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1. Introduction

Let 2 be a bounded open subset of R" with smooth boundary 2. The aim of this paper is to
study the existence and regularity of non-negative solutions for the following mean-curvature prob-
lem:

{—div(Tu):H—H»f(u) in £2, (P)

u=~0 onds2,
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where
Vu
Tu = ——
V1+|Vu?
and

fwy =Py, px1.

Formally, Eq. (P,) is the Euler-Lagrange equation for the minimization of the functional
F () :=/,/1 + |Vul? —/Hu—i—kF(u)dx—i—/ luldo#""1(x) (1)
Q Q 92

with F(u) = plﬁ [u|P*1 (convex function).

When A =0, Problem (P;) reduces to a prescribed mean-curvature equation, which has been
extensively studied (see for instance Bernstein [2], Finn [13], Giaquinta [18], Massari [30] or Giusti
[19,20]). In particular, it is well known that a necessary condition for the existence of a classical
solution of (P,) when A =0 (or the existence of a minimizer of .%,_g) is

‘/de
A

where P(A) is the perimeter of A (see (5) for the definition of the perimeter). It is also known that
the following is a sufficient condition (see Giaquinta [18]):

‘/ Hdx
A
for some gg > 0.

Eq. (P,) has also been studied for L <0 and p =1 (f(u) =u), in particular in the framework of
capillary surfaces (in that case, the Dirichlet boundary condition is often replaced by a contact angle
condition. We refer the reader to the excellent book of Finn [14] for more details on this topic). The
existence of minimizers of (1) when A < 0 is proved, for instance, by Giusti [19] and Miranda [31].

In this paper, we are interested in the case A > 0. In that case, the functional %, is not convex,
and the existence and regularity results that hold when A < 0 no longer apply. The particular case
p =1 corresponds to the classical pendent drop problem (with the gravity pointing upward in our
model). The pendent drop in a capillary tube (Eq. (P,) in a fixed domain but with contact angle
condition rather than Dirichlet condition) has been studied in particular by Huisken [25,26], while the
corresponding free boundary problem, which describes a pendent drop hanging from a flat surface has
been studied by Gonzalez, Massari and Tamanini [24] and Giusti [21]. In [26], Huisken also studies the
Dirichlet boundary problem (P;) when p =1 (with possibly non-homogeneous boundary condition).
This problem models a pendent drops hanging from a fixed boundary, such as the end of a pipette.
Establishing suitable gradient estimates, Huisken proves the existence of a solution for small A (see
also Stone [38] for a proof by convergence of a suitable evolution process). In [9], Concus and Finn
characterize the profile of the radially symmetric pendent drops, thus finding explicit solutions for
this mean curvature problem. Finally, in the case H =0, other power like functions f(u) have been
considered, in particular by Pucci and Serrin [35] and Bidaut-Véron [4]. In that case, non-existence
results can be obtained for f(u) =uP if p > % Note however that in our paper, we will always
assume that H > 0 (see condition (16)), and we will in particular show that a solution exists for all
values of p, at least for small A > 0.

< P(A), for all proper subset A of £2, (2)

< (1 —¢gp)P(A), forall measurableset A C 2, (3)
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1.1. Branches of minimal and non-minimal weak solutions

Through most of the paper, we will study weak solutions of (P;), which we will define as critical
points of a suitable functional in BV(§2) N LP*+1(£2) (see Definition 2.2). In the radially symmetric case,
we will see that those weak solutions are actually classical solutions (see Section 2.2) in C%%(£2)
of (P;).

As noted above, a first difficulty when A > 0 is that the functional .%, is not convex and not
bounded below. So global minimizers clearly do not exist. However, under certain assumptions on H
(which guarantee the existence of a solution for A = 0), it is still possible to show that solutions of
(P;) exist for small values of A (this is proved in particular by Huisken [26] in the case p = 1). The
goal of this paper is to show, under appropriate assumptions on H and for p > 1 that

1. there exists an extremal parameter A* > 0 such that (P,) admits a minimal non-negative weak
solutions u; for all A € [0, A*], while no weak solutions exists for A > A* (weak solutions will
be defined as critical points of the energy functional that satisfy the boundary condition (see
Definition 2.2), and by minimal solution, we mean the smallest non-negative solution),

2. minimal weak solutions are uniformly bounded in L°° by a constant depending only on £2 and
the dimension.

We then investigate the regularity of the minimal weak solutions, and prove that

3. in the radially symmetric case, the set {u;; 0 <A < A*} is a branch of classical solutions (see
Section 2.2 for a precise definition of classical solution). In particular, we will show that the
extremal solution u;x, which is the increasing limit of u; as A — A*, is itself a classical solution,

4, it follows that in the radially symmetric case, there exists another branch of (non-minimal) solu-
tions for A in a neighborhood [A* — 71, A*] of A*.

Those results will be stated more precisely in Section 2.3, after we introduce some notations in
Sections 2.1 and 2.2. The rest of the paper will be devoted to the proofs of those results.

1.2. Semi-linear elliptic equations

These results and our analysis of Problem (P;) are guided by the study of the following classical
problem:
{—Au:g;\(u) in £2, (@)
u=0 onoas2.

It is well known that if g, (u) = A f(u), with f superlinear and f(0) > 0, then there exists a critical
value A* € (0, c0) for the parameter A such that one (or more) solution exists for A < A*, a unique
weak solution u* exists for A = A* and there is no solution for A > A* (see [10]). And one of the key
issue in the study of (4) is whether the extremal solution u* is a classical solution or u; blows up
when A — A* (see [28,1,33,29]).

Classical examples that have been extensively studied include power growth g; (u) = A(1 + u)P
(p > 1) and the celebrated Gelfand problem g (u) = Ae" (see [27,32,5]). For such non-linearities, the
minimal solutions, including the extremal solution u* can be proved to be classical, at least in low
dimension. In particular, for g, (u) = A(1 +u)P, u* is a classical solution if

4
n—2<F(p):=—p 4 P
p—1 p—1

(see Mignot and Puel [32]) while when §2 = By and n — 2 > F(p), it can be proved that u* ~ Cr—2
(see Brezis and Vazquez [5]). For very general non-linearities of the form g, (u) = A f(u) with f su-
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perlinear, Nedev [34] proves the regularity of u* in low dimension while Cabré [6] and Cabré and
Capella [7,8] obtain optimal regularity results for u* in the radially symmetric case.

Other examples of non-linearity have been studied, such as g; (x, u) = fo(x, u) + A@(x) + f1(x) (see
Berestycki and Lions [3]) or g; (x, u) = A f(x)/(1 — u)? (see Ghoussoub et al. [16,12,17]).

Our goal is to study similar behavior for the mean-curvature operator. In the present paper, we
only consider functions g; (1) = H+AuP, but the techniques introduced here can and will be extended
to more general non-linearities in a forthcoming paper.

2. Definitions and main theorems
2.1. Weak solutions

We recall that BV(£2) denotes the set of functions in L!(£2) with bounded total variation over £2,
that is:

/|Du| ::sup{/u(x)div(g)(x)dx; gecl)", |gw)| <1} < 4o00.
ko [%

The space BV(£2) is equipped with the norm

||u||BV(.Q)=||U||Ll(_(z)+/|Du|-
2

If A is a Lebesgue subset of R", its perimeter P(A) is defined as the total variation of its characteristic
function ¢@4:

1 ifxeA,
0 otherwise.

P(A) ::/|D§0A|7 (/)A(X):{ (5)
Rn

For u € BV(£2), we define the “area” of the graph of u by
= [ 1+ vur =sup{fgo<x>+u<x>div<g><x>dx}, (6)
Q Q

where the supremum is taken over all functions gg € Ccl (£2), g€ CS(S?)" such that |go|+]g| <1 in £2.
An alternative definition is <7 (u) = frzx]R |Depy| where U is the subgraph of u. We have, in particular

/|Du|</,/1+|Vu|2<|9|+/|nu|. 7)
2 2 2

A major difficulty, when developing a variational approach to (P,), is to deal with the boundary
condition. It is well known that even when A = 0, minimizers of .%; may not satisfy the homoge-
neous Dirichlet condition (we need an additional condition on H and the curvature of 952, see below
condition (13)). Furthermore, the usual techniques used to handle this issue, which work when A <0
do not seem to generalize easily to the case A > 0. For this reason, we will not use the functional .%;,
in our analysis. Instead, we will define the solutions of (P;) as the “critical points” (the definition is
made precise below, see Definition 2.2 and Remark 2.3) of the functional
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() :=/\/1+|Vu|2—/H(x)u+kF(u)dx (8)
2 2

which satisfy the boundary condition u =0 on 952.

Proposition 2.1 (Directional derivative of the area functional). For any u, ¢ € BV(£2) the limit
1
L(u)(p) = ltlfg ?(szf(u +tg) — o (u)) (9)
exists and, for all u, v € BV(£2)

o)+ LW)(v —u) < (V). (10)

Proof. The existence of the limit in (9) follows from the convexity of the application t — <7 (u + tg).
By convexity also, we have

du+tv—uw)<A-HF W)+t (v), 0<t<1,

whence
o (u) + %(sz{(u +tv—u)— W) < Av), 0<t<1,

which gives (10) at the limit t — 0. O

We stress out the fact £(u) is not linear, since we might not have

LW)(=¢) =—LW)(p)
for all ¢ (for instance if ¢ is the characteristic function of a set A).

With the definition of £(u) given by Proposition 2.1, it is readily seen that local minimizers of
Jour of (1) — [ Hudx in BV(2) satisfy

E(u)(w)}/ng for all ¢ € BV(£2). (11)
Q

There is equality in (11) if u and ¢ are smooth enough, but strict inequality if, for instance, ¢ = @4
and _Zo(u) < Zo(u +tey) for at >0 since

%(gf(u +toa) — o (u)) = P(A), Vt>0.

We thus consider the following definition:

Definition 2.2 (Weak solution). A function u € LP*1 NBV(£2) is said to be a weak solution of (P,) if it
satisfies
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L) (@) > /[H +Arfw]edx, Yo e Pt NBV(L2) withg =00nds2,

2 (12)
u>0 ing$2,
u=0 onads2.

Furthermore, a weak solution will be said to be minimal if it is the smallest among all non-negative
weak solutions.

Remark 2.3 (Local minimizer and weak solution). With this definition, it is readily seen that a local
minimizer u of _Z, in LPt1 N BV(£2) satisfying u =0 on 852 and u >0 in £ is a weak solution
of (P;).

Note that the boundary condition in Definition 2.2 makes sense because functions in BV(£2) have
a unique trace in L1(92) if 982 is Lipschitz (see [22]).

2.2. Classical solutions

A classical solution of (P;) is a function u € C2(£2) which satisfies Eq. (P,) pointwise.

In the case of the semi-linear Eq. (4), it is well known that it is enough to show that a weak
solution u is in L*°(£2), to deduce that it is a classical solution of (4) (using, for instance, Calderon-
Zygmund inequality and a bootstrap argument).

Because of the degenerate nature of the mean curvature operator, an L® bound on u is not enough
to show that it is a classical solution of (P;). When H + A f (u) is bounded in L*°, classical results of
the calculus of variation (see [30] for instance), imply that for n < 6, the surface (x, u(x)), the graph
of u, is C* (analytic if H is analytic) and that u is continuous almost everywhere in £2. However, to
get further regularity on u itself, we need to show that u is Lipschitz continuous on §2, as shown by
the following proposition. In the rest of our paper we will thus focus in particular on the Lipschitz
regularity of weak solutions.

Proposition 2.4. Assume that H satisfies the conditions of Theorem 2.7, and let u € LP*1 NBV(£2) be a weak
solution of (P;,) for some 1 > 0. Ifu € Lip(£2), then u is a classical solution of (Py). In particular, u € C*>%(2)
forall ¢ € (0,1) and u satisfies —div(Tu) = H + A f(u) in 2, u=0o0n 3s2.

Proof. This result follows from fairly classical arguments of the theory of prescribed mean curvature

surfaces and elliptic equations (see for instance [23]). Anticipating a little bit, we can also notice that
(modulo the regularity up to the boundary) it will be a consequence of Theorem 2.5(ii) below (with

H =H + Af(u) instead of H), using the characterization of weak solutions given in Lemma 3.1(ii). O

2.3. Main results

Before we state our main results, we recall the following theorem concerning the case A = 0, which
plays an important role in the sequel:

Theorem 2.5. (See Giaquinta [18].)

(i) Let $2 be a bounded domain with Lipschitz boundary and assume that H(x) is a measurable function such
that (3) holds for some g9 > 0. Then the functional

Fo(u) := d(u)—/H(x)u(x)dx—i-/ lu|ds#"!
2 082

has a minimizer u in BV(£2).
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(ii) Furthermore, if 382 is C', H(x) € Lip(£2) and

[Hy)|< (=1 (y) forally €52 (13)

where I" (y) denotes the mean curvature of 3§2 (with respect to the inner normal), then the unique mini-
mizer of % belongs to C>%(§2) N C%(2) for all a € [0, 1) and is solution to

{—div(Tu):H in £2, (14)

u=0 onoas2.
(iii) Finally, if 982 is C3 and the hypotheses of (ii) hold, then u € Lip(£2).

The key in the proof of (i) is the fact that (3) and the coarea formula for BV functions yield

80/|Du|</|Du|—/H(x)u(x)dx
Q Q Q

for all u € BV(£2). This is enough to guarantee the existence of a minimizer. The condition (13) is a
sufficient condition for the minimizer to satisfy u =0 on 3£2. In the sequel, we assume that £ is
such that (3) holds, as well as the following strong version of (13):

[Hy| <A —go)(n—1I'(y) forallyeds. (15)

Remark 2.6. When H(x) = Hy is constant, Serrin proves in [36] that (13) is necessary for the equation
—div(Tu) = H to have a solution for any smooth boundary data. However, it is easy to see that (13)
is not always necessary for (14) to have a solution: when £2 = Bg and H = %, (14) has an obvious
solution given by an upper half sphere, even though (13) does not hold since (n —1)A=n—-1)/R <
H=n/R.

Several results in this paper only require Eq. (14) to have a solution with (1 + §)H in the right-
hand side instead of H. In particular, this is enough to guarantee the existence of a minimal branch
of solutions and the existence of an extremal solution. When 2 = Bg, we can thus replace (15) with

|[H(y)| < (1 —go)nI"(y) forally e dBg.
However, the regularity theory for the extremal solution will require the stronger assumption (15).

Finally, we assume that there exists a constant Hg > 0 such that:

Helip(£2) and H(x) > Hp>0 forallxe £2. (16)

This last condition will be crucial in the proof of Lemma 4.2 to prove the existence of a non-negative
solution for small values of A. Note that Pucci and Serrin [35] proved, using a generalization of Po-
hozaev’s Identity, that if H =0 and p > (n+2)/(n — 2), then (P;,) has no non-trivial solutions for any
values of A > 0 when §2 is star-shaped (see also Bidaut-Véron [4]).

Our main theorem is the following:

Theorem 2.7. Let §2 be a bounded subset of R" such that 352 is C3. Assume that H(x) satisfies conditions (3),
(15) and (16). Then, there exists A* > 0 such that:

(i) Forall A € [0, A*], (Py) has one minimal weak solution u;.
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(ii) For A > A*, (P;,) has no weak solution.
(iii) The application A — u;_ is non-decreasing.

The proof of Theorem 2.7 is done in two steps: First we show that the set of A for which a
weak solution exists is a non-empty bounded interval (see Section 4). Then we prove the existence of
the extremal solution for A = A™ (see Section 6). The key result in this second step is the following
uniform L* estimate:

Proposition 2.8. There exists a constant C depending only on §2 and H, such that the minimal weak solu-
tion u;, of (P, ) satisfies

U llie) <C forallx € [0, 1*].

Next we investigate the regularity of minimal weak solutions: We want to show that minimal
weak solutions are classical solutions of (P;) (in view of Proposition 2.4, we need to obtain a Lipschitz
estimate). This, it seems, is a much more challenging problem and we obtain some results only in the
radially symmetric case. More precisely, we show the following:

Theorem 2.9. Assume that 2 = Bg C R" (n > 1), H = H(r), and that the conditions of Theorem 2.7 hold.
Then the minimal weak solution of (P,) is radially symmetric and lies in Lip($2). In particular there exists a
constant C such that

|Vu, ()] <

a.e.in 2, Vi € [0, A™). 17
i [0.2) (17)

In particular uy, is a classical solution of (P,), and if H(x) is analytic in §2, then u;, is analytic in $2 for all
A< A*,

Note that the Lipschitz constant in (17) blows up as A — A*. However, we are then able to show
the following:

Theorem 2.10. Assume that the conditions of Theorem 2.9 hold. Then there exists a constant C such that for
any X € [0, A*], the minimal weak solution u; € Lip(§2) and satisfies

|Vu, ()| <C  aein .
In particular the extremal solution u* is a classical solution of (P;,).

The classical tools of continuation theory developed for example in [28,10] can be modified in our
context (non-linear leading order differential operator, radial case) to show that there exists a second
branch of solution in the neighborhood of A*:

Theorem 2.11. Assume that the conditions of Theorem 2.9 hold. Then there exists § > 0 such that for \.* — § <
A < A* there are at least two classical solutions to (P;,).

To prove this result, we will need to consider the linearized operator
L. (v) = =3i(a7 (Vup)9;v) — A f (wy)v

where
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1 PiP; ) "
Sii — s e R".
1+ p)172 ( i irpz) P

a’(p) =
If we denote by w1(2) the first eigenvalue of L,, we will prove in particular:

Lemma 2.12. Assume that the conditions of Theorem 2.9 hold. Then the linearized operator L, has positive
first eigenvalue w1(A) > 0 for all A € [0, .*). Furthermore, the linearized operator Ly+ corresponding to the
extremal solution has zero first eigenvalue 1 (A*) = 0, and L* corresponds to a turning point for the (A, u;)
diagram.

A turning point means that there exists a parametrized family of classical solutions

s> (A(s),u(s)), se(—e¢.¢€)

with A(0) = A* and A(s) < A* both for s <0 and s > 0. In particular we will prove that A’(0) =0 and
A7(0) < 0.
In the radially symmetric case, we can thus summarize our results in the following corollary:

Corollary 2.13. Assume that 2 = Bg C R" (n > 1), H = H(r), and that the conditions of Theorem 2.7 hold.
Then there exists A* > 0, § > 0 such that

1. if A > A*, there is no weak solution of (P,),
2. if A < A%, there is a minimal classical solution of (P;).
3. ifA* — 8 < A < \¥, there are at least two classical solutions of (P;,).

Finally, we point out that numerical computation suggest that for some values of n and H, a third
branch of solutions may arise (and possibly more).

The paper is organized as follows: In Section 3, we give some a priori properties of weak solutions.
In Section 4 we show the existence of a branch of minimal weak solutions for A € [0, A*). We then
establish, in Section 5, a uniform L* bound for these minimal weak solutions (Proposition 2.8), which
we use, in Section 6, to show the existence of an extremal solution as A — A* (thus completing the
proof of Theorem 2.7). In the last Section 7 we prove the regularity of the minimal weak solutions, in-
cluding that of u,+, in the radial case (Theorems 2.9 and 2.10) and we give the proof of Theorem 2.11.
In Appendix A, we prove a comparison lemma that is used several times in the paper.

Remark 2.14. One might want to generalize those results to other non-linearity f(u): In fact, all the
results presented here holds (with the same proofs) if f is a C? function satisfying:

(H1) f(0)=0, f'(u) >0 for all u > 0.
(H2) There exists C and « > 0 such that f'(u) > « for all u > C.
(H3) If u € L9(£2) for all g € [0, 00) then f(u) € L"(£2).

The last condition, which is used to prove the L° bound (and the Lipschitz regularity near r = 0)
of the extremal solution u,+ is the most restrictive. It excludes in particular non-linearities of the
form f(u) =e" — 1. However, similar results hold also for such non-linearities, though the proof of
Proposition 2.8 has to be modified in that case. This will be developed in a forthcoming paper.

We can also consider right-hand sides of the form A(1 + u)? (or Ae'). In that case, Theorem 2.7,
Proposition 2.8 and Theorem 2.9 are still valid (but require different proofs), but Theorem 2.10 is not.
Indeed, our proof of the boundary regularity of the extremal solution u,+ (Lemma 7.3) relies heavily
on condition (15), which should be replaced here by the condition

AM<m—-1)I(y) forallyeds. (18)

However, it is not clear that A* should satisfy (18).
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3. Properties of weak solutions
3.1. Weak solutions as global minimizers
Non-negative minimizers of _Z, that satisfy u =0 on 92 are in particular critical points of _Z;,

and thus weak solutions of (P;). But not all critical points are minimizers. However, the convexity of
the perimeter yields the following result:

Lemma 3.1. Assume that 952 is C' and let u be a non-negative function in LP*1 N BV(£2). The following
propositions are equivalent:

(i) u is a weak solution of (P;),
(ii) u =0 on 92 and for every v € LPT1 NBV(£2), we have

gf(u)—/(H+Af(u))udx<g¢(v)—/(H+Af(u))vdx+/ lv|dzeNT, (19)
2 2 082
(iii) u =0 on 852 and for every v € LPT1 N BV(£2), we have
/A(u)g/x(v)—i—/kc(u,v)dx—i—/|v|d3f”‘1 (20)
2 082

where

Gu,v)=FWv)—Fu)— f(w)(v—u)>0.

In particular, (ii) implies that any weak solution u of (Py) is a global minimizer in LP*! NBV(£2)
of the functional (which depends on u)

FM () ::gf(v)—/(H+Af(u))vdx+/|v|d<%”N*l.
2 82

Furthermore, since G(u,u) =0, (iii) implies that any weak solution u of (P;) is also a global mini-
mizer in LPt1 N BV(£2) of the functional

" (v) ::m(v)—/HerxF(v)der/|v|d<%ﬂ"’*1+/xc(u,v)dx
2 982 2

= jk(v)—k/|v|dij_1+//\G(u,v)dx.
982

2

Proof of Lemma 3.1. The last two statements (ii) and (iii) are clearly equivalent (this follows from a
simple computation using the definition of G).

Next, we notice that if (ii) holds, then taking v =u + tg in (19), where ¢ € LP*1 N BV(£2) with
@ =0 on 952, we get

%(;zf(u—i—t(p)—d(u)) >f(H+kf(u))g0dx.
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Passing to the limit t — 0, we deduce L(u)(¢) > f_q (H+ f(u))@dx, ie. u is a solution of (12). In view
of Definition 2.2, we thus have (ii) = (i).
So it only remains to prove that (i) implies (ii), that is

ﬂ/{"](u) =  min é’Z}E“](v).
veLP+1NBV(2)

By definition of weak solutions, we have
L) > [ (H+fw)gdx
Q

for all p € LPtT N BV(£2) with @ =0 on 9£2. Furthermore, by (10), we have

() + LW)(v—u) <A (v),

for every v € LPT1 NBV(£2) with v =0 on 8£2. We deduce (taking ¢ = v —u):

o (u) + /(H +AfW)(v —u)dx < o (v),
2

which implies
FMw) < 7 w) (21)

for all v € LPT1 N BV(£2) satisfying v =0 on 8£2.

It thus only remains to show that (21) holds even when v ## 0 on 952. For that, the idea is to
apply (21) to the function v — w® where (w¥®) is a sequence of functions in LP*1 NBV(£2) converging
to 0 in LPT1(£2) such that w® = v on 352. Heuristically the mass of w® concentrates on the boundary
952 as & goes to zero, and so <7 (v — w®) converges to o7 (V) + [, |V| ds#N-1, This type of argument
is fairly classical, but we give a detailed proof below, in particular to show how one can pass to the
limit in the non-linear term.

First, we consider v € L NBV(£2). Then, for every & > 0, there exists w® € L NBV(£2) such that
wé =v on 042 satisfying the estimates:

HWS”LngEf vidt /\Dw£!<(1+e)/|v|djf”*1 (22)
082 Q 90

and ||w®||ro(2) < 2||VllL>(e) (see Theorem 2.16 in [22]). In particular we note that

|w® ”5;211(9) < 2p”"”ILgOC(Q) |w* HU(Q) -0 (23)

when & — 0. Using (21), (22) and the fact that &/ (v — w®) < &/ (v) +f9 |Dw¥|, we deduce:
FMw) < 9‘/{”](\/ —w’)

<d(v)—f(H+kf(u))vdx+/|Dw8|+f(H+f(u))w8dx
2

2 2
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gd(v)—/(H+xf(u))vdx+(1+e)/ |v|do#N1
2 02
W [H A+ F@]
=71 W) +s/ VI [we [ pa [H+ F@ ]| (24)

A
a2

+1
(Note that f(u) LpT(.Q) since u € LPT1(£2).) Using (23) and taking the limit & — 0 in (24), we
obtain (21) for any v € L NBV(£2).
We now take v € LP*1 N BV(£2). Then, the computation above shows that for every M > 0 we
have:

FMw) < ZM (T ),

where Ty is the truncation operator Ty (s) := min(M, max(s, —M)). Clearly, we have Ty (v) — v
in LP*1(2) as M — oo. Furthermore, one can show that &7 (Ty(v)) — &7 (v). As a matter of fact,
the lower semi-continuity of the perimeter gives o7 (v) < liminfy_ 400 &7 (Ty(v)), and the coarea
formula implies:

2 (Tm(v)) < (v) +/yD(v —Tu())|
2

+o00

=/ (v) + / P({v—Tu(v) >t})dt
0
400
=d(v)+/P({v>t})dt
M
— &(v) when M — +o0.

We deduce that ﬂk["](TM(v)) — 9{“](@, and the proof is complete. O
3.2. A priori bounds

Next, we want to derive some a priori bounds satisfied by any weak solution u of (Py).
First, we have the following lemma:

Lemma 3.2. Let u be a weak solution of (P;,), then

fH—H»f(u)dng(A)
A

for all measurable sets A C S2.

Proof. When u is smooth, this lemma can be proved by integrating (P,) over the set A and noticing
that |\/%| <1 on dA. If u is not smooth, we use Lemma 3.1(ii): for all A C £, we get (with

V=0a):
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dw»3/W+wﬂmh<&ﬂu+wo—/Uuﬂfwﬂw+¢m+%ﬂqumAy
Q Q
We deduce
0< / [Dgal + " 132N A) —/H + A f(u)dx,
Q A
and so
OgP(A)—/H%—)Lf(u)dx. O
A
Lemma 3.2 suggests that A cannot be too large for (P,) to have a weak solution. In fact, it provides

an upper bound on A, if we know that j_Q udx is bounded from below. This is proved in the next
lemma:

Lemma 3.3 (Bound from below). Let u be a weak solution of (P;,) for some A > 0. Then
u>u inf

where u is the solution corresponding to A = 0:

—div(Tu)=H in$2, (Po)
u=0 onos2. 0
Proof. For § > 0, let us be the solution to the problem
—div(Tu)=(1 —-6)H in$2,
(Ps)
u=~0 onods.

Problem (Pj) has a solution us € Lip(§2) (by Theorem 2.5) and (u;) is increasing to u when § | 0. We
also recall [19] that the function ug is the unique minimizer in LPt! NBV(£2) of the functional

95(U)=/‘/1+|VU|2—/(1 —8)H(x)u(x)dx+/ [u].
2 2

a2
The lemma then follows easily from the comparison principle, Lemma A.1: Taking G_(x,s) = —(1 —

SH(X)s, G (x,5) = —H(x)s — AF(s) + AG(u(x),s), K_ = K, = LP*1 N BV(£2), Lemma A.l implies:

0</—6H(max(u5,u)—u)+A[F(u)—F(max(u,ua))+G(u,max(u,u5))]
2

=—/®H+Aﬂmxw—un,

2

where v = max(v,0). Since H > 0 and u > 0 in £2, this implies us < u a.e. in £2. Taking the limit
§— 0, we obtain u<u ae.in 2. O

As a corollary to Lemmas 3.2 and 3.3, we have the following a priori bound on A:
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Lemma 3.4 (A priori bound). If (P,,) has a weak solution for some A > 0, then

P(2) — [, Hdx

A<
Joudx

with u solution of (Pg).
4. Existence of minimal weak solutions for A € [0, A*)

In this section, we begin the proof of Theorem 2.7 by showing the following proposition:

Proposition 4.1. Let §2 be a bounded subset of R" such that 952 is C3. Assume that H(x) satisfies condi-
tions (3), (15) and (16). Then, there exists A* > 0 such that:

(i) Forall A € [0, A*), (P;) has one minimal weak solution u;,.
(ii) For A > A*, (P;) has no weak solution.
(iii) The application A — u;_ is non-decreasing.

To establish Theorem 2.7, it will thus only remain to show the existence of an extremal solution
for A = A*. This will be done in Section 6. To prove Proposition 4.1, we will first show that weak
solutions exist for small values of A. Then, we will prove that the set of the values of A for which
weak solutions exist is an interval.

4.1. Existence of weak solutions for small values of A

We start with the following lemma:

Lemma 4.2. Suppose that (3), (15) and (16) hold. Then there exists Ag > 0 such that (P, ) has a weak solution
forall A < Ap.

Note that Lemma 4.2 is proved by Huisken in [26] (see also [38]) in the case p = 1. Our proof is
slightly different from those two references and relies on the fact that H > 0.

Proof. We will show that for small A, the functional _Z; has a local minimizer in [P N BV(£2) that
satisfies u =0 on 9£2. Such a minimizer is a critical point for _¢;, and thus (see Remark 2.3) a weak
solution of (P;).

Let § be a small parameter such that (1+ §)(1 —¢&g) <1 where &g is defined by the conditions (3)
and (15). Then there exists &’ > 0 such that

'/(1 +8)Hdx| < (1+8)(1— £0). " (9A) < (1 - ') P(A),
A

and

[ +&HW)| < (1-&)n-DI(y) Vyein.

Theorem 2.5 thus gives the existence of w > 0 local minimizer in BV(§2) of

%(u):d(u)—/(l+8)H(x)udx+/|u|do(x),
2 EY?)
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with w € C>%(£2) and w =0 on 352.
It is readily seen that the functional _¢Z, has a global minimizer u in

K={velP™ nBV(2); 0<v<w+1}.

We are now going to show that if A is small enough, then u satisfies

u(x) < w) in$2. (25)
For this, we use the comparison principle (Lemma A.1) with G_(x,s) = —H(x)s—AF(s) and G, (x,s) =
—(1+68)H(x)s (i.e. = ¢, and F =%;) and K_ = = LPt1NBV(£2), K, = K. Since max(u, w) € K,
we obtain

0< / —8H (max(u, w) — w) + A(F (max(u, w)) — F(w)) dx
2

—8H(max(u, w) —w) 4+ sup  |f(s)|(max(u, w) — w)dx
s€[0,[[Wlloot+1]

—(u—w)4+[8H = 1f (IIWlloo + 1)] dx.

H
Therefore, if we take A small enough such that A < 4§ f(“W“wH) =4 f(”W”?mL]), we deduce (25).

Finally, (25) implies that u =0 on 952 and that u is a critical point of ¢, in LPT1NBV(£2), which
completes the proof. O

4.2. Existence of u, for A < A*

We now define

1* =sup{A; (P;) has a weak solution}.

Lemmas 3.4 and 4.2 imply

0 < A* < o0.
In order to complete the proof of Proposition 4.1, we need to show:

Proposition 4.3. For all 1. € [0, A*) there exists a minimal weak solution u; of (P,). Furthermore, the appli-
cation A +— u;, is non-decreasing.

Proof of Proposition 4.3. Let us fix A; € [0, A*). By definition of A*, there exists A € (A1, A*] such that
(P;) has a weak solution i € LPT1 N BV(£2) for A = A.

We also recall that u denotes the solution to (Py). We then define the sequence u, as follows: We
take

and for any n > 1, we set
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In(V)==Qf(v)—/[H+k1f(un—1)]VdX+/ vl

2 02

and let u, be the unique minimizer of I, in BV(£2). In order to prove Proposition 4.3, we will show
that this sequence (u;) is well defined (i.e. that u, exists for all n), and that it converges to a weak
solution of (P,,). This will be a consequence of the following lemma:

Lemma 4.4. For all n > 1, the functional I, admits a global minimizer u, on BV(§2). Moreover, u, € Lip(£2)
satisfies

U<y <up,<u inf. (26)

We can now complete the proof of Proposition 4.3: by Lebesgue’s monotone convergence theorem,
we get that (u,) converges almost everywhere and in LP*1(£2) to a function u, satisfying

0<uy < 1.
In particular, we have us, = 0 on 9£2. Furthermore, for every n > 0, we have
In(up) < I5(0) =|£2|

and so by (7),

- - 1
[ 1Dusl < 21521+ supct iy + a5
2

hence, by lower semi-continuity of the total variation, us, € LP*1 NBV(£2). Finally, for all v € LP*1 N
BV(£2) and for all n > 1, we have

In(up) < In(v)

and using the lower semi-continuity of the perimeter, and the strong LP*! convergence, we deduce

d(uoo)—/Huoo+A1f(uoo)uood><<d(V)—/Hv + Ao f (Uoo) v dx.

We conclude, using Lemma 3.1(ii), that u, is a solution of (P;,). O
The rest of this section is devoted to the proof of Lemma 4.4:
Proof of Lemma 4.4. We recall that u denotes the unique minimizer of %y in BV(£2) and that, by

Lemma 3.3, we have the inequality u < u a.e. on £2.
Assume now that we constructed u,_q satisfying u,_1 € Lip(§2) and

u<up_1 <.

We are going to show that u;, exists and satisfies (26) (this implies Lemma 4.4 by first applying the
result to n =1 and proceeding from there by induction).
First of all, Lemma 3.2 implies
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fH + A f(i)dx < P(A)
A

for all measurable sets A C £2. Since up_q <1 and A < A, we deduce that

f H 4+ 3 f(un_1)dx < P(A) (27)
A

for all measurable sets A C £2. Following Giusti [20], we can then prove (a proof of this lemma is
given at the end of this section):

Lemma 4.5. There exists € > 0 such that
/H 3 f 1) dx < (1— &) P(A)
A
for all measurable sets A C $2. In particular (3) holds with H = H + A1 f (un—1) instead of H.
This lemma easily implies the existence of a minimizer u, of I, in BV(£2) (using Theorem 2.5

with H instead of H). Furthermore, since up—1 € Lip(£2) and up—1 =0 on 9£2 condition (13) is satis-
fied with H instead of H and so (by Theorem 2.5):

u, =0 onasf2

and

Uy € Lip(£2).

Finally, we check that the minimizer u, satisfies

u<up <.

Indeed, the first inequality is a consequence of the comparison Lemma A.1 applied to #_ = %y,
F4+ =1, Ky = K_ =BV(£2), which gives

0< —[Mf(un_1)(maX(g, Up) — Up) dx.
2

The second inequality is obtained by applying Lemma A1 to #_ =1I,, %, = 9‘;“”, Ki=K_=LPtIn
BV(£2):

0< [ (14 nr) = A7 @) (max(@.uy) ) d

2

and using the fact that u,_; <i and Aq < A.

Since uy, € Lip(£2), u, satisfies the Euler-Lagrange equation associated to the minimization of I:
—div(Tup) = H + A1 f(up—1). If n > 2 and u,_1 > uy_», we then obtain the inequality u, > u,_1 by
the strong maximum principle (54) for Lipschitz continuous functions. 0O
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Proof of Lemma 4.5. The proof of the lemma is similar to the proof of Lemma 1.1 in [20]: Assuming
that the conclusion is false, we deduce that there exists a sequence Ay of (non-empty) subsets of £2
satisfying fAk H> 1 =k ")P(Ay), H:=H + A1 f(un—1). In particular P(Ar) = [~ |D@a,| is bounded,
so there exists a Borel subset A of £2 such that, up to a subsequence, 4, — @4 in L'(£2) and, by

lower semi-continuity of the perimeter, || A H > P(A). This is a contradiction to the strict inequal-
ity (27) except if A is empty. But the isoperimetric inequality gives

_n_ _1\—1 — _1\—1,= _n_
AT < P(AY < (1— k) /H<(1—k TNl
Ak

hence
(1—=k ") < |Hlltnea, forallk > 2.

Since H is bounded (remember that u,_; € Lip(£2)), we deduce

—

~<C|A 1/n
2 |I<|

and so |A| > 0 since @4, — @4 in L1(£2). Consequently, A cannot be empty and we have a contradic-
tion. O

5. Uniform L bound for minimal weak solutions

The goal of this section is to establish the L°° estimate (Proposition 2.8) for A < A*. More precisely,
we show:

Proposition 5.1. There exists a constant C depending only on 2 and H such that, for every 0 < A < A*, the
minimal weak solution u;_ to (P, ) satisfies

Ity llpee(2) < C.

This estimate will be used in the next section to show that u; converges to a weak solution of
(P;) as A — A*.

The proof relies on an energy method a la DeGiorgi [11]. Note that, in general, weak solutions are
not minimizers (not even local ones) of the energy functional _Z,. But it is classical that the minimal
solutions u; enjoy some semi-stability properties. More precisely, we will show that u, is a global
minimizer of _#, with respect to non-positive perturbations. We will then use classical calculus of
variation methods to prove Proposition 5.1.

5.1. Minimal solutions as one-sided global minimizers

We now show the following lemma:

Lemma 5.2. The minimal weak solution u; of (P) is a global minimizer of the functional _Z, over the set
Ky, ={ve LPHINBV(2); 0< v < u, }. Furthermore, u; is a semi-stable solution in the sense that, if u; €
Lip(£2), then _#) (uy) > 0: for all ¢ in C1(£2) satisfying ¢ = 0 on 352, we have:

IVel|? IV - Vu,|?
Qx(fﬂ)i:/ <p212_ i ;32
A+ Vu»H172 A4 |Vu, >3/
2

— Af'(u)@?dx > 0. (28)
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Proof. It is readily seen that the functional _#, admits a global minimizer i1, on Kj. We are going to
show that u; = u; by proving, by recursion on n, that i, > uy, for all n, where (uy) is the sequence
used to construct the minimal weak solution u; in the proof of Proposition 4.3, that is ugp = u and
In(up) = minyepy(e) In(v) with, we recall,

In(v)zmv)—/(H +xf(un_1>)v+/|v|dﬁf””.
2 082

Set u_1 =0, so that ug = u is the minimizer of Iy. Let n > 0. Applying Lemma Al to %_ = I,
Fi= 7, KL =BV(2), Ky =K;, we obtain

0< A/ F(i1;) — F(max(up, @) + f(un—1)(max(up, ii,) — i) dx. (29)
2

For n =0, (29) reduces to:

0< —/F(max(g, ii,)) — F(i1,) dx,
2

which implies u < @i, a.e. in §2 since F is increasing.
For n > 1, assuming that we have proved that u, 1 < I, a.e. in £2, we have f(up_1) < f(i1y)
and (29) implies

0< —/F(max(un,ﬁk)) — F(i1,) — f (i) (max(uy, ;) — i) dx
ko)
=—/G(ﬂx,max(un,ﬁ,\))dx.
ko)

The strict convexity of F implies ii; = max(up, ii;) and thus u, <, a.e. in £2.

Passing to the limit n — oo, we deduce u; < i, in £2 and thus u; = i1, which completes the proof
that u, is a one sided minimizer.

Next, we note that if ¢ is a non-positive smooth function satisfying ¢ =0 on 952, then _Z; (u; +
te) > _Z,(uy) for all £ > 0. Letting t go to zero, and assuming that u; € Lip(£2), we deduce that the
second variation Q; (¢) is non-negative. Since Q; (¢) = Q. (—¢), it is readily seen that (28) holds true
for non-negative functions. Finally decomposing ¢ into its positive and negative part, we deduce (28)
for any ¢. O

5.2. L*° estimate
We now prove:

Proposition 5.3 (L* estimate). Let A € (0, A*). There exists a constant C; depending on ! and $2 such that
the minimal weak solution u,, satisfies ||uy ||~ (2) < C1.

Note that this implies Proposition 5.1: Proposition 5.3 gives the existence of C depending only
on §2 such that |u,||i=(e) < C for every min(1, 1*/2) < < A*. And since 0 <u; <uy if A <X/, the
inequality is also satisfied when 0 < A < min(1, 1*/2).
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Proof. This proof is essentially a variation of the proof of Theorem 2.2 in Giusti [19]. We fix A € (0, A*)
and set u =u;.

For some fixed k > 1, we set vy = min(u, k) and wy =u — vy = (u — k). The difference between
the areas of the graphs of u and vj can be estimated by below as follows [15]:

/|DWI<| — {u >k} < W) — o ).
2

On the other hand, since 0 < vy <u, Lemma 5.2 gives _Z; (u) < _#;(vk), which implies

of (u) — o (vi) < / Hu — vg) +A[F(u) - F(vk)] dx.
Q

Writing
1
F(u) = F(vj) = / Flsu+ (1 =s)v)dstu—v),
0

we deduce the following inequality

1
/|Dwk| < |{u>k}|+/<H+A/f(su+(l —s)vk)ds>wkdx. (30)
0

2 2

First, we will show that (30) implies the following estimate:

lullra2) < C1(q), (31)

for every q € [1, +00), where C1(q) depends on q, §2, 2~ 1.
Indeed, by Lemma 3.2, we have fA H+ X f(u)dx < P(A) for all finite perimeter subset A of 2. We
deduce (using the coarea formula):

+00 +0o
/(H+Af(u))wkdx=/ / H 4 Af(u)dxdt < / P(wk>t)dt</|DwA|.
Q2 0 {wg>t} 0 Q2

So (30) becomes

1
0< [{u>k} —2 f |:f(u)—/f(su+(1—s)vk)d5:|wkdx.
0

{u>k}
Since u>1 and v, >1 on {u >k}, and since f’(s) > 1 for s > 1, we have

fy = f(su+QQ—s)vi) + (u—su—(1-s5)v)
= f(su+ 1 =s)vk) + (1 =) —vp)
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on {u > k}. We deduce (recall that wy =u — vy = (u —k)+):

2
/[(u — k] dx< -

2

which implies, in particular, (31) for g = 2. Furthermore, integrating this inequality with respect to

ke (K, +00), we get:
/[(” - k)+ x<3 /(U — k) dx,

2

and by repeated integration we obtain:

/[(u —k*] dx<q(q - 1)% /[(u —l* )" dx
2

2

for every q > 3, which implies (31) by induction on q.

Note however, that the constant Ci(q) blows up as g — oo, and so we cannot obtain the L*
estimate that way. We thus go back to (30): using Poincaré’s inequality for BV(£2) functions which
vanish on 9£2 and (30), we get

= £2)

Iwill s, <C(82) / Dwy|
2

< C(Q)<|{u >k} + /(H +Af(u))wk)
2

S CE (> kY + [H 425 | guymop IWell 2y )-

Inequality (31) implies in particular that H + A f(u) € L"(£2) (with bound depending on £, A~ 1),
so there exists £ > 0 such that C(£2)||H + Af(u)llina) < 1/2 for any subset A C £2 with |A| < &.
Moreover, Lemma 3.2 gives [[ufl 1) < P(£2)/A and therefore

1 P(2)
[{wi > 0} = [{u > k}| < it

It follows that there exists kg depending on £2, A~! such that

C)|H +}‘f(u)HL”({wk>0}) <172

for k > kg. For k > kg, we deduce

Wil oy o = I =R+ ] oy ) < 20 {u > kY.
Finally, for k' > k, we have 1=k} < ((L;(r_f;)f )1 and so
l{u>k’}|<7nll(u—k>+||7 < 2D s g
k' —k)n-1 @) K-k
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which implies, by classical arguments (see [37]) that |{u; > k}| is zero for k large (depending on |§2|
and A~1). The proposition follows. O

As a consequence, we have:

Corollary 5.4. There exists a constant C depending only on §2 and H such that

/IDUAI <C.
2

Proof. By Lemma 3.1(ii) and Proposition 5.3, we get:

Au;) < Av) — /(H + Af(up))vdx + /(H + A f(uy))uy dx
i[9} i[9}

< A®W) +C/ [vldx+C
Q
for any function v € LP*1 N BV(£2) such that v =0 on 352. Taking v = 0, the result follows immedi-
ately. O

6. Existence of the extremal solution

We can now complete the proof of Theorem 2.7. The only missing piece is the existence of a weak
solution for A = A*, which is given by the following proposition:

Proposition 6.1. There exists a function u* € LPT1(£2) N BV(£2) such that

u, > u* inLPTI(2) as A — 1%,
Furthermore, u* is a weak solution of (P;)) for A = 1*.

Proof. Recalling that the sequence u, is non-decreasing with respect to A, it is readily seen that
Proposition 5.1 implies the existence of a function u* € L*(£2) such that

kli)ng* u; (X) = u*(x).

Furthermore, by the Lebesgue dominated convergence theorem, u; converges to u* strongly in L9(£2)
for all g € [1, c0).
Next, by lower semi-continuity of the area functional < (u) and Corollary 5.4, we have

o (u*) glikmikgf,;zf(u,\) < 0.
So, if we write
A/F(updx—k*/F(u*)dx:(A—A*)/F(u)\)dx+A*/F(u,\)—F(u*)dx,

it is readily seen that
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jk* (u*) < lkm g“l;lf /)L(U)L).
Furthermore, Lemma 3.1 yields
Fo(up) < 7o (u¥) +A/G(u,\, u*)dx
Q

and so (using the strong LP*! convergence of u,):
limsup 7, (u) < 7= (u*).
A—>A*
We deduce the convergence of the functionals:

T (u*) = XILFTAI* )
which implies in particular that

o ;) — o (u*)

and so u; — u* in L1(3£2). It follows that u* satisfies the boundary condition u* =0 on 2.
Finally, using Lemma 3.1 again, we have, for any v € LP*!1 N BV(§2) with v =0 on 9£2:

() < jA(V)-H»/G(u)\, v)dx

2

which yields, as A — A*:

Fi W) < o)+ [ 6w v) dy

2

for any v € LPT1 NBV(£2) with v =0 on 3£2. Lemma 3.1 implies that u* is a weak solution of (P;)
for A=A*. O

7. Regularity of the minimal solution in the radial case
7.1. Proof of Theorem 2.9

Throughout this section, we assume that 2 = Bg and that H depends on r = |x| only. Then, for
any rotation T that leaves By invariant, we see that the function u{(x) =u,;(Tx) is a weak solution
of (P,), and the minimality of u; implies

u, <ul in.

Taking the inverse rotation T~!, we get the opposite inequality and so u{ =u,, i.e. u, is radially (or

spherically) symmetric. Furthermore, Eq. (P,) reads:

1 d < =1y,
m=ldr\ (1 +u?)!/2

):H—i—Af(u) (32)
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or

[ Upr n—1 Uy

(1+u?)3/2+ . (l+u%)1/2i|:H+)»f(u) (33)

together with the boundary conditions

u;(0) =0, u(R)y=0
Note that, by integration of (32) over (0,7), 0 <r < R, we obtain

r

- f [H+ 2 f @] dr, (34)
0

—r"ur(r)

which gives u, <0, provided u is Lipschitz continuous in £2 at least.
It is classical that the solutions of (4) can blow up at r =0. In our case however, the functions u;
are bounded in L°°. We deduce the following result:

Lemma 7.1 (Bound on the gradient near the origin). There exists r1 € (0, R) and C1 > 0 such that for any
A € [0, A*], we have

|Vu,(x)| < €1 fora.a. x such that x| <ry
Proof. First, we assume that u; is smooth. Then, integrating (P,) over B;, we get:

Vu,x v

\/1 + IVU/\|2

H+)\f(uk)dx

Since u; is spherically symmetric, this implies:

|(u)rl
=
V1 + ()2 P(B

)/H—H»f(ux)dx (35)

and the L*° bound on u, yields:

e IBl

e———1UE X
V14 1W)rl? P(Br)
In particular, there exists rq such that Cr <1/2 for r <r; and so
|| <€y forr<ry. (36)

Of course, these computations are only possible if we already know that u; is a classical solution
of (P;). However, it is always possible to perform the above computations with the sequence (up)
used in the proof of Proposition 4.3 to construct uy. In particular, we note that we have u < u, <uy
for all n and

—div(Tup) =H +Af(up—1) in$2
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so the same proof as above implies that there exists a constant C independent of n or A such that

|Vup| < C1 forall x such that |x] <rq.

The lemma follows by taking the limit n — oo (recall that the whole sequence u, converges in a
monotone fashion to u). O

Proof of Theorem 2.9. We now want to prove the gradient estimate (17). Thanks to Lemma 7.1, we

only have to show the result for r € [r1, R]. We denote u* = u,+. Since u* is a weak solution of (P,),
Lemma 3.2 with A = B; (r € [0, R]) implies

/ H+ A% f (u*)dx < P(By)
B,
and so, using the fact that u* > u; > u, we have
/H + 4 f () dx < P(By) — /(A* —2) (W) < P(By) — (A — 1) / fwdx.
By Br B,

Hence (35) becomes:

el =)

———() < / (u) dx.
T pay 7

For r € (r1, R), we have

%/f(u)dX>(A*—x)8>o
Br

for some universal § and so

|w)r| () < forr e [ry, R].

A=A

Together with (36), this gives the result.

Note once again that these computations can only be performed rigorously on the functions (uy),
which satisfy in particular u < u, < u* for all n. So (17) holds for u, instead of u,. The result follows
by passing to the limit n — co. O

Remark 7.2. We point out that the Lipschitz regularity near the origin r = 0 is a consequence of
the L*° estimate (it is in fact enough to have f(u,) € L"), while the gradient estimate away from the
origin only requires f(u;) to be integrable.

7.2. Regularity of the extremal solution

In this section, we prove Theorem 2.10, that is the regularity of the extremal solution u*. The proof
is divided in two parts: boundary regularity and interior regularity.
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7.2.1. Boundary regularity
We have the following a priori estimate:

Lemma 7.3 (Bound on the gradient at the boundary). Assume that §2 = By, that H depends on r only and that

conditions (3), (15) and (16) are fulfilled. Let u be any classical solution of (P,). Then there exists a constant C
depending only on R, &¢ and n such that

lur(R)| < C(1+2).

Since we know that u, € Lip(§2) for A < A*, Proposition 2.4 implies that u; is a classical solution,
so Lemma 7.3 yields

|w)r(R) <C(A+2) foralla <™

Passing to the limit, we obtain:
luf (R)] < C(1+1%). (37)

Proof of Lemma 7.3. In this proof, assumption (15) plays a crucial role. When £2 is a ball of radius R
and using the fact that H € Lip(£2), it implies:

n—1

H(r) < (1 —€o) R

(38)

in a neighborhood of 92 (with a slightly smaller ¢g). The argument of our proof is similar to the proof
of Theorem 2.5(ii) (to show that u satisfies the Dirichlet condition), and relies on the construction of
an appropriate barrier. Actually, whenever we have H(y) < (n — 1)I"(y), y € 052, there is a natural
barrier at the boundary given by the cylinder generated by dBg. Here, we modify this cylinder by
slightly bending it along its generating straight line. The generating straight line thus becomes a circle
of radius ¢! and condition (38) implies that this hypersurface is a supersolution for (P;). By radial
symmetry, this amounts to consider a circle of radius ¢! (¢ to be determined) centered at (M, §)
with § small and M > R chosen such that the circle passes through the point (R, 0) (see Fig. 1). We
define the function h(r) in [M — &~1, R] such that (r, h(r)) lies on the circle (with h(r) < §).
Then, we note that for r € [M — &~1, R] and &8 < 1, we have

W o NR)
A+ @AV A+ RV

2 < 1+ (5e)?

—(1-(5e)?)

(this quantity can be interpreted as the horizontal component of the normal vector to the circle), and

d h'(r) .
5(0 +h’<r>2>1/2> -

(this quantity is actually the one-dimensional curvature of the curve r +— h(r)). Hence we have:

Li( 1 (r) )_ i( h'(r) ) n—-1 K@
m=ldr\(1+r@®H)H12)  dr\ A +h12H)1/2 o (1+h()?)1/2
<e+ ?(—1 + (86)?)

e+ = L1+ Go)?).
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Fig. 1. Construction of a barrier.

We now use a classical sliding method: Let

n* =inf{n > 0; u(r) <h(r—mn) forre [M—e'+n,R]}.

If »* > 0, then h(r + n*) touches u from above at a point in (M —&~! 4+ 1, R) such that u < §

(recall that u is Lipschitz continuous so it cannot touch h(r — 1) at M — &~! + 1 since h =§ and
h’ = oo at that point). At that contact point, we must thus have

Lod/ e N 1 d e
FT dr ((1 +h/<r>2>1/2> Z dr((l +ur<r)2>1/2)
> —(H+x1f)
S (—eg = sep
>~ (1~ eo) = =247,

We will get a contradiction if ¢ and § are such that

n—1 n—1
g+ ——(-1+8e)?%) < —(1—&0) — 8P
R R
which is equivalent to

n—1
&+ 18P + T(&S)z <

0.

This can be achieved easily by choosing ¢ and § small enough.

It follows that n* =0 and so u < h in the neighborhood of R. Since u(R) = h(R) =0, we deduce:

W' (R)] < [W(R)] < CR, m)(e8) ! < C(R,n)l%k.

0

Corollary 7.4 (Bound on the gradient near the boundary). Under the hypotheses of Lemma 7.3, there exist
n € (0, R) and C > 0 depending on R, &9 and n only such that

lur(| < C forallre[R—n,R].
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Proof. The same proof as that of Lemma 7.3 shows that there exists § > 0 and C > 0 such that:

If u(r)<é forallre[ro, Rl with R —ro<4then |ur(ro)| <C. (39)

Furthermore, the proof of Lemma 7.3 implies that u(r) < h(r) in a neighborhood of R, and so for some
small n we have:

u(r)<4s forallr e[R—n,R].
The result follows. O

7.2.2. Interior regularity
We now show the following interior regularity result:

Proposition 7.5 (Interior bound on the gradient). Let n € (0, R/2). There exists C;; > 0 depending only on 7,
nand [, |Duj | such that, for all 0 < A < 1%,

|Vu, (x)| < Cp forallxin 2 withn < |x| <R —n.

Using Lemma 7.1 (regularity for r close to 0), Corollary 7.4 (regularity for r close to R), and Propo-
sition 7.5 (together with Corollary 5.4 which give the BV estimate uniformly with respect to i), we
deduce that there exists C depending only on H and n such that

|Vu, (x)| < C forallxin £2,
for all A € [0, A™). Theorem 2.10 then follows by passing to the limit A — A*.

Proof of Proposition 7.5. It is sufficient to prove the result for % < A < A*. Throughout the proof, we
fix A e (K, A*), 1o € (, R — 1) and we denote

u=u; and v=4/1+u’

Idea of the proof: Let ¢y = ®8,, (the characteristic function of the set By, ). Then by definition of _Z;,
we have for all t > 0:

Fi(u+teo) < f}\(u)-H/lD(Pol —tngoodX—A/F(qutgoo)—F(u)dx.

2 2 2

Furthermore, since u > u, we have u > u > 0 in By, and so

F(u+tgo) — F(u) > f(u)teo + %tzgo(z, forallx e 2

(with « such that f'(s) >« for all s > u). It follows:
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T +tg0) < /A(U)Jrf/ID(DoI—t/(H+lf(u))¢odX—f > [ vhax

2 2

= Z,(u)+tP(By) —t/ H+Af(u)dX—t27|Br0|

Bry

|Ur(TO)|> B za—AIBrOI
v(ro)

= _Z\(u) —i—tP(BrO)(l —
where we used the following equality, obtained by integration of (P,) over By,:

ur(ro)

—P(Bry) Vo)

/H—l—kf(u)dx.

Bry

This would imply ‘”" < 1—4 and yield Proposition 7.5 if we had _#; (u) < _Z; (u + tgg) for some
t > 0. Unfortunately, u =u, is only a minimizer with respect to negative perturbations. The proof of
Proposition 7.5 thus consists in using the semi-stability to show that u is almost a minimizer (up to
some term of order 3) with respect to some positive perturbations.

Step 1: First of all, the function ¢ above is not smooth, so we need to consider the following piece-
wise linear approximation of ¢g:

1 ifr<rg—e,
@e=1¢e Nro—r) ifro—e<r<r,
0 ifr >ro

We then have (using Eq. (P;) and denoting by w;, the volume of the unit ball in R"):

Dru+tes) < jx(u)+t/|Vsﬂs|dX—t/(H+?»f(U))% x—t _/% dx

—f)\(u)-H/IszldX f( ek —tz%fwﬁdx

2

Zf)\(u)jtt/(l—u)lwpddx—t 3 /(padx
2 2

ro
u an
= _Z1(u) +tw, / <1 - %)8‘lr”‘1dr—t27/<p§dx
ro—¢& 2

o

_ 1 . ak
< 2 () + tone™! / ﬁr” ldr—t27/<p§dx
2

ro—&
and so if we denote 0(&) = SUD;¢(ry—¢,ro) v2‘ we deduce:
aA To n
(U +t@e) < _Z () + taonrg ' p(e) — t27 n(5> (40)

for all € <rp/2.
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Step 2: Since our goal is to show that p(¢) cannot be too small, we need to control _¢Z (u +t¢e) from
below: for a smooth radial function ¢, we denote

0t) = Al +ty) = f L(ur + toy),
2

where L(s) = (1 +52)1/2. Then

0% = / L® (uy + tor) 3 dx
2

where

—3s

1®:s> ——
SECETRE

satisfies

1L (s)] < Vs > 0.

3
S A+

When ¢ = @,, we have |u, + tgr| > |uy| for all t > 0 and therefore:

00 < [ Sl dx<e o, / S dr < e 2wn ple) !
2 rp—¢&

for all t > 0.

Since the second variation Q,(¢.) is non-negative by Lemma 5.2 (recall that u, is a semi-stable
solution), we deduce that for some ty € (0,t) we have:

33 dx

t2 t Vi t
U +tpe) = 7, () + EQk(tpg) +9(3)(t0) / M

t3
> 2w = [0 o) = | £ W + to@e) | o g, M 0nTG
3
> Jw) — e “aopp(e)rp ! — A wnrl, (41)

where we used the fact that f”(u+tog.) € L°(Byr,) (if p > 2, this is a consequence of the L bound
on u, if p € (1, 2), then this follows from the fact that u +to@, > u > 0 in By).

Step 3: Inequalities (40) and (41) yield:

2

t
)\Ea)nrg <toprg Toe) + —8 -2

wn pE)? 15 + CAB wnrf

and so

Ao —2¢2

(=200t < p(e) + £

p(e)?
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forall t > 0. If t <1/(4C), we deduce

—22

<pe)+ p(e)?
with u = Ary/4 (recall that ro > rq).
Let now t = Me (M to be chosen later), then we get

MZ
HMe < p(e) + == p(e)?.

If p(e) < “Ms , then

2

M 2M4e2
pE)+ — 0(8) <

_hMe p
2 T3

/,LMS

2074
and we get a contradiction if £ ’\g ¢’ . It follows that

M 4
o) > "8 foralle < —— (42)
2 nwM

Step 4: Since p(&) = SUPre(ry—e.ry) (42) yields

vz'

2 4
inf vig<—— foralle < —.
re(ro—e, o) uMe uM3

In order to conclude, we need to use some type of Harnack inequality to control Sup,(;—g ry) vZ. This
will follow from the following lemma:

Lemma 7.6. Let v = /1 + uZ. Then v solves the following equation in (0, R):

1 /1y
_ﬁ<—3r) +C —Hr +)¥f (u) (43)
r v
where
C2 — —n — 1 ﬁ + u_%r
R v6

is the sum of the square of the curvatures of the graph of u.

We postpone the proof of this lemma to the end of this section. Clearly, Eq. (43) is degenerate el-
liptic. In order to write a Harnack inequality, we introduce w = ‘/1—2 solution of the following equation

1 2
(" wy), _2Hr L yonf (u) c?

rn—l

which is a nice uniformly elliptic equation in a neighborhood of rg € (0, R). In particular, if € <R —rg,
Harnack’s inequality [23] yields:
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sup w<C inf w4Celglig,._ (44)
re(ro—&,ro) re(ro—e.ro) L (ro=2¢.r0+e)
where
ur / u? 2
g=2H— +21f' (W)~ —2c".

Next, we note that

|g| < 2|Hy| + CAluy| + 2¢2.

It is readily seen that the first (n — 1) curvatures %% are bounded in a neighborhood of ry # 0.
Furthermore, since the mean curvature is in L, it is easy to check that the last curvature is also
bounded: more precisely, (33) gives

u n—1u
S =-H-ifw)————€el™.
1% r 1%

We deduce that ¢ € L and since u € BV(£2), we get

1201y 26.r ) < C / \Dul +C.
2

Together with (44) and (42) (and recalling that 0(€) = SUPyc(ry—e.rp) w?), we deduce:

nMe

4
<C inf w+C /lDuH—l e foralle < —.
um3
2

2 re(ro—e&,ro)

With M large enough (M > %(fg |Du| 4+ 1)), it follows that

nMe

4
<C inf w foralle < —=
4 re(ro—e,ro) uM3

and thus (with € = min(ﬁ, (R —10)/4, zm)):

re(ro—&,ro)

v(ro)> < sup vz<c<<xro>*1,(R—ro)*l,/muu ||u||mm),
2

which completes the proof. O

Proof of Lemma 7.6. Taking the derivative of (32) with respect to r and multiplying by u,, we get:

n—1/rm1y 1 /1y
( r) Uy — ( r) Uy = Hytir + A f/ (u)u?.
T T

m v -1 v

Using the fact that
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Ur Urr UrlUypr
— ) =— and v,=——,
. v

v v3
we deduce:
m—12r""2u?2 n—1luuy, n—1/(r"2u 1 (" lu, L
rn vy T 3 T v rur TR A rur = Hrtie H ALy
and so (simplifying and dividing by v):
m—1%2u2 (n—1n-2)r"3u? 1 /" Tuy\ up b CAF@ u?
2 2 -1 V2 -1 v o), v "y v’

This yields

n—1) u? 1 (rmlu,u 1 My, (u u u
( 5 )—;— — (—rr r) + —"<_T> —Hy—L 4+ af W)L
2 v2 oy . . v v

hence

n—1) u? 1 /1y u? u u?
i) <—r> + B =H—+ifwr
LV v

2 y2 -1 V3 v
which is the desired equation. O
7.2.3. Proof of Theorem 2.11
In this section, we adapt the continuation method of [10] to prove Theorem 2.11.

First, we need to introduce some notations: Let & € (0, 1) and, for k € N, let C’S""(ﬁ) be the set of
functions u € C*®(§2) that satisfy u =0 on 92. Let 7 : Cé’“(??) x R — CY(£2) be defined by

T (u,r) =—div(Tu) — H — L f(u).

The function & is twice continuously differentiable and, at any point (u, 1) € Cg’“(ﬁ) x R, has first
derivatives

Fa(u,2) 1 v =3(aT (Vw)djv) — A f v, T, h)=—fu),
where we use the convention of summation over repeated indices and set, for p € R",

i pi ii da’ 1 < PiDj )
al =, al] = — T 8— .
®= G52 ® =50 ® = a2\ " T pp2

The second derivatives of 7 at any point (u, A) € Cé’o‘(ﬁ) x R are

T, M) (v, w) = 3 (@ (Vw)djvw) — A f" (w)vw

and Fy u, ) (v, w) = —puf' Wv, Fix(u, 2) =0, where

i da'l PiP;Pk 1
dWm=a£@=3 - 5573 (GuPk+ 8P + 8-

(1+p252  (1+|pl
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We note for further use that, given p, q € R",

P-q

3W((p % —1q%(1+pP?)),

a’™ (p)qiqjq =
and thus, in particular,

p-q>0 = d*p)qq;q<0. (45)

Next, we note that for any u, v, w radially symmetric function, non-increasing with respect to r,
we have

[d'(Vu) —d'(Vv) —a¥ (Vu)dju — v)]aiw >0, (46)
or, equivalently, setting A(Vu) := (a¥(Vu));j:

(Tu —Tv—-A(Vu)V(u — v)) -Vw > 0. (47)
Indeed, the left-hand side of (46) rewrites

/ p
(h(p) —h(g) — ' (p)(p — q))s, where h(p) = A5
where p=0,u<0,q=09,v<0,s=09,w <0 and h is convex on R_.

Recall that u € Cé'“(ﬁ) is the solution to .7 (u,0) = 0. In particular u is radially symmetric and
non-increasing with respect to r. At A =0, the map 7, (u, 0) :Cé""(_(_z) — Cg(S_Z) is invertible since it
defines a uniformly elliptic operator with no zero-th order terms. By the Implicit Function Theorem,
we obtain the existence of a > 0 and of a C% curve A — u(}) from [0, a] to Cé’“(ﬁ) of solutions to
T (u(r), A) =0 such that u(0) =u.

Let now A € (0, A*] be the largest b > 0 such that this curve can be continued to [0, b) under
the additional constraint that for all A € [0,b), Z,(u()), A) is invertible. We denote by L; the elliptic
operator L; = Z,(u()r), A) and by

w1 < a2 < s <---

its eigenvalues. It is readily seen that 11(0) > 0 (since there are no zero-th order terms in Lg). Since
A+ p1()) is continuous? and f11(1) # 0 on [0, &), we see that 1(X) > 0 for all A € [0, 1).

Note also that the function u(A) is a radially symmetric,> and that L, therefore admits a first
eigenvector Wi > 0 associated to the eigenvalue pq(A) which is also a radially symmetric function.
Furthermore, one can check that w}\ is non-increasing with respect to r: As in (32)-(34), this follows
directly from the equation Lkwi = /L1()\,)W}L written in terms of the r-variable, i.e.

1 ! 1 / 1 1
_r”—*]ar Warw;\ =Arf (U()L))W;\-i-,ul()\)w;\?().

We can now prove that u(A) and u; coincide.

2 This follows from the continuitl of the map A — u()) valued in C?>%(2) and from the characterization of 111(%) as the
supremum over non-trivial ¢ € C2(£2) of the Rayleigh quotients “'(—j;,%) where (-,-) is the canonical scalar product over L%(£2).
3 This is the case of every terms in the iterative sequence u, (1) converging to u(}) that is constructed by application of the

Implicit Function Theorem.
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Lemma 7.7. We have A = A*, u(A) = u;, (the minimal solution), w1 (A) > 0 for all A € [0, A*) and w1 (A*) = 0.

Proof. We adapt the proof of Theorem 3.2 in [28]. Let A € [0, ), v € [0, A*]. Using the fact that u(})
and u, are solutions to (P,), we get:

L (u@) —uy) = —div(A(Vu@)V(u@) —uy)) — A f (@) (u@) —uy)
=1f (@) —vfuy) —Af (@) (@) —uy)
+div[Tu(®) — Tuy, — A(Vu))V(u(h) —uy)].

Since f is convex, we have
Af () = v fuy) —Af (@) @) —uy) < —v) f(uy)
and it follows from (46) that
/Lk(u(}\)—uv)wdxg(k—v)/f(uv)wdx (48)
Q Q

for any radially symmetric non-negative non-increasing function w € C>%(£2). Taking v =X and w =
w}\, the positive eigenvector corresponding to the first eigenvalue w1(A), we deduce:

u1(k)/(u(k) —u;)w; dx <0.
2

We have u(A) — uy > 0 since u, is the minimal solution to (P;) and wi1(A) >0, w}\ > 0 in £2, hence
u(A) =uy in £2.

We now extend the definition of L, to the whole interval [0, A*] by setting L, = Z,(uy, A). In
particular, t1(X) =0 and (48) is valid for A in the whole range [0, A*]. To prove the second part of
Lemma 7.7, assume by contradiction A < v < A*. Taking A=A and w = W]X in (48), we obtain

Og(X—v)/f(uv)w%dx.
2

This is impossible since A < v and [, f(uv)w% dx>0. O

We can now complete the proof of Theorem 2.11. Let w, € c§~“(s_2) be the first eigenvector of L;x:
Ly»w, =0, w, >0 in £, w, is radial non-increasing with respect to r. Let Z C C(Z)‘“(S_Z) be the closed
subspace of elements z € Cg‘“(ﬁ) orthogonal (for the L?(£2) scalar product) to w,. Let &* be the C?
map R x Z x R — C§ (£2) defined by

T*(,2,A) = T (Uy +SWy +2,1).

The derivative 9;3\(0, 0, 1) is invertible. Indeed, given v € Cg(.(_2), (¢, ) € Z x R is solution to

ZT)L(Oa 07 )"*) : (é‘v /'L) =V
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Lis¢ +uf(us) =v. (49)

By the Fredholm alternative (and the Schauder regularity theory for elliptic PDEs), (49) has a unique
solution ¢ € Z provided

,u/f(u*)w*dx:/vw*dx.
Q Q
This condition uniquely determines w since f(u,), w, > 0 in £2 and, in particular, f_q fuy)wydx > 0.

By the Implicit Function Theorem, it follows that there is an & > 0 and a C%-curve (—¢,8) — Z x R,
s+ (z(s), A(s)) such that

(z,2)(0) = (0, 1%), T*(s,2(5),A(5)) =0, Vl|s|<e. (50)

By derivating once with respect to s in (50), we obtain

Lisws + 775(0.0,3%) - (Z(0), ' (0)) =0, (51)
hence Z/(0) =0, A'(0) = 0. We set u(s) = uy + swy + z(s). Then u’(0) = w, > 0 in 2. To show the

effective bending of the curve s+~ (u(s), A(s)), there remains to prove that A”(0) < 0. Let us differen-
tiate twice with respect to s in (50): we obtain

—3i (a7 (Vwdju”) — af wu” — 3 (@ (Vu)deu'd;u’) = A7 f (u) + 22" f' Wy’ + A f" (u) yu/yz.
At s =0, this gives
Lyt (0) — 0 (a7 (V) wadjws) = 2"(0) f () + 2% f" () | wal*.
Integrating the result against w, over £2, we deduce that

/aijk(Vu)akw*ajw*a,-w*dx=A”(O)/f(u*)w*dx+k*/f”(u*)widx. (52)
2 2 2

Since Vu-Vw, = d,ud,w, > 0, (45) shows that the left-hand side in (52) is non-positive. Finally, since
fuy), f"(uy), wy >0, we get 1”(0) <O.

Appendix A. Comparison principles

It is well known that classical solutions of (Pj) satisfy a strong comparison principle, namely, if
u, v € Lip(£2) satisfy

—div(Tu) < —div(Tv) in £2, u<v onas2 (53)

with u # v, then

u<v in§$2. (54)
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If u,v are in W11(£2) and satisfy (53), then we still have a weak comparison principle, i.e. u < v
a.e. in £2 (see [22]). But no such principle holds for functions that are only in BV(£2) (even if one
of the function is smooth). This is due to the lack of strict convexity of the functional & on BV(£2)
that is affine on any interval [0, @] (in particular, we have L(¢4) = L(—@a) = L£(0) = 0 for any finite
perimeter set A).

Throughout the paper, we consider weak solutions to (P,) which are, a priori, not better (with
respect to integrability properties of the gradient) than BV(£2). In order to derive comparison results,
we use Lemma 3.1, which allows us to interpret weak solutions as global minimizers of an accurate
functional and the following lemma.

Lemma A.1 (Comparison principle). Let ¢ > 1. Let G+ : 2 x R — R satisfy the growth condition |G+ (x, s)| <
C1(x)|s|7 + C2(x) where C1 € L%°(£2) and C3 € L1(£2). Let Z. be the functional defined on L9 N BV(£2) by

ﬂi(v):d(v)+/|v|djf”’1+/Gi(x, v)dx.
982 2

Suppose that uy is a global minimizer of % on a set K and suppose that
min(uy,u_)eK_, max(u4,u_) e Ky,

then we have

0 < A(max(uy,u_)) — Aug), AW) = f G (x,v) — G_(x,v)dx.
2

Proof of Lemma A.1. We need to recall the inequality

/|D¢EUF|+/|D¢W|</|D¢E|+/|Dw|, (55)
Q Q Q Q

which holds for any open set Q C R™ (m > 1) and any sets E, F with locally finite perimeter in R™.
Applied to Q = £2 x R and to the characteristic functions of the subgraphs of u and v, Inequality (55)
gives:

o/ (max(u, v)) + .« (min(u, v)) < o (u) + &/ (v), u,veBV(2). (56)
Since fQ |Du| < < (u), this shows in particular that max(u, v), min(u, v) and (u — v)4+ = max(u, v) —

v =u —min(u, v) € BV(£2) whenever u and v € BV(£2).
Since u +— jQ G+ (u) is invariant by rearrangement, we deduce:

F_(max(uq, u_)) + F_(min(uy, u)) < F_(uy) + F_(u). (57)

Furthermore, we have min(u4,u_) € K_, and so Z%_(u_) < %_(min(uy,u_)). Therefore, (57) im-
plies that .%_(max(u4, u_)) < &_(u4), which, by definition of A also reads:

F(max(uy, us)) — A(max(uq, uo)) < Fu(ug) — Aug).

Finally, we recall that u, is the global minimizer of %, on K, and that max(uy,u_) € K4, and so
Fi(uy) < Fp(max(uy,u_)). We conclude that A(max(uy,u_)) —A(uy) >0. O
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