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On ergodic diffusions on continuous graphs
whose centered resolvent admits a trace

Laurent Miclo

Institut de Mathématiques de Toulouse, UMR 5219
Université de Toulouse and CNRS, France

Abstract

We consider ergodic and reversible diffusions on continuous and connected graphs G with a
finite number of bifurcation vertices and some rays going to infinity. A necessary and sufficient
condition is presented for the spectrum of the associated generator L to be without continuous
part and for the sum of the inverses of its eigenvalues (except 0) to be finite. This criterion is easily
computable in terms of the coefficients of L and does not depend on the transition kernels at the
vertices. Its motivation is that it is conjectured to be also a necessary and sufficient condition for
the diffusion to admit strong stationary times whatever its initial distribution (this is known to be
true if G is the real line).

The above criterion for the centered resolvent to be of trace class is next extended to Markov
processes on denumerable connected graphs with only a finite number of vertices of degree larger
than or equal to 3.

Keywords:  Diffusions on quantum graphs, trace class centered resolvents, reversibility,
Dirichlet forms.
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1 Introduction

The purpose of this paper is to give an explicit criterion for the centered resolvent associated to
an ergodic and reversible diffusion on a continuous and connected graph (often called a quantum
graph, see the recent book of Berkolaiko and Kuchment [2]) to admit a trace. The graph is assumed
to have a finite number of bifurcating points and in particular a finite number of infinite rays. This
result is already interesting when the state space is R, since it enables to deduce from [10] that a
one-dimensional ergodic diffusion has strong stationary times, whatever its initial distribution, if
and only if the corresponding centered resolvent has a trace. We strongly believe that the latter
equivalence result is also true when R is replaced by the state spaces we are to consider here, but
the techniques needed to approach this conjecture are different from those we use in this paper, so
the investigation of this question is postponed to a future work.

We adopt a convenient framework for diffusion processes on graphs adapted from the article
of Freidlin and Sheu [4]. A finite connected graph G = (V,E) is given, where V and E are
respectively the sets of vertices and unoriented edges. To each edge e € E, we associate a segment
R, =[e",e"] € Ru {+o0}, which is either bounded if et < +00, or semi-infinite if et = +0o0. The
boundary points e~ and e™ correspond respectively to the vertices from V adjacent to e, denoted
v~ (e) and v (e), and by writing e = {v~(e),v" (e)}, an orientation is provided to E (but except for
the “semi-infinite edges”, this orientation is arbitrary). If the segment is semi-infinite, we assume
that v™(e) is a leaf, namely a vertex of degree 1. This is not really a restriction, because in the
setting described below, the vertex v (e) is (a.s.) not reachable by the underlying process from
e, so this vertex can be detached from the “other vertices coinciding at v™(e)”, up to considering
only the connected component of G to which e belongs, if the graph ends up being disconnected
after this operation. We denote by o01, ..., ooy, with N € Z, their number, the leaves which
correspond to an infinite end and we call oo their set. The structure (G, E, ), where a subset co
of the leaves has been distinguished, is sometimes called a graph with boundary. By assumption,
for each k € [N] := {1,..., N}, there exists a unique edge, say e, € E, to which ooy is adjacent.
Let G be the union of the segments R, for e € E, seen as disjoint sets except that the end points
corresponding to a same vertex are identified. Thus formally G = (UeepRe x {e})/ ~, where ~ is
the equivalence relation enabling to identify the end points corresponding to a same vertex, but
we will often abuse notations by simply writing G' as UeegRe. Define G = G\co, which will be the
state space of the diffusion processes we are interested in.

To describe the evolution of these processes on the interiors R, = (e7,e™) of the segments R,
for e € E, we assume that we are given a second order elliptic Markov generator defined on }026 by

2
L. = ae(x)% + be(x)% (1)
where a priori a. is a continuous and positive function on R, "R and b, is a measurable and locally
integrable function on R, n R. These regularity hypotheses enable to consider

clz) = r be(y) dy

VaeR,, e ae(y) )

exp(ce(x))

ae(z)
We denote by the same symbol p. the measure on R, admitting the function p. as density with
respect to the restriction of the Lebesgue measure on R.. This measure will also be seen as
a measure on G (endowed with the o-field G inherited from those of the segments) with the
convention that it vanishes on the other segments.
If e is not one of the ex, k € [IN], necessarily the measure p,. has a finite mass: pe(Re) < +00.
Otherwise we assume that

V ke [N], fep (Re,) < 400 (3)
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This finiteness is not sufficient to prevent the processes associated to the generators L.,, with
k € [N], to explode at o0, we need furthermore that

0
VeIVl [ e oD exp(-ca)dy = 4o (@)
€
(this is known as Feller’s test of non-explosion, see e.g. the book of McKean [9]). To complete the
description of a diffusion process on G, we must specify its behavior at the vertices of V. To do
so, let be given for all v € V\oo a probability «(v,-) on the set of edges adjacent to v, whose set
is denoted E,. It is assumed that a(v,e) > 0 for all v € V and e € E,,. It is convenient to extend
this probability to the whole set E' by making it vanish on the other edges, so that « can be seen
as a Markov kernel from V\co to E. Heuristically, when the process reaches v € V\0o, it chooses
its next excursion in the direction of edge e with probability a(v,e). More rigorously, we consider
C*,(G) the space of continuous functions f with compact support in G, which are smooth on each
of the segments R, for e € E/, and which satisfy

YV ve Vo, Z a(v,e)f'(v,e) = 0 (5)

ecF,

where for any v € V\oo and e € E,,

f(ve) = lim M (6)

Tr—, :ve]z?e r—v

(where the slight abuse of notation “G = UecpR,” is effective). Equivalently, we have

/ aefe(ei) ) ifv= Uﬁ(e)
Flve) = { “ofulet) if v =vt(e)

where f, is the restriction of f to R. and where 0, is a shorthand for d/dx on R.. When v is a leaf
of G which does not belong to o0, one recognizes in (5) the Neumann reflecting boundary condition
at v.

An operator L is then defined on CZ,(G) by imposing that

© _ Lelfe](=)  if v e R,
Vieca@ vaee, L@ = {gHO e
Freidlin and Sheu have proven in [4] that the martingale problem associated to L is well-posed:
for any initial distribution mg on G, there exists a unique (in law) diffusion process X := (X;)i>0

on G with £(Xg) = mg such that for all f € CZ,(G), the process M/ := (M{)1=0 defined by

¢
Viz0 M= fO0) - 10X - [ () s

is a martingale. Due to the assumption (4), the points of oo are never reached (a.s.), that is why it
is not necessary to specify the behavior of X once it would reach them. But the hypotheses (3) and
(4) furthermore imply that the process X is ergodic, let us call y its invariant probability. There
is only one such invariant probability, because L is irreducible, as a consequence of the positivity
of the diffusion coefficients ac, e € E, and of the transmission coefficients (a(v, €))yer\co,eck, (s€
also Freidlin and Sheu [4]).

In this paper we are only interested in reversible processes, so we begin by giving a necessary
and sufficient condition for this property. Introduce the generator matrix £ on V\co via

0 , otherwise

Vu—uve V\w, K)o { a(u, {u,v})exp(—ce(u)) ,if {u,v} e E (8)
(the values on the diagonal are prescribed by the fact that the sums of the lines must be zero).
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Proposition 1 The probability i is reversible for L if and only if the generator k admits a re-
versible probability measure, say v on V\oo (it is then unique by irreducibility of k on V\oo). Define
B on E via

_ Jv@slzy) = vy)sly,x) , if z,ye Vo
ve={nyle B, fle) = { y(x)a(x,zk) Y Jify z ooy for some k € [1, N]

The probability p associated to L is given by

VAeG,  pu(4) = Z%:jﬁféfe))ﬁ:,izl) Y

Remarks 2

(a) Note that the definition of x a priori depends on the chosen orientation of E and it is
instructive to figure out the modifications brought by reversing the orientation of an edge e =
{u,v} € E\{e1,...,en}. This flip changes the function ¢, by adding a constant to it, because the
origin of the integral in (2) has been modified. So k(u,v) and k(v,u) are both multiplied by a
common factor. This does not change its property to admit a reversible probability or not, nor its
probability v if it does. Finally 8(e) is modified by a certain factor, but since p. is changed by the
inverse factor, (e)u. remains the same, as well as u, as it should be.

(b) It will be shown in Remark 9 of next section that the invariant measure p is proportional
to pe on R, for all e € E, if and only if y is reversible.

]

The reversibility of p with respect to L enables to extend this generator into a self-adjoint
operator in IL?(x), named its Freidrich extension (that we still denote by L), say defined on the
domain D(L) = C5,(G). Consider

F o= {fel?u) : u[f]=0} (10)

and Lr the restriction of L to D(L) nF. By invariance of y, the image of D(L) nF by L is included
into F, so that Lr can be seen as a self-adjoint operator densely defined in F. Furthermore, by
ergodicity, the kernel of Lr is reduced to {0}. Functional calculus enables then to consider the
operator L}l (a priori defined on a dense subspace of F), which is called the reduced resolvent (or
sometimes the reduced Green operator) associated to Lx. Our goal is to characterize the reversible
operators L which are such that L}l admits a trace. This is equivalent to the fact that L has no
continuous spectrum and that the sum of the inverses of its eigenvalues (except 0) is finite.
To present our criterion, we introduce the following quantities

fo (ﬁ exp(—Ce, (y))dy> fie,, (dx)

k €k

I = max(Iy : ke[N]) (11)

Vke[[N]], I

We can now state the main result of this paper:

Theorem 3 The operator L;_-l is of trace class if and only if I < +o0.

Remark 4 The previous setting of reversible diffusions on continuous and connected graphs can
be extended by allowing the vertices to be gluey, see Freidlin and Wentzel [5]. So let be given for
all v € V\co a number a(v) > 0, in addition to the transmission kernel (a(v, €))yer\co,ecr,- When
the underlying process X reaches v € V\co, it stays there for an exponential time of parameter
1/a(v), before choosing its next excursion as before. The previous setting corresponds to a(v) = 0:
reaching v € V, the process X instantaneously leaves it (but with overwhelming probability, it
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returns very rapidly to v, due to the important weight of the small excursions, see for instance
Chapter 12 of the book of Revuz and Yor [11]). The definition of C,(G) must be modified in
the following way: it still consists of continuous functions f with compact support in G, which
are smooth on each of the segments R, for e € E, which satisfy the equality given in (5) for all
v e V\oo with a(v) = 0, but for any v € V\co with a(v) > 0 and e € E,, as z € R, goes to v,
L.[f](x) must converge toward

b
a(v)

>, alw, ) f'(ve) = LIf](v)

e’'eF,

The condition for L to admit a reversible probability measure p is the same as that of Proposition 1,
but p now gives positive weights to the vertices v € V\oo which are such that a(v) > 0. Nevertheless
the above theorem can be shown to be also true in this extended setting.

[m]

Theorem 3 is an extension of a result of Cheng and Mao [3] which corresponds to the case
where G = R;. Then L is given as the second order elliptic Markov generator defined on R, by
L= a(z) g + b(x)4;, where a is a continuous and positive function on R, and b is a measurable
and locally integrable function on R, such that

p(Ry) < oo

fuqo,y])exp(c(y))dy -~ 4o

where ¢ and p are defined in terms of a and b as in (2), with e™ is taken to be 0. Cheng and Mao
have proven in [3] that the operator L;' (where F is defined as in (10)) is of trace class if and only

if
+0
J o
To come back to the above setting, we take V = {0, +0}, E = {e1}, with e; = {0, +o0}, R, =
[0, +00), 00 == {+00} and L., = L. The transmission kernel is reduced to the Dirac mass d., at 0.

The quantity [ is just the Lh.s. of (12).

In a similar spirit, our motivation for Theorem 3 comes from the case G = R, endowed with
the generator

[ exp(—c(y»dy) uldr) < +oo (12)

0

2
L = a(x)%+b(m)% (13)

where a is a continuous and positive function on R and b is a measurable and locally integrable
function on R such that

u(R) < 4w

0
| s opes-cmay - oo

) " (0. exp(—cly)) dy = oo (14)

(again ¢ and p are defined in terms of @ and b as in (2), with e~ is taken to be 0). In [10], we were
wondering if L]f-l is of trace class if and only if

fooo ( f ’ exp(c(y))dy) u(dz) < +o0 and Em(

bt

[ exp(c(y))dy) p(dz) <+

0



Theorem 3 shows that it is indeed true, by considering as above, V = {—00,0,+m}, o0 =
{—00, 400}, E = {{—0,0},{0,+00}} and the transmission kernel a given by «(0,{—0,0}) =
1/2 = a(0,{0, +o0}). The interest of this result is that we can conclude from [10] that the diffusion
process generated by L admits a strong stationary time, whatever its initial distribution, if and
only if L}l is of trace class. In [10] it was also observed that this equivalence cannot be true for
all reversible Markov processes.

Remark 5 Up to some regular transformations of the intervals R. (and of the functions a. and
be, which should be locally integrable on [0,1)), for e € E, we could have assumed that they are all
equal to [0,1] (or all equal to [0, +o0] or that all the functions a. are identically equal to 1). But
we find it more telling to associate semi-infinite segments to edges which are adjacent to vertices
which cannot be reached by the underlying process. It furthermore facilitate the analogy with the
discrete setting described below.

The previous result also holds when the diffusions on segments are replaced by birth and death
processes. We equally start with a finite graph G = (V| E) but to each edge e € E, we associate
a discrete segment S, := [e”,eT] < Z u {+o0}, which is finite or semi-infinite. This leads again
to a subset 0 = {001,...,00x} of the leaves of G, to the corresponding edges e1, ..., ey and to
the state space denoted ® instead of G. This state space has naturally a graph structure, with a
finite or denumerable set of vertices ¥ and all the notions relative to this structure will be written
using gothic letters, to make the difference with the initial structure of G. Note that any at most
denumerable graph which has only a finite number of vertices of degree larger or equal to 3 is of
the preceding form. In fact only the graph structure & = (8,€) is important for the following
development and G could be forgotten, except for the analogy with the continuous framework. Or
more accurately, the minimal graph G can be deduced from ® by defining its vertices as being the
vertices of ¥ of degree larger or equal to 3 (note that this is not necessarily true in the continuous
case, where some points “of degree 2” from G have to be vertices of G because at them the diffusion
has more chance, instantaneously, to go in one direction than in the other one).

Next, on each S, N Z, for e € E, we are given a birth and death generator, namely positive
birth rates (be(k))iefe— e+—1]~z, Positive death rates (de(k))pefe-+1,e+]~z and the corresponding
generator L. acting on the functions f which vanish outside a finite set of S, by

VaeSe,  Lelfl(x) = be(x)(f(z+1) = f(z))+de(z)(f(z —1) - f(2))

(with the convention b.(et) = 0 if et = 400, and d.(e”) = 0). In this discrete framework, no
transmission kernel is needed: any oriented edge ¢ of € is an oriented edge (z,x + 1) or (x,z — 1)
of exactly one of the discrete segments S, and receives its corresponding weight L(e), namely b.(z)
or de(x). A global generator L is then defined on functions f which vanish outside a finite number
of vertices of 8 via

Vue®,  L[flw) = Y Lu)(f(r) — f()) (15)

~u

where 1 ~ v indicates that v and 9 are adjacent vertices of 8. The jump process associated to L is
ergodic if and only if the following conditions (which are the analogues of (3) and (4)) are satisfied

u(®) < +owo (16)
Z ,U'ek(j) = +© (17)

jeler m]

Y ke [N], >

neSek

ey (7)bey (1)

where for k € [1, N], the measures j, are defined on S, by

Hje[[e_ n—1] bek (j)
k>
€L € = p 1




From now on, (16) and (17) are assumed to be enforced in this discrete setting. As a consequence,
there exists a unique invariant probability u for L. We make the assumption that u is furthermore
reversible, it can then be described as in Proposition 1. By this reversibility assumption, L can be
extended into a self-adjoint operator on L2(u), still denoted L. We consider again its restriction
Lr to F, which is defined as in (10). The operator Lz is self-adjoint in F, so functional calculus
enables to define the operator L;_-l (on an appropriate dense domain of F). To state the result
similar to Theorem 3, we need to define the quantity analogous to (11).

1 .
2 e & #O)

nESe, jeln+1,+00f

J = max(Jy : ke [N]) (19)

Vk:E[[N]], Ji

Note that in the above definition of Ji, 1 can be replaced by ., which is more explicitly given by
(18). Then we have:

Theorem 6 The operator L;_-l is of trace class if and only if J < +c0.

Again, this result was first obtained by Mao [8] when & = N.

The interest of the conditions I < +00 and J < +00 is that they are conjectured to be equivalent,
in their respective frameworks, to the fact that the associated Markov processes admit strong
stationary times, whatever their initial distribution. This would be a natural extension of the
one-dimensional diffusion case.

The plan of the paper is as follows. In next section, the reversibility of the generators mentioned
above is investigated and Proposition 1 is proven. The final section is devoted to the proof of
Theorems 3 and 6, by transcribing the setting in terms of Dirichlet forms and by comparing several
spectra, in particular those associated to certain Dirichlet and Neumann boundary conditions.

2 On reversibility
Our goal here is to prove the criterion for reversibility of diffusions on quantum graphs given in
Proposition 1.

The framework and the notations are those described in the first part of the introduction. We
begin by checking that if L admits a reversible probability measure u, it is necessary of the form
given in (9).

Lemma 7 If the probability p is reversible for L, then for any e € E, the restriction of i on the

Borelian subsets of R, is proportional to fic.

Proof

Fixing e € E, we begin by considering £ the measure which admits 1/u. for density with respect
to the restriction of y on the interior of R.. By the reversibility assumption, for any f, g smooth
functions with compact support in R., we have

f[fMeLe[g]] = g[gMeLe[f]]

Note that L.[g] can be written under the factorized form a. exp(—c. )0, exp(ce)de[g], thus the above
equality means that in the distribution sense,

(Oc exp(ce) e (fE))[g] = ((Ocexp(ce)def)E)g]

Since this is true for any smooth function g with compact support in ]326, we get

Oc exp(ce)0e(fE) = (Oeexp(ce)lef)§



or equivalently

f(ae eXp(ce)aeg) + 2(aef) eXp(ce)(aeg) =0

Multiplying by f and denoting & := exp(ce)(0e€), it follows that
aef 25 =0

namely ng is a constant function, as a distribution. Since this is true for any smooth function
f with compact support in f?e, necessarily §~ vanishes identically. We deduce that £ is a constant
function, which just means that the restriction of p on }%e is equal to the restriction on ]%e of septe,
for some s, = 0.

To conclude to the statement of the above lemma, it remains to check that p does not contain
Dirac masses at the vertices of V\oo. So let fix v € V\co. Let ¢ be a smooth function on R, which
vanishes on [1, 400) and which satisfies

¢'0) = 0
¢'(0) = -1

For any e = {v,u} € E,, assume that e™ corresponds to u, to simplify the notations. Next consider
the smooth function f. on R, n R, defined by

VeeRe, foz) = o(z—e)/(re))

where 7, = min(1, (e* —e7)/2). Finally, let f be the function from CZ,(G) which coincides with
fe on R, for e € E, and which vanishes on the other edges (note that condition (5) is in particular
satisfied at v, because f'(v,e) = 0 for e € E,). We also need a function g € CZ,(G) which is equal
to 1 in a neighborhood of the support of f. Then the supports of f and L[g] are disjoint, so that,
by assumption on p,

plgLlf1] = plfLig]] = O

Furthermore, the Lh.s. is equal to

p({o})Lf](v) + Z Sette[Le[ fe]]

eeF,

For any e € F,, we have

et

pe[Le[fell = f_ Le[fe] dpe

e

- [ adepletal s @) do
= exp(ce(e”))e[fel(e™) — exp(ce(e™))de[ fel(e7)

where in the fourth equality, we used that by construction f. vanishes in a neighborhood of e™.



On the other hand, it appears that

L[f](v)

S a(v, )Ll .](v)

eeF,

3 (v, e)ac() 2 (v,e)

eeF,

Il
ﬁ\
/\\

=
N~—

Q
—~
S

D
N~—

SN—
(4]
—~
N’

= — Z a(v,e)ae(v

2
r
ecF, €

This expression being non zero, it follows that p({v}) = 0, which ends the proof that the restriction
of p on the Borelian subsets of R, is proportional to p., for any e € E.
|

The end of the above proof explains the convention taken for the definition of the generator on V' in
(7). Other conventions are possible (even if it would be less natural, the transmission probability
kernel (a(v,e))vev\oo7eeEv could be replaced there by any transmission probability kernel) and
the validity of the well-posedness of the martingale problem proven by Freidlin and Sheu [4] is
independent from the choice of the value of the generator on V. This observation also reflects the
fact that the associated invariant measure cannot charge V.

Now let be given a probability measure p of the form described in (9), for some non-negative
weights (8(e))eer (not all of them vanishing and not necessarily those defined in Proposition 1).
Next result provides a necessary and sufficient condition for its reversibility with respect to L.

Lemma 8 The probability p is reversible for L if and only if for any v € V\oo, the two mappings
E,3e— B(e) and E, 5 e — a(v,e) exp(—ce(v)) are proportional.

Proof

The reversibility of u with respect to L amounts to the symmetry of u[fL[g]] with respect to

f,9 € €L (G).
Let us begin by computing pie[ feLe[ge]] for e € E given. Recall that Le[ge] = 210, exp(ce)de[ge],
so an integration by parts gives us

plfelelod] = [ 2@Ldo)@) e

Ji fe(z)0c exp(ce)Oe[ge](z) dx

- U@ lal@eple @ - [ alIwal)6) explea)ds

In particular the expression [ fL[g]] is symmetric in f, g if
et

D B fe(®)elge] () explee(x))]E = 0

ecFE

Since f has compact support, the above sum can be rewritten under the form

Y, f)g.v)

veV\oo



with, for any v € V\co,

L(g, v) = Z /8(6) eXp(Ce (v))aege (v) - Z 5(6) eXp(Ce (v))aege (v)

eeE vt (e)=v eeE v~ (e)=v

= 3] Ble) explee(v)g (v )

eeF,

with the notation introduced in (6). Recalling Condition (5) satisfied by elements of C,(G),
the latter expression vanishes for any v € V\oo, if for any such v, the two mappings E, 3 e —
B(e) exp(ce(v)) and E, 3 e — a(v, e) are proportional, which is equivalent to the statement of the
above lemma.

This shows the sufficient part. Conversely, for the necessity part, we deduce from the above
computations that if 4 is reversible for L, then for any f, g € CZ,(G),

Z f(U)L(g,’U) = Z g(v)L(f,v)

veV\oo veV\oo

Let be given two families of real numbers (h(v))yev\oo and (v, €))pev\oo,eck,, the latter one satis-
fying the condition analogous to (5):

YV ve V\owo, Z a(v,e)h(vye) = 0 (20)

eeF,

One easily checks that there exist functions f, g € C%,(G) such that for all v € V\co and e € E,,

gw) = five) = 0, f(v) = h(v), g'(vie) = h(v,e)

Since the choice of (h(v))yer\o is arbitrary, the above computations imply that for all v € V\co,

Zﬁ(e)exp(ce(v))h(v7e) = 0

eeF,

The fact that this identity must be true for all families h(v,€))yev\o, ccz, Satisfying (20) enables
to conclude to the validity of the condition given in the lemma.
|

With all these prerequisites at hand, Proposition 1 follows without difficulty:

Proof of Proposition 1

According to the previous lemmas, the problem of the existence of a reversible measure p for L
reduces to the existence of weights (f(e))ecr such that the condition of Lemma 8 is satisfied. Note
that there is no difficulty in finding the weights of the edges eq, ..., ey, linked to the vertices of oo,
once the other weights have been constructed accordingly to this condition.

Recall the definition of the (V\oo) x (V\00) generator matrix s given in (8). The question of the
existence of a reversible measure u for L is equivalent to the existence of a family of non-negative
weights (v(v))yev o0, N0t all of the them zero (they are the proportionality factors in Lemma 8),
such that if one defines

~

V (u,v) € E, B(u,v) = v(u)k(u,v)
with

E = {(u,v) e (V\©) x (V\o) : {u,v} e E}

then 3(u,v) is symmetric with respect to u and v such that (u,v) € E, because we are thus led to
a mapping S defined on the unoriented edges.

10



One then recognizes the problem of the existence of a reversible measure for x, which induces

the results stated in Proposition 1.
|

In practice it remains to check the existence of a reversible probability measure for x to get
that for L. This can be done via Kolmogorov’s criterion (see for instance of book of Kelly [7]),
which requires that for all distinct vy, vy, ...,v, € V\oo, n € N\{1}, such that {vg,vi41} € E for
k € [0,n], with the convention that v,4+1 = vy, we have

[T somone) = ] wloker, o)

kefo,n] kel[o,n]

In particular if the graph G is a tree, the invariant measure p is automatically reversible.

It is time now to justify Remark 2 (b):

Remark 9 Let p be the unique invariant probability associated to L and assume that it is not
reversible, then there exists e € F\{e1, ..., ex } such that the restriction of u to R, is not proportional
to pe. Indeed, suppose that for all e € F, the restriction of u to R, is proportional to ue. Let
g € CX,(G) be given and consider f € C,(G) such that {f = 1} contains the support of g. The
computations of the proof of Lemma 8, enable us to see that

0 = u

Fix v € V\oo, by considering g € C,(G) whose support is contained in a neighborhood of v not
intersecting the other vertices, it appears that we must have ¢(g,v) = 0. And since this holds for
all such g and v, we end up with the condition of Lemma 8 being satisfied. It follows that p is
reversible for L.

Let us give the simplest example of a non-reversible L in the context of quantum graphs.
Consider the graph G = ({0}, {e}), where e is a loop attached to the vertex 0 and let R, = [0,1] be
endowed with a second order elliptic operator L. Formally, we did not allowed in the introduction
the graph G to have loops or multiple edges. But we are brought back to this situation by choosing
two new vertices on Re, say 1/3 and 2/3, by cutting the edge [0, 1] into three edges e; = [0,1/3],
eo = [1/3,2/3] and e3 :=[2/3,1] and by considering transmission kernels « satisfying a(1/3,e;1) =
a(l/3,e2) = 1/2 and a(2/3,e2) = a(2/3,e3) = 1/2. At 0 (identified with 1), take a(0,e1) = (0, e3),
then by applying Kolmogorov’s criterion, L does not admit a reversible probability. We could even
consider the critical case where a(0,e1) = 1 and «(0,e3) = 0. It appears that the corresponding
invariant measure p is the quasi-stationary probability measure associated to L with a Neumann
condition at 0 and a Dirichlet condition at 1 (this does really not enter in our framework, where
the transmission coefficients were assumed to be positive, the definition of the core C%,(G) has
then to be modified by imposing a Dirichlet condition at 1).

We end this section with a bibliographic remark:

Remark 10 In their book [2], Berkolaiko and Kuchment investigated a related problem: instead
of diffusion operators, they are given Schrodinger operators on each of the edges and they provide
a necessary and sufficient condition on the vertex conditions for the self-adjointness of the global
operator with respect to the measure which coincides with the Lebesgue measure on each of the
edges. The condition at a vertex of degree d consists in d general linear relations involving the
values of the functions and of their first derivatives. This is also our case, with d — 1 relations
coming from the continuity of the function at the vertex and the last relation corresponding to

11



(5). So we could have tried to come back to their framework by first locally stretching the edges to
get the corresponding diffusion coefficients to be equal to 1 (see Remark 5) and next by replacing
the diffusion operators by Schrodinger operators via ground state transforms. Nevertheless, we
preferred to keep working in a Markovian framework, with natural vertex conditions for this setting.

]

3 On Dirichlet forms

The key to Theorems 3 and 6 is the rewriting of their respective frameworks in terms of Dirichlet
forms, which enables us to come back to the results of Cheng and Mao [8, 3].

3.1 The continuous case

Indeed, our interest in reversibility in the previous section comes from that it allows for the def-
inition of a (symmetric) Dirichlet form. Another consequence of the proof of Lemma 8 is the
computation of the pre-Dirichlet form associated to L. Denote by v the measure on G which
admits on each R., for e € E, with respect to the Lebesgue measure, the density

Ble)
exp(ce(x
Soep B () P )
where 3 is as in Proposition 1. We have for all f, g e CX,(G),

—u[fLlgll = v[d[flolg]]

(where ¢ is the first order differentiation operator, say on G\V, coinciding with J. on R, for all
e € E). One can next consider the closure of this form in L?(u), which can be characterized in the
following way. Define for any function f which admits a weak derivative (still denoted Jef or 0f)
on each of the segments }%e, with e € F,

R.axz —

E(f) = f(&f)Zdu e Ry u{+w}

and let D(€) be the space of functions f € L?(u) Wthh are such that E(f < +00. The space D(E)
is Hilbertian, once it is endowed with the norm D(& — A/ f?] + E

The restriction of £ to D(E) is the Dirichlet form assocnated to L and 1t is in fact equivalent to
the knowledge of the Freidrich extension of L (for the general theory, see for instance Fukushima,
Oshima and Takeda [6] and Athreya, Eckhoff and Winter [1] for continuous trees extending those
obtained through the definition of quantum graphs considered here). In some sense, the vertex
conditions given by (5) are encapsulated in p, especially in its weights (8(€))ecE-

For any k € N, define

£(f)

A = inf 91
g HeD(E),dim(H)=k fER\0} 11 f2) (1)

where the infimum is over all subspaces of D(£) of dimension k. These quantities are non-decreasing
with respect to k € N and they are equal to the eigenvalues of —L up to the “time” they reach
the bottom [ of the continuous spectrum of —L, after what they are all equal to [. This is an easy
consequence of the spectral decomposition of the self-adjoint Freidrich extension of L in L2(u).
Alternatively the definition (21) can be replaced by

A = sup inf a0
HED(E), codim(H)=k—1 FEH\{0} 4 %)

(22)
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where the above supremum is taken over all subspaces of D(€) of co-dimension k — 1.
The interest of the quantities (Ag)gen is that the operator L;_-l is of trace class if and only if

Z)\i<+oo

k=2 "k

Unfortunately, the domain D(€) is not so easy to manipulate, because if we are given some
functions f. defined on the edges R, for e € E, and satisfying §(0c fe(z))? exp(ce(z))dz < 400, in
general we cannot put them together to get a function from D(FE). This observation leads us to
introduce another Dirichlet form &y, obtained by imposing Dirichlet conditions on V\oo: since the
functions from D are absolutely continuous, their values are well defined at any point of G and in
particular on V\co. We can thus consider

D(E) = {feD(E):VveV\o, f(v) =0} (23)
viel, &) - {0 LD (24)

+00 , otherwise

Similarly to what we have done in (21) and (22), we consider
&o(f)
in max
HCED(&), dim(H)=k feH\{0} f1(f?)
= sup in &ol/)
HcD(Ey), codim(H)=k—1 fEH\{0} n(f?)

Aok =

This definition through variational principles leads to immediate comparisons:

Lemma 11 For all k € N, we have
M < Aok < Apgn
where n is the cardinal of V\oo.

Proof

The first inequality comes from (21), (25) and the fact that D(&) < D(€) and that & and &
coincide on D(&y). For the second inequality, consider a subspace H < D(&y) of codimension k — 1.
Since D(&)) is of codimension v in D(E), H is of codimension n + k — 1 in D(E). It follows that

in €O<f) = inf S(f)
fem\{oy pu(f?) fem\{oy p(f?)

e EU)
sup in 5
H'eD(E), codim(H')=n+k—1 SEH\{0} (1(f?)

N

= )\kJrn

To fully exploit the previous bounds, we need a simple observation:

Lemma 12 We have for any r € N,

1 1
k=2 "k k=241

and

k=1 )



Proof

Of course, only the reverse implications have to be checked. Assume that for some r € N,
Desotr )\_1,6 < +o00. A first consequence of this finiteness is that the spectrum of L is without
continuous part. On the other hand, if };, _,, . i is infinite, it means that Ay = 0. It would imply
that 0 is an eigenvalue of multiplicity 2 of L, which is in contradiction with its irreducibility. More
precisely, if f € L2(u) satisfies L[f] = 0, then u[fL[f]] = 0, so that f € D(E) and E(f) = 0. It
follows that df = 0 v-a.s. and f is a constant function. The multiplicity of the eigenvalue 0 must
thus be 1.

The same argument shows that if Ao ; corresponds to an eigenvalue (of the operator L with
Dirichlet conditions on V\o0), then it cannot vanish. The previous reasoning then leads to the
second equivalence stated in the above lemma.

As an immediate consequence of the two previous lemmas, we get:

Corollary 13 We have

1 1
k>2 'k k>1 "0k

The advantage of & is that it is easily related to the Dirichlet forms on the edges with Dirichlet
conditions on their boundaries. As above, we begin by considering Neumann boundary conditions.
Fix e € E and denote v, the measure on R, which admits exp(c.) as density with respect to the
Lebesgue measure. For absolutely continuous functions f € L?(y.) defined on ]%e, we consider

E() = | @pPdn e o)

€

and let D(E°) be the space of such functions f with £°(f) < +o0. For k € N, define again

A, = inf max 56(f2)
HeD(Ee), dim(H)=k feH\{0} fie(f?)

The corresponding Dirichlet “eigenvalues” are given by

e — 3 f ge(f)
fp = inf max 5
HED(ES), dim(H)=k feHN\ {0} e (f2)

where if e € {e1,...,en},
D(&) = {feD(&): fle7)=0}
while if e € E\{ey,...,en},

D(&5) = {feD(E) : fle7)=0=f(e")}

As already mentioned, the interest of the previous Dirichlet eigenvalues is that they are in
direct relation with the family (Ao x)ken: the latter is the beginning of the ordering of the multi-set
(set with multiplicities) obtained by putting together the sequences ()‘S,k)kEN’ with e € E. This
observation is a consequence, on one hand, of the fact that for any f € D(&), its restrictions f. to
R., for e € E, belong respectively to D(&§) and that

21 _ Ble) 2
i’ = ZEZE B Ry el
Ble)

ecF Ze’eE B(€) e (Rer)

&o(f) & (fe)
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And on the other hand, that conversely, starting from a family (fe)ecr € [ [.cp P(E5), by putting
them together, we obtain a function f € D(&y) which is as above.

Note that it may happen that (Ao x)ren does not exhaust the whole family (A(e],k)kEN7 ccr (with
multiplicities). This is for instance the case if the operator L., (with a Dirichlet condition at e])
has a continuous spectrum (if [ is the infimum of this continuous spectrum, then for any k& > 1,
AS}k < 1) and if there exists e € E with limj_,oo Af ;, = 400 (the latter condition is satisfied as soon
as F = {e1,...,en}). More precisely, the inclusion

{Qor 1 k=1} © {Nj:eeE k>1}

is always true and it is an equality, except if the sequence (A\gj)r>1 is bounded above, which
amounts to the existence of e € I/ such that the sequence (A§;)r>1 is bounded above. From this
observation, we deduce that

(27)

Z)\Ok

k=1 ek k>1

and that this bound is in fact an equality, except if (Ao,k)kzl is bounded and there exists e € E
such that the sequence (A§ )r>1 is bounded above. But in the latter case, the left and right hand
sides of (27) are infinite, so we also end up with an equality in (27). Thus in all situations, we have

Z)\Ok

k=1

eeE lc>1

It follows that

1
Z—<+oo<:>max2)\e < 40
k=1 0,k eeF k=1

We are thus led to consider the sums appearing in the r.h.s. We begin with the compact case:

Lemma 14 Ife€ E\{ey,...,en}, we have

< +©

[
k>1 "0,k

Proof

This can be seen as a consequence of Weyl’s law on the counting of eigenvalues of the Beltrami
Laplacian. For the sake of completeness, let us give an elementary rough argument. Note that
there exists a constant e(e) € (0,1] such that e(e) < v, < 1/e(e) and e(e) < pe < 1/e(e). It follows
that for any k € N,

(@)X < Mg < (e(e)2A54
where XS i 1s the kM eigenvalue of the usual (positive) Laplacian on R.. It is well-known that
~ wk 2
VkeN XNy = |———
’ 0.k <e+ - e‘)

so that D, -, Wlk < +00.
|

It remains to treat the semi-infinite edges e, ...., eny. For that, recall that with the notation
introduced above (11), Cheng and Mao [3] have proven that for all [ € [N],

1
ZF < 40 e [} < 4w
k=1 "k

15



As a consequence, we just need to see that

1 1
Z = < e e ZF < +w
k=1 "0,k k=1"k

and this can be shown as in Corollary 13.

3.2 The discrete case

This situation is technically simpler than the continuous case and overall the approach is the same,
so we won’t develop it in details. We simply describe the corresponding Dirichlet forms. Recall
that the invariant probability measure p of the jump generator L defined in (15) is assumed to
be reversible (property which can be checked via Kolmogorov’s criterion, note that under our
hypotheses, there is only a finite number of “simple looping paths”). The associated Dirichlet form
is given by

E(f) = D p@Lv)(f(®) - f()?

{p,u}e€

for any f € D(E), which is the space of functions f from L?(u) such that the above sum is finite.

The definitions (21) and (22) are still equivalent, D(&), & can be constructed exactly as in
(23) and (24) and the (Ao x)ken as in (25) and (26).

Lemmas 11 and 12 as well as Corollary 13 are valid verbatim, with the same proofs.

For any e € F, let p. be the restriction of u on Se, so we differ by a factor from the definition
given in (18), if e is one of the ey, for k € [IN]. Next we consider the Dirichlet form £¢ given by

E(f) = ), n)L@v)(f(v) = f()?

{vu}cSe

for any f € D(E°), which is the space of functions from L2(.) such that the above sum is finite.
The remaining definitions and arguments are again the same, except that Lemma 14 is now trivial
and that the equivalence

1
ZF < 400 < Jp<+4ow
k=1 "k

is due to Mao [8].
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