (T(x))
which conclude the proof.g

Lemma 3 Let (M,d) be a metric monoid, U(M) its group of unit. Suppose that d(zxu,yu) <
d(z,y) and d(uz,uy) < d(x,y) for all z,y,u € M, and d(zu,yu) = d(uz,uy) = d(z,y) for all
x,y € M and all w € U(M). Then, for all x € X and all a,b € U(X), we have the following
formula

d(z,ab) = yiznfx {d(y,a) +d(z,b)}.

Proof. Let a,b € U(M) and z € M, we have
inf {d(y,a)+d(z,b)} < d(zb~' a) (with y=azb"';2=0)
yz=x
= d(z,ab)
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On the other hand,

inf {d(y,a) +d(z,b)} > inf {d(yz,az)+ d(az,ad)}
yz=x yz=x
> inf d(yz,ab) (by using the triangular inequality)
yz=x
= d(z,ab).

Thus, d(z,ab) = inf,.—, {d(y,a) + d(z,0)}.m

We obtain the following formula.

Corollary 6 Let (X,d) be a group which is metric invariant. Let f € K(X) and a,b € X.
Then

flab) = inf {p(a)+v(b)}.

Proof. Since the monoid ((X), ®, dw ) satisfy the Proposition 5, by applying Lemma 3 to the

monoid M = (K(X),®,dss) and using the fact that X c U(K(X))(= X) and dso(g, y(2)) =
g(x) for all x € X and all g € K£(X), we obtain for all f € £(X) and all a,b € X:

£(ab) = doc(f.7(@0) = doc(F1(@ @90) = il {do(o7(@) + el 7B}
— it {p(@)+v0)}

7.2 The convex cone structure of ¢ (X).

~—

Let (X, ||.]]) be a Banach space. We recall that Kc(X
inf-convolution of convex functions is convex, the set

and commutative submonoid of ((X),®). We equip

as follows: for all f € Ko (X) and all A € RT by

=1{/e
c(X),®) is a complete metric space

: K(X): f convex}. Since the
c(X) with the external law x defined

ST

Ax f () :zAf(%);VxeX if A>0

0 fr=7(0) =]
We recall below the definition of a convex cone.
Definition 3 A commutative monoid (C,®) equipped with a scalar multiplication map
~:RtxC — C
(Ne) — Axc
a such that
1) 1xc=c and Oxc=eg, for all c € C where ec denotes the identity element of (C, D).

2) (a+B)xc=(axc)®(Bxc) for all o, € RY and all c € C.
NAx(cdd)=Axc)®(AxC) for all X\ € RT and all ¢, € C.

s said to be a convexr cone.
The following proposition is easily verified.

Proposition 7 The space (Ko (X), ®, *, do) is a complete metric convex cone with the identity
element ~(0).

The complete metric convex cone structure of (Ko (X), ®, *, ds) induce a structure of Banach
space on X by setting A x v(z) := (=) x y(—z), if A < 0 and taking the norm |||y(z)||| :=
doo (7(),7(0)) for all x € X. In fact, we can also say that the Banach space X extend its
structure canonically to some convex cone structure on K¢ (X).
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Proposition 8 The Kuratowski operator v : (X, +,.,|.||) — (X',@,*, ||||||) is an isometric

isomorphism of Banach spaces.

Proof. Using Proposition 1, it just remains to prove that y(Az) = A xy(z) for all # € X and
A € R. Indeeed, let z € X and A € R*T, by definition y(A\z) : y — dr(y) = ||y — || =
AI¥ = zf| == A% d.(y). So, v(Az) = Axv(x). If A = 0, then by definition 0 x y(x) = v(0). If
A <0,7(Az) = (=) (=) = (=A) xy(=z) := Ax 7(2) m

Theorem 6 Let X andY two Banach spaces. Then (Ko (X),®,*,ds) and (Ko (Y), ®, %, doo)
are isometrically isomorphic as convex cone if, and only if, X and 'Y are isometrically isomor-
phic as Banach spaces.

Proof. Similar to the proof of Theorem 5.g

Using the fixed point Theorem, we obtain the following proposition.

Proposition 9 Let X be a Banach space, g € Ko(X) and A € (0,1). Then, there exists a
unique function fo € Ko (X) such that (A * fo) ® g = fo.

Proof. Let us consider the map L : Ko(X) — Ko (X) defined by L(f) = (A f) @ g. Using
Proposition 5 we have for all f, f' € Ko (X),

oo (L(f), L(f")) < doc (A% f, A5 f') = Moo (f, f').

Since A € (0,1), then L is contractive map. So by the fixed point Theorem, there exists a
unique function fy € Ko (X) such that L(fo) = fom
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