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A SADDLE-POINT APPROACH TO THE MONGE-KANTOROVICH
OPTIMAL TRANSPORT PROBLEM

CHRISTIAN LEONARD

ABSTRACT. The Monge-Kantorovich problem is revisited by means of a variant of the
saddle-point method without appealing to c-conjugates. A new abstract characterization
of the optimal plans is obtained in the case where the cost function takes infinite values.
It leads us to new explicit sufficient and necessary optimality conditions. As by-products,
we obtain a new proof of the well-known Kantorovich dual equality and an improvement
of the convergence of the minimizing sequences.
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1. INTRODUCTION

The Monge-Kantorovich problem is revisited by means of a variant of the saddle-point
method derived in [12], without appealing to c-conjugates. A new abstract characteriza-
tion of the optimal plans is obtained (Theorem 4.6) in the case where the cost function
takes infinite values. It leads us to new explicit sufficient and necessary conditions of
optimality which are stated in Theorems 1.13 and 1.15. As by-products, we obtain a new
proof of the well-known Kantorovich dual equality and an improvement of the convergence
of the minimizing sequences.

The Monge-Kantorovich transport problem. Let us take A and B two Polish (sep-
arable complete metric) spaces furnished with their respective Borel o-fields, a lower
semicontinuous (cost) function ¢ : AxB — [0,00] which may take infinite values and
two probability measures 1 € P4 and v € Pg on A and B. We denote P4, Pg and Pap
the sets of all Borel probability measures on A, B and Ax B. The Monge-Kantorovich
problem is

minimize ™ € Pap — c(a,b) m(dadb) subject to m € P(u,v) (MK)

AxB
where P(u,v) is the set of all 1 € Pyp with prescribed marginals 74 = g on A and
mp = v on B. Note that c is measurable since it is lower semicontinuous and the integral
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2 CHRISTIAN LEONARD

S g cdm € [0, 00] is well-defined since ¢ > 0.
For a general account on this active field of research, see the books of S. Rachev and
L. Riischendorf [15] and C. Villani [18, 19].
The subset {¢ = 0o} of Ax B is a set of forbidden transitions. Optimal transport on the
Wiener space [11] and on configuration spaces [8, 9] provide natural infinite dimensional
settings where ¢ takes infinite values.

Let us denote C'4, Cp and Cyp the spaces of all continuous bounded functions on A,
B and A x B. The Kantorovich maximization problem:

maximize / fdu+ / gdv for all f, g such that
A B

feCy,gelCpand fdHg<c

is the basic dual problem of (MK). Here and below, we denote f @ g(a,b) = f(a) + g(b).
Under our assumptions, we have
inf (MK) = sup (K) € [0, <] (1.1)

which is called the Kantorovich dual equality. For a proof of this well known result, see
[19, Thm 5.10] for instance.

Definitions 1.2 (Plans).
(1) Any probability measure in P(u,v) is called a transport plan, or shorter: a plan.
(2) One says that m € P(u,v) is a finite plan if [, ,cdr < co. The set of all finite
plans is denoted by P(u,v,c).
(8) One says that w is an optimal plan if it is a finite plan and it minimizes v —
Japcdy on P(u,v).

(K)

It is well-known that there exists at least an optimal plan if and only if P(u,v,c) is
nonempty; this will be found again in Theorem 3.2. Definition 1.2-3 throws away the
uninteresting case where [, cdr = oo for all m € P(u,v).

Since it is a convex but not a strictly convex problem, infinitely many optimal plans may
exist.

Recently, M. Beiglbock, M. Goldstern, G. Maresh, W. Schachermayer and J. Teichman
[17, 2, 4] have improved previous optimality criteria in several directions. Before stating
some of their results, let us introduce the notion of strongly c-cyclically monotone plan.

Clearly, there is no reason for the dual equality (1.1) to be attained at continuous func-
tions f and g. Suppose instead that there exist two [—00, 00)-valued integrable functions
fe L) and g € L'(v) such that f @& g < ¢ everywhere and sup{ [, udp+ [pvdv;u €
LYp),ve L), udv<c}= [, fdu+ [5g9dv. Let 7 be an optimal plan. We have

sup (K) < sup /ud,qu/vdl/:/f@gdWS/cdﬂ:inf(MK)
ueL (u),vell (v),udv<cJ A B

and by (1.1), this is a series of equalities. In particular, the couple (f, g) is an integrable

dual optimizer, [(¢c — f @® g)dr = 0 and since ¢ — f @ g > 0, we see that ¢ = f @ g,

m-almost everywhere. This leads naturally to the following notion.

Definition 1.3 (Strongly c-cyclically monotone plan, [17]). A transport plan m € P(u,v)
is called strongly c-cyclically monotone if there exist [—o0, 00)-valued measurable functions
f on A and g on B such that

{ f@dg<c everywhere

f@®g=c m-almost everywhere. (1.4)
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In the whole paper, measurable functions and sets are intended to be Borel measurable.

Note that it is not required in this definition that f and ¢ are integrable. In fact,
one can find examples where there is an optimal plan but no integrable dual optimizer,
see [4, Example 4.5]. Without integrability, one cannot write [, fdu + [, gdv anymore.
Nevertheless, the following result allows us to extend the notion of dual optimizer to
measurable functions (f, ¢g) as in Definition 1.3.

Lemma 1.5. [4, Lemma 1.1] Let ¢ : Ax B — [0, 00| be measurable, f and g be [—00, 00)-
valued measurable functions on A and B respectively such that f & g < c¢ everywhere.
Then, for any m, 7 € P(u,v,c),

f@®gdr = f®gdi € [—00,00).
AxB AxB

With this lemma in hand, we are allowed to denote

f@®gdp,v,c) = f@®gdr, mwe Pu,v,c) (1.6)
AxB AxB

this common value. A natural extension of the dual problem (K) is

maximize f®gd(p,v,c) for all f € [—00,00)4, g € [—00,00)" ~
AxB (K>

f, g measurable such that f @ g < ¢ everywhere.

Of course, sup (K) < sup (K) < inf (MK) so that (1.1) implies
sup (K) = inf (MK). (1.7)

A couple of functions (f, g) as in Definition 1.3 is clearly an optimizer of (K). We call it
a measurable dual optimizer.

Some usual optimality criteria are expressed in terms of cyclical c-monotonicity.

Definition 1.8 (c-cyclically monotone plan). A subset I' C AXx B is said to be c-cyclically
monotone if for any integer n > 1 and any family (ay,by), ..., (an, by) of points in T,
Yo clai b)) <37 elai, biyr) with the convention b1 = by.

A probability measure m € Pap is said to be c-cyclically monotone if it is concentrated on
a measurable c-cyclically monotone set I'; i.e. w(I") = 1.

This notion goes back to the seminal paper [16] by L. Riischendorf where the standard
cyclical monotonicity of convex functions introduced by Rockafellar has been extended in
view of solving the Monge-Kantorovich problem.

One easily shows that a strongly c-cyclically monotone plan is c-cyclically monotone.

The main results of [17, 2, 4] are collected in the next two theorems.

Theorem 1.9 ([2, 4]). Let ¢ be a measurable nonnegative function such that
p@uv({c<oo}) =1 (1.10)

If there exists some 7° € P(u,v) such that [, ,cdr® < oo, then (1.7) holds true and for
any ™ € P(u,v), the following three statements are equivalent:

(i) 7 is an optimal plan;

(i1) 7 is c-cyclically monotone;
(11i) 7 is strongly c-cyclically monotone.
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This result is valid under a very weak regularity condition on ¢ which is only assumed
to be Borel measurable. It was first proved in [17] under the assumption that c is a lower
semicontinuous nonnegative finitely-valued function. However, condition (1.10) is close
to the assumption that c is finitely valued.

The next result is concerned with cost functions ¢ which may take infinite values.

Theorem 1.11 ([1, 17, 2]). Let ¢ be a lower semicontinuous [0, oo]-valued function.

(a) Any optimal plan is c-cyclically monotone.
(b) If there exists some w° € P(u,v) such that [, ,cdn® < oo, then any strongly c-
cyclically monotone plan in P(u,v) is an optimal plan.

Let ¢ be a measurable [0, co]-valued function.

(c) Every finite c-cyclically monotone transport plan is optimal if there exist a closed set
F and a p® v-null set N such that {¢ = oo} = F U N.

Statement (a) is proved in L. Ambrosio and A. Pratelli’s lecture notes [1] and (b) is
taken from [17]. Statement (c) is proved in [2], it extends recent results of A. Pratelli [14].

Counterexamples 1.12. Otherwise stated, c is assumed to be lower semicontinuous.

(1) c is real valued.
(a) [2, Example 1.3] ¢ is not lower semicontinuous and no optimal plan exists.
(b) [4, Example 4.5] ¢ is the squared distance and no integrable dual optimizers
exist.
(2) c takes infinite values on a non-null set.
(a) [4, Example 4.1] ¢ is not lower semicontinuous and the weak Kantorovich dual

equality (1.7) fails to hold: We have sup (K) < inf (MK).

(b) [1, Example 3.5] A c-cyclically monotone plan which is not optimal.

(c¢) [17, Example 1] A c-cyclically monotone plan which is not strongly c-cyclically
monotone.

(d) 2, Example 5.1] An optimal plan which is not strongly c-cyclically monotone.

(e) [4, Example 4.2] An optimal plan which is not strongly c-cyclically monotone
with ¢ continuous.

It appears that Theorem 1.9 is the best possible result under the assumption (1.10)
but that its extension to the general case where ¢ takes infinite values on a non-null set is
still open. The Counterexample 2-b tells us that one must drop the notion of c-cyclically
monotone plan and with the Counterexamples 2-d and 2-e, one sees that even the notion
of strongly c-cyclically monotone plan is not enough to characterize optimality.

Because of the dual gap when ¢ is not lower semicontinuous (Counterexample 2-a), it
is reasonable to assume that ¢ is lower semicontinuous in the general case. This will be
assumed from now on.

The aim of this paper. This paper is aimed at implementing the saddle-point method
for solving (MK) in the general case where ¢ might take infinite values, without appealing
to c-conjugates, see [18, 19]. After all, (MK) is a convex minimization problem and
one may wonder what the standard approach based on convex duality could yield. It
appears that an extended version of the saddle-point is necessary to investigate (MK)
without imposing strong qualifications of the constraints such as the standard requirement:
fA cadu ~+ fB cpdv < 0o where ¢ < ¢y @ cp, see [18, 19]. The present paper relies on an
extension of the standard saddle-point method which has been developed in [12].
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- A new proof of the Kantorovich dual equality (1.1) is given in Theorem 3.2 providing
at the same time an improved result about the behavior of the minimizing sequences of

- An abstract characterization of the optimal plans is given in Theorem 4.6. It expresses
a saddle-point property and extends the notion of strong c-cyclical monotonicity.

- It leads easily to a sufficient condition of optimality in Theorem 1.13 below which is an
improvement of Theorem 1.11-b. Its proof is given in Section 5.

- Finding good necessary conditions for optimal plans with a genuinely [0, oo]-valued cost
function c is still an open problem. Theorem 1.15 below, which is a corollary of Theorem
4.6, goes one step in this direction. Its proof is given in Section 6.

One says that f is y-measurable if there exists a measurable set N such that pu(N) =0
and 1y f is a measurable function. A property holds P(u, v, c)-almost everywhere if it
holds true outside a measurable set N such that v(N) = 0, for all v € P(u,v,c). With
these definitions in hand, we can state our sufficient condition of optimality.

Theorem 1.13. Let @ € P(u,v,c) be any finite plan. If there exist a p-measurable
function f on A and a v-measurable function g on B which satisfy

f®g<c P(u,v,c)-almost everywhere (1.14)
f@®g=c m-almost everywhere, :

then 7 is optimal.

The Counterexamples 1.12-(d,e) are optimal plans which are not strongly c-cyclically
monotone but they both satisfy the weaker property (1.14). See Subsection 5.3 for more
details.

The following result is our necessary condition of optimality.

Theorem 1.15. Take any optimal plan 7, € > 0 and p any probability measure on Ax B
such that foBcdp < 00. Then, there exist functions ¢ € Li(m + p), u and v bounded
continuous on A and B respectively and a measurable subset D C Ax B such that

(1) ¢ = ¢, m-almost everywhere on Ax B\ D;
(2) [,(1+c)dr <

(8) —c/e < ¢ < ¢, (m+ p)-almost everywhere;
(4) —c/e <udv < c, everywhere;

(5) llp = ® vl Ly(rip) < €.

An important thing to notice in this result is the appearance of the probability measure
pin items (3) and (5). One can read (3-5) as an approximation of f@®g < ¢, (7+p)-almost
everywhere. Since it is required that [ g Cdp < 00, one can choose p in P(u,v,c), and
the properties (1-5) of this theorem are an approximation of (1.14) where P(u, v, c)-a.e.
is replaced by (7 + p)-a.e.

In [3], M. Beiglbock, W. Schachermayer and the author of the present paper investi-
gate the same problem with a different approach which is still based on a saddle point
method. A characterization of optimal plans which is more explicit than Theorem 4.6 is
obtained under some restrictive assumptions. In particular, the problem of considering
simultaneously all the measures p € P(u, v, c¢) in Theorem 1.15 is handled by means of a
projective limit argument.

Notation. Let X and Y be topological vector spaces and f : X — [—00,400] be an
extended-real valued function.

- The algebraic dual space of X is X*, the topological dual space of X is X".
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- The topology of X weakened by Y is o(X,Y’) and one writes (X,Y’) to specify that X
and Y are in separating duality.

- The convex conjugate of f with respect to (X,Y) is f*(y) = sup,ex{(z,y) — f(2)} €
[—o0, +o0], y € Y.

- The subdifferential of f at x with respect to (X,Y) is Oy f(x) = {y € V; f(x + &) >
f(z) + (y,&),V¢ € X}. If no confusion occurs, one writes df(x).

- The effective domain of f is dom f = {x € X; f(z) < oo}.

- One denotes icordom f the intrinsic core of the effective domain of f dom f. Recall that
the intrinsic core of a subset A of a vector space is icor A = {z € A;Va' € aff A, 3t >
0, [x,z + t(a’ —x)[C A} where aff A is the affine space spanned by A.

- The domain of df is domdf = {x € X;0f(x) # 0}.

The indicator function of a subset A of X is defined by

LA(JU):{O, if v €A R

400, otherwise

The support function of A C X is ¢%(y) = sup,c4(z,y), y € Y.
- The Dirac measure at a is denoted 4,.

Acknowledgements. The author thanks Stefano Bianchini for very useful comments.

2. THE ABSTRACT CONVEX MINIMIZATION PROBLEM

The Monge-Kantorovich problem is a particular instance of an abstract convex min-
imization problem which is solved in [12] by means of an extension of the saddle-point
method. This extension allows to remove standard topological restrictions on the con-
straint sets (the so-called constraint qualifications) at the price of solving an arising new
problem. Namely, one has to compute a lower semicontinuous convex extension of the
convex conjugate of the objective function. This may be a rather difficult task in some
situations, but it is immediate in the case of the Monge-Kantorovich problem.

Let us recall the main results of [12].

The minimization problem. Let U/,, ), be two vector spaces,
o, : U, — [0, 0]
an extended-nonnegative function on U, and
5 Yo = U,

a linear mapping from Y, to U,. Throughout this section, it is assumed that

(Hp) 1- &, : U, — [0, +00] is convex and ®,(0) =0
2- Yu e lU,,Ja>0,0,(au) < oo
3- Yu€el,u#0,3tecR, d,(tu) >0

(Hr) 1- T:(V,) C U,
2- ker T} = {0}

Let £, and &, be the algebraic dual vector spaces of U, and ),. The convex conjugate of
®, with respect to the dual pairing (U, L,) is

Or(0) = sup{{u,l) — ®,(u)} € [0,00], (€L,

UEZ/[O
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and the adjoint of 7)) is T, : £, — &, defined for all ¢ € L, by (y, To,0)y, x, = {(TSy, Ou,.c.-
We obtain the diagram
(t . L)

T:T lTO (Diagram 0)

(¥ . %)

For each = € X, the optimization problem to be considered is

minimize ®}(¢) subject to Tyl =z, tel, (PT)

A dual problem. Let us define
No(y) = D,(Tyy), ye€o
|u|le = inf {a > 0; max (q)o(—u/a), CDO(u/a)> < 1} ., uwel,

lyla = inf{a>O;max(AO(—y/a),Ao(y/a)>gl}, yey,

Under our assumptions, |- |¢ and |- |4 are norms. One introduces
- U and Y the completions of (U, |- |¢) and (V,,]| - |a);

- The topological dual spaces of U and ) are U’ = L and V' = X;
- The algebraic dual spaces of £ and X are denoted by £* and X*;
- T is the restriction of T, to L C L,;

- ®* is the restriction of ®* to L C L,.

It is proved in [12] that T£ C X. This allows one to define the algebraic adjoint 7% :
L* — X*. We have the following diagram

Tl TT* (Diagram 1)
(¥ x)
Also consider _
{ B(Q) = supee {(C,0) — 97O}, (€L (2.1)
Aw) = ¢(T*w), we X*.
The maximization problem
maximize (w,r) — A(w), w€ X* (D")
is the dual problem associated with
minimize ®*(¢) subject to Tl =z, tel (P*)

with respect to the usual Fenchel perturbation.

Statements of the abstract results. Let us introduce

A*(Jf) = sup{(y,x> - Ao<y)}7 redX

y€Vo

the convex conjugate of A, + ¢y, with respect to the dual pairing (), X).

Theorem 2.2 (Primal attainment and dual equality, [12]). Assume that (He) and (Hr)
hold.
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(a) For all z in X, we have the dual equality
inf{®*(¢);¢ € L,T¢ = x} = inf(Py) = inf(P*) = A*(z) € [0, o0]. (2.3)
Moreover, A* is o(X,))-inf-compact.
(b) If © & X, (P?) admits no solution. Otherwise, P and P* admit the same (possibly

empty) set of solutions.

(¢) If in addition
r € dom A*,

then PY (or equivalently P*) is attained in L. Moreover, any minimizing sequence for
P? has o(L,U)-cluster points and every such cluster point solves PZ.

Denote the “algebraic” subdifferentials
0cP(C) = {0 Li®(C+() = 0(C) +(C 0O, VCeL}, (el
O N (z,) = {we XA (x, +2) >N (z,) + (w,x),Ve e X}, z,€X
and define
domdA* = {z € X; 0x-AN"(x) # 0}
the subset of the constraint specifiers © € X such that dx«A*(z) is not empty.

Theorem 2.4 (Dual attainment and representation, [12]). Let us assume that (He) and
(Hr) hold.

(1) For any { € L and w € X*,

T = x
{EE&E@%) (2:5)

1S equivalent to
( is a solution to P”,
w is a solution to D* and
the dual equality inf(P*) = A*(x) holds.
(2) Suppose that in addition the constraint qualification
x € domOA™, (2.6)

is satisfied. Then, the primal problem P is attained in L, the dual problem D" is
attained in X* and every couple of solutions (¢,w) to P* and D" satisfies (2.5).

By the geometric version of Hahn-Banach theorem, icordom A* : the intrinsic core of
dom A*, is included in domOA*. But, as will be seen at Remark 4.9 below, the Monge-
Kantorovich problem provides us with a situation where icordom A* is empty. This is one
of the main difficulties to be overcome when applying the saddle-point method to solve

It is a well-known result of convex conjugacy that the representation formula

(€ 0,0(T*w) (2.7)
is equivalent to
T w € O~ (I)*(E)
and also equivalent to Fenchel’s identity
O*(0) + ®(T*w) = (w, TY). (2.8)

Proposition 2.9 ([12]). Assume that (Hg) and (Hr) hold. Any solution w € X* of D*
shares the following properties
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(a) w is in the o(X*, X)-closure of dom A;
(b) T*w is in the o(L*, L)-closure of T*(dom A).

If in addition the level sets of ®, are |- |p-bounded, then

(a’) w isin Y". More precisely, it is in the o(Y", X)-closure of dom A;
(b") T*w is in U". More precisely, it is in the o(U", L)-closure of T*(dom A)

where Y" and U" are the topological bidual spaces of (U, |- |o) and (Y, |- |a)-

3. KANTOROVICH DUAL EQUALITY AND EXISTENCE OF OPTIMAL PLANS

We apply the results of Section 2 to the Monge-Kantorovich problem (MK).

3.1. Statement of the results. The set of all probability measures m on Ax B such
that [, ,cdr < oo is denoted P.. Hence, P(y, v, c) = P.N P(p,v). It is immediate to see
that

sup (K) < sup(K) < inf (MK) (3.1)

where for the last inequality, we state inf ) = +oo as usual.
In the next theorem, P, will be endowed with the weak topology o(P,,C.) where C, is the
space of all continuous functions u© on A x B such that

tli)rélosup{|u(:p)|/(1 +c(x));x € AxB,|u(z)| >t} =0

with the convention that sup () = 0 which implies that the space Cyz of bounded contin-
uous functions on A x B satisfies C'yp C C..

Theorem 3.2 (Dual equality and primal attainment).

(1) The dual equality for (MK) is

inf (MK) = sup (K) = sup (K) € [0, o0]. (3.3)

(2) Assume that there exists some w° in P(p,v) such that [, ,cdr® < oo. Then:
(a) There is at least one optimal plan;
(b) Any minimizing sequence is relatively compact for the topology o(P.,C.) and
all its cluster points are optimal plans.

Proof. Tt directly follows from Theorem 2.2 with Proposition 3.8-(3) and Proposition 3.11
which are stated and proved below. About statement (1), note that the dual equality
(2.3) is inf (MK) = sup (K) and conclude with (3.1). O
Except for the appearance of the dual problem (K) and for the statement (2-b) with the
topology o(P.,C.), this result is well-known. The dual equality (3.3) is the Kantorovich
dual equality. The proof of Theorem 3.2 will be an opportunity to make precise the
abstract material ®,, U,, T, and so on in terms of the Monge-Kantorovich problem.

3.2. The spaces and functions. Let us particularize the spaces and functions of Section
2 which are necessary for solving the Monge-Kantorovich problem.
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Description of U,, L,, ®, and ®}. Define
S :={(a,b) € AxB;c(a,b) < oo}

the effective domain of ¢ and consider the equivalence relation on Cyp defined for any
u,v in Cyp by

U~V Us = VUs,
which means that v and v match on §. Take

Z/{O = CAB/ ~

the set of all equivalence classes and

) = () = {

the convex indicator function of

0, ifu<ec
400, otherwise

, u€EeU,

I'={uelyu<c}.

Assumption (Hg) is obviously satisfied and it is easy to see that (Hgs) also holds. Note
that, without factorizing by the equivalence relation in the definition of U,, (Hes) would
fail if ¢ is infinite on some nonempty open set. For (Hgs) to be satisfied, assume that

c> 1.

Doing this, one doesn’t loose any generality since changing ¢ into ¢+ 1 raises inf (MK) by
+1 without changing the minimizers.

The algebraic dual space £, = U of U, is identified as a subset of C% 5 as follows. Any
¢ € (g is in L, if and only if for all u,v € C4p such that us = vs, we have £(u) = £(v).
One shows at Proposition 3.5 below that any ¢ € C%z which is in £, has its support
included in the closure cl S of § in the sense of the following

Definition 3.4. For any linear form ¢ on the space of all (possibly unbounded) continuous
functions on Ax B, we define the support of ¢ as the subset of all (a,b) € AXB such
that for any open neighborhood G of (a,b), there exists some function u in Cap satisfying

{u#0} C G and (u,l) # 0. It is denoted by supp {.
Proposition 3.5. For any ( € L,, we have supp{ C clS.

Proof. As { € L,, for all u € Cyp such that us = 0, we have (u,¢) = 0. Take z ¢ clS.
There exists an open neighborhood G of x such that G NS = (. For all u € Cyp such
that {u # 0} C G, we have us = 0 so that (u,f) = 0. This proves that = ¢ supp /. O

Denote (s the space of the restrictions s of all the functions v in Cyp.

Remark 3.6. Beware, C|s is smaller than the space Cs of all bounded and continuous
functions on S. It consists of the functions in Cs which admit a continuous and bounded
extension to Ax B.

Identifying
U, = C|$, (37)
one sees with Proposition 3.5 that for all £ € L,

7 (0) :=sup{(u, l);u € Cis,u < c}.
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Description of Y,, X,, T¥ and T,. Consider
yo = (CA X CB)/ ~
where Cy, Cp are the spaces of bounded continuous functions on A, B and ~ is a new

equivalence relation on Cy x Cp defined for all f, f' € Cy4, g,¢9' € Cy by

(f.o)~(f ) Efog~fod e fdgs=fods

The algebraic dual space X, = YV of ), is identified as a subset of C%} x C}% as follows.
Any (ki, ko) € C4 x C% is in X, if and only if for all f, f' € Cy, g,9' € Cp such that
f S g\S = f/ S g\/37 we have <f7 k1> + <g7 k2> = <f/7 k1> + <g/7 k2>

It is immediate to see that the operator T defined by

T:<f7g) ::f@g|$7 <f7g)€yo

satisfies the assumptions (Hy). In particular, one sees that 17 (Y,) C Cis.
Define the A and B-marginal projections {4 € C% and (g € C} of any ¢ € C% 5 by

(fila) =(f®@1L) and (g,(p):=(1®g,l)
forall f € Cyandall g € Cp. Since for all (f, g) € Vo, (T, (f,9), O)c\s.. = (fDG: L) c\s.2, =
(f,la)+ (g,€B) = ((f,9),(£a,¢p)), one obtains that for all £ € L, C (%3,
To(0) = (La,lp) € X, C C} x Cf.

Description of U and Y. For each u € Cis, ®F(u) := max(Po(u), Po(—u)) = t{ju<c}-
Hence, |u|e is the norm
lulle := supful /e, u & Cis

Recall that it is assumed that ¢ > 1. Let us denote the Banach space
U :=U,
which is the completion of Cjs with respect to the norm || - [|..

Proposition 3.8.

(1) U, is a space of functions on S which are continuous in restriction to each level
set {c < a}, a > 1. In particular, any u € U, is a measurable function.
(2) Even if c is finite everywhere, U. may contain functions which are not continuous.

(3) C. C U..

Proof. e Proof of (1). Let (u,)n>1 be a || - [[~Cauchy sequence in C|s. For all z € S,
limy, 00 Uy () 1= u(x) exists since (u,(x)),>1 is a Cauchy sequence in R. For each € > 0,
and there are large enough n, m such that sup,cg |u,(z) — um(x)|/c(x) < eforall z € S.
Letting m tend to infinity leads us to |u,(z) — u(x)|/c(x) < € for all z € S, which gives
us

lim ||u, —ull.=0

n—oo

where the definition ||v||. := supg |v|/c still holds for any function v on S. As for any
z,y €S,
u(z) — u(y) (7) — un(y)

o) ety = 2l = )

the announced continuity result follows from the above limit. The measurability statement
follows from this continuity result and the measurability of c.

e Proof of (2). To see this, take

< 2w — unlle + [un(z) — un(y)l,
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x A= B =R;

* c(a,b) =1+ 1/a? for any (a,b) with a # 0, and ¢(0,b) = 1 for all real b;

x 0 < wu, <1 with u,(a,b) =0if a < —1/n, uy(a,b) =1if a > 1/n and u,(0,b) = 1/2
for all real b.

Then, (un)n>1 admits the limit v in U, with u(a,b) =0if a < 0, u(a,b) =1 if @ > 0 and
u(0,0) =1/2.

e Proof of (3). By the very definition of C., one sees that for any u € C., defining
Uy := (—n) Vu An € Cap, the sequence (u,),>1 converges to u in U.,. O

The norm on ), is given by
(£, 9l = If @ glle =suwp|f Dgl/e, (f,9) € Vo
Identifying
Vo2 (Ca®Cp)s
by means of (f,g9) € YV, — f® gis € (Ca ® Cp)s C Cjs, the |- [s-completion Y of ), is
identified with the || - ||-closure of (C'4 ® Cp)|s in U..
Description of L, X, A and A*. The topological dual space of U,
L:=U
is equipped with the dual norm
1Nz = sup{(u, €);u € Ue, ||ull. < 1}, L€ U
The function A is given by
A(f,9) = tyag<e, f®9gE(Ca®Ch)s
and the corresponding norm is
((fla=IfDglle, fDge(CadCh)s.
The topological dual space of ) is
X = {(kl, kg) € XO; |(l{?1, kg)r}; < OO}
with

|(k17k2)|2 = SUP{<fak1>+<gak?2>a(fag)Gyo,Hf@chSl}
= nf{||0||50 € U.:ly=ki,lp=ky}

where this last equality is a direct consequence of the dual equality (2.3). Hence, k =
(k1, ko) € C% x C% belongs to X if and only if there exists some ¢(k) € L such that
(f k1) + (g,ka) = (f ® g,0(k)) for all (f,g) € V, and lim,, oo (uy, (k)) = 0 for any
sequence (uy,)n>1 in Cyp such that lim,, e ||us]|. = 0.

The function A* is given by

N (K1, ko) = sup{(f, k1) + (g, k2); (f,9) € Vo, f @ g <}, k= (ki kp) € X.
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Description of X* and T*. Seeing X as a subspace of C% x Cj, X* is a subspace of
(C% x CF)*. By the axiom of choice, there exists a subspace Z of C% x C} in direct sum
with X : C% x C = X ® Z. To any w € X, one associates its extension w to C} x Cg
characterized by &z = 0 and @jx = w. This permits us to define the marginal projections
wa and wp and their tensor sum ws @ wp € UL as follows. For all (ki, ky) € X,

<W,(k31,k2)>x*,x = ( (k1,k2)>(0 xCE)*,CHxCh
= (@, (k1,0) + (0, k2)) (0, xCp ) .0 x
=
(

wa, k1)ovcn + (Wi, k2) oy o

wa @ wp, L(k))ur

For any w € X* and ¢ € U;, (T"w, O)yrvr = (w, (£, €B))x+=x := (wa ® wp, {)ys v, which
means that

T'w=ws®wpeUr weX”. (3.9)

3.3. The connection with (MK). The connection with the Monge-Kantorovich prob-
lem is given at Proposition 3.11 below. The modified primal problem is

minimize ®*({) subject to {4 = p and lg =v, (€U, (Py)

where

¢*(0) = sup{{(u, {);u € Us,u < ¢}, (€U

Definition 3.10.

(a) One says that £ € U, acts as a probablhty measure if there exists { € Pag such that
supp{ C c1S and for all u € Cap, (s, £) fsudf In this case, we write: { € Ps.

(b) One says that ¢ € U. stands in P, if there exists { € P. such that suppf C clS and
for allu € U, (us,l) = fsudg. In this case, we write: £ € P,.

Of course, if there exists ¢ satisfying (a), it belongs to P. and is unique since any
probability measure on a metric space is determined by its values on the continuous
bounded functions. This explains why the notation ¢ € P, in (b) is not misleading.

Note also that any probability measure { € P, has a support included in ¢l S. Since Ax B
is a metric space, for any £ € P, acting as a measure, supp ¢ in the sense of Definition 3.4
matches with the usual support of the measure /.

Proposition 3.11. For all ¢ € U],

(a) ®*(¢) < oo = (>0,

(b) ®*(¢) < 0o = suppl C clS,

(c) [€>0,suppl C clS, s = p and {p = v] = £ € Ps and

(d) for all € € Ps, ®*(€) = [;cdl € [0, 00].

It follows that dom ®* C P, and the problems (MK) and (P;) share the same values and
the same minimizers.

Proof. Clearly, the last statement follows from the first part of the proposition.

e Proof of (a). Suppose that ¢ € U/ is not in the nonnegative cone. This means that
there exists u, € U, such that u, > 0 and (u,,¢) < 0. Since u, satisfies A\u, < 0 < ¢ for
all A < 0, we have ®*(¢) > sup, (Ao, {) = +00. Hence, ®*(¢) < oo implies that £ > 0
and one can restrict our attention to the nonnegative ¢’s.
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e Proof of (b). Suppose ad absurdum that supp ¢ ¢ ¢l S. Then, there exists a nonnegative
function u, € Cap such that {u, >0} NS = 0 and (u,, £) > 0. As Au, < claps = 0o for
all A > 0, ®*(¢) > sup,.o{Au,, ) = +00.

e Proof of (c). Let us take ¢ > 0 such that supp? C clS, ¢4 = p and £ = v. It is clear
that (1,¢) = 1. It remains to check that for any ¢ € U

[0 > 0,suppl C clS, ¢4 = p and g = v] = ( is o-additive, (3.12)

rather than only additive. Since A x B is a metric space, one can apply an extension of
the construction of Daniell’s integrals ([13], Proposition I1.7.2) to see that ¢ acts as a
measure if and only if for any decreasing sequence (u,,) of continuous functions such that
0 < u, <1 for all n and lim, ,, u, = 0 pointwise, we have lim,, .. (u,,¢) = 0. This
insures the o-additivity of /.

Unfortunately, this pointwise convergence of (u,) is weaker than the uniform convergence
with respect to which any ¢ € U/ is continuous. Except if Ax B is compact, since in this
special case, any decreasing sequence of continuous functions which converges pointwise
to zero also converges uniformly on the compact space clS.

So far, we have only used the fact that Ax B is a metric space. We now rely on the
Polishness of A and B to get rid of this compactness restriction. It is known that any
probability measure P on a Polish space X is tight (i.e. a Radon measure): for all € > 0,
there exists a compact set K, C X such that P(X \ K.) < e ([13], Proposition 11.7.3).
As in addition a Polish space is completely regular, there exists a continuous function f,
with a compact support such that 0 < f. < 1 and [, (1 — f)dP < e. This is true in
particular for the probability measures i € P4 and v € Pg which specify the constraint
in (MK). Hence, there exist f. € C4 and g. € Cp with compact supports such that
0< fo,9e<1land 0< [,(1— f)du, [5(1—g)dv < e It follows with the elementary
fact: 0 < 1 —st <2—s—tforall 0 <s,t <1, that any nonnegative ¢ € U. with
ly = pand (g = v satisfies 0 < ((1 — fe ® ge),¢) < 2e. With the following easy estimate
0 < (up, ) < 2+ (up(fe ® ge),¢) and the compactness of the support of f. ® g., one
concludes that lim,, . (u,, ) = 0 which proves (3.12).

e Proof of (d). Let us take ¢ € Ps. As ¢ is bounded below and lower semicontinuous,
there exists a sequence (¢)n>1 in Cap such that 0 < ¢, < ¢ converges pointwise and
increasingly to c. Therefore,

/ccw@ lim /cnde(i) lim {c,,, £) < @*(¢) (3.13)
S S

n—oo n—oo

where equality (a) holds by monotone convergence and equality (b) holds since ¢,, belongs
to CAB-

Let us show the converse inequality: ®*(¢) < [ cdl. Let us first assume that £ € dom ®*.
It is proved at Lemma 3.14 below that for any v > 0 in U, (u,l) = fsudf. It follows
that ®*(¢) = sup{(u,);u € U, u < ¢} < [cdl.

If ®*(¢) = oo, there exists a sequence (uy)p,>1 in Cup such that 0 < w, < ¢ and
sup,, [ uy dl = co. Therefore, [ cdl > sup,, [ u, dl = co. O

Lemma 3.14. For any v > 0 in U. and any { € Ps N U, such that ®*({) < oo, we have
(u, 0) = [gudl.
Proof. There exists a sequence (u,)n,>1 in Cap such that lim, oo u, = u in U.. As ¢

belongs to U.,
lim [ w,dl = lim (u,,{) = (u,{). (3.15)

n—oo S n—o0



OPTIMAL TRANSPORT 15

On the other hand, |u,, — u| < ||u, — ul|.c implies that |u,| < [||ul|. + [|u, — u||c]c. Hence,
for some large enough n,,
lun| < (14 ||ulle)e,  Yn > n,.

Together with (3.13), the assumption that ®*(¢) < oo and the dominated convergence
theorem, this entails lim,, o [gu, dl = [sudl. This and (3.15) lead us to (u, ) = [udl
which is the desired result. O

4. AN ABSTRACT CHARACTERIZATION OF OPTIMALITY

The abstract characterization of optimality is stated in Theorem 4.6. It will allow us
to obtain as corollaries, an explicit sufficient condition in Theorem 1.13 and an explicit
necessary condition in Theorem 1.15. To prove it, one has to compute the extension
®. As it is the greatest convex o (U™, U’)-lower semicontinuous extension of ® = i and
I' = {u € Uy;u < ¢} is a convex subset of U,, we have

(§) = r(§), €U (4.1)
where T is the (U, U!)-closure of I'. By (3.9), this gives
Aw) = ip(ws Bwp), weX*

and the extended problem (D) is
maximize {(wa, 1) + {(wp,v), w € X* such that wy ®wp €T (K)

Note that for this dual problem to be meaningful, it is necessary that (u,rv) € X. This is
realized if (u,v) € dom A* or equivalently if inf (MK) < oo.

Applying the first part of Theorem 2.4, taking into account the dual equality (3.3) and
Proposition 3.11 gives the following

Lemma 4.2. Any (m,w) € Pap X X* is a solution to (MK,K) if and only if

(a) me€ P(u,v,c);
(b) 7€ Oy ®(n) where (4.3)
() n="T"w.

As ®* and ® are mutually convex conjugates, (4.3-b) is equivalent to
n € Oy ®* () (4.4)
and also equivalent to Fenchel’s identity
O (7) + @(n) = (1, ) (4.5)
and by Proposition 3.11 this is also equivalent to
{ ®(n) =0
(n,m) = [ 5 cdm.

Therefore, with Theorem 2.4 one obtains the

Theorem 4.6.
(1) Any (m,w) € P(p,v,c) x X* is a solution to (MK,K) if and only if

{ (@) wadwpel

(b) (w, (V) = [,z cdr; (4.7)
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(2) Suppose in addition that
(p,v) € domOA*™. (4.8)

Then, (MK,K) admits a solution in P(u,v,c) x X*.
(3) Writing n = wa ® wg, (4.3-b), (4.4), (4.5) and (4.7) are equivalent statements.

One was allowed to apply the second part of Theorem 2.4 under the constraint qualifi-
cation (2.6)=(4.8). Let us give some details about this abstract requirement.

Remark 4.9. Note that if Ax B is an uncountable set, (u,v) ¢ icordom A* for all 1 € Pa,
v € Pp. Indeed, for all m € P(u, v, c) one can find (a,, b,) such that with d,, »,) the Dirac
measure at (do,bo), & = td(a,p,) + (1 — )7 2 0 for all ¢ < 0, so that ®7(¢;) = +o0
(Proposition 3.11-a). This shows that [(y, ;] = [T, d(a,p,)] C dom @7 while ¢, ¢ dom @}
for all t < 0. Hence, (u,v) ¢ icordom A* and one has to consider the assumption (4.8) on
(u, v) rather than (p,rv) € icordom A*.

Remarks 4.10 (Some remarks about ®*(¢), ®*(|¢|), A*(k) and A*(|k|)). Remark 4.9 shows
that icordom A* is empty in general. The following remarks are motivated by the problem
of circumventing this restrictive property which stops us from applying Theorem 4.6 with
an easy sufficient condition for (4.8).

(a) As U/ is a Riesz space (it is the topological dual space of the Riesz space C\s), any
¢ in U! admits an absolute value |¢| = ¢4 4+ ¢_ and one can consider the convex and
real-valued function ®*(|¢|) = &*(¢,) + ®*(¢_) on U..

(b) Rather than the positively homogeneous sublinear function A*(k) one could think of
a real-valued positively homogeneous function of the type A*(|k|), since its icordom
is nonempty. But, unlike U, X is not a Riesz space and A*(|k|) is meaningless.

(¢) The dual equality is A*(k) = inf{®*({);¢ € U., T,¢ = k} and unlike ®*, the effective
domain of ®*(]¢|) is the whole space. It is natural to think of the function J(k) :=
inf{®*(|¢|); £ € U/, Tl = k} instead of A*. The corresponding dual equality is J = ¢%.
where T, := {(f',¢') € (Ca®Ch)is; —c < f' @ ¢’ < c}. It follows that J is a positively
homogeneous sublinear function. But it is not true that J and A* match on dom A*.
We have J < A* and this inequality can be strict. To see this, let us consider the
following example. Take A = {a,a}, B = {b, 8}, c(a,b) = ¢(a, ) = c¢(a,b) = 0 and
c(o, ) = 1. Clearly A*(6a,93) = c(o, ) = 1 while J(da,93) = *(|0(a,8) + O(ap) —
dapy]) = 0.

Theorem 4.6 is the core of the extended saddle-point method applied to the Monge-
Kantorovich problem. To prove a practical optimality criterion one still has to translate
these abstract properties.

5. A SUFFICIENT CONDITION OF OPTIMALITY
The aim of this section is to prove Theorem 1.13.

5.1. Any finite strongly c-cyclically monotone plan is optimal. Next lemma gives
a characterization of the closed convex hull clev A of a set A in terms of its support
functional ¢%.

Lemma 5.1. Let X and Y be two topological vector spaces in duality. For any subset A
of X, one has
reclev(A) & (r,y) <y(y), YyeY

where 1 (y) = sup,c4(2,9), y € Y.
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Proof. The biconjugate ¥ of the indicator function ¢4 is its closed convex envelope which
is also the indicator function te ey 4 0of clcv A. Therefore,

recev(Ad) < Jf(x)=0

)
where the second equivalence follows from ¢y (x) = sup, (z,y) — 4 (y) > (r,0) —%(0) = 0,
for all z € X. O

Proposition 5.2. Any finite strongly c-cyclically monotone plan is optimal.

This result is a restatement of [17, Theorem 2], see Theorem 1.11-b.

Proof. This is a corollary of the first (easy) part of Theorem 4.6.
Let 7 be a finite strongly c-cyclically monotone plan: There exist two measurable [—o00, 00)-
valued functions f and g such that f @ g satisfies (1.4):

f®g<c everywhere
f@®g=c m-almost everywhere.

Let us first check that (u,v) belongs to X. Indeed, |(u,v)[i = inf{||l||’;¢ € Ul ly =
plp =v} < ||| < [cdr < co. Let E, be the vector subspace of X spanned by (u,v)
and by means of Lemma 1.5, define the linear form on FE,

(Wo, t(p,v)) := t/f@gd(u, v,c), teR.

As f @ g = ¢, m-almost everywhere and m € P(u, v, ¢), we have

(Wo, (1, )y = /cdw. (5.3)

On the other hand, thanks to (2.3) and Theorem 3.2-(1), A*(u,v) = sup(K) > [ f &
gd(p,v,c) = (w,, (i, v)). It follows that

(wo, k) < A(k),  Vk € E,.
Denoting
T:={(f,¢)€(Ca®Ch)s; ['® g <c},

one has A*(k) = 4 (k), k € X. In particular, it is a [0, co]-valued positively homogeneous
convex function on X. By the analytic form of the Hahn-Banach theorem (see Remark
5.4 below), there exists an extension w of w, to X which satisfies

(w, k) <y (k), Vk € X.

By Lemma 5.1, this means that w belongs to the o (X, X)-closure T of Y. It is clear
that 7Y C I' and one sees that 7Y C I' because of the o(X™*, X')-0(L*, L£)-continuity of
T* : X* — L*, see [12, Lemma 4.13]. Since T*w = w4 ® wp, we have

WA@WBGF.

Together with (5.3), this allows us to apply Theorem 4.6-(1) to obtain the desired result.
U
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Remark 5.4. We have used an unusual form of the Hahn-Banach theorem where the pos-
itively homogeneous sublinear function A*(k) is (—oo, +-oo]-valued instead of real-valued.
For a proof of this variant, rewrite without any change the proof the analytic version of
Hahn-Banach theorem based on Zorn’s lemma,; see for instance [6, Thm. 1.1].

The reason for not considering this extended version in the literature might be the fol-
lowing: To obtain separation by closed hyperplane, the positively homogeneous sublinear
function of interest is the gauge of an open convex neighborhood of zero which is finite.

5.2. Measurability considerations. Strong c-cyclical monotonicity revisited.

Definitions 5.5. Let v be a probability measure and I' be a set of probability measures
on some measurable space.

(1) A set N is said to be y-negligible if it is measurable and v(N) = 0.

(2) A set is said to be I'-negligible if it is y-negligible for all v € T.

(8) A property holds T'-almost everywhere if it holds everywhere except on a I'-negligible
set.

(4) A function h is said to be y-measurable if there exists a y-negligible set N such that
1ych is measurable.

(5) A function h is said to be I'-measurable if there exists a I'-negligible set N such that
1ych is measurable.

In particular the spaces Li(u) and Li(v) of all p and v-integrable functions on A and
B consist of classes with respect to the p and v-almost everywhere equalities of p and
v-measurable functions.

Definitions 5.6 ((u, v)-measurability). These notions are meaningful only for a measur-
able product space Ax B.

(1) A subset N of Ax B is said to be (u,v)-negligible if there exist two measurable sets
Ny C A and Ng C B such that u(Ns) = v(Ng) =0 and N C (N4 x B) U (A x Np).

(2) A property holds (p,v)-almost everywhere if it holds everywhere except on a (u,v)-
negligible set.

(8) A function ¢ on AX B is said to be (u,v)-measurable if there exists a (u,v)-negligible
measurable set N such that 1ycp is measurable on Ax B.

Proposition 5.7.
(1) Any (u, v)-negligible set is P(u, v)-negligible.
Hence, any (u,v)-measurable function is P(u,v)-measurable.
(2) Let f and g be functions on A and B. The following statements are equivalent.
(a) f is p-measurable and g is v-measurable;
(b) f @ g is (u,v)-measurable;
(c) f® g is P(u,v)-measurable;
(d) [ @ g is p@v-measurable.

Proof. e Proof of (1). Let m € P(u,v) and N = (NyxB)U(AxNpg) be a (u, v)-negligible
measurable set. We have 7(N) < m(NyxB) + 1(AxNg) = p(Na) + v(Np) = 0.

Let us prove (2).
e Proof of (a) = (b). Let N4 and Np be negligible sets such that f1y¢ and glye are
measurable. Of course, N = (Ngx B) U (AX Np) is (p, v)-negligible and 1ycf @ g is
measurable.

e Proof of (b) = (¢). This follows from (1).
e Proof of (¢) = (d). Immediate.
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e Proof of (d) = (a). Let S be a measurable subset of Ax B such that p®@v(S) =1 and
1s5f @ g is measurable. For all a € A, denote S, = {b € B;(a,b) € S} the a-section of S.
It is measurable and by Fubini’s theorem

1= pou(s) = [ [ [ 15t u<db>] ) = [ v(5) o)

A
Therefore, v(S,) = 1, p-a.e. and there exists some a, € A such that v(S,,) = 1. As a
section of a measurable function, the function b — 1g, (b)(f(ao) + g(b)) is measurable.

It follows that 1g, g is measurable: this proves that g is v-measurable. A similar proof
works for f. O

It is immediate from the Definition 1.3 that a transport plan 7 € P(u,v) is strongly
c-cyclically monotone if and only if there exist a p-measurable function f on A and a
v-measurable function g on B such that

{ f@eg<c (u,v)-almost everywhere (5.8)

f®g=c m-almost everywhere.

The underlying measurability properties of f @ g which are required by (5.8) are insured
by Proposition 5.7.

By Proposition 5.7-1, if a property holds true (p, v)-almost everywhere, then it is still
true P(u,v)-almost everywhere and a fortiori P(u, v, ¢)-almost everywhere. Therefore,

{ f@®g<c P(u,v,c)-almost everywhere (5.9)

f®g=c m-almost everywhere.

is weaker than the strong c-cyclical monotonicity. Without changing a word to the proof
of Proposition 5.2, one obtains the following sufficient condition of optimality.
Theorem 1.13. Let m € P(u,v,c) be any finite plan. If there exist a p-measurable
function f on A and a v-measurable function g on B which satisfy (5.9), then w is
optimal.

5.3. The Counterexamples 1.12-(d,e). They are optimal plans which are not strongly
c-cyclically monotone but they both satisfy the weaker property (5.9).

- Counterexample 1.12-(d). Let A = B = [0, 1] both equipped with the Lebesgue measure
A = pu = v. Define ¢ to be oo above the diagonal and 1 — v/a — b for b < a. The set
P(p, v, c) is reduced to the uniform probability measure m on the diagonal which is a
fortiori optimal. It is shown in [2] that 7 is not strongly c-cyclically monotone. But
(5.9) is trivially satisfied.

- Counterexample 1.12-(e). Let A = B = NU{w} where w is a “number” larger than all
n € N. Equip A and B with the discrete topology and define ;1 = v with a full support.

oo fora<b
Define ¢(a,b) = ¢ 1 fora=10 foreach a € A and b € B. Again, the set P(u,v,c) is
0 fora>b
reduced to a single probability measure m which is a fortiori optimal and (5.9) is trivially
satisfied. Nevertheless, it is proved in [4] that 7 is not strongly c-cyclically monotone.

6. A NECESSARY CONDITION OF OPTIMALITY

The aim of this section is to prove Theorem 1.15 which states that an optimal plan
satisfies approximately (5.9).
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6.1. A first approach to the necessary condition. We sketch a direct approach to
the necessary condition and emphasize some problems which remain to be solved. The
Kantorovich dual equality (3.3) yields a maximizing sequence {(f,, gn)}n>1 in Ca x Cp.
Assume that inf (MK) < oo and define ¢, := f,, @ g,, so that ¢, < ¢ and lim,, ,oo [ ¢, d* =
inf (MK) = [ c¢dn* for any optimal plan 7*. Clearly, c—c¢,, > 0 and lim,, o [(c—¢,) dr* =
0. Hence, ¢, converges to ¢ in L'(7*) and one can extract a subsequence, denoted (cg)g>1,
which converges to ¢ pointwise 7*-almost everywhere. By a result of Borwein and Lewis
[5, Corollary 3.4}, (cx)r>1 converges pointwise m*-almost everywhere to some sum function
f @ g. Therefore, c = f @ g, 7*-almost everywhere.

The remaining problem of extending f and g such that f @ g < ¢ everywhere is not
obvious. By Tykhonov’s theorem, one can extract a subnet from (cg)x>1 which converges
pointwise to a [—o0o, +oc]-valued function ¢ such that ¢ < ¢ everywhere and ¢ = ¢,
m*-almost everywhere. Unfortunately, a subnet limit is not enough to insure that ¢ is
measurable. In addition, one cannot apply the above cited Borwein-Lewis convergence
result since [—o0, +00] is not a group. Consequently, one cannot assert that ¢ is of the
sum form f @ g.

6.2. A necessary condition. The idea in this section is to approximate & = ¢ by the
sequence (®y)i>1 with @, = ¢, the convex indicator function of

Iy ={uely;—kc<u<c}, k>1

We define

QL0 = IETIls+KICNE, el (6.1)
its convex conjugate, where ||¢||% = sup{(u, €);u € U, : ||u|. < 1} is the dual norm on U..
Note that as U is a Riesz space, the positive and negative part /T and ¢~ are meaningful
for all £ € U..
The restriction of @} to the set Q(u, v, c) of all ¢ € U. with first and second marginals
and v is denoted

Fo(q) =g I+ klla Nz, g€ Qu,v,c):={q€Ulqa=p,qp=v}

It is clear that (Fj)r>1 converges pointwise and increasingly to the restriction F' of ®* to
Q(u, v, c). By Proposition 3.11-c, the effective domain of F'is P(u, v, c). Hence, F' is the
objective function of (MK):

Flq) = { foBcdq, if g € P(u,v,c)

+00, otherwise A Q(M> v, C)

Lemma 6.2.

(a) The following I'-convergence result

I'-lim Fp, =F
k—o0
holds true for both the x-weak topology o(Q(u,v,c),U.) and the strong topology asso-
ciated with || - ||5 on Q(u, v, c);
(b) min F' = limy,_, , inf F}, = sup, min F}.

Proof. Since Q(u, v, c) is o(U., U.)-closed, one sees with the Banach-Alaoglu theorem that
Fy is 0(Q(u, v, c), U.)-inf-compact for all £ > 1. It is a fortiori lower semicontinuous with
respect to o(Q(u,v,c),U.) and || - ||5. As the sequence (Fj)r>1 is increasing, it is also
o(Q(u, v, c), U.)-equicoercive.

Now, (a) and (b) follow respectively from [7, Prop. 5.4 & Rem. 5.5] and [7, Thm. 7.8]. O



OPTIMAL TRANSPORT 21

Let us denote M, (Fy) the set of the e-minimizers of F, :
M.(Fy) ={q € Q(u,v,c); Fe(q) <inf F, + €}, €>0,k>1
and M (F') the set of all the minimizers of F.

Lemma 6.3. Clearly, the set of all the optimal plans is M(F).
Assume that P(p, v, c) is nonempty. Then M(F) is nonempty and

M(F)= () Md(F)
e>0,k>1
where M,(F}) is the closure of M.(F},) with respect to || - ||*.
Proof. Lemma 6.2 and [7, Thm. 7.19] give us M(F) = [ K-liminf;_,., M.(F}) where
K-liminf_,, M.(Fy) is the liminf in the sense of Kuratowski associated with the topol-

ogy generated by || - ||%. Since (Fj)r>1 is increasing, we obtain K-liminfy . M. (F)) =
Mi>1 Me(Fy) which completes the proof. O

This result invites us to learn more about M,(Fy). We denote U, the strong bidual of
U, and denote || - || its norm. Let Xx be the o(U!, U!)-closure of

Se={fDge€(Ca®Ch)is;—kc< fDg<c}

and ®;, the largest convex o(U”,U’)-lower semicontinuous extension of ®; to U”. We
denote A} the analogue of A* where @ is replaced by ®y.

Lemma 6.4. For each ¢ > 0, k > 1 and ¢ € M.(Fy), there exist 1) € ¥, 7 € U" and
¢ € U such that |0 — q||z < /e, |17 —7lle < Ve and £ € 0P(7).

Proof. Since the effective domain of ®; is the whole space U., the dual equality insures
that the effective domain of A} is the whole space X. In particular,

N () # 0.

This non-emptiness is crucial. The approximation F} of ' was introduced to circumvent
the problem of knowing whether OA*(u,v) is empty or not. One is allowed to apply
Theorem 2.4 and Proposition 2.9.

Let ¢ be a minimizer of Fi. We have ¢ € Q(u,v,c) and 09%(g) is nonempty. More
precisely, with w € OA} (i, v) and 77 = w4 @ wp we have 77 € 0P;(g) and

(n.q) =m0, VqeQpvc) (6.5)
Fenchel’s equality is ®;(q) = (7, ) — ®x (7). But, ®(7) is equal to 0 or +o00 and ®;(g) >
—o0. Hence, @ (7) = 0 and
{ GRS

() = (1,)
As the level sets of @ are || - ||.-bounded, by Proposition 2.9-b’” we have i € U”. Now,
we consider the topological duality (U, UY).
Let us take ¢ in M (Fy). With (6.5) one sees that (7, q) = (7,q). It follows that ®;(q) <
®5(q)+e = (7,q) +e = (7,q) — Pr(7) +e. This means that ¢ stands in the e-subdifferential
0@ (1) of ®; at 7. One completes the proof applying Ekeland’s principle [10, Thm.
6.2]. 0

Lemma 6.6. Let m be an optimal plan. There exists a sequence ({x)r>1 in UL and two
sequences (M )k>1 and (Mg)k>1 i U such that

(i) limysog [0 — 7|7 = 0
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and for each k > 1:

(11) m € 0P} (Cr); B

(@) || — elle < 1/k and nx € Xy;

(i) |||z < (inf (MK) + 2)/k.
Proof. By Lemma 6.3, there exists a sequence (g)g>1 such that

lim ||gn — 7||s=0 (6.7)
k—oo

and g € M., (F}) for each k > 1, where limy_, € = 0.
By Lemma 6.4, for each k > 1, there exist {;, € U, 7] € Y and 7, € U’ such that
16k — aellz < vew, [k — elle < /e and fp € ODE(L).

Since ®; is k-Lipschitz, we have

Gl < Bla) + kIl — all
< inf (MK) + €; + k\/eg
< inf (MK) + 2
taking
e = 1/k2.
It follows from (6.1) that ||, [|* < ®:(fx)/k < (inf (MK) + 2)/k. One concludes with
10 =7l < 1 = aulls + llaw — 7l < 1/k + llgx — ll; and (6.7). O

Lemma 6.8. Let n € U be in the o(U!,U})-closure of ¥y for some k > 1. For each
probability measure p € P,, there exists a function 1 in Ly(p) such that

(a) (0, hp) = [y hiidp, Vh € Loo(p)
{ () ﬁEClLl(p)<§>;) (6.9)

where cl () (Xg) s the closure of Xy in Lyi(p) with respect to its usual strong topology.

Proof. For any bounded measurable function h on Ax B we have

0, hop)] < Il / hledp (6.10)

AxB
since |[(n, h.p)| < |nllusl|h-pllu; with [|h.pllo; = [,5|hlcdp. Let (hg)r=1 be a sequence
of bounded measurable functions such that the sequence (|hg|)r>1 decreases pointwise to
zero. By (6.10) and dominated convergence, we have limg_,o(n, hy.p) = 0. This means
that h +— (n, h.p) is o-additive: there exists a measure p such that (n,h.p) = [, ,hdp,

Vh. By (6.10), p is absolutely continuous with respect to p : there exists 77 in L (p) such
that (6.9-a) holds.
Let {uq}a be a net in Xy such that lim, u, = 7. For all h in L. (p),

/ hiydp = (n, h.p) = lim(u,, h.p) = lim hug, dp.
AxB @ @ JAxB

This means that 7 is in the o(L1(p), Lo (p))-closure of ¥x. As ¥y is convex, this implies
(6.9-b). O

We are now ready to give the proof of Theorem 1.15.
Theorem 1.15. Let m be any optimal plan and let us take e > 0 and p € P.. Then, there
exist p € Ly(m+ p), f € Ca, g € Cp and a measurable subset D C AX B such that
(1) ¢ = ¢, 1(s\p).m-almost everywhere;
(2) [,(1+c)dr <



OPTIMAL TRANSPORT 23

(3) —c/e < <¢, (m+ p)-almost everywhere;
(4) —c/e < f @ g < ¢, everywhere;
(5) llo = f @ glliimp) < €

Proof. By Lemma 6.6, for any e > 0, there exist & large enough, ¢ in U’ and 7,7 in U”
such that

(i) 0=z <eand ||7|; <e

(i) 7€ aP;(0)

(i) 7€ Xy

(iv) 7 —mlle <e
Let ;)A: and 7 be the functions in L (7 + p) which are built from 77 and 7 as in Lemma
6.8 and satisfy: (77, h.(m + p)) = [, zhid(m + p) and (7, h.(7 +p)) = [, hiy d(m + p)
for all h € Lo (m + p). By (iii) and (6.9-b), there exist f € Cy and g € Cp such that
—ke< f@dg<cand

7—fo 9l Lrrap) < €
With the notation of Lemma 6.8, we have [|7]| 1, ) < [[ 4.5 ¢dp)l|nllc for all n € UY. Taking
Y= %a this and (iv) give || — 7| (rp) < € [ 45 ¢d(m + p). Therefore,

l0= £ & glliymen < (1+/ cd<w+p>) .
AxB

By (ii), we have 7 € dom ®;, = . Hence, —kc < ¢ = % <¢, (m+p)-a.e.

Since U, is identified with C|s which is a subspace of Cs, see (3.7), any ¢ € U, is
the restriction to C|s of a continuous linear form on Cs. Therefore it can be uniquely
decomposed as £ = (*+¢° where (* is a measure and £* is singular with |[£]|* = ||€*||*+]]¢]|%.
By (i), we have ||{T — 7|* < 2e. Since 7 is a measure, its singular part vanishes: 7% = 0.
It follows that ||(*® — 7||* < 2¢ where /T* is the measure part of ¢*. Therefore, the
nonnegative measures (o and 7 are concentrated on the same set except for a measurable
set D such that [, cd(lt + 1) < 2.

Finally, (ii) implies that ¢ = ¢, (+a-almost everywhere (and also that —kc = ¢, (~-almost
everywhere). One completes the proof, putting everything together and replacing € by
¢/C with an appropriate constant C. U
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