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UNIQUENESS AND LONG TIME ASYMPTOTIC FOR THE KELLER-SEGEL

EQUATION: THE PARABOLIC-ELLIPTIC CASE

G. EGANA, S. MISCHLER

ABSTRACT. The present paper deals with the parabolic-elliptic Keller-Segel equation in the plane
in the general framework of weak (or “free energy”) solutions associated to initial datum with
finite mass M, finite second moment and finite entropy. The aim of the paper is threefold:

(1) We prove the uniqueness of the “free energy” solution on the maximal interval of existence
[0, T*) with T* = oo in the case when M < 87 and T* < oo in the case when M > 8n. The
proof uses a DiPerna-Lions renormalizing argument which makes possible to get the “optimal
regularity” as well as an estimate of the difference of two possible solutions in the critical LA/3
Lebesgue norm similarly as for the 2d vorticity Navier-Stokes equation.

(2) We prove immediate smoothing effect and, in the case M < 87, we prove Sobolev norm
bound uniformly in time for the rescaled solution (corresponding to the self-similar variables).

(3) In the case M < 8, we also prove weighted L*/3 linearized stability of the self-similar
profile and then universal optimal rate of convergence of the solution to the self-similar profile.
The proof is mainly based on an argument of enlargement of the functional space for semigroup
spectral gap.

Keywords: Keller-Segel model; chemotaxis; weak solutions; free energy; entropy method; log-
arithmic Hardy-Littlewood-Sobolev inequality; Hardy-Littlewood-Sobolev inequality; subcritical
mass; uniqueness; large time behavior; self-similar variables.
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1. INTRODUCTION
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The aim of the paper is to prove uniqueness of weak “free energy” solutions to the the so-called
parabolic-elliptic Keller-Segel equation in the plane associated to initial datum with finite mass
M > 0, finite polynomial moment and finite entropy, and in the subcritical case M < 8, to
prove optimal rate of convergence to self-similarity of these solutions. In [19] our analysis will be
extended to the parabolic-parabolic Keller-Segel equation in a similar context.

The Keller-Segel (KS) system for chemotaxis describes the collective motion of cells that are
attracted by a chemical substance that they are able to emit ([34, 27]). We refer to [8] and the
references quoted therein for biological motivation and mathematical introduction. In this paper
we are concerned with the parabolic-elliptic KS model in the plane which takes the form

(1.1)

of = Af—V(fVe) in (0,00) x R?
c = —k = —kxf in (0,00) x R?,
1
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with % := 5= log|z|, so that in particular

1 =z

T o |22

Here t > 0 is the time variable, x € R? is the space variable, f = f(t,z) > 0 stands for the

mass density of cells while ¢ = ¢(t,z) € R is the chemo-attractant concentration which solves the
(elliptic) Poisson equation —Ac = f in (0,00) x R2.

—Ve=K:=Kxf, K:=Vk

The evolution equation (1.1) is complemented with an initial condition

(1.2) f(0,)=fo in R?
where throughout this paper, we shall assume that
(1.3) 0 < fo € Ly(R?),  folog fo € L'(R?).

Here and below for any weight function @ : R? — R, we define the weighted Lebesgue space
LP(w) for 1 < p < oo by

LP(@) = {f € Lioo(R?); IfllLr(w) = If wllzs» < o0},

as well as L (R?) the cone of nonnegative functions of L'(R?). We also use the shorthand L%,
k > 0, for the weighted Lebesgue space associated to the polynomial growth weight function

w(z) = (x)¥, (z) = (1 +[z]*)"/2.
The fundamental identities are that any solution to the Keller-Segel equation (1.1) satisfies at
least formally the conservation of mass

(1.4) M(t) := . flt,x)de = » folx)dx =2 M

the second moment equation
(1.5) Ma(t) = / F(t,2) |22 dz = Cy (M)t + Myo, Mg = / folx) |2 da,
2 2

Ci(M) :=4M (1 — —) and the free energy-dissipation of the free energy identity

(1.6) ]:(t) +/O D]:(S) ds = Fy,

where the free energy F(t) = F(f(t)), Fo = F(fo) is defined by

) :/szlogfdx—i—%/wfﬁdx,

and the dissipation of free energy is defined by
Dr =Dx(f)i= [ £V (log f) + Vil e
RZ

It is worth emphasizing that the critical mass M, := 8m is a threshold because one sees from
(1.5) that there does not exist nonnegative and mass preserving solution when M > 87 (the
identity (1.5) would imply that the second moment becomes negative in a finite time shorter than
T** := 2w Ms /[M (87 — M)] which is in contradiction with the positivity of the solution).

On the one hand, in the subcritical case M < 87, thanks to the logarithmic Hardy-Littlewood
Sobolev inequality (see e.g. [3, 18])

(1.7) Vf>0, / f(z)log f(x der—// (y) log |x — y| dzdy > Co(M),
]R2><]R2
with Co(M) := M (1 +logm — log M), one can easily check (see [8, Lemma 7]) that

(1.8) . H(f):AZflogfdxgcg(M)f+C4(M),



KELLER-SEGEL EQUATION 3

with C3(M) = 1/(1 — 8%), Cy(M) := C5(M)Cy(M)M/(87). Then from (1.8) and the very
classical functional inequality (see for instance [8, Lemma 8])

(1.9) HT = ”;’-LJr(f):/]R2 f(logf)+dx§H+iM2+C5(M),

with C5(M) := 2M log(2w) 4+ 2/e, one concludes that (1.4), (1.5) and (1.6) provide a convenient
family of a priori estimates in order to define weak solutions. More precisely, we get

(1.10) HE(F(1)) + Ma(F(2)) + Cs(M) / Dr(f(s)ds <

5
S Cg(M) fo + ZMZO + 201(M)t + C4(M> + Cs(M),
where the RHS term is finite under assumption (1.3) on fy, since

(1.11) Fo

IN

Ho+ 1= [ [ fo(e) folw) oglo — vl dady

IN

1 1
Ho+ - / fo(@) fo(y) |z — y|* dedy < Ho + — M M,

with Ho := H(fo). In other words, we have

(L12) ()= s (HEFO)+ M) +/O Dr(f(s))ds < C(T) VT e (0,T)

with T* = 400 and a constant C'(T') which depends on M, Ms o, Ho and the final time 7.

On the other hand, in the critical case M = 87 and the supercritical case M > 8, the
above argument using the logarithmic Hardy-Littlewood Sobolev inequality (1.7) fails, but one can
however prove that (1.12) holds with T* = 400 when M = 87 and that (1.12) holds with some
finial time T™* € (0, T7**] when M > 87 (see [6] for details as well as Remark 2.3 below).

Definition 1.1. For any initial datum fy satisfying (1.3) and any final time T* > 0, we say that
(1.13) 0<feL>0,T; LY (R*)NC([0,T);D'(R?)), VT € (0,T*),

is a weak solution to the Keller-Segel equation in the time interval (0, T*) associated to the initial
condition fo whenever f satisfies (1.4), (1.5) and

(1.14) ]-'(t)Jr/th(s)dsg]-'o Vit e (0,T7),
0

as well as the Keller-Segel equation (1.1)-(1.2) in the distributional sense, namely

(1.15) . fo(@) (0, ) dz = /OT g f(t,x) {(Vz(log ) +K) Vaop - 3tsﬂ} dadt
for any ¢ € C2([0,T) x R?).
It is worth emphasizing that thanks to the Cauchy-Schwarz inequality, we have
/]R2 fIV.(log f) + K|dx < M1/2D1f/2,

and the RHS of (1.15) is then well defined thanks to (1.10).
This framework is well adapted for the existence theory.

Theorem 1.2. For any initial datum fy satisfying (1.3) there exists at least one weak solution on
the time interval (0, T*) in the sense of Definition 1.1 to the Keller-Segel equation (1.1)-(1.2) with
T* = 400 when M < 8w and T* < +o0o when M > 8.
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We refer to [8, Theorem 1] for the subcritical case M € (0,87) and to [6] for the critical and
supercritical cases M > 8.

Our first main result establishes that this framework is also well adapted for the well-posedness
issue.

Theorem 1.3. For any initial datum fo satisfying (1.3) there exists at most one weak solution in
the sense of Definition 1.1 to the Keller-Segel equation (1.1)-(1.2).

Theorem 1.3 improves the uniqueness result proved in [20] in the class of solutions f € C([0,T7;
Li(R?)) N L>°((0,T) x R?) which can be built under the additional assumption fo € L (R?)
(see also [24] where a uniqueness result is established for a related model). Our proof follows
a strategy introduced in [23] for the 2D viscous vortex model. It is based on a DiPerna-Lions
renormalization trick (see [21]) which makes possible to get the optimal regularity of solutions for
small time and then to follow the uniqueness argument introduced by Ben-Artzi for the 2D viscous
vortex model (see [4, 10]). More precisely, we start proving the optimal regularity for short time
tY 4 ()]l pass — 0 as t — 0 for any weak solution f, and next we estimate the L*/3-norm of the
difference of two possible solutions written in mild formulation. We emphasize that the L*/3-space
is critical for the Hardy-Littlewood-Sobolev inequality (see e.g. [28, Theorem 4.3]) because it writes
in that case

(1.16) Hf * ICHL(4/3>'(R2) = Hf *’CHM(RZ) < Ol fllzars ey,

where p’ € [1, o0] is the conjugate exponent associated to p € [1, 00| defined by 1/p+1/p’ = 1. That
last inequality is the key estimate in order to control the nonlinear term in (1.1). One probably
could perform a similar argument with the LZ-norm, ¢ > 4/3, see [19].

Next we consider the smoothness issue and the long time behaviour of solution for subcritical
mass issue. For that last purpose it is convenient to work with self-similar variables. We introduce
the rescaled functions g and u defined by

(1.17) g(t,z) := R(t)2f(log R(t), R(t)*x), wu(t,z):=c(logR(t), R(t)"'x),
with R(t) := (1 4 2t)'/2. The rescaled parabolic-elliptic KS system reads
(1.18) g = Ag+V(gz—gVu) in (0,00) x R?,

u = —k*g in (0,00) x R?.

Our second main result concerns the regularity of the solutions.

Theorem 1.4. For any initial datum fo satisfying (1.3) the associated solution f is smooth for
positive time, namely f € C((0,T*) x R?), and satisfies the identity (1.6) on (0,7*). Moreover,
when M < 8r, the rescaled solution g defined by (1.17)-(1.1) satisfies the uniform in time moment
estimate

(1.19) sup My (g(t)) < max((k — 1)*>M, My(fo)) Yk >2,
>0
with My(g) := ”g”L}c’ as well as the uniform in time regularity estimate for positive time
(1.20) sup ||g(¢, )lwze <C Ve >0,
t>e

for some explicit constant C which depends on €, M, Fo and Ma o.

It is worth mentioning that L? bounds on g for positive time and for p € [1,00) were known,
but non uniformly in time and as an a priori bound, while here (1.20) is proved as an a posteriori
estimate. Our proof is merely based on the same estimates as those established in [8], on a
bootstrap argument (using the DiPerna-Lions renormalization trick) and on the observation that
the rescaled free energy provides uniform in time estimates.
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From now on in this introduction, we definitively restrict ourself to the subcritical case M < 8
and we focus on the long time asymptotic of the solutions. It has been proved in [8, Theorem 1.2]
that the solution given by Theorem 1.2 satisfies

(1.21) g(t,) =G in L'(R?) as t— oo,
where G is a solution to the rescaled stationary problem
(1.22) AG+V(Gx —GVU)=0 in R?

0<G, /Gdz:M, U=-KxG.
R‘Z

Moreover, the uniqueness of the solution G to (1.22) has been proved in [8, 5], see also [15, 16, 17].
From now on, G = G); stands for the unique self-similar profile with same mass M as fy and it is
given in implicit form by

2
e*G*I{*‘CE‘ /2

1.23 G=M
( ) Jo» = Gr1aP/2 4z’
or equivalently U = — G * k satisfies
M 2
(1.24) AU + eVl /2 =,

f]R2 eU—=1z[2/2 dn
Our third main result is about the convergence to self-similarity.

Theorem 1.5. For any M € (0,87), and any finite positive real numbers F¢, k* > 3, M**,O’ there
exists a (non explicit) constant C such that for any initial datum fqy satisfying (1.3) with

Mo(fo) = M, My-(fo) < My.o, F(fo) < Fg,

the associated solution in self-similar variables g defined by (1.17)-(1.1) satisfies the optimal rate
of convergence
lg(t,.) — Gllpars <Ce™ Vt>1,

where G stands for the self-similar profile with same mass M as fy.

Let us emphasize that assuming only the second moment bound Mas(fy) < oo, the same proof
leads to a not optimal rate of convergence to the self-similar profile, namely ||g(t,.) — G||pa/s <
Cpe " for all ¢ > 1 and for some n € (0,1), C,, € (0,00). It is likely that stronger moment
assumption on the initial datum leads to the same optimal rate of convergence in L9-norm with
larger values of ¢, but we do not follow that line of research in the present work.

Theorem 1.5 drastically improves some anterior results which establish the same exponential
rate of convergence for some particular class of initial data. On the one hand, for a radially
symmetric initial datum with finite second moment it has been proved in [15, Theorem 1.2] the
same convergence in Wasserstein distance Wy by a direct and nice entropy method. On the
other hand, the same convergence in LQ(e”'I'z) norm, v € (0,1/4), has been recently proven to
hold in [17, Theorem 1] (see also [7, 16] for previous results in that direction) for any initial
datum fo with mass M € (0,87) and which satisfies (roughly speaking) the strong confinement
condition fo < G for some self-similar profile G associated to some mass M € [M,87). In that last
work [17], the uniform exponential stability (with optimal rate) of the linearized rescaled equation
is established in L?(G~'/?) by the mean of the analysis of the associated linear operator in a well
chosen (equivalent) Hilbert norm. The nonlinear exponential stability is then deduced from that
linear stability together with an uniform in time estimate deduced from the strong confinement
assumption made on the initial datum.

Our proof follows a strategy of “enlarging the functional space of semigroup spectral gap” initi-
ated in [32] for studying long time convergence to the equilibrium for the homogeneous Boltzmann
equation, and then developed in [30, 25, 12, 11, 29] (see also [31]) in the framework of kinetic
equations and growth-fragmentation equations. More precisely, taking advantage of the uniform
exponential stability of the linearized rescaled equation established in [17] in the small (strongly
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confining) space L?(G~'/?) (observe that log G(z) ~ —|x|?/2 in the large position asymptotic) we
prove that the same uniform exponential stability (with the same optimal rate) result holds in
the larger space L;}/ 3, ¢ > 3/2. Tt is worth emphasizing that the choice of the exponent 4/3 is
made in order to handle the singularity of the force field (thanks to the critical Hardy-Littlewood-
Sobolev inequality (1.16)) while the choice of the moment exponent ¢ > 3/2 is made in order to
have enough confinement and then to get the optimal rate. We probably can perform a similar
semigroup spectral gap analysis in a different space L{, ¢ > 4/3, £ > 3/2, but also probably at
the cost of a stronger confinement (higher moment bound) assumption of the initial datum since
at some point in the proof we use the embedding L] C L N L}ﬂ. Anyway, we do not follow that
line of research in the present work. Next, gathering the long time convergence (without rate)
to self-similarity (1.21) with the estimates of Theorem 1.4, we obtain that any solution reaches a
small L;}/ 3-neighborhood of G in finite time and we conclude to Theorem 1.5 by nonlinear stability

in L;}/ % It is worth emphasizing that it is only in that last nonlinear step that we use the a bit
stronger initial (and then uniform in time) moment estimate (1.19) with k = k* > 3.

Let us end the introduction by describing the plan of the paper. In Section 2 we present
some functional inequalities which will be useful in the sequel of the paper, we establish several a
posteriori bounds satisfied by any weak solution, and we prove Theorem 1.4. Section 3 is dedicated
to the proof of the uniqueness result stated in Theorem 1.3. In Section 4 we prove the long time
behaviour result as stated in Theorem 1.5.

Acknowledgments. The authors gratefully acknowledge the support of the MADCOF ANR
project (ANR-08-BLAN-0220). E.G. would like to thank the CEREMADE at Université Paris-
Dauphine for its kind hospitality in 2012 and 2013 where the work has been initiated and mostly
written. He is also grateful to the MADCOF ANR project for the two several months grants that
it provided to him. S.M. would like to thank the mathematics department of the Universidad de
La Habana for its hospitality in summer 2013 where the present work has been concluded.

2. A POSTERIORI ESTIMATES - PROOF OF THEOREM 1.4

We start by presenting some elementary functional inequalities which will be of main importance
in the sequel. The two first estimates are picked up from [23, Lemma 3.2] but are probably classical
and the third one is a variant of the Gagliardo-Nirenberg-Sobolev inequality.

Lemma 2.1. For any 0 < f € L*(R?) with finite mass M and finite Fisher information
V2
RZ

f
there hold
(2'1) Vpe [LOO)a ||f||LP(R2) < Cle/p[(f)lfl/p’
(2.2) Vagel,2), [[Vflpame < CqMYVamV21(f)3/2=1/a,
For any 0 < f € LY(R?) with finite mass M, there holds
(2.3) Vpe[2,00) [fllrrirey <Cp M/ (e+1) Hv(fp/2)”i/2(p+1)_

For the sake of completeness we give the proof below.
Proof of Lemma 2.1. We start with (2.2). Let ¢ € [1,2) and use the Holder inequality:

v q v 2\ 4/2 (2—q)/2
1wt = [ S5 sz < (JEEE) (o) =iz

Denoting by ¢* = 2¢/(2 — q) € [2,00) the Sobolev exponent associated to ¢ in dimension 2, we
have, thanks to a standard interpolation inequality and to the Sobolev inequality,

1 *—1 *_9 *_q1

(2.4) Ufllerca-o = [ fllgere < |FIAED | p)le 72/ =D
1/(¢"—1 *_o *_1
CollFITAT D w1 =2/ =D,

IN
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Gathering these two inequalities, it comes
IVl < Co ()2 AL ™ ol =2/ =),

from which we deduce (2.2).

We now establish (2.1). For p € (1,00), write p = ¢*/2 = ¢/(2 — q) with ¢ := 2p/(1+p) € [1,2)
and use (2.4) and (2.2) to get
1 *_o

q*—l q*,l(l a = _
Dr(p)Ft G,

-
wleo
Q=

Ifller < Cpllfllz

from which one easily concludes.

We verify (2.3). From the Sobolev inequality and the Cauchy-Schwarz inequality, we have

lo® P ray = [0y < IV (@)1 e
(2.5) < (LH1/p? VP2 |Vl Za e
and we conclude to (2.3) by taking w := f?/2. O

The proof of (1.20) in Theorem 1.4 is split into several steps that we present as some intermediate
autonomous a posteriori bounds.

Lemma 2.2. For any weak solution f and any final time T € (0,T*) there exists a constant
C:=C(M, or(f)) such that

T
(2.6) %/O I(F(t)dt < C.

In particular, in the subcritical case M < 8 the constant C' only depends on M, Hy, Mo and
T € (0,00).

Proof of Lemma 2.2. On the one hand, we write
YRRl
> /f|Vlogf|2+2/Vf-VR:I(f)—2/f2.

On the other hand, for any A > 1, using the Cauchy-Schwarz inequality and the inequality (2.1)

for p = 3, we have
) 1/2 5\ 1/2
/f 1f>a /flsz /f)

1ng 1/2 5 )\ 1/2
< CsMI
from what we deduce for A = A(M, 7—[*( 1)) large enough, and more precisely taking A such that
logA=16HT(f)C3 M,

Dr(f)

IN

HE ()2 1
2. 21 <P M2 T oy < S I(f).
.7 [ Prea et are Lsn 1) < 110)
Together with the first estimate, we find
1
J1(f) = Dr(f)+2 /f21f§A
< Dr(f)+2M exp(16HT(f) C5 M),

and we conclude thanks to (1.12) in the general case and thanks to (1.4)—(1.11) in the subcritical
case M < 8. g
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Remark 2.3. As we have already mentioned we are not able to use the logarithmic Hardy-
Littlewood-Sobolev inequality (1.7) in the critical and supercritical cases. However, introducing
the Mazwell function 4 = M (27) "t exp(—|z|?/2) of mass M and the relative entropy

Hb|.4) = /]R (h log(h). M) — h+ .4) da,

one classically shows that any solution f to the Keller-Segel equation (1.1) formally satisfies

d
GHU@OM) = 170+ [ 107 + o2
HH(f(1)'/?
(log A)1/2
= —I(f(t)) + Mexp(4C3 MH*(f(1))) + C1/2
= —I(f(t)) + Mexp{Cs H(f(t)|.#)} + C1/2,
for a constant Cs = Cg(M) and where C; = C1(M) is defined in (1.5). In the above estimates, we
have used (2.7), we have made the choice log A := 4C3 M H*(f(t)) and we have used a variant
of inequality (1.9). This differential inequality provides a local a priori estimate on the relative

entropy which is the key estimate in order to prove local existence result for supercritical mass as
well as global existence result for critical mass in [6].

< —I(f(t)) + MA+C* MV? I(fe)+C/2 (VA>0)

As an immediate consequence of Lemmas 2.1 and 2.2, we have

Lemma 2.4. For any T € (0,T*), any weak solution f satisfies

(2.8) feLP®=1(0,T; LP(R?), Vpe (1,00),
(2.9) K e LP/®"=1(0,T; L?/C-P(R?)), Vpe(1,2),
(2.10) V.K € LP/®=D(0,T; LP(R?)), Vp € (2,00).

Proof of Lemma 2.4. The bound (2.8) is a direct consequence of (2.6) and (2.1). The bound
(2.9) then follows from the definition of K, the Hardy-Littlewood-Sobolev inequality (see e.g. [28,
Theorem 4.3])

1
(2.11) 7] <Collfliry, ¥re(1,2)

L2r/(2-7) (R2)
with 7 = p and (2.8). Finally, from (2.6) and (2.2) we have
Vfe Lsa'z(0,T; LYR?)), Vqe(1,2).
Applying the Hardy-Littlewood-Sobolev inequality (2.11) to VK = K * (V. f) with r = ¢, we get
V.K € L% (0,T; L7 (R2)), Vqe (1,2),
which is nothing but (2.10). O

Lemma 2.5. Any weak solution [ satisfies

t1
(2.12) /]R? B(ftl)dl' —i—/t 5 5//(fs) |vfs|2d,rd8

< [ pdrs [ ] @0 12 - 800 gy s

for any times 0 < tg < t1 < T™ and any renormalizing function B : R — R which is conver,
piecewise of class C' and such that

Bw)] < C (1 +ulogu)s), (B (w)u®—pBu)u)y <C(A+u?) VueR,
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Proof of Lemma 2.5. We write
atffAmf:K'vxf“i’an
and we split the proof into three steps.

Step 1. Continuity. Consider a mollifier sequence (p,,) on R?, that is p,(z) := n?p(nz), 0 < p €
D(R?), [ p =1, and introduce the mollified function fJ* := f;*,p,. Clearly, f™ € C([0,T), L*(R?)).
Using (2.8) and (2.10), a variant of the commutation Lemma [21, Lemma II.1 and Remark 4] tells
us that

(2.13) Opf" = K-V ft =D ft=1",
with
r’ = (f2) * POn + (Ia . sz) * Pn — 16 . vzfn — f2 in Ll(oaT;Llloc(R2))‘

The important point here is that f2,|V,.K| f € L*((0,T) x R?), thanks to (2.10) and (2.8).
As a consequence, the chain rule applied to the smooth function f™ reads

(2.14) OB(f") = K- VaB(f") + DaB(f") = B"(f") [V f" P + B/ (f) 1",

for any 8 € C*(R) N W2 °(R) such that 8” is piecewise continuous and vanishes outside of a
compact set. Because the equation (2.13) with K fixed is linear, the difference f™* := fn — f*
satisfies (2.13) with 7™ replaced by r™* := r" — % — 0 in L'(0,7T; L}, .(R?) and then also (2.14)
(with again f and 7" changed in f™* and r™*). In that last equation, we choose 3(s) = B1(s)
where $4(s) = s2/2 for |s| < A, Ba(s) = A|s|—A?/2 for |s| > A and we obtain for any non-negative

function y € C?(R%),

[ A a) (o do <
< [ BimH(0,2)) x(@) de + / [P (s, )] x() dards
R2 0 JR2

[t |- xr Axe) - Kis.a) - Vx(o)| dods,
0 JR2

where we have used that div, K = f, that |8}| < 1 and that 8{ > 0. In the last inequality,
the RHS term converges to 0 as n, k tend to infinity. More precisely, 51 (f™*(0)) — 0 in L*(R?)
because fo € L'(R?); »™* — 0 in L1(0,T; L},.(R?)) by the DiPerna-Lions commutation Lemma
recalled above; B1(f™*)K — 0 in LY(0,T; L}, (R?)) because Bi(s) < |s|, because f™* — 0 in
L3(0,T, L3/?(R?)) by (2.8) with p = 3/2 and because K € L%(0, T; L3(R?)) by (2.9) with p = 6/5;
Bi(f™F)f — 0in L'(0,T; L*(R?)) because again 3;(s) < |s| and f € L2((0,7) x R?) by (2.8) with

p = 2. All together, we get

sup [ Bi(fVM(t ) x(2)dz — 0.
te[0,T] JR2 k00

Since x is arbitrary, we deduce that there exists f € C([0,00); L} .(R?)) so that f* — f in

loc

C([0,T); L}, .(R?)), VT > 0. Together with the convergence f™ — f in C([0,0); D’(R?)) and the

loc

a priori bound (1.10), we deduce that f = f and
(2.15) f*— f i C([0,T); LY(R?), YT >0.

Step 2. Linear estimates. ~ We come back to (2.14), which implies, for all 0 < t; < t1, all
X € C2(R?),

t1
@16) [ atmxdes [ [ 8 IR xdads = [ B(g) xda

+/ /Rz{ﬁ“f?)r”xm(f;)m ~ BT diva(Kx) | dads.
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Choosing 0 < x € C2(R?) and 8 € C'(R) N W;>>°(R) such that 5 is non-negative and vanishes

loc
outside of a compact set, and passing to the limit as n — oo, we get

t1
e [ stoxdes [ 80 IVanxdsas < [ B s

[ A5 72 - 55 5] 80 [ax - K9] e

By approximating xy = 1 by the sequence (xr) with xr(z) = x(z/R), 0 < x € D(R?), we see
that the last term in (2.17) vanishes and we get (2.12) in the limit R — oo for any renormalizing
function B with linear growth at infinity.

Step 3. superlinear estimates. Finally, for any £ satisfying the growth condition as in the statement
of the Lemma, we just approximate [ by an increasing sequence of smooth renormalizing functions
Br with linear growth at infinity, and pass to the limit in (2.12) in order to conclude. (I

As a first consequence of Lemma 2.5, we establish an estimate on the quantity
(2.18) Ho(f):= [ f(ogf)?de, logu:=ly<c+ (10gu)Lyse.
RZ

Lemma 2.6. For any weak solution f and any time T € (0,T*), there exists a constant C :=
C(M,T, /) such that for any 0 <to <t; <T
(2.19) Ha(f(t1)) < Ha(f(to)) + C.
Proof of Lemma 2.6. We define the renormalizing function Sx : Ry — R,, K > €2, by
Br(u) :==u(logu)® if u< K, PBr(u):=(2+logK)ulogu—2KlogK if u> K,
so that B is convex and piecewise of class C!, and moreover there holds
Bre (u)u? — Br(u)u < 2u218v/gu lu<x +4log Ku? 1,5 p

and
logu

1
K( )>2 1e§u§K+(2+10gK)alu>K-

Defining now

logy u = 1y<e + (logu)lecu<ix + (log K)1ys k.,
we deduce from (2.12) that

/ Brcfu) d$+/t1/ |Vf|2 18’:%Kf)1f>edacds

< [ s da +4/t0 /R 12 Tom f duds.

Proceeding as in the proof of Lemma 2.2, we have for any A € (e, K)
[ Plostde = [ Plogcslacidst [ fPlogef Laskdo
R2 R2 R2

(atog 4) v + (LU [ riseenpas)”,

IN

as well as thanks to inequality (2.1) with p =3

([ romerrae)™ < ([ romerar)” [ W
K
< 4y (M+H+(f)) (/Rz |VJ{|2 (1ogKf)1f>edx+I(f))_
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The last three estimates together, we obtain for A large enough and K > A
t1
Bk (ft,) dx S/ ﬂK(ftO)dz+4T(AlogA)M+/ I(fs)ds
R2 R2 to

from which (2.19) immediately follows by letting K tends to +o00 and using Lemma 2.2. (]
We now derive some LP-norm estimate on the solutions to the KS equation.

Lemma 2.7. For any weak solution f, any time T € (0,T*) and any p € [2,00) and ty € [0,T)
such that fi, € LP, there exists a constant C := C(M,T, o1, p, || ftollre) such that

1"
(2.20) Vel Tl IS+ [ IVa(7) e <

to
Proof of Lemma 2.7. We define the renormalizing function i : Ry — Ry, K > 2, by

Kr~1 1 P
1 —u)— —=K?
1ogK(u ogu —u) P + log K

P
B (u) := LT <K, PBk(u):= if u>K,
p

so that Bx is convex and of class C', and moreover there holds
1
B (u)u? — B (u)u < pup"’l lu<k +2KP ' u? 1,5k,

as well as

Kr—11
4 -1 ]-u 1. - 1u .
Kkw)=(p—1)u” <K + log K u >K

Thanks to Lemma 2.5, we may write

4 t1 Kpr—1 \vaak:
Br (fi,) dz + T/ / V(P72 <k dwds + / / v/l 1y>k deds
R2 R2

/ B (fro) d:c+— / P e g dads + 2 KP™ 1/ 145 dads.
R2 to JR2

On the one hand, using the splitting f = (f A A) + (f — A)+, we have
7—1::/ fp+11f§de§2pA;DM+2p/ fﬁ—i}id(E,
R2 Rz

where we have defined fa g := min((f — A);, K — A), K > A > 0. Moreover, thanks to inequality
(2.3) and the same trick as in the proof of Lemma 2.2, we have

/ff,ﬁid:c < /fAKdz/ IV (f% W )|? da
R2

¢, LU [ 1P eras

As a consequence, we obtain

I 2P 1 M
—// Tids < = APMT + T/ / IV (fP/))? 1<k daxds,
P Ji p ppJi, Jr2

for A = A(p, @) > 1 large enough.
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On the other hand, thanks to the Sobolev inequality (line 2) and the Cauchy-Schwarz inequality
(line 3), we have

Ty = 2Kp_1/R2f21f2Kd:c§8K”_1/R2(f—K/2)idx

< sk ([ 90 =K/ dn) =880 ([ 1901 spds)

_ Vi?
< 8K? 1/ | ;' ]—f>K/2d-T/f]—f>K/2d-T

P 1 p/2) 2 VP LE16)
< s g [ VR ) et [ S L g

Recalling that from Lemma 2.6 we have

sup Ha(f) < Ha(fio) +C" < M + || fi, |7, + C" = C”,

[tUaT]
we deduce
t " 1 t 2
B 32C 21’+ ! V£l
Tads < / V(fP)? 1<k deds + KP~ 1/ / 1> dzds
to (IOg K to JR2 | | /= R2 fz }

IN

Kp 1 v 2
D Ji, Jr2 R2

for any K > K* = K*(p, o/7) > max(A4,4) large enough.

All together, we have proved that for some constant A and K* only depending on p, T', o/ and
fto, and for any K > K* there holds

2
/ﬁK(ftl)dx+]7 |Vz(fp/2)|21f§Kdacds§/ B (fe,)dx +2P AP M T.
R2 R2

to JR2
We conclude to (2.20) by passing to the limit K — oc. O
Lemma 2.8. Any weak solution [ is smooth, that is

feC ((e,T) xR, Ve, T, 0<e < T < T%,
so that in particular it is a “classical solution” for positive time.

Proof of Lemma 2.8. For any time ¢y € (0,7") and any exponent p € (1, 00), there exists t, € (0, o)
such that f(t)) € LP(R?) thanks to (2.8), from what we deduce using (2.20) on the time interval
(ty, T) that

(2.21) f€L>®(ty, T; LP(R?*) and V,f € L*((ty,T) x R?).

Next, by writing K = K 1,j<; + K 1,51 € L¥2+ L, it is easily checked ||+ f|[L < C (|| f|zs+
Ilfllz1), and then K € L>=(ty, T; L°(R?)) because of (2.21) and (1.13). We thus have

(2.22) Of +Auf=f2+K-Vuf € L*((to,T) x R?), Vitg >0,

so that the maximal regularity of the heat equation in L2-spaces (see Theorem X.11 stated in [9]
and the quoted reference) provides the bound

(2.23) f € L?(to, T; H*(R?)) N L™ (to, T; H*(R?)), Vto > 0.

Thanks to (2.23), an interpolation inequality and the Sobolev inequality, we deduce that V. f €
LP((to,T) x R?) for any 1 < p < oo, whence K - V. f € LP((to,T) x R?), for all t; > 0. Then
the maximal regularity of the heat equation in LP-spaces (see Theorem X.12 stated in [9] and the
quoted references) provides the bound

(2.24) Oif,Vauf € LP((to, T) x R?), Vto >0,
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and then the Morrey inequality implies the Holderian regularity f € C%((to,T) x R?) for any
0 < a <1, and any tg > 0. Observing that the RHS term in (2.22) has then also an Holderian
regularity, we deduce that

Ouf,0uf, 0., f € C)((to, T) x R?), VT, to; 0 <ty <T <T",

thanks to the classical Holderian regularity result for the heat equation (see Theorem X.13 stated
in [9] and the quoted references). We conclude by (weakly) differentiating in time and space the
equation (2.22), observing that the resulting RHS term is still a function with Holderian regularity,
applying again [9, Theorem X.13] and iterating the argument. ([

Proof of Theorem 1.4. We split the proof into seven steps, many of them are independent from
one another.
Step 1. The regularity of f has been yet established in Lemma 2.8.

Step 2. First, we claim that the free energy functional F is lsc in the sense that for any bounded
sequence (f,,) of nonnegative functions of L3 (R?) with same mass M < 87 and such that F(f,) < A
and f, — f in D’(R?), there holds

(2.25) 0< feLy(R? and F(f) <liminf F(f,).

The proof of (2.25) is classical (see [13, 14, 8]) and we just sketch it for the sake of completeness.
Because of (1.8) and (1.9), we have H*(f,) + Ma(fn) < A’ for any n > 1, and we may apply the
Dunford-Pettis lemma which implies that f,, — f in L!(R?) weak. Now, introducing the splitting
F=F~+Re, Fe =H+ Ve, with

Ve(g) = %//ng(x)g(y) KT = Y) Lay>e
Re(g9) = %//RZXRZQ@)Q(Z/) k(T —Y) Lay|<e

we clearly have that F.(f) < liminf F.(f,,) because H is Isc and V. is continuous for the L' weak
convergence. On the other hand, using the convexity inequality uv < ulogu +e* Vu > 0, v € R
and the elementary inequality (logu)_ < u~'/2 Vu € (0,1), we have for e € (0,1) and A > 1

1
Relo)l = 4= / / Rg<x>1g(mg<y>aog|x_y|>_1‘1,%8
2y R2

//]R2 R2 (@)>x 9(y) log(|x _y|—1)1‘%y‘Ss
X

< 2 / / (1og =)
\<a
+47T L9(@) g(ac)>)\/{g )ogg(y) + |z —y[ ™'} dy
A 1 Ht
< a3/ +(
< 3M€ +47T log)\ {7—[ ) + 2me},

and we get that sup,, |R:(f»)| — 0 as € — 0 from which we conclude that F is lsc. Now, we easily
deduce that the free energy identity (1.6) holds. Indeed, since f is smooth for positive time, for
any fixed t € (0,7*) and any given sequence (t,,) of positive real numbers which decreases to 0, we

clearly have
t

F(ftn) =F(t)+ [ Dr(f(s))ds.

tn
Then, thanks to the Lebesgue convergence theorem, the lsc property of F and the fact that
f(tn) = fo weakly in D’(R?), we deduce from the above free energy identity for positive time that

F(fo) < liminf F(f(tn)) < lim {F(t) th( ) ds} = F(t /Df

n—o0 t
n
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Together with the reverse inequality (1.14) we conclude to (1.6).

Step 3. From now on, we assume that M < 8 is subcritical and we prove the uniform in time
estimates (1.19) and (1.20). We start with the a priori additional moment estimate (1.19). Because
we will show the uniqueness of solution without using that additional moment estimates, these ones
are rigorously justified thanks to a standard approximation argument, see [8] for details. Denoting
g the rescaled solution (1.17) and

M, ::/ g(x) |z|* dx
RZ

we compute with ®(x) = |z|*, k > 2, thanks to the antisymmetry of the kernel and the Holder
inequality

d 1
—M, = K> My_o— kM, — — @’ t t 7dd
5 M k-2 k 27T/ (w)g(,x)/wg( y)| R

= I<:2Mk o — k My

-y
(t,y)g(t,z) (P’ ol dydz
/]Rz/ ) (@)~ 2y ))Iw—y|2
< kQMQ/k LRk My,

from which we easily conclude that (1.19) holds.
Step 4. Defining the rescaled free energy £(g) and the associated dissipativity of rescaled free

energy Dg(g) by
[o+t0g9)+ 5 [olsl?+ - [ [ o@igtn)tog o -yl dedy

fs(oss s o)

we have that any solution ¢ to the rescaled equation (1.18) satisfies

(2.26) E(g)

(2.27) De(g)

d
(2.28) Eé‘(g) +Deg(g) =0 on [0,00).
On the one hand, as for (1.8), the following functional inequality
1
(229) [oro8g+5 [alsl? < Cauneto) + Catyr) vy e L)

holds, and together with (1.9), we find

(2.30) [ ottosg)+ 7 [[ale? < Cuthyetg) + Cr01) Vg € L1 (@),

where C7 := Cy + C5. As a consequence of (2.28) and (2.30), we get the uniform in time upper
bound on the rescaled free energy for the solution g of (1.18)

(2.31) sup / 9105 90)s + | / gelf? < C3(M) E(fo) + C2(M).

t>0

Step 5. As in the proof of Lemma 2.7, we easily get that the rescaled solution g of the rescaled
equation (1.18) satisfies for any p € [2, 00)

d 4
S ll9lzs + EIIV(Q”“)H%Z 2(p =D llgliz, + (0 = Dllglhss

2(p—1) M +3(p—1)|glbtL,.

IN
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Writing s = s A A + (s — A), so that sPT! < 2PF1(s A A)PHL 4 2071 (s — AP and using the
Gagliardo-Nirenberg-Sobolev type inequality (2.5) in order to get

Jo-amt < ¢ [9- a2 [(o-an

< C /|v p/2 |2 log(A)

for any A > 1, we deduce

ol + IV IRe < 2pM o 3p2r A M 4 g2t [ (g =
< G )+ 6, D ez,
Taking A large enough, we obtain
(232 Lol + 319("") 3 < Co(M. p. &),

Using the Nash inequality
w]|72 g2y < On 0]l L1 (r2) VW]l L2 g2y

with w := g?/2, we conclude with

d, 1 —p

%HQHLP + oz lgll 22 gl 7 < Co(M,p, o).
Defining u(t) := ||g(¢)||;, first with p = 2, so that Hg(t)”i{j2 = M, we recognize the classical
nonlinear ordinary differential inequality

' +cu*<C on (0,00),

for some constants ¢ and C' (which only depend on M and &) from which we deduce the bound

(2.33) Ve >03C=C(e,¢,C) suplgt)|r, <C,
t>e

with p = 2. In order to get the same uniform estimate (2.33) in all the Lebesgue spaces LP,
p € (2,00), we may proceed by iterating the same argument as above with the choice p = 2%,
k € N*. Coming back to (2.32) with p = 2, we also deduce that for any £,7 > 0 there exists
C =C(e,T, &) so that

to+T
Sup / ||vg(S)H%2(R2) ds < C.

to>e Jtg
Step 6. The function g; := 0, g satisfies
Orgi — Agi = V(xg;) = gi +299; — 0x,(Vu - Vyg),

from which we deduce that
d .
(234 G [lar 40t -1) [ 1VgPlap—2 <

< <3p—2>/|gz-|p+2p/g|gi|p+p/azi<w-ng g7,

For p = 2, we have for any t > ¢
4/g|gi|2+2/8mi(Vu.Vg)gl

< Algllzs llgillgs + 21V Vg||L2+ 18igill7-

T(t)



16 G. EGANA, S. MISCHLER

thanks to the Holder inequality, an integration by part and the Young inequality. Next, we have
for any t > ¢

1
4
T(t) < Clgl2 Vel + Call Vallza + 5 [ Vaill3:

where we have used the classical Gagliardo-Nirenberg inequality (see (85) in [9, Chapter IX] and
the quoted references)

a q
(235) H’LUHL (]RZ) < CGN ||wHLq(]R2) vaHLZ(RZ)’ a=1-— ;, 1 S q S r << o0,

with w = ¢;, » = 3, ¢ = 2, the uniform bound established in step 5 and the fact that Vu =
—K % g € L*™((,00) x R?) thanks to the same argument as in the proof of Lemma 2.8. Last, by
the Young inequality we get for any ¢ > ¢

2 _3/2 1 1
Tt < 3 Cl/ lgill7 + 3 IVgillZ= + Call Vg2 + 3 Vil 7,

from which we deduce from (2.34)

/ gil? + / Vail? < CslIVgl2. on (e, 00),

with C3 := 4 + %C’fﬂ + Cs. Remarking that for any fixed ¢ € (0,1) and any t; > 2, we may
define ¢y € (t1 — €,t1) so that

. 2 "
Vool = inf Vol <= [ IVa(s)lEads < o

1—€
thanks to the bound established at the end of step 5, we deduce from the above differential
inequality that

t1
lgi(t)172 < llgi(to)ll7= + 03/ IVg(s)|72 ds < Cs,
to

where again C5 := Cy + C3Cye/2 only depends on &, M and &. Coming back to the above
differential inequality again, we easily conclude that for any € > 0, there exists a constant C. =
C(e, M, &) so that

t+1
(2.36) sup { I Va0l + [ 1D} <c..
t>e t

Step 7. Starting from the differential inequality (2.34) for p € (2, 00) and using the Morrey-Sobolev
inequalities
gl < Cligllaz  and  ||D*ul|r < C[[D?ullg= < Clglla,

we easily get

o [1vap < ca gl + 1D*l) [ 19l

< C@+gln) / Vgl on (,00),

from which we deduce for any t; > tg > ¢

IVg(t)llr < [Vg(to)llzr exp( / O+ lgls) ) ds)-

Now, arguing similarly as in step 6, we deduce from the above time integral inequality, the Sobolev
inequality ||Vgl|lzr < Cp ||lg|lg2 for p € [2,00) and the already established bound (2.36), that for
any € > 0, there exists a constant C. = C(e, M, £y, p) so that

(2.37) sup |[Vg(@®)||zr < Ce.
t>e
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Step 8. Iterating twice the arguments we have presented in steps 6 and 7, it is not difficult to
prove

sup [g(t, )[lws» <C Ve>0, pe2,00),

t>e

for some constant C = C(e, p, M, Fo, M2,) from which (1.20) immediately follows. O

3. UNIQUENESS - PROOF OF THEOREM 1.3

We split the proof into two steps. We recall that from Theorem 1.4 we already know that
I fllz2 € CH(0,T) and || f||L» € L*®(to,T) for any 0 < to < T < T* and any p € [1, 0]

Step 1. We establish our new main estimate, namely that any weak solution satisfies
(3.1) 4 F (M pas — 0 ast — 0.

First, from (1.1) and the regularity of the solution, we have

L1713 + 20 fI3: = 112 o (0.7).
As in the proof of Lemma 2.7, we deduce that
ST+ IVl < M o (0.7)
for A large enough. Thanks to the Nash inequality
I£1I7> < CM [V £,
we thus obtain
SIFI + emllflle < A°M o (0,7)

It is a classical trick of ordinary differential inequality to deduce that there exists a constant K
(which only depends on ¢y, A2M and T') so that

(3.2) tft, )3 <K Vte(0,T).

We now prove (3.1) from (3.2) and an interpolation argument. On the one hand, introducing the
notation log, f := 2 4 (log f)4, we use the Holder inequality in order to get

/ P / £2/3 (log, £)%/3 f2/* (log,, £)~%/3

< ([ s100)" ([ 72 0w ?) "

or in other words and using a similar estimate as (1.9)

(3.3) Il < ), a0 ([ 52 GGy ?)

On the other hand, we observe that for any R € (0, c0)

i / Plog, )2 < tf  fPlog )+t 12 (og f)?

f<R f>R

T ren? G e
t e—— + e——
(log,R)? Jr<r  (log R)* Jr>r
MR K M+ K
(3.4) P P S s SN
(log, R)>  (log R)®  (log,1/t)?
where we have used that s — s/ (Bv/g +5)? is an increasing function in the second line, then the mass
conservation and estimate (3.2) in the third line, and we have chosen R :=¢~! in order to get the
last inequality. We conclude to (3.1) by gathering (3.3) and (3.4).
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Step 3. Conclusion. We consider two weak solutions f; and f2 to the Keller-Segel equation (1.1)
that we write in the mild form
t
F) =2 50)+ [ e IATWis) fls) ds, Vi=Kx
0
where e!2 stands for the heat semigroup defined in R? by e?® f := v+ f, 74 (2) := (27t) ™" exp(—|z|?/(2t)).
When we assume f1(0) = f2(0), the difference F' := fo — f1 satisfies
t t
F(t)= [ V920 Fe)ds+ [ 91 fil9)ds =+ Do
0 0
with W := V5, — V. For any t > 0, we define

Zi(t) = Oiugtsl/“ I fi(s)larss  A(t) = Oiugtsl“ [F(8)]| Lass.

We then compute

o= L) g

< 000 [V IR (5) F(5)l e s
Ot o

< 0 [ Vel () s
Ot o

< 0 [ Ve [Pl s ds
Ot o

< 0 [ (o) s IF @) ds

t C t1/4

_ ! C du
o o (1 —u)3/4 y1/2

where we have used the regularizing effect of the heat equation

Zy(t) A(t),

C
IV (e S lzaa < 1Vrllzasallglor < 77 llglle,

at the third line, the Holder inequality at the fourth line and the critical Hardy-Littlewood-Sobolev
inequality (1.16) at the fifth line.
Similarly, we have

Jo = M| L(b)|| pass

! C du
< / T e A 2100

All together, we conclude thanks to (3.1) with the inequality
1
c du
Alt) < /0 Al a2 (Z1(t) + Z2(t)) A(t) < §A(t)
for t € (0,7T), T > 0 small enough, which in turn implies A(t) =0 on [0, 7). O

4. SELF-SIMILAR BEHAVIOUR - PROOF OF THEOREM 1.5

In this section we restrict ourself to the subcritical case M < 87 and we investigate the self-
similar long time behaviour of generic solutions to the KS equation or more precisely, and equiv-
alently, we investigate the long time convergence to the self-similar profile of the rescaled solution
g defined through (1.17). We start by recalling some known results on the self-similar profile and
its stability. First, we consider the stationary problem (1.22).
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Theorem 4.1. For any M € (0,87), there exists a unique nonnegative self-similar profile G = Gy
of mass M with finite second moment and finite entropy of the KS equation (1.1), it is the unique
solution to the stationary problem (1.22) and it satisfies

G e COO(RQ), e—(1+8)|z|2/2+0175 <G< 6_(1_8)|Z|2/2+CZ’5,

for any € € (0,1) and some constants C; . € (0,00). Moreover, with the definitions (2.26) of the
modified free energy € and (2.27) of the modified dissipation of the free energy Dg, the self-similar
profile G is characterized as the unique solution to the optimization problem

(4.1) g€ 2Zu, &(g)= min &(g),
9EZMm

where Zy = {g € LY N L}; Mo(g) = M}, as well as the unique function g € Zp such that
De(g) = 0.

That theorem follows by a combination of known results. On the one hand, as a consequence
of the fact that U := —K x G satisfies (1.24) together with the elementary inequality

M
(4.2) Ve eR?® |U(z)+ oy (log|z])+| < C,

where C only depends on M, M3(G) and H(G) (see [8, Lemma 23] and the argument presented
in order to bound R.(g) in step 2 of the proof of Theorem 1.4), and the Naito’s variant [33] of the
famous Gidas, Ni, Nirenberg radial symmetry result on solutions to Poisson type equations, it has
been established in [8, Lemma 25] that U is radially symmetric. It follows that any self-similar
profile G is radially symmetric. On the other hand, the uniqueness of radially symmetric self-
similar profiles has been proved in [5, Theorem 3.1] (see also [15, Theorem 1.2]) and that concludes
the proof of the uniqueness of the solution to the stationary problem (1.22). The smoothness
property is established in [8, Lemma 25] and the behaviour for large values of |z| is a immediate
consequence of (4.2). Tt is clear from (2.28) that any solution § to the minimization problem (4.1)
also satisfies Dg(g) = 0 which in turns implies that log g+ |x|?/2+ k% g = 0 and then g is a solution
to the stationary problem (1.22).

Second, the profile G is a stationary solution to the evolution equation (1.18) and the associated
linearized equation reads

Oth = Ah :=divy (Vh+azh+ (K*G)h+ (K *h)G).
We briefly explain the spectral analysis of A in the Hilbert space E := L?(G~1/?) of self-adjointness
performed in [17]. Defining ho o := 0Ga/OM, it is (formally) clear that hg g is a first eigenfunction

of the operator A associated to the first eigenvalue A = 0, and it has been furthermore shown in
[17, Lemma 8] that the null space N(A) = vect(hg,0). Moreover, defining the bilinear form

o= [ ra6 ok [ [ 5@ o nte = y) dady,

and the associated quadratic form Q1[f] := (f, f), it has been shown in [17, Section 4.3] that @,
is nonnegative, that Q1[ho,o] = 0 and that

Ql[f] =0 and <f, h070> =0 imply f =0.
As a consequence @Q1[-] defines an Hilbert norm on the linear submanifold
Ey :={f € B; (f,ho) = 0} = {f € B; M(f) =0}

which is equivalent to the initial norm | - ||g. That new norm is suitable for exhibiting a spectral
gap for the operator A and to make the stability analysis of the associated semigroup e**.

Theorem 4.2 ([17]). For any g € Ey which belongs to the domain of A, there holds

(4.3) (Ag,g) < —Qilg]-
Moreover, there exists a* < —1 and C' > 0 so that

(4.4) e*h — et 1A — Toh|lp < Ce® t||h — (I} + )bz Vt>0, VheE,
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where Iy is the (Qq-orthogonal) projection on Vect(hoo), also defined as Ilph := M (h) ho,o, and
I1; is the (Q1-orthogonal) projection on Vect(h1 1, hi1,2) where hy; := 0., G.

Inequality (4.3) is nothing but [17, Theorem 15] and (4.4) is a consequence of the fact that the
spectrum of A is discrete and included in the real line and that the second (larger) eigenvalue of A
is —1, see [17, Section 4].

Our first main result in this section is a linearized stability result in a large space £, namely we
consider

£ = LY/*R?, k>3/2

We consider that space because it is the larger space in terms of moment decay in which we are able
to prove a (optimal) spectral gap on the linearized semigroup. For such a general Banach space
framework and the associated spectral analysis issue, we adopt the classical notations of [35, 26]
used in [25], for more details we refer to [25, Section 2.1] and the references therein (in particular
(26, 35, 22]).

Theorem 4.3. For any k > 3/2 and any a > a := max(a*,a(k)), a(k) == 1/2 — k (so that
a(k) < —1) there exists a constant Cy o so that

| h — et I h — Tghlle < Ce™ ||h—Tih —Tlghlle YVt >0, VhE€E,

where again Iy stands for projection on the eigenspace Vect(ho,o) associated to the eigenvalue 0 and
I1y stands for projection on the eigenspace Vect(hy1,h1,2) associated to the eigenvalue —1. Both
operators are defined through the Dunford formula (see [25, Section 2.1] or better [26, 111-(6.19)])

1
M = —— (A—2)"tdz, ¢€=0,-1, r> 0 (small enough),
27 Jyz—gl=r

but also in a simpler manner Ioph = M (h) ho o for any h € E.

The proof is a straightforward adaptation of arguments of “functional extension of semigroup
spectral gap estimates” developed in [25] for the Fokker-Planck equation.

Lemma 4.4. For any k > 0 fized, there exists a constant Cy, such that for any g € D(A), there
holds

where gt == g|g|=%/% (here § stands for the complex conjugate of g).

Proof of Lemma 4.4. For the sake of simplicity we assume g > 0 so that gt = ¢!/, we set £ := 4k/3,
we write

(Ag,gh)e = / (Ag) '3 (x)! =Ty + ... + Ty,
RZ

and we compute each term T; separately. First, performing two integrations by part, we have

1= [ (B9 @) do

R2
1 2 —2/3/ \¢ 3 4/3 ‘

= —< | IVgPg™" @) da+ 2 | g7 Alz)" da.
3 Jre 4 Jre

Second, performing one integration by part, we have
T = / (29+x~Vg)g1/3 ()" da
RZ

1

— Rz{%(xy_Q + (5 — k) <$>é} g3 dx.
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Third, performing one integration by part, we have

T3 = / (2Gg+(lC*G)-Vg)gl/3 (z)* dx
R2

_ 2 Gg4/3<x)edx—%/ gB(K*G) -V (2) de
R2

4 oo
< C/ 94/3<x>e*1dx,
]RQ

for some constant C € (0, c0).
Fourth and last, thanks to the Holder inequality and the critical Hardy-Littlewood-Sobolev in-
equality (1.16), we have

T, = / (Kxg)-VGg'/3 (x)' d
RZ
1/3 4/3
< VG (@) oo gl 1K % g1l < C llgl s
Gathering all these estimates, we get (4.5). O
We define

Ag:=Nxgrg and Bg=Ag— Ay,

for some truncation function xgr(z) := x(z/R), x € D(R?), 10,1y < x < 1p(,2), and some
constants N, R > 0.

We clearly have
(4.6) Ae B(L? E)C BE) and Aec BLY3E)c BE).

From lemma 4.4 we easily have that for any a > a(k) there exist N and R large enough so that
B — a is dissipative in € (see [35, Chapter I, Definition 4.1]) in the sense that

(4.7) (9", (B—a)g)ee <0,
where g* == g lg|"¥/3||g]|* € &".

Lemma 4.5. There exist some constants C > 0 and b € R such that the semigroup Sg(t) = e
satisfies

C e

(48) ||SB( hHLZ— t1/2

Ihll 45 Yhe Ly, vt >o0.
1

Proof of Lemma 4.5. The proof of the hypercontractivity property as stated in Lemma 4.5 is
a classical consequence of the Gagliardo-Nirenberg inequality. For the sake of completeness we
sketch it. Arguing similarly as in the proof of Lemma 2.7 and Lemma 4.4 and denoting h; := e*®h,

we compute
th/|t| /|Vht ) Jr/ht(/C*ht) VG(z)?
s [ {1 V@ + @2 Go - M) + @ K56 Vi)

On the one hand, thanks to the Gagliardo-Nirenberg inequality (2.35) with ¢ = 4/3, » = 2 and

a = 1/3, we know that
3 —
Jvwane = ezt ([ @) ([ b ere)
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On the other hand, introducing the splitting K = Ko+ Koo with Ko := K 1,j<; and K := K1,
and using the Holder inequality and the Young inequality, we have

IN

/ht (K # he) - VG (x)? IVG (2)? ]| o [IRll2 1Ko # Al 2 + VG (@) 2 || 2 Koo # Al L

C (Kol 11132 + 11l 2 1 Koll 1A )
CIh2.

IN A

We also bound the last term by C'||h¢||%.. All together and using the notations X (t) := ||h¢]2,

and Y(t) := ||ht||i/4?;3 and the fact that Y (¢) <Y (0) thanks to Lemma 4.4, we get
1

X' < —a(X/Y(0)*+8X

for some constants a, 8 > 0. The estimate (4.8) is then a classical consequence to the above
differential inequality. O

Proof of Theorem 4.3. We immediately deduce from (4.6) and Lemma 4.5 that

C
I ASs ()] z(e,m) < e e’ V>0,

for some constants C > 0 and b € R. As a consequence, proceeding as in [25, section 3] or
[29, Lemma 2.4], we deduce that the time convolution function (ASp)**) defined iteratively by
(ASp)V) = (ASg), (ASp)*0) := (ASp)*(=1) « (ASR), for any £ > 2, satisfies

(4.9) 1(ASE) "0 ()| s(e,m) < Cee®' Vit >0,

for some constants Cp > 0 and b, € (a(k),—1) for k > 3/2 and ¢ > 2 large enough. Putting
together Theorem 4.2 and the properties (4.6), (4.7) and (4.9) we observe that A = A+ B satisfies
all the assumptions of [25, Theorem 2.13]. As a consequence, the conclusions of Theorem 4.2 hold
true by a straightforward application of [25, Theorem 2.13]. O

Before going to the proof of Theorem 1.5 we present two results that will be useful during the
proof of that Theorem.

Lemma 4.6. For any M € (0,87), k' > 2>k > 3/2, My > (K — 1)¥/2M and C > 0, there
exists an increasing function n : [0,00) — [0,00), n(0) =0, n(u) > 0 for any u > 0, such that

(4.10) Vgez  De(g)2nlg =Gl

where
Z:={ge LL(R?), M(9) =M, Myp(g9) < My, ||g|lw2= < C}.

Proof of Lemma 4.6. We proceed by contradiction. If (4.10) does not hold, there exists a sequence
(9n) in Z and a real § > 0 such that

De(gn) »0asn—0 and |[lg— Gl 43 > 4.
k

Therefore, on the one hand, there exists g € Z such that, up to the extraction of the subsequence,
there holds g, — g strongly in Li/g, so that [|g — G| ;4/s > 6. Using again g, — g and the critical
k
Hardy-Littlewood-Sobolev inequality (1.16), we deduce that /g, KC % g, — /G K * g strongly in
L, (R?) and then 2V /gy, + /Gn K % g, — 2V/G+ /G K * g in D' (R?). Since (V\/Gn + /Gn K * gn)
is bounded in L?, that implies that 2V,/gp, + +/Gn K * gn — 2V /G + /G K * g weakly in L?(R?)
and then
De(g) = |2VVG + Vga + VK * gll7» < liminf De(g,) = 0.

We easily conclude thanks to the mass condition My(g) = M and the uniqueness Theorem 4.1 that
g = G. That is our contradiction. Il
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Lemma 4.7. Define & := R(I —1ly—11;) the supplementary linear submanifold to the eigenspaces

associated to the eigenvalues 0 and —1. There exists a norm || - || on & equivalent to the initial
one || - ||e so that

d
(4.11) e FII* < =2l fI* ¥t >0, ¥ f € &.

Proof of Lemma 4.7. This result is nothing but [25, Proposition 5.14]. For the sake of completeness
and because we will need to use the same computations at the nonlinear level, we just check it
below. First recall that from Theorem 4.3, we know that for any a € (a, —1) there exists C' = C(a)
such that

e flle < Ce*[Ifle, Vt>0, ¥ f €&,

and on the other hand, from Lemma 4.4 there exists some constant b € R such that

(Af f7) <DIfIIZ

We define
(4.12) 11 ¢U||f||§+/() le™ e™ f7 dr
with n € (0,(b+1)7!). The norm || - ||| is clearly well defined and it is equivalent to || - ||¢ because

Ve alfE<alfle [l e sitar< (o [T 2o e
0
Next, for f € & and with the notation f; := eAtf, we compute
d At g2 2 / A(tr)+7 22
- — )47 d
ST = w G+ [ A pRar
* > d T T T T
— A+ [ {2 e 2 ar
0 T

< bl [Jer I T =2 [ e par

= Lo —tjisE -2 {als + [ 1e e P ar)
< 2,
so that (4.11) is proved. O
We conclude with the proof of the long time convergence result.

Proof of Theorem 1.5. The proof follows the same strategy as in [32, 30, 25] (see also [2, 1, 36]
where similar proof is carried on in the context of the Boltzmann equation). We split the proof
into four steps.

Step 1. We consider a solution g to the rescaled equation (1.18) with initial datum fy # G. Thanks
to Theorem 1.4 there holds g(t) € Z for any t > 1. Forany § > 0 and T := (£(fo)—E(G))/n~(8)+1
there exists ¢y € [1,T] so that

(4.13) De(g(to)) <0~ (6)
because on the contrary we would have from (2.28)

d _
(€)= E(@) < —n7(8) on (1,T),
and then

E(g(T)) = €(G) < =(&(fo) = €(G)) <
which is in contradiction with the fact that G satisfies £(G) < E(f) V f € Z\{G} from Theorem 4.1.
We deduce from (4.13) and Lemma 4.6 that

lg(to) = Gll 75 < 0.
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Step 2. The function h := g — G satisfies the equation
Oth = Ah + div(h K  h).
We introduce the splitting
h=ho+ h1+ha, hig=hi+ hs
with
ho = Hoh, h1 = th,

so that the evolution of hy and hy are given by

(4.14) Othy = —hy + I [div(h K * h)]
and
(415) Othy = Aho + Qs, Qo :=1ls [le(h/C * h)]
Because of the mass conservation M (g(t)) = M(G), there holds ho(t) = Ioh(t) = hoo M (h(t)) = 0.
Moreover, from (4.14) and with the notation h* = hy |hy|~1/3 Hh1|\2/jd, we clearly have

d. . \

gilhallpas = 2(=h1 +IL[div(h K« k)], hy)

k
< =2mf3as +2 [l ars T [div (R K+ R)]l pa/s
k

(4.16) —2Hh1Hi4/3 +C||h1 4/3 Hle(th*h)||L4/3
k

I
Step 3. Estimate on the nonlinear term. We make the splitting
|div(h K% h)|| a5 < T1 + Ia, T1:= Hh2||L4/s, Iy = |[Vh- KRl a5,
k k k

and we compute each term separately. On the one hand, using the Hélder inequality and the
Galgliardo-Nirenberg inequality (see [9, Chapter IX, inequality (86)]) in dimension 2

=+ |l
Nl

| ==
S =

lullze < C llullzz® lullfyrr, o=

Q=

with r = p = 00, ¢ = 4/3 and a = 3/5, we have

7/5 3/5
L < Pllze [All s < C A /4/3 [ .

On the other hand, thanks to the critical Hardy-Littlewood-Sobolev inequality (1.16), the elemen-
tary inequality

IVull7, = —/R2 udiv((z)®" Vu) < C ullwa [lulpy,
and the Holder inequality
lullzy, < 1) 154 el Fass llull
with0 < a<1,2y>aand k' =K (a,7) = ((2—a)k+7)/(1 — a), we have
I < [ Vhllig I hlls < Coy IR ER Ihlga IBIE

To make the computtaions simpler, when k¥’ = 4, we can take k = 8/5 > 3/2, v/a =5/8 > 1/2
and we get @ = 32/121 € (0,1) and «/2 < 2/5. All together we find

Vhe 2, |ldiv(hKxh)] s < cHhHlj;';/?.

Thanks to Theorem 1.4 we have h(t) € Z for all ¢ > 1 (where in the definition Z the constant C
is given by (1.20)), and we conclude with

(4.17) Vit >1, |div(h(¢) K * h(t) HLi/s < CHh(t)”lL?s/Q'
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It is worth noticing that in the limit & — 3/2, v/a — 1/2 and o — 0, we find ¥’ = 3. In other
words, one can easily verify that (4.17) still holds for any &’ > 3 (with another choice of a € (0,1)).

Step 4. Estimate on the remaining term and conclusion. From (4.15), using the norm ||| - ||| defined
in (4.12) and the notation S, := e™ €7, we compute
d

Gl = (i A+ [ (S h)* 57 Am) dr
+n{hs, Qa) + [ ((Scha), Qabdr
0

(4.18) —2|[ha|[* + C ||h2

IN

||Li/2 ||d1V(hK: * h)HLi/z’

where we have used Lemma 4.7 in order to bound the first (linear) term and the equivalence

between the two norms ||| - || and || - ||, 4/2 in order to estimate the second one (which involves the
k

nonlinear quantity). Gathering (4.16), (4.18), (4.17), we clearly see that
u(t) = [[ha[ + [l
satisfies the differential inequality
u' < —2u+ C||h)*T* on (0,00),
and then thanks to the first step
(4.19) u' < —2u+ Cult? on (tg,00), u(ty) < Ky d.
Taking § > 0 small enough in the first step, we classically deduce that
(4.20) u(t) < Cue®t Vit >ty
for any a > —1, so that for a close enough to —1, we deduce from (4.19)-(4.20) that
' < —2u+ Koe ™ on (tg,00),

from which we easily conclude u < C e™2, O
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