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LARGE DEVIATIONS OF THE REALIZED (CO-)VOLATILITY VECTOR

HACENE DJELLOUT, ARNAUD GUILLIN, AND YACOUBA SAMOURA

ABSTRACT. Realized statistics based on high frequency returns have become very pop-
ular in financial economics. In recent years, different non-parametric estimators of the
variation of a log-price process have appeared. These were developed by many authors
and were motivated by the existence of complete records of price data. Among them are
the realized quadratic (co-)variation which is perhaps the most well known example, pro-
viding a consistent estimator of the integrated (co-)volatility when the logarithmic price
process is continuous. Limit results such as the weak law of large numbers or the central
limit theorem have been proved in different contexts. In this paper, we propose to study
the large deviation properties of realized (co-)volatility (i.e., when the number of high
frequency observations in a fixed time interval increases to infinity. More specifically, we
consider a bivariate model with synchronous observation schemes and correlated Brown-
ian motions of the following form: dX,;; = o0¢.dBy + be(t,w)dt for ¢ = 1,2, where X,
denotes the log-price, we are concerned with the large deviation estimation of the vector
VX) = (QF4(X),Q3,(X),Cr (X)) where Q7 +(X) and C*(X) represente the estima-
tor of the quadratic variational processes Q¢+ = fot Usts and the integrated covariance

Cy = fg 01,502, spsds respectively, with p; = cov(Bi ¢, B2¢). Our main motivation is to
improve upon the existing limit theorems. Our large deviations results can be used to
evaluate and approximate tail probabilities of realized (co-)volatility. As an application we
provide the large deviation for the standard dependence measures between the two assets
returns such as the realized regression coefficients up to time ¢, or the realized correlation.
Our study should contribute to the recent trend of research on the (co-)variance estimation
problems, which are quite often discussed in high-frequency financial data analysis.

AMS 2000 subject classifications: 60F10, 60G42, 62M10, 62G05.

1. INTRODUCTION, MODEL AND NOTATIONS

In the last decade there has been a considerable development of the asymptotic theory for
processes observed at a high frequency. This was mainly motivated by financial applications,
where the data, such as stock prices or currencies, are observed very frequently.

Asset returns covariance and its related statistics play a prominent role in many important
theoretical as well as practical problems in finance. Analogous to the realized volatility
approach, the idea of employing high frequency data in the computation of daily (or lower
frequency) covariance between two assets leads to the concept of realized covariance (or
covariation). The key role of quantifying integrated (co-)volatilities in portfolio optimization
and risk management has stimulated an increasing interest in estimation methods for these
models.

It is quite natural to use the asymptotic framework when the number of high frequency
observations in a fixed time interval (say, a day) increases to infinity. Thus Barndorff-Nielsen
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2 HACENE DJELLOUT, ARNAUD GUILLIN, AND YACOUBA SAMOURA

and Shephard [6] established a law of large numbers and the corresponding fluctuations for
realized volatility, also extended to more general setups and statistics by Barndorff-Nielsen
et al. [5] and [4]. Dovonon, Gongalves, and Meddahi [16] considered Edgeworth expansions
for the realized volatility statistic and its bootstrap analog. These results are crucial to
explore asymptotic behaviors of realized (co-)volatility, in particular around the center of its
distribution. There are also different estimation approaches for the integrated covolatility
in multidimensional models and limit theorem, and we can refer to Barndorff-Nielsen et al.
[7] and [5] where the authors present, in an unified way, a weak law of large numbers and a
central limit theorem for a general estimator, called realized generalized bipower variation.

For related work concerning bivariate case under a non-synchronous sampling scheme,
see Hayashi and Yoshida [19], Bibinger [8], Dalalyan and Yoshida [12], see also Ait-Sahalia
et al. [1] and the references therein. Estimation of the covariance of log-price processes in
the presence of market microstructure noise, we refer to Bibinger and Reif [9], Robert and
Rosenbaum [30], Zhang et al. [37] and [38]. See also Gloter, or Comte et al. [11] for non
parametric estimation in the case of a stochastic volatility model.

We model the evolution of an observable state variable by a stochastic process X; =
(X14, Xa¢),t € [0,1]. In financial applications, X; can be thought of as the short interest
rate, a foreign exchange rate, or the logarithm of an asset price or of a stock index. Suppose
both X, and X5, are defined on a filtered probability space (€2, F, (F:),P) and follow an
[t6 process, namely,

{dxl,t = 014dB1; + bi(t,w)dt (1)

dXQt = 0'27td827t -+ bg(t,u.J)dt

where B; and B, are standart Brownian motions, with correlation Corr (B, Bat) = py.
We can write dBQ,t = ptdBl,t + 4/ 1-— p%dB&t, where Bl = (Bl,t)tE[O,l} and B3 = <B3,t>t€[0,1]

are independent Brownian processes.

We will suppose of course existence and uniqueness of strong solutions, and in what
follows, the drift coefficient b; and by are assumed to satisfy an uniform linear growth
condition and we limit our attention to the case when oy, o5 and p are deterministic
functions. The functions oy, ¢ = 1, 2 take positive values while p takes values in the interval
| —1,1[.

In this paper, our interest is to estimate the (co-)variation vector
V] = (X, [Xo]e, (X1, Xo),)" (1.2)

between two returns in a fixed time period [0;1] when X;,; and X,; are observed syn-
chronously, [X/];,¢ = 1,2 represente the quadratic variational process of X, and (X, Xs),
the (deterministic) covariance of X; and Xs:

t t
[XZ]t = / O'ZSdS, <X1, X2>t = / 0'1750'27sp3d8.
0 0

Inference for (1.2) is a well-understood problem if X;; and X, ; are observed simultane-
ously. Note that X ; and Xy, are not observed in continuous time but we have only discrete
time observations. Given discrete equally space observation (XLtZ,XQ’tZ, k=1,---,n)in
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the interval [0, 1] (with ¢} = k/n), a limit theorem in stochastic processes states that

n n n T
V(X)) = (Q14(X), Q5,(X), €7 (X))
commonly called realized (co-)variance, is a consistent estimator for [V];, with, for £ = 1,2
]

[nt [nt]

Qp(X) = (AL X)? =D (ARX)) (AL X)
k=1 k=1

where [z] denote the integer part of x € R and A Xy = Xym — Xppm .
When the drift b,(¢,w) is known, we can consider the following variant
n n n T

VX —Y) = (Q1(X —Y),Q5,(X —Y),CH(X - Y))

with for £ = 1,2 and Y := fo be(t, w)dt,

[nt]
Qi(X —Y)=> (ALX,— ALY,)?,
k=1
and
[nt]
CHX —Y) =D (ALX) — ApY) (ApXs — A}Ys) .
k=1

If the drift b,(t, w) := by(t, X1 1(w), Xot(w)), where by(t, z1, z2) is some deterministic func-
tion (a current situation), Xy = (X4, Xo,) verifies

{ Xm,t = Ol,tdBl,t + bl(t,Xt)dt

dXZ,t = 0-27tdBQ7t + bg(t,Xt)dt. (13)

When by(t, z) is known, and only the sample Xin = (X1 , Xogm ),k =0---nis ob-

N _ _ N T
served, we can also consider the following estimator V;*(X) = ( 14(X), Q5 (X)), CHX ))
with for £ =1,2

_1?

- [n] 2
Qr(X) =) (AZXZ —bep_ (Xip_ )ty — th)) ;
k=1
B [nt]
Cr(X) = (801 = b, (X )05 — 1)) (A0 K = bagg, (Xp_ )8 = 621)) -
k=1

In the aforementionned papers, and under quite weak assumptions, it is proved the
following consistency

VX, VX =Y), V(X)) — VL as.

and the corresponding fluctuations

VAV (X) = [V]), V(X =T) = [V]), VAV (X) = [V]1), = N(0,%).
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The purpose of this paper is to furnish some further trajectorial estimations about the
estimator V", deepening the law of large numbers and central limit theorem. More precisely,
we are interested in the estimation of

P (Y0 - ) € ).

where A is a given domain of deviation, and (b,),>0 is some sequence denoting the scale of
the deviation.

When b, = 1, this is exactly the estimation of the central limit theorem. When b, =
v/n, it becomes the large deviations. And when 1 << b, << /n, it is called moderate
deviations. In other words, the moderate deviations investigate the convergence speed
between the large deviations and central limit theorem.

The large deviations and moderate deviations problems arise in the theory of statistical
inference quite naturally. For estimation of unknown parameters and functions, it is first of
all important to minimize the risk of wrong decisions implied by deviations of the observed
values of estimators from the true values of parameters or functions to be estimated. Such
important errors are precisely the subject of large deviation theory. The large deviation
and moderate deviation results of estimators can provide us with the rates of convergence
and an useful method for constructing asymptotic confidence intervals.

The aim of this paper is then to focus on the large and moderate deviation estimations
of the estimators of volatility and co-volatility. Despite the fact that these statistics are
nearly 20 years old, there has been remarkably few result in this direction, it is a surprise
to us. The answer may however be the following: the usual techniques (such as Géartner-
Ellis method) do not work and a very particular treatment has to be considered for this
problem. Recently, however, some papers considered the unidimensional case. Djellout et
al. [14] and recently Shin and Otsu [33] obtained the large and moderate deviations for the
realized volatility. In the bivariate case Djellout and Yacouba [15], obtained the large and
moderate deviations for the realized covolatility. The large deviation for threshold estimator
for the constant volatility was established by Mancini [23] in jumps case. And the moderate
deviation for threshold estimator for the quadratic variational process was derived by Jiang
[20]. Let us mention that the problem of the large deviation for threshold estimator vector,
in the presence of jumps, will be considered in a forthcoming paper, consistency, efficience
and robustnesse were proved in Mancini and Gobbi [24]. The case of asynchronous sampling
scheme, or in the presence of micro-structure noise is also outside the scope of the present
paper but are currently under investigations.

Two economically interesting functions of the realized covariance vector are the realized
correlation and the realized regression coefficients. In particular, realized regression coef-
ficients are obtained by regressing high frequency returns for one asset on high frequency
returns for another asset. When one of the assets is the market portfolio, the result is a
realized beta coefficient. A beta coefficient measures the assets systematic risk as assessed
by its correlation with the market portfolio. Recent examples of papers that have obtained
empirical estimates of realized betas include Andersen, Bollerslev, Diebold and Wu [2],
Todorov and Bollerslev [34], Dovonon, Gongalves and Meddahi [16], Mancini and Gobbi
[24].
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Let us stress that large deviations for the realized correlation can not be deduced from
unidimensional quantities and were thus largely ignored. As an application of our main
results, we provide a large and moderate deviation principle for the realized correlation and
the realized regression coefficients in some special cases. The realized regression coefficient
from regressing is 7, (X) = CrCX) which consistently estimates 3, = 5= and the realized

- Qp,(x) Qe
lati fficient is o7(X) = —SX  which estimat - G Th li-
correlation coetlicient 1s gt( ) 0050 which estimates o \/m e appli

cation will be based essentially on an application of the delta method, developped by Gao
and Zhao ([17]).

As in Djellout et al. [14], Shin and Otsu [33], it should be noted that the proof strategy
of Géartner and Ellis large deviation theorem can not be adapted here int he large devia-
tions case. We will encounter the same technical difficulties as in the papers of Bercu et
al. [3] and Bryc and Dembo [10] where they established the large deviation principle for
quadratic forms of Gaussian processes. Since we cannot determine the limiting behavior of
the cumulant generating function at some boundary point, we will use an other approach
based on the results of Najim [26], [27] and [25], where the steepness assumption concern-
ing the cumulant generating function is relaxed. It has to be noted that the form of the
large deviations rate function is also original: at the process level, and because of the weak
exponential integrability of V;", a correction (or extra) term appears in rate function, a
phenomenon first discovered by Lynch and Sethuraman [22].

To be complete, let us now recall some basic definitions of the large deviations theory (c.f
[13]). Let (A,)n>1 be a sequence of nonnegative real number such that lim,, . A, = +o0.
We say that a sequence of a random variables (M), with topological state space (5,S),
where S is a 0 — algebra on S, satisfies a large deviation principle with speed A, and rate
function I : S — [0, +o0] if, for each A € S,

1 1
— inf I(z) < liminf — log]P’(Mn € A) < limsup " logIP’(Mn € A) < —inf I(z)

TEA° n—oo n n—o00 n €A

where A° and A denote the interior and the closure of A, respectively.

The rate function I is lower semicontinuous, i.e. all the sub-level sets {z € S| I(x) < ¢}
are closed, for ¢ > 0. If these level sets are compact, then [ is said to be a good rate function.
When the speed of the large deviation principle correspond to the regime between the central
limit theorem and the law of large numbers, we talk of moderate deviation principle.

Notations. In the whole paper, for any matriz M, MT and |M|| stand for the trans-
pose and the euclidean norm of M, respectively. For any square matrizx M, det(M) is
the determinant of M. Moreover, we will shorten large deviation principle by LDP and
moderate deviation principle by MDP. We denote by (-,-) the usual scalar product. For
any process Zy, Ay Z stands for the increment Zy — Zy . In addition, for a sequence of

random variables (Zy,), on R¥>P, we say that (Z,), converges (\,)—superexponentially fast
in probability to some random variable Z if, for all § > 0,

1
lim sup )\—log[[”( \Zn, — Z|| > 5) = —00.

n—oo n
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This exponential convergence with speed N\, will be shortened as

superexp
I — Z.
An

The article is arranged in three upcoming sections and an appendix comprising some
theorems used intensively in the paper, we have included them here for completeness.
Section 2 is devoted to our main results on the LDP and MDP for the (co-)volatility vector.
In Section 3, we deduce applications for the realized correlation and the realized regression
coefficients, when oy, for £ = 1,2 are constants. In section 4, we give the proof of these
theorems.

2. MAIN RESULTS

Let X; = (X14, Xo4) be given by (1.1), and Y; = (Y3, Ys,) where for £ = 1,2 Y}, :=
fot be(t,w)dt. We introduce the following conditions

(B) for £ =1,2b(-,-) € L*(dt ® P)

(LDP) Assume that for £ = 1,2
e 0;,(1 —p}) and oy409,(1 — pj) € L>([0,1], dt).
e the functions ¢t — 04, and ¢ — p; are continuous.

(MDP) Assume that for £ = 1,2
e 0;,(1 —p}) and o1,409,4(1 — pj) € L*([0,1], dt).
e Let (b,)n>1 be a sequence of positive numbers such that

bn,
b, —— o0 and — ——0

n—00 \/ﬁ n—00
k/n
and for ¢=1,2 +/nb, max / o;,dt — 0. (2.1)
(

1<k<n k—1)/n n—o00

We introduce the following function, which will play a crucial role in the calculation of
the moment generating function: for —1 < ¢ < 1 let for any A = (A, Ap, X3) € R3
L <(1 —2X0 (1 =2))(1 —2X(1 =) — (\3(1 =) + c)2)
2 1—¢?

P.()) = i e (2.2)

+00, otherwise

where

2
1 2
_ 3 2 2
D, = {)\E]R : g%w < 1) and Z|:|1 (T=2X(1=¢%)) > (Ms(1=c?) +¢) }
(2.3)

Let us present now the main results.
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2.1. Large deviation. Our first result is about the large deviation of V;*(X), i.e. at fixed
time.

Theorem 2.1. Lett =1 be fized.
(1) For every A = (A1, Mg, A3) € R3,

n—oo N

1 1
lim —logE(exp(n (A, V" (X —=Y)))) = A(N) := / Ppt()\lcrit, )\2037“ 3071 ,402,)dt,
0

where the function P, is given in (2.2).

(2) Under the conditions (LDP) and (B) , the sequence V*(X) satisfies the LDP on
R3 with speed n and with the good rate function given by the legendre transformation
of A, that is

Ligp(x) = sup ((A,z) — A(X)). (2.4)

AER3
Let us consider the case where diffusion and correlation coefficients are constant, the rate
function being easier to read (see also [32] in the purely Gaussian case, i.e. b = 0). Before

that let us introduce the function P} which is the Legendre transformation of P, given in
(2.2), for all z = (z1, 29, z3)

( V1 —c? 1+ 19 — 2cx3
log| —| -1+ 5
Vi, — a3 2(1—¢)

P (z) = (2.5)
if 11 >0, o >0, 11279 > T3

| +o0, otherwise.

Corollary 2.2. We assume that for £ = 1,2 o, and p are constants. Under the condition
(B), we obtain that V*(X) satisfies the LDP on R3 with speed n and with the good rate
function I}y, given by

T T i
[l‘c/lp('rlux27x3) = P; <_;7 _2 —3) ) (26)

03’ 03’ 0109
where P is given in (2.5).

Now, we shall extend the Theorem 2.1 to the process-level large deviations, i.e. for tra-
jectories (V*(X))o<t<1, which is interesting from the viewpoint of non-parametric statistics.

Let BV ([0, 1],R3) (shortened in BV') be the space of functions of bounded variation on
[0,1]. We identify BV with M3([0, 1]), the set of vector measures with value in R3. This is
done in the usual manner: to f € BV there corresponds u/ caracterized by p/([0,t]) = f(t).
Up to this identification, C3([0,1]) the set of R3*-valued continuous bounded functions on
[0, 1]), is the topological dual of BV. We endow BV with the weak-* convergence topology
o(BV,C5(]0,1])) (shortened o,,) and with the associated Borel o—field B,,. Let f € BV
and u/ the associated measure in M3([0, 1]). Consider the Lebesgue decomposition of pu/,
u! = pf + ! where pf denotes the absolutely continous part of p/ with respect to do and
p! its singular part. We denote by f,(t) = u/([0,¢]) and by f,(t) = uf([0,1]).
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Theorem 2.3. Under the conditions (LDP) and (B), the sequence V(X)) satisfies the
LDP on BV with speed n and with the rate function Jya, given for any f = (f1, fa, f3) € BV

by
Jup(f) = / P (fl,c;@)’fza(t) fs,a(t)> N
0

2 )
01t 03¢ 01102t

Vo2 f1a(t) + 02, [y () = 2p01 4094 f5 (1
+/ 2.0J1s(8) + 011 fo 5 (1) = 20014021 f3.4( )1 ; do(t),
0

/ !
202 ,02,(1 — p?) [t:f1,6>0,f5, s >0,(f3 )2 <f1 . fa, s

where P¥ is given in (2.5) and 0 is any real-valued nonnegative measure with respect to

which p! is absolutely continuous and f) = du!l/df = (fLs, f2/7s, f3.s)-

Remark 2.1. Note that the definition of f. is 6—dependent. However, by homogeneity,
Jiap does not depend upon 6. One can choose 0 = | f1 o]+ | fas| + | fa.s|, with | fis] = fi+
where f; s = ;LS — Jis by the Hahn-Jordan decomposition.

4,87

Remark 2.2. As stated above, the problem of the LDP for Q} (X) and C"(X) was alreay
studied by Djellout et al. [14] and [15], and the rate function is given explicitly in the last
case. This is the first time that the LDP is investigated for the vector of the (co-)volatility.

Remark 2.3. By using the contraction principle, and if oy is strictly positive, we may find
back the result of [14], i.e. that Qy. satisfies a LDP with speed n and rate function

1 ’ 1 41
le;(f):/o P <%> dt+§/0 adww

where P*(z) = 3(x — 1 — log(z)) when x is positive and infinite if non positive, using the
same notation as in the theorem (with 6 = |fs|). One may also obtain the LDP for C™ by
the contraction principle, recovering the result of Djellout-Yacouba [15] (see there for the
quite explicit complicated rate function).

Remark 2.4. The continuity assumptions in (LDP) of o,. and p. is not necessary, but in
this case we have to consider another strateqy of the proof, more technical and relying on
Dawson-Gartner type theorem, which moreover does not enable to get other precision on
the rate function that the fact it is a good rate function.

However it is not hard to adapt our proof to the case where o,. and p. have only a finite
number of discontinuity points (of the first type). This can be done by applying the previous
theorem to each subinterval where all functions are continuous and using the independence
of the increments of V(X —Y).

2.2. Moderate deviation. Let us now considered the intermediate scale between the
central limit theorem and the law of large numbers.

Theorem 2.4. For t=1 fized. Under the conditions (MDP) and (B) , the sequence

(X))
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satisfies the LDP on R3 with speed b2 and with the rate function given by

Lap(x) = sup ((A,x} - % (A, 2 A}) = % (2, 57" ) (2.7)

AER3
with
1 1
f ! tdt fo o7 02 tptdt fo OitOQ,tptdt
1 1
Y= fo 01t02 tP% 2dt fo Uitdt fo Ul,tag’,tptdt

1 1 11
fo Uit@,tl)tdt fo Ul,tag,t/)tdt fo 50%,1505,15(1 —|—pf)dt

1

Remark 2.5. If for somep > 2, 07 ,, 05, and 0102,(1—p7) € LP([0,1]) and b, = O(n2"~
the condition (2.1) in (MDP) is verified.

'Bh—‘

),

Let H be the banach space of R3-valued right-continuous-left-limit non decreasing func-
tions v on [0,1] with v(0) = 0, equipped with the uniform norm and the o—field B*
generated by the coordinate {(¢),0 <t < 1}.

Theorem 2.5. Under the conditions (MDP) and (B), the sequence

L (yn(x) - V1)

satisfies the LDP on H with speed b2 and with the rate function given by

B /01%<¢(t)72t1'¢5(t)>dt if ¢ e ACy([0,1])

Inap(@) = (2.8)
~+00, otherwise,
where
4 2 9 2 3
014 01103 1Pt 01,t02,tPt
2 2 9 4 3
Y, = | T1t924P% 09 ¢ 01,602 4Pt

1
3 3 2 2 2
01,402tPt 01,609 Pt 501,1502,15(1 + 07)

is invertible and X; ' his inverse such that

1
éaf,tag,t(l - pf) 50%,t0§,tp§(1 - pf) —Ui’,tait/)t(l — ,0?)
2;1::.__}___ 1 4 4 9 9 1 6 2 9 A ) :
det (%) §Jl’t02’t/)t<1 =) 50171502715(1 —p;)  —07,05,0:(1 = pi)
_Uitgg,tpt(l ) _Uitgg,tpt(l ) aftaé,t(l - i)

1
with det (%) = 50’?7,50'37,5(1 — ph)?,

and ACy = {¢ : [0,1] — R3 is absolutely continuous with $(0) = 0} .
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Let us note once again that it is the first time the MDP is considered for the vector of
(co)-volatility.

In the previous results, we have imposed the boundedness of b(¢,w) which allows us to
reduce quite easily the LDP and MDP of V"(X)to those of V*(X —Y) (no drift case). It
is very natural to ask whether they continue to hold under a Lipchitzian condition or more
generally linear growth condition of the drift b(¢, z), rather than the boundedness. This is
the object of the following

Theorem 2.6. Let X; = (Xy4, Xoy) be given by (1.3), with (X109, Xa2p) bounded. We
assume that the drift b, satisfies the following uniform linear growth condition: Vs,t €
0,1], 2,y € R?

[be(t, ) = be(s, y)| < O+ [l =yl + 0t = sD ([l + [[y]D]; (2.9)
where C' > 0 is a constant and 1 : [0,00) — [0,00) is a continuous non-decreasing function
with n(0) = 0.

(1) Under the condition (LDP), the sequence V(X)) satisfies the LDPs in Theorem
2.1 and Theorem 2.3.

(2) Under the condition (MDP), the sequence ?(V"(X) — [V].) satisfies the MDPs
in Theorem 2.4 and Theorem 2.5. !

As it can be remarked, the LDP and the MDP are established here for V" instead of V.
If we conjecture that the MDP may still be valid in this case with V", we do not believe
it should be the case for the LDP, and it is thus a challenging and interesting question to
establish the LDP in this case for V™. However for the statistical purpose, if the drift b is
known, the previous result is perfectly satisfactory.

3. APPLICATIONS: LARGE DEVIATIONS FOR THE REALIZED CORRELATION AND THE
REALIZED REGRESSION COEFFICIENTS

In this section we apply our results to obtain the LDP and MDP for the standard depen-
dence measures between the two assets returns such as the realized regression coefficients

up to time 1, By; = chll for £ = 1,2 and the realized correlation g; = \/;717@ which are
, 1,1Q02,1
estimated by 37 (X) = %1(()()()) and o7'(X) = % respectively. To simplify the ar-

gument, we focus in the case where g, for £ = 1, 2 are constants and we denote o := fol prdt.
The consistency and the central limit theorem for these estimators were already studied see
for example Mancini and Gobbi [24]. Up to our knowledge, however no results are known
for the large and moderate deviation principle.

3.1. Correlation coefficient.

Proposition 3.1. Let for { = 1,2, o, are constants and ¢ := fol pedt. Under the conditions
(LDP) and (B), the sequence o}(X) satisfies the LDP on R with speed n and with the good
rate function given by

Q _ .
Ildp(u) - {(m,y,z)elﬂr%lg’f:u:\/%}jldp(x’ Y, Z)
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where Lgy, s given in (2.4).

Once again, let us specify the rate function in the case of constant correlation.

Corollary 3.2. We suppose that for £ = 1,2, o, and p are constant. Under the condition
(B), we obtain that o} (X) satisfies the LDP on R with speed n and with the good rate
function given by

, —l<u<l1

| < V1= pu ) . ol + 05 — 2po?oiu
) - 2 2

1 — 21 — u2 20705(1 — pu
]lilp(u) \/ P v u 1 2( )

400, otherwise.

(3.1)

As the reader can imagine from the rate function expression, it is quite a simple appli-
cation of the contraction principle starting from the LDP of the realized (co)-volatility. As
will be seen from the proof, in this case, the MDP is harder to establish and requires a
more subtle technology: large deviations for the delta-method.

Proposition 3.3. Let for { = 1,2, o, are constants and ¢ := fol pedt. Under the conditions
(MDP) and (B), the sequence g (0 (X) — o) satisfies the LDP on R with speed b? and

with the rate function given by "

[f;dp( u) = inf Lap(x,y, 2)

30— "1y+“2
(o) Rz —o 1572

where Iyap, is given in (2.7).

Corollary 3.4. We suppose that for ¢ = 1,2, o, and p are constant. Under the condition
(B), we obtain that g(g?()() — p) satisfies the LDP on R with speed n and with the good
rate function given forfl allu € R by

1% 2u?

map (W) = =22 (3.2)

3.2. Regression coefficient. The strategy initiated for the correlation coefficient is even
simpler in the case of regression coefficient.

Proposition 3.5. Let for { = 1,2, o, are constants . Under the conditions (LDP) and

(B), for £ =1 or 2, the sequence B (X) satisfies the LDP on R with speed n and with the
good rate function given by

Be,1 )
I = inf [ld T, T, T
Idp ( ) {(m1,x2,x3)eR3:u:z_z,} p( 1, L2 3)

where Lgy, s given in (2.4).

Once again, this Proposition is a simple application of the contraction principle. Let us
specify the rate function in the case of constant correlation.
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Corollary 3.6. We suppose that for £ = 1,2, o, and p are constant. Under the condition
(B), we obtain that B (X) satisfies the LDP on R with speed n and with the good rate
function given for 1 = 1,2 with  # + and for all u € R by

1 (opu — po,)?
B _ ¢ PO,
Lgy(u) = 5 log (1 LT ) : (3.3)
We may also consider the MDP.

Proposition 3.7. Let for { = 1,2, o4 are constants and ¢ := fol pedt. Under the conditions
(MDP) and (B) and for £,. € {1,2} with ¢ # 1, the sequence \17/_5(521<X> — 0%) satisfies
the LDP on R with speed b? and with the rate function given by

1P (u) = inf Lnap(2, 9, 2)

mdp B.u—=2 9L
{(‘Tvy7z)€R 'U_U% QU?‘T}

where gy, is given in (2.7).

Corollary 3.8. We suppose that for ¢ = 1,2, o, and p are constant. Under the condition
(B) and for 0,1 € {1,2} with ¢ # 1, we obtain that {—5(621()() — pgt) satisfies the LDP on
R with speed n and with the good rate function given for all w € R by

B, 207u”
[mdp(u) - UL2<1 _ p2) . (34)
4. PROOF

Let us say a few words on our strategy of proof. As the reader may have guessed, one
of the important step is first to consider the no-drift case, where we have to deal with
non homogenous quadratic forms of Gaussian processes (in the vector case). In these
non essentially smooth case (in the terminology of Gértner-Ellis), we will use (after some
technical approximations) powerful recent results of Najim [26]. In a second step, we see
how to reduce the general case to the no-drift case.

4.1. Proof of Theorem 2.1.

Lemma 4.1. If (£,&') are independent centered Gaussian random vector with covariance

(i (12),—1<c<1.
Then for all (A1, A2, A3) € R3
log E exp <)\1§2 + AE2+ >\3§§/) = P.(A1, A2, A3),
where the function P, is given in in (2.2).

Proof : Elementary.

Lemma 4.2. Let X; = (X1, Xoy) given (1.1) and Yy = (Yi4, Yor) where forl = 1,2 Yy, :=
[ be(t,w)dt. We have for every A € R?

1 1
A(N) = " logE (exp (n (A, V*(X = Y)))) < A(N) := /0 Ppt()\lcrit, )\2037“ A3071,402,)dt,
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where the function P, is given in in (2.2), and

lim A,(A\) = A(N).

n—oo
Proof : For ¢ = 1,2, we have
[nt] [nt]
QX =Y)=> an&, and C/X-Y) Z NCTN T
k=1
where
i
O-Z,sdBﬁ,s th
Eop = ftk_l— and  agy ::/ o ds. (4.1)
A/ Qg ke o

Obviously ((&1k,&2.k))k=1..n are independent centered Gaussian random vector with co-
variance matrix

where

o
cp = -k and O} = / 01,502 spsds. (4.2)
A1, k+/ Q2 K tn

k—1
We use the lemma 4.1 and the martingale convergence theorem (or the classical Lebesgue
derivation theorem) to get the final assertions (see for example [14, p.204] for details).

Proof Theorem 2.1.
(1) It is contained in lemma 4.2.
(2) We shall prove it in three steps.

Part 1. At first, we consider that the drift b, = 0. In this case V;*(X) = V(X —-Y). We
recall that since Byy = pydBy; + /1 — p7dBs;, we may rewrite (1.1) as

{ Xm,t = 01 tdBlt (4 3)

dX2,t = 02t ptdBlt V 1-— /)tstt

Using the approximation Lemma in [13], we shall prove that

n n n

VX -Y) = <Z (AFXD)7D T (ARX)%,) (ARXY) (A%))

k=1 k=1 k=1
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will satisfy the same LDPs as

1 n
2 2
— ag k—lN
nz LA Lk
k=1
1 — 2
Wit = — E <02 k-1 pr-1 Ny g + 0y “1/1_p2klN3,k‘) )
n nn T o
k=1
1 n
2
3D o N (s Mo [T Vo)
k=1 "

where Ny := f;? VndBy g, for £ =1, 3.
k—1

Let us first focus on the LDP of W{*. We will use Najim result (see Lemma 5.1) to prove
that.

It is easy to see that W' can be reritten as

1 — k—1
AN 3 Z
W= r () 2

k=1
where
o2 0 0
fi(%) b
F (5) = | p&) =] osri  05(1=pi) 207.px,/1—pi (4.4)
n n ‘n n n n n n
k
f3<ﬁ) 0'1 kO’ZEpﬁ 0 UlkO'Qk l—pQE
and
T
Z; = (N7, Ni;, NijNs;) . (4.5)

Obviously (N1 g, N3k )k=1.., are independent centered Gaussian random vector with iden-
tity covariance matrix.

For the LDP of W we will use Lemma 5.1, in the case where X' := [0, 1] and R(dx) is the
Lebesgue measure on [0, 1] and 2} := ¢/n. One can check that, in this situation, Assump-
tions (N-2) hold true. The random variables (Zj)g—1.... , are independent and identically
distributed. By the definition of Z, the Assumptions (N-1) hold true also.

So W} satisfies the LDP on R? with speed n and with the good rate function given by

for all x € R3
1 3
I(z) = sup ((Mﬁ) —/O L <; A fz(t)> dt) ,

5 )\10'%725 + )\20'%7tp% + )\301,1502,15/)15
STNSilt) = X203, (1= pf) ,
i=1

20903 ,pe\/ 1 — P} + A30140900/1 — p}

L(A) :=logEexp (A, Z1) = Py(A1, A2, A3),

with

and for A € R3
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where Py is given in (2.2). In this cas it takes a simpler form wich we recall here:
1
PQ()\l, )\2, )\3) = —5 lOg ((1 — 2)\1)(1 — 2)\2) — )\%) .

An easy calculation gives us that

1 3 1
Je (Z " fi<t>) t= [ By Ot Nt o)

SO
I(z) = Ligp(2),
where I,4, is given in (2.4).

Part 2. Now we shall prove that V* and W satisfy the same LDPs, by means of the
approximation Lemma in [14]. We have to prove that

VHX =Y)-wr

superexp

0.

We do this element by element. We will only consider one element, the other terms can
be dealt with in the same way. We have to prove that for ¢ =1,2,3

RZ,I superexp 0’ (46)
where
[nt] 1 [nt]
n n 2
Lt = Z (ARX1)" — n UiuNika (4.7)
k=1 k=1 "
[nt] 1 [nt] 2
;L,t = Z(AZXQ)Q — g 2(02’%pkn1]\/&7k + 02’%‘ /1 — ,O%%N;g,k) s (4.8)
k=1 k=1
and
[nt] 1 [nt]
g,t = Z AZXIAZXQ - E Z al,ﬂNLk (027ﬂpﬂN1,k + 0'27k;1 A /1 — ka;le,k) . (49)
k=1 k=1 "

At first, we start the negligibility (4.6) with the quantity R, which can be rewritten as

n
n
1,1 — Z R—7kR+7k,
k=1

with Ry := L%L_I(O'Ls + 01’%)d31,3, where ((R-x, Ry k))k=1..n are independent centered

Gaussian random vector with covariance

n n
(5,k Nk )
n n
M €4k
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So by Chebyshev’s inequality, we have for all r, A > 0,
| i 1 .
—logP (R}, >r) < —rA+ —logEexp (nARY)) (4.11)
n ’ n ’

A simple calculation gives us

1 1 <
—logEexp (RARY,) = = g log Eexp (nAR; xR_ 1)
n ’ n

k=1

n n n n n n n 2
B o (AL ke i — (1)) + 1)
n el kel — (mp)?

1 - n n n n
= T35, Zlog [1 - n2)‘2<€+,k57,k —(m)?) — nAmJ

k=1
_ /01 K(fu(t))dt (4.12)

where K is given by

1
—élog(l —2\) if A<3
K(\) =
00, otherwise,

and

n n n n 9 .
Sk Sk " Mg
fn(t) - 1(tn_tn )(t) )\2 n Jr7n n 7” B ( n n ) + 2 ( n n
k=1 e =t te —tpy th —th b —thy

where ¢} , and n; are given in (4.10).
By the continuity condition of the assumption (LDP) and the classical Lebesgue deriva-
tion theorem, we have that

fu(t) —0 as n — oo.

By the classical Lebesgue derivation theorem we have that the right hand of the equality
(4.12) goes to 0.
Letting n goes to infinity and than A goes to infinity in (4.11), we obtain that

lim 1 logP (R’fl >r) = —oo0.

n—oo M,

Doing the same things with —R7Y;, we obtain (4.6) for R7 ;.

Now we shall prove (4.6) with R% ;. We have

Rg,l = Z E_yEyp+ Z E_y By + Z E.yB_ )+ Z B_ By i,
k=1 k=1 k=1 k=1

where

tr
E:l:,k: = / <02,sps + Uz,ﬂpkj)dBl,s;
t n n

n
k—1
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and

th
B:I:,k = / (0‘275\/ 1-— pg + 0'27@‘ /1 — ka,I)dB&S.
tn n n

k—1

where (E_ i, E.y),(E_k, B+k),(Es g, B_k),(B_ ki, B4 ), k = 1---n are four independent
centered Gaussian random vectors with covariances respectively given by

t tn
Jip (02505 =0y pm1pim)®ds [ (05,05 = 05 1 picr )ds

n

2 2 2 2 tr 2
1(0278p8 — 05 x1Pr)ds ft;; 1(02,5,05 + 0y k-1 pr-1)?ds
' - n n

n

and
tn
(Léil(alsps'_‘71E%lpﬁil)2d5 0
0 L%Z_l(ag,m/l — P2t oy, J1—pi)ds
and
LZ?_I (02.5ps + 0’27k%1p%>2d3 0
0 ﬁ?_1(0278\/1 —p?— 0y k=1 /1—p32_,)3ds
and

St o2/ T=p2 = om0 [1= 2 )%ds [uf (03.(1—p2) =02 u (1 = phy))ds

n k—1
n
tk

0 (03, =02 k(L= s [ (0na/T= R+ oy [T— g2, )ds.
So (4.6) for Ry, is deduced if

n n
superexp superexp
E E,]CEJF,].C — O, E E,JCBJF,]C — O,
n n

k=1 k=1

n n
superexp superexp
E EJr,kB,’k — O, E B,JCBJF,]C — 0.
n n

k=1 k=1

Each convergence is deduced by the same calculations as for (R_ x, Ry k)g=1..n-
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Now we shall prove (4.6) with Ry ;. We have

n n n tz
Riy, = Y R 4E_x+Y R B i+ Ry </t az,knlpknldBl,s>
k=1 k=1 k=1

k—1
—|-ZR,71g (/ Ty k=1 /1 — ka;lng,s> + ZE,JC (/ 0'17ﬂd817s>
k=1 thoy " " k=1 tp, "
+> B (/ oy ud31,5> ;
k=1 th1 o

where we have used the same notation as before. By the same calculations used to prove
(4.6) for R}, and R, we obtain (4.6) for Rj ;.

Then V(X —Y) and W} satisfy the same LDP.

Part 3. We will prove that V]*(X) and V]*(X —Y) satisfy the same LDP. We need to
prove that

superexp
—

Vi (X) = V(X =Y 0.

This will be done element by element : for ¢ = 1,2

QLX) —QH(X —Y) TEST0 and CP(X) - CT(X -Y) TEST0. (413)
We have
02,00 - Q1 (X = V)| <)y (X - V) + (145 27
and

OF(X) = OF(X — V)| < e(n) (QU1(X — ) + Qha(X — V) + (1 ¥ L) (Zr+ 7).

2 e(n)
n tn 2 2
b
Zon=Y" (/ bz<t,w>dt) < Mol
tn

k=1 k—1
We chose ¢(n) such that ne(n) — oo, so (4.13) follows from the LDP of Q1(X), CT(X)
and the estimations above.

with

4.2. Proof of Corollary 2.2.

From Theorem 2.1, we obtain that V;*(X —Y) satisfies the LDP on R3 with speed n and
with the good rate function given by for all x € R3

02’ 02’ 0109

Al A A
Ligp(x) = sup (X, 2) = Pp(07A1, 030, 0102)3)) :P;( e —3)
AER
where P, and P} are given in (2.2) and (2.5) respectively. So we get the expression of I,
given in (2.6).
The Legendre transformation of P, is defined by

By(x) = sup (A z) = B,(A)-
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The function A — (\,z) — P,()) reaches the supremum at the point \* = (A}, A5, %)
such as
(e 1712 — (1 — p?)zy — 23
' 2(1 = p?) (1w — 23)
r179 — (1 — p*)zy — 23
2(1 = p?) (1w — 23)
Vo 23p — miwap + (1 — p*)w3
’ (1 = p?)(z122 — 25)

N[

s =

N[

So we get the expression of the Legendre transformation P given in (2.5).

4.3. Proof of Theorem 2.3.

Now we shall prove the Theorem 2.3 in two steps.
Step 1. We start by proving that the LDP holds for

[n1]
1 k—1
W":_E F|l—|Z
t "o <n ) N

where F is given in (4.4) and Zj is given in (4.5).

This result come from an application of LDP of Lemma 5.2 derived in the case where
X :=10,1] and R(dx) is the Lebesgue measure on [0, 1] and z} := i/n. One can check that,
in this situation, Assumptions (N-2) and (N-3) hold true.

The random variables (Zy)k—1... » are independent and identically distributed. And we

kE—1
will apply the Lemma with the random variables Z;' := F | —— | Z;. The law of Z}
n

depends on the position x!" := i/n This type of model was partially examined by Najim see
section 2.4.2 in [27].

By the definition of Z}', the Assumptions (N-1) and (N-4) hold true.

Finally, we just need to verify that if #7 and 2} are close then so are £(Z}') and L(Z})
for the following Wasserstein type distance between probability measures:

z—2z

dow(P,Q) = inf infla> o0 dzd?) < 1%,
ontr@)= it ifa=0: [ e (555 )aazas) <1

where 7 is a probability with given marginals P and () and n(z) = ell — 1.
In fact, consider the random variables Y = F(z)Z and Y = F(2')Z, since F is continuous

- <Y — Yf) s ((F(az) — F(;z:’))Z) o1

€ €

for 2’ close to x. Thus dow (L£(Z]'), £L(Z})) < €. This gives the Assumption (N-5).
So we deduce that the sequence W™ satisfies the LDP on BV with speed n and with the
rate function Jig4, given by

Jmp(f)z/o Af(f;(t))dH/O Be(f,(1))d6 ().
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where for all z € R3 and all ¢ € [0, 1]
Ai(2) = sup ((A, 2) = A(N))

A€R3
with
Ay(N) = log / eMIP(t, dz) = P, (M0, A203 4, A301402,),
R3
so A} coincide with P given in Theorem 2.3.

And @ is any real-valued nonnegative measure with respect to which uf is absolutely
continuous and f, = duf/df and for all z € R3 and all ¢ € [0, 1] the recession function Ay
of A} defined by h;(2) = sup{(\, z) , A € Dy, } with Dy, = {} € R* Ay(\) < oo} = {) €
Rs, Ppt()\lcrit, )\20’%7“ )\30’17,50'27,5), < OO}

The recession function « of P* | see Theorem 13.3 in [31] is given by

Pr(hz) 21+ 2 — 2cz3

a(z) ;== lim 21— 2 12150,2050,22 <21 2]

h—o0 h

Using this expression, we obtain the rate function given in the Theorem 2.3.

Step 2. Now we have to prove that

sup [[V(X —Y) =Wyl TS0,
t€[0,1]
To do that, we have to prove that for ¢ = 1,2,3
sup }Rgt} TP, (4.14)
te[0,1] ’

where the definition of Ry, arge given in (4.7), (4.8) and (4.9) for ¢ = 1,2, 3 respectively.
We start by proving (4.14) for ¢ = 1, the other terms for ¢ = 2, 3 follow the same line of
proof.
We remark that (R}, — E(RY,)) is a (Fjuy/m)-martingale. Then

exp(An [Rit - E(th)})

is a sub-martingale. By the maximal inequality, we have for any r, A > 0,

P (sup R, —E(RY,)] > 7’) =P (exp ()\n sup [RY, — E(R?M) > e"”)

S t€[0,1]
< G—NATE (exp ()\TL [erl,l - E(Ryll,l)}))

and similarly

v <tei%f1} [Ry: —E(RT,)] < _T) < e"VE (exp (—An [RY, — E(R},)])) .
So we get

1 1 n
 losP (Sup [Ri ~ E(RY)] > ) < A g (M) S AR(R).

t€[0,1]
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It is easy to see that E(R},) — 0 as n goes to infinity. We have already seen in (4.12)
that %logE (e)‘"ml’l) — 0 as n gos to infinity. So we obtain for all A > 0

n—oo T te0,1]

1
limsup — log P <sup (R, —E(RY,)] > r) < =

Letting A > 0 goes to infinity, we obtain that the left term in the last inequality goes to
—00.
And similarly, by doing the same calculations with

P ( inf [RI, —E(R},)] < —r) :

t€[0,1]

we obtain that

sup ‘R?t — E(R?t)‘ SR .
te[0,1] ’ ’ n
Since
E(Rfl) superexp 0’

n

we obtain (4.14) for ¢ = 1.

4.4. Proof of Theorem 2.4.

As is usual, the proof of the MDP is somewhat simpler than the LDP, relying on the
same line of proof than the one for the CLT. Namely, a good control of the asymptotic of
the moment generating functions, and Gartner-Ellis theorem. We shall then prove that for
all A € R3

1 1
lim - log Eexp (b2@ AV — [V]1>) =SSN, (4.15)

n—00 n bn

Taking the calculation in (4.2),we have

2 V1

na

1
@ log E exp <b

n 1 n
T = VD) = g L) = b VD)
with
Hy(A) == Pep (Mbnv/nar g, Aabpv/nas o, Asba /1y /a1 1\ /a2 k)
where ay ), are given in (4.1) and ¢} is given in (4.2).
By our condition (2.1),

e(n) := v/nb, max maxagy — 0.
1<k<n ¢=12 7 n—oo

By multidimensional Taylor formula and noting that Pe(0,0,0) = 0, VP (0,0,0) =
(1,1,¢1)T and the Hessian matrix
2 2k 2
H(PCZ)(anvo) = 2(02)2 2 QCZ s

28 2 1+ (c})?
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and after an easy calculations, we obtain once if [|A|| - |e(n)] < 1, i.e. for n large enough,

H'(A) = byv/n (A, [V]y )+nb2 5 AT A) + nbyy(k,n),
where
ai,  (9R)? ay vy,
= (R ajy az kY,
ay x93 ag 0} %(al,ka27k+(ﬂ2)2)
where ¥} is given in (4.2), and v(k, n) satisfies
v(k,n)| < ClIA[l - le(n)],

83P(>\17 )\27 )\3)
BN
On the other hand, by the classical Lebesgue derivation theorem see [14], we have

n (i a(s)ds\ (L h !
= = ty—ty_y) — h(s)d
> %_%l @4& =12 = [ glm(s)as

k=1

where C = supH)\||<1/4

by taking different chosse of g and h: once g(s) = h(s) = o7, or g(s) = h(s) = 01,501,sps,
or g(s) = o7, and h(s) = oj L # (', and g(s) = 07, and h(s) = 01,01 sps, We obtain that
fl U%tdt fol U%,taitl)?dt fol Uit‘72,tptdt
nzn: Yk oo 21 = fo o} tU2 tPt f P tdt fol Ul,tag,tptdt = 3.
ﬁﬁﬁwmtﬁﬁuﬁmﬁtﬁ%ﬂﬁﬂ+ﬁﬁt
Then the (4.15) follows.

Hence (2.4) follows from the Gartner-Ellis theorem.

4.5. Proof of Theorem 2.5.

It is well known that the LDP of finite dimensional vector

(@(V;‘(X) — Vs, , V(X)) — [V]Sk)) O<s;<--<s,<1k>1

by ok

and the following exponential tightness: for any s € [0,1] and n > 0

1
lim lim sup — log P vn sup ||ATVH(X) — AL V]| > 77) = —00
0 nooo b2 bn s<t<s+e
\/_

with ALV"™ =V — V" are sufficient for the LDP of ~— 2
topology (cf. [13],[14]).

~—(V™(X) — [V].) for the sup-norm

n
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Under the assumption of Theorem 2.5, we have:

lim /7 sup [EV;(X) - [V],] = 0. (4.16)

In fact, we have:

Vvn sup [[EVH(X) — [V]]|

te(0,1]

< 3v/nmax <max sup |EQ7,(X) — [X¢i|, vn sup [ECY(X) — <X17X2>t‘>

t€[0,1] t€[0,1]

< 3max max max ot dt, max 02,02 p2dt
X 295 e, k b 0t e 1, 2tPt

By our condition (2.1), we obtain (4.16).

Now, we show that for any partition 0 < s1 < -++ < s < 1,k > 1 of [0, 1]

(V200 = Vs - VEOO = V1)

satisfies the LDP on R* with speed b2 and with the rate function given by

S i — ima), (55 ) 7 (s — 7)) (4.17)

1517...78k($1, e 7l‘k‘) -

where
fsu oftdt f cr1 tch P 2dt f: 0%7t027tptdt

DI J, ot o5, p7dt J, o3t fu 01,405 et

[ odoapdt [ ov.08 pdt [ altazt(l—i-pt)dt

is invertible and

u u u 1
det(Q5) = (/ Uitdt) (/ aitdt) (/ 2‘7%#72 (1 + /)t)dt)
+ 2</ O'1t0'2 tptdt) (/ al,ta;tptdt) </ aitauptdt)
1, 2 Yo o9 oo :
- §Ol,t02,t(1 + p;)dt 01102 Pt de
u u 2 u w 2
— (/ aitdt) </ aLtagiptdt) — (/ a;{tdt) </ aitag’tptdt)

and (X%)~! his inverse.
For n large enough we have 1 < [nt;] < --- < [ntx] < n, so by applying the homeomor-
phism
T:(xy, - xp) = (21,00 — X1, -+, T — Tp—1)
Zn = (VIX) = [V]sy, -+, V(X)) = [V]s,) can be mapped to U, = TZ, with independent

) Sk
components.
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Then we consider the LDP of \Z{_(U —EU,).

For any 0 = (01, ,0;) € (R3)*,
k
Asy, -+, s,(0) = lim b—logEeXp (bpv/n (N, U, — EU,)) = Z;()\ XN

S
n—00 i—1
i=1

By Gartner-Ellis theorem, g(Un — EU,) satifies the LDP in (R®)* with speed b2 and
with the good rate function !

k

D (wa (5 )7 ).

=1

| —

Asy, -, sp(x) =

Then by the inverse contraction principle, we have g(Z —EZ,) satisfies the LDP with
speed b2 and with the rate function I, ... , (x) given in (4.17).

Now, we shall prove that for any n > 0, s € [0, 1]
. . ]- \/ﬁ tyn tym
limlimsup — logP | =— sup [JAV"(X) —EAV*(X)|| >n ) = —oc. (4.18)
el oo b2 by s<t<s+e
For that we need to prove that for £ = 1,2 and for all n > 0 and s € [0, 1]
1
lim lim sup —- log P vn sup |ALQr.(X) —EALQ,.(X)| >n ) = —o0, (4.19)
el pooo b% bn s<t<s+e ’ '
and
1
lim lim sup — log P (ﬁ sup |ALC(X) —EALC(X)| > 7}) —00. (4.20)
0 oo b2 by, s<t<s+e

In fact (4.19) can be done in the same way than in Djellout et al.[14]. It remains to show
(4.20). This will be done following the same technique as for the proof of (4.19) and using
a result of [15]. Remark that (C}(X) — EC}(X)) is an Fp,y/n-martingale. Then

exp(A[A(CT(X) — ECT(X))])

is a sub-martingale. By the maximal inequality, we have for any n, A > 0

p( sup Al [C."(X)—EC."(X)]N?) - P(exw sup A, [C7(X) — ECT (X)]MM)

s<t<s+e s<t<s+e
< e MEexp (A [CM(X) —EC™(X)]), (4.21)

and similary,

P < inf AlL[C™(X)-EC"(X)] < —n) < e MEexp (—A[AST [CM(X) — EC™(X))) .

ERGACE S
(4.22)
Using Remark 2.4 in [15], we have that for all ¢ € R

n—o0 b2 " b,

1 2\/_ s+e n n 1 2 e 2
lim — logEexp | cb; ~— A [C"(X) — EC"(X)] = 5¢ 01,05, (1+ p7)dt.
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by :

Therefore taking n = §—, A = b,y/nc (¢ > 0) in (4.21), we get
n

lim sup 1 log P (@ sup AL[C"(X)—-EC*(X)] > 5)

n—o0 b% bn s<t<s+e

1 ste 52
<inf ¢ —cd + —02/ o?,02,(1+ p? dt} = — ,
X >0 { 9 . 1,t 2,t( pt) 9 fss—I—e 0'%7,50'%7,5(1 + p%)dt

and similary by (4.22),

1 NG ; 6’
limsup - logP | =—— inf A[C"(X) - EC"(X)] < -6 | < ———+ :
n—o0 bn bp s<t<s+e 2 fs J%,to-g,tu + p%)dt

By the integrability of 0%7,50%7,5(1 + p?), we have
s+e€
lim sup / 01,05,(1+ pf)dt = 0.
{0 s€[0,1] Js ’ ’

Hence (4.20) follows from the above estimations. So we have (4.18).

By (4.17) and (4.18), g(V” — [V].) satifies the LDP with the speed b and the good

n
rate function

Top(x) = sup {Ls, ... 5, ((51), - ,2(s%));0 <51 < -+ < sp, < 1,k > 1},
where
o os0), -+ 2(s) = 3 Do) = o) (B3) 7 (o) = (si1))

It remains to prove that Ig,,(z) = Lnap(2).

We shall prove that g, () < Ing(2).

For this, we treat the first element of the matrix (X3 )~! which is denoted (2% )13
and we prove that

k 1

D (@a(s:) = wsio0)* (S5 )i < / (@} (£)%.(2; H)1dt,
i=1 0
where (3;');; represente the first element of the matrix ¥, '.

We have

. B 1 Si si Si 2
(2 )= dot () ((/ Ug,tdt) (/ iaf,ﬂg,t@ + Pf)dt) - (/ Ul,tag,tﬂtdt) )

By [20, p.1305], for x := (x1, xa, x3) € H, if I5p(r) < +00, thenfor 0 < 57 < -+ < s, < 1,
Then

2 6 2
1,t02,tPt

1 5 6 )
E :(xl(s) —21(8i-1))%(2% )11 < /1@' (t))2'§al’t02¢<1 +p)—o y
' 7 7 si—1/1,1 o 1 det(zt)

B /0 (@1 (1).(Z¢ D adt,
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The same calculation with the other terms of the matrix given in the following, implies
that Ls, () < Lnap(2):

N - 1 Sq si 1 Si 2
(Esiﬂ)zé - W [(/ Uitdt) </ 50-%,250-5,15(1 + pf)dt) - (/ Jitaltptdt) :|7
Si—1 Si—1 Si—1 Si—1
Si —1 1 % 4 % 4 % ?
(X3 s = dot(og) o1 ,dt 09,dt | — 07,03 p;dt
Si—1 Si—1 Si—1 Si—1

. . B 1 S; S5
(232,1)1 = (B3 1)2& = m K/SH Uit02,tptdt) (/SH 0’1,t0'§,t/)tdt>
S 54 1
_(/ 01t02tptdt) (/ 5‘7%,t<7§,t(1+:0152)dt)]7
Si—1 Si—1

s B s B 1 S Sq
(35 1)1 = (35 1)3,% = m [(/SH O-ito-;tp?dt) (/SH 01,t0§,tptdt)

— </ 0§7tdt) </ critcrlt,otdt)},
Si—1 Si—1

1 S; 54
S; — S; -1 _ 2 2 2 3
(Zsz 1)2 (Zsz 1)3,2 = m [(/SI U1,t02,tﬂtdt> (/s1 Ol,tOQ,tptdt)
— (/ aitdt) (/ aua;t/)tdt)}.
Si—1 Si—1

On the other hand, by the convergence of martingales and Fatou’s lemma,
Lnap(x) < +00, and Lnap(2) < Loyp(2).
So we have I,,(z) = Lnap(z).

4.6. Proof of Theorem 2.6.

Step 1. We shall prove that V" and V(X —Y) satisfy the same LDP, by means of the
approximation Lemma in [14]. So we shall prove that Q? and Q7 (X —Y) satisfy the same
LDP and idem for C" and C*(X —Y).

We have
s Q1Y) = QR (X ~V)| < em@h(X ~V)+ (14 ) 20 ()
and
sup |CT,(X) — CTy(X ~ V) ZQu (X -Y) (1 L) 22: Zom,  (4.24)
teo,1] 2 en) =1
where the sequence £(n) > 0 will be selected later, and Z,, is given
n i 2
Zpp = Z (/tn bt (Xe)dt —bpge (X )(tp — tZ—1)> ; (4.25)
k=1 \Yti-1
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Wlth Xt = (Xl,ta X2,t)-
For Q7 ,(X —Y'), being a Gaussian process, Theorem 1.1 in [14] may be used. It remains
to control Z;,. For this we just need to prove that:

1 superexp
Z In

o) =00, (4.26)

The main idea is to reduce it to estimations of M, = fot 0¢,sdBy 5, by means of Gronwall’s
inequality. So, we have at first for all ¢ € [0, 1]

t
[ Xell < (1 Xoll + C/O (1+ (14 n(s) [ Xsl)ds + sup || M]]

s<t

¢
< (C + [ X0l + [ X0l + sup HMSH> + C1/ | Xs|ds.
ERS 0
where C7 = C(1 4+ n(1)). Hence, by Gronwall’s inequality
| Xe ]| < (C + | X10ll + [| X0l + sup HMSH) it vt € [0,1] (4.27)
s<

For any s € [0,1], v > 0

sup | Xy = Xof| < sup [[My — M| +v. sup [b(Z, Xo)]]

s<t<s+v s<t<s+v s<t<s+v
< sup  |[My — M| + vCq (sup | Xe|| + 1) (4.28)
s<t<s+v 0<t<1

We get by (2.9), (4.27),(4.28) and Cauchy-Schwarz’s inequality

n
k—1

2
1 1

< | =-C[1+ sup | X;— X || +2n <—) sup || Xq|
n <<t nJ o<i<1

C 1 1 2
< 5 <1+ sup ||M; — My |1 + (—2+n(—) ) sup ||Mt||2> (4.29)
n b1 SISt n n 0<t<1

k—17%

2
ty
( / be(t, X,)dt — byt y, Xy (8 — tzn)
t

Chose €(n) > 0 so that

g(n) — 0 but —0 (4.30)
By (4.29) and the definition of Z,,, we have that

1 1
lim sup — log P (—Zg,n > 5) < max(A, B)

n—oo N 5(”)
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where
A = limsup— logIP’ max sup ||[M; — My || > Cyd
n—soo M e(n)n ksn g <i<n bt
) 1 1 2
< 2maxlimsup —logP | ——max sup |[Mps— My | > Cyo |, (4.31)
:1,2 n—oo n 8(77/)77, kgn t;cl—1<t<t’]? k=1
and

1 1 1\?
B = hmsup logP| —— | 5 +7n|— sup || My||* > C56
nsoo T g(n)?n \ n? n 0<t<1
1 1 1\’ )
< Zmathsup logIP’ —+n|— sup |Mg|* > Cs56 | . (4.32)
(=12 o M e(n)n \ n? n o<t<l

By Lévy’s inequality for a Brownian motion and our choice (4.30) of €(n), the limits
(4.31) and (4.32) are both —oo. Limit (4.26) follows.

Step 2. We shall prove that (V" —[V].) and \b/—f(V_"(X —Y) — [V].) satisfy the same
LDP, by means of the approxmlatlon lemma in [14] and of three strong tools: Gronwall’s
inequality, Lévy’s inequality and an isoperimetric inequality for gaussian processes. By the
estimation above (4.23) and (4.24), and as Q7 ,(X —Y') was also estimated in the proof
Theorem 1.3 in [14]. It remains to control Z,, given in (4.25) . For this we just need to
prove that:

1 \/_ superexp
——Zn — 0. 4.33
e(n) b, ° b2 (4.33)

Chose (n) > 0 so that
2
£(n)/n (= +n(3)°) 0,
——— =0 but
bn 5(71)\/5

By (4.29) and the definition of Z,,, given in (4.25), we have that

0. (4.34)

. 1
hgl—igp 2 logIP’ <5(n) \b/n_Zgn > 5) max (A, B)

where

1
A =limsup — logP max  sup M, — My ||*> > C4o
b2 e(n) k-1

n—>00 b (n)byy/n ksn o <t<tr

1
<2 li log P My, — My, |?>Cyd 4.35
%r:l%( 1Lr;sgp 2 og ( o \/ﬁr??i(tn Sg)gt;;‘ 0t i |7 > Cy >7 (4.35)

and

1 1 1\?
B =1 l Pl———| — — M \||* > C
1211_)801;1) 02 0g <€(n)bn\/ﬁ <n2 +n (n) >OSlip | t|| 5 )

1 1 1 1\?
<2 li logP | —— [ = - My, > Cs6 | . 4.36
puain sup g log <5(n)bn\/ﬁ <n2+’7(n)>02§£1' & ) 430
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By Lévy’s inequality for a Brownian motion and our choice (4.34) of e(n), the limit (4.36)
are also —oo. As in [14], it’s more little difficult to estimate (4.35). By the isoperimetric
inequality [[21], p17,(1.24)] and our choice (4.34), we conclude that the limit (4.35) are both

—0OQ.

4.7. Proof of Corollary 3.2.

We have just to do the identification of the rate function. We knew that of (X) satisfies
the LDP on R with speed n and with the good rate function given by

14 R : \%
[ldp(u) = 5 inf [ldp<.1’1,372,373),
{(z1,x2,23)ER3:z3=0/T122,21>0,22>0}

where Iy, is given in (2.6). So

5,201 — 2 2 2. _ 9
Ifdp(u):inf{log< 7193 p)>—1+02x1+01x2 POLTAUY LIS x1>0,x2>0}.

VE1EaV1 —u? 20703(1 — p?)

oi(1—p?) 03(1—p2)) <0 we

The above infinimum is attained at the point (z1,x2) = < ] 7
- pu - pu

obtain (3.1).

4.8. Proof of Proposition 3.3.

As said before, quite unusually, the MDP is here a little bit harder to prove, due to the
fact that it is not a simple transformation of the MDP of %(Vt" — [V]¢). Therefore we will
use the strategy developped for the TCL: the delta-method. Fortunately, Gao and Zhao
[17] have developped such a technology at the large deviations level. However it will require
to prove quite heavy exponential negligibility to be able to do so. For simplicity we omit
X in the notations of Q,(X) and Cf'(X).

Let introduce Z;,, such that = := | /Q7;,/Q%,. Then by the Lemma 5.3 applied to the

functions g == (z,y,2) — Va/y and h := (z,y,2) — \/—%ﬁ, we deduce that }f—f(E’f —

B(E ) and 2 (20 - (8

with the rates functions respectively given by Iidp and [i;;:

InEmdp(u) = inf 5 {Imdp(xayaz)}a

—

E’f))l) satisfies the LDP on R with the same speed b2 and

0'2y+o' x
{(m,y,z)GRS,u: 120.10.22
and
=—1 .
Imdp(u) = inf . {Linap(z,y,2)},
{(z,y,2)ER3 ,u=— 7ivtoge
o ’ 20%05’

where 1,4, is given in (2.7).
By some simple calculations, we have

07 (X) — o= NP + R + N§ + N} — R — N, (4.37)
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where

- (cp - EG")(i— i) M (Cr-EeDL

r—\n7
El_dl

1 1
Ny = (ECT — )(? — = ), N} = (ECT — 0E=}) =—,
=1 =r  EZn =1 ="
1 1 1
N2 = o(Z} — EZT) (Hn Hn) Ng = o(Z] —EEY)——-.
5 1 =5 Eu_q 6 1 E:1

To prove the Theorem 3.3, we have to use the Lemma 5.3 and prove some negligibility
in the sence of MDP:

\;—ng S“%efp 0, (4.39)
\b/—fnz S“%"p 0, (4.40)
\b/—szg pb—f‘p 0. (4.41)

Since EC} — oE=;,, — 0 as n — oo, (4.40) follows.

We have for all § > 0
Vi Vi Vn L
Pl IN">6) <P+ n P X—
( b, Nl b )T\ 1B R

n

cr—ECT| >

WV

o).

where a,, = %5.
So, by the Lemma 1.2.15 in [13], we have that for all § > 0
lim sup — logIP’ vn INY| =6

is majorized by the maximum of the following two limits

limsup logIP’ v CT —ECY| =2 oy |, (4.42)
1 Jil 1 1

li log P — >y |- 4.4

el b2 % (bn 5. B, O‘) )

Let A > 0 be arbitrary, since a,, — 0o as n — 0o, so for n large enough we obtain that

Vn Vn
~ >
bZIgP<bn bZlgIP’ b > A).

By the MDP of \b/—f(C{L — ECY) obtained in Theorem 2.3 in [15], and by letting n to
infinity, we obtain that

Cp —ECY| > a Cp —ECY

vn
by
Letting A gos to the infinity, we obtain that the term in (4.42) goes to —oo
By the MDP of *b/—f(alln — ]E(Ell’n)) stated before and in the same way we obtain that the
term in (4.43) goes to —oo. So we obtain (4.38).

cr—EC?| > a

1
limsup — » log P (

n—oo
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The same calculations give us (4.39) and (4.41).

So
v

b (07(X) — o)

and

e

—n 1
(Cn ECT — o(Z} E_l)) E=n
—1

satisfies the same MDP.
Since E(Z,) — 0102, so

K(gl — o) and B Cl —ECT — o(Z! — EZY) p
satisfies the same MDP.
Then by the Lemma 5.3 applied to the function ¢ : (z,y,2) — (2 — 0v/2\/y)/0102, We
deduce that ‘b/—f(g?(X) — p) satisfies the LDP on R with speed b and with the rate function
given by

[Smdp( ) = inf . [mdp<x7 Y, Z),
o Yy zo2
{(1‘ Ys Z)€R3 U=o10 ‘71‘72 120'10' 2}
where I,,4, is given in (2.7).
4.9. Proof of Proposition 3.7.
By the Lemma 5.3 applied to the function f : x +— 2, \b/ﬁ( L W) satisfies the LDP
n 1,1 1,1
on R with the same speed b2 and with the rate function given by
Q7 .
17! = inf Loan(,y, 2
mdp( ) {(I,y,Z)GRS:UZ:iI}{ dp( Yy )}
By some simple calculations, we have
n Y n n n n n n
51,1(X) - Qa—i =N tJ2tI3tIs—I5 — Jss (4.44)
where
(Cp —ECy) ( L] ) 2= (CF — ECP)—
= - n_ n ) Jo = - n
! ! r1 EQT, ? ! ' EQT,
— (BC} — 0Z2EQ ) — — v = (BCY - 0 ZEQT, )~
= 1 Qal 1,1 ,1171 EQ?J ) Jg = 1 Qal LUR ?’17

3

g9 1 1 09 1
D= p—= no—EQY - — = n —-E :
Js Qal ( 1,1 Q1,1) ( ?71 EQ?J)’ J Qal ( QF 1) EQ?J

To prove the Theorem 3.7, we have to use the Lemma 5.3 and prove some negligibility
in the sense of MDP:

\/ﬁ n superexp 0’ \/ﬁjn superexp 0’ \/ﬁ n superexp O, \/ﬁjn superexp 0. <445)

J
by, ' B2 b, ° b2 b, 7! b2 by ° B2

The same calculations as for the negligibility of X’ works here to obtain (4.45).
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Since EQ}, — o7, we deduce that

VI g (X) - 072)

E 01
and
K< Cy —ECY — Qa_l( 1,1 _EQM o_%

satisfies the same MDP.
Then by the Lemma 5.3 applied to the function & : (z,y, 2) — (2 — gg—jx)/a% we deduce

e \;—f(ﬁ?l(){) B Qg_i) satisfies the LDP on R with speed bi and with the rate function
given by
B11 )
Ig(u) = inf Lo (2,7, 2

where 1,4, is given in (2.7).

5. APPENDIX

The proofs of the LDP in Theorems 2.1 and 2.3 are respectively based on the Lemmas
5.1 and 5.2 that we will present here for completeness.

5.1. Avoiding Gartner-Ellis theorem by Najim [26, 25]. Let us introduce some nota-
tions and assumptions in this section.

Let X be a topological vector compact space endowed with it’s Borel o—field B(X). Let
BV ([0, 1],R%), (shortened in BV) be a space of functions of bounded variation on [0, 1]
endowed with it’s Borel o—field B,,. Let P(X) the set of probability measures on X

Let 7(2) = el*l — 1,2 € R? and let us consider

P, (RY) = {P e P(RY),3a > 0; /Rd T (2) P(dz) < oo}
— {P c P(RY), 3o > 0;/

e?*IP(dz) < oo} .
Rd

P, is the set of probability distributions having some exponential moments.We denote
by M(P,Q) the set of all laws on R? x R? with given marginals P and Q. We introduce

the Orlicz-Wasserstein distance defined on P, (R?) by

S
dow(P,Q) = inf inf{a > O;/ T (z & ) n(dzdz") < 1}
) R xR

neM(P,Q a

Let (Z")1<i<nnen be a sequence of R?—valued independent random variables satisfying:
N-1
EelZll < 400 for some « > 0.

N-2 Let (27,1 < i< n,n > 1) be a X—valued sequence of elements satisfying:

1 = weakly
— E 0;n ——  R.
n 4 7 7 n—oo

j=
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Where R is Assumed to be a strictly positive probability measure, that is R(U) > 0

whenever U is a nonempty open subset of X.

N-3 X is a compact space.

N-4 There exist a family of probability measure (P(z,-),z € X) over R? and a sequence

(2,1 <i<n,n > 1) with values in & such that the law of each Z is given by:
L(Z]) ~ P(z},dz).
We will equally write P(x,-), P, or P.(dz).

N-5 Let (P(z,-),z € X) C P,(R?) be a given distribution. The application x — P(x, A)

is measurable whenever the set A C R? is borel. Morever, the function

:x — P (RY
x+— P(z,-)

is continuous when P, (R?) is endowed with the topology induced by the distance

dow

Lemma 5.1. Theorem 2.2 in [26]
Assume that Z' are independent and identically distributed, so we denote Z' by Z;.

Assume that (N-1) and (N-2) hold. Let f : X — R™ 4 be a (matriz-valued) bounded

continuous function, such that

fi(z) - 2

where each f; € C4(X) is the j™ row of the matriz f.
Then the family of the weighted empirical mean

(L, f) - Zf

satisfies the LDP in (R™, B(R™)) with speed n and the good rate function

I¢(z) = sup {(0, ) / ZQ - fi(z)]R(dx)} Vr € R™

OeR™

where A denote the cumulant generating function of Z

A(N) = log EeM? for AeRY

Lemma 5.2. Theorem 4.3 in [27]
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Assume that (N-1), (N-2), (N-3), (N-4) and (N-5) hold. Then the family of random

functions
[nt]

— 1
Za(t) = — Zp, telo,1
satisfies the LDP in (BV,B,,) with the good rate function

o(f) = /[ RO / ol £ (2))d6(x)

[0,1]

where 0 is any real-valued nonnegative measure with respect to which pf is absolutely con-

. ’ f
tinuous and f, = dc’l‘;, where

AN (z,2) = sup{()\, z) — A(z, )\)}, Vz € R
A€R4

with A(z, \) = log [p, €N P(x,dz), VA € R? and the recession function p(z, z) of A*(z, z)

defined by: p(z, z) = sup{(\,2), A € D, } with D, = {\ € R% A(z,\) < oo}.

5.2. Delta method for large deviations [17]. In this section, we recall the delta method
in large deviation.

Let X and )Y be two metrizable topological linear spaces. A function ¢ defined on a
subset D, of X with values on ) is called Hadamard differentiable at x if there exists a
continuous functions ¢’ : X — ) such that

n—o00 tn

= ¢'(h) (5.1)

holds for all ¢,, converging to 0+ and h,, converging to h in X such that x + t,h, € Dy for
every n.

Lemma 5.3. Let X and ) be two metrizable topological linear spaces. Let ¢ : D C X — Y
be a Hadamard differentiable at 0 tangentially to Dy, where Dy and Dy are two subset of
X. Let {(Qn, Fpn,Pn),n = 1} be a sequence of probability space and let {X,,n > 1} be a
sequence of maps from from §, to Dy and let {r,,n > 1} be a sequence of positive real
numbers satisfying r, — +o0o and let {\(n),n > 1} be a sequence of positive real numbers
satisfying A(n) — +o0.

If {rn(X, —0),n > 1} satifies the LDP with speed A(n) and rate function I and {I < oo} C
Dy, then {r,(¢(X,) — &(0)),n > 1} satifies the LDP with speed A(n) and rate function Iy,
where

Ly (y) = inf{l(z);dp(x) =y}, y€Y (5.2)
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