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Abstract

We analyze the regularity of the value function and of the optimal exercise boundary
of the American Put option when the underlying asset pays a discrete dividend at known
times during the lifetime of the option. The ex-dividend asset price process is assumed
to follow the Black-Scholes dynamics and the dividend amount is a deterministic function
of the ex-dividend asset price just before the dividend date. This function is assumed to
be non-negative, non-decreasing and with growth rate not greater than 1. We prove that
the exercise boundary is continuous and that the smooth contact property holds for the
value function at any time but the dividend dates. We thus extend and generalize the
results obtained in [JV11] when the dividend function is also positive and concave. Lastly,
we give conditions on the dividend function ensuring that the exercise boundary is locally

monotonic in a neighborhood of the corresponding dividend date.

Introduction

We consider the American put option with maturity 7" and strike K written on an underlying
stock S. Like in [JV11], we assume that the stochastic dynamics of the ex-dividend price
process of this stock can be modelled by the Black Scholes model and that this stock is paying
discrete dividends at deterministic times 0 < tCIl < tCIl_l < < tﬁl < < t}l < T. At each
dividend time ¢, the value of the stock becomes S = S — D; (Stfi _) where Di(Stji _) is
the value of the dividend payment (see Figure 1). We suppose that each dividend function
D; : Ry — Ry is non-decreasing, non-negative and such that z — z — D;(x) is also non-

decreasing and non-negative.
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TThis research benefited from the support of the chair “Risques Financiers”, Fondation du Risque.
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Figure 1: A trajectory of the stock price process

We are interested in the value of the American Put option with strike K and maturity 7.
Since we are in a Markovian framework, the price can be characterized in terms of a value
function depending of the time ¢ and the stock price at time ¢t. For the sake of consistency,

we will denote this value function by ug for the case without dividends.

The case without dividend was studied by McKean [McK65] and Van Moerbeke [VM76].
McKean first linked this optimal stopping time problem to a free-boundary problem involving
both the pricing function ug and the exercise boundary denoted by ¢g. As it is proved in a
more general framework in [EK81], a stopping time solving this optimal stopping time problem
is given by the first time the price process crosses this boundary. Van Moerbeke derived an
integral equation which involves both ¢ and its derivative, but in later work by Kim [Kim90],
Jacka [Jac93] and Carr, Jarrow and Myneni [CJM92] an integral equation was derived which
only involves ¢q itself. The regularity and uniqueness of solutions to this equation was left as
an open problem in those papers. Uniqueness was proven by Peskir [Pes05]. Convexity was
proved in [CCJZ08] and in [Eks04]. Infinite regularity of ¢o at all points prior to the maturity
was formally proved by Chen and Chadam [CCO06]. Then Bayraktar and Xing [BX09] proved
that this remains true if the underlying asset pays continuous dividends at a fixed rate. In

practice, continuous dividends are not a satisfying model since dividends are paid once a year



or quarterly. That is why we are interested in dividends that are paid at a number of discrete
points in time.

When we assume discrete dividend payments, in general, the value function of the Put
option will no longer be convex in the stock price variable, even if convexity is preserved for
linear dividend functions. Moreover, the optimal exercise boundary will become discontinuous
at the dividend dates and before the dividend dates it may not be monotone. Integral formulas
for the exercise boundary which are similar to the ones in [CJM92] have been derived under the
assumption that the boundary is Lipschitz continuous (see Géttsche and Vellekoop [GV11])
or locally monotonic (Vellekoop & Nieuwenhuis [VNar]). In this paper we continue the study,
undertaken in [JV11], of conditions under which such regularity properties of the optimal
exercise boundary under discrete dividend payments can be proven.

We prove that the exercise boundary is continuous at any time which is not a dividend date
and that the smooth contact property holds for the value function of the option. We consider-
ably extend the results obtained in [JV11], where the continuity of the exercise boundary and
the smooth contact property were only obtained in a left-hand neighborhood of the first divi-
dend date when the corresponding dividend function was assumed to be globally concave and
linear with a positive slope in a neighbohood of the origin. Under the much more restrictive
assumption of global linearity of all the dividend functions, the smooth contact property and
the right-continuity (resp. continuity) of the exercise boundary was proved to hold globally
(resp. in a left-hand neighborhood of each dividend date). We also extend the result obtained
in [JV11] on the decrease of the exercise boundary in a left-hand neighborhood of the first
(resp of each) dividend date when the corresponding dividend function was assumed to be
positive and concave (resp. when all dividend functions were supposed to be linear) : we
give more general sufficient conditions on each dividend function for the exercise boundary to
be either non-decreasing or non-increasing in a left-hand neighborhood of the corresponding
dividend date.

In the first section, we introduce our notations and assumptions. In the second section,
we recall the existence results for the value function and the exercise boundary stated in
[JV11]. The third section is devoted to the smooth-fit property and relies on a viscosity
solution approach combined with an estimation of the derivative of the value function with
respect to the time variable. In the fourth section, we prove the continuity result for the
exercise boundary, which is known to be upper-semicontinuous by continuity of the value
function. The right-continuity is obtained by comparison with the optimal boundary of the
Put option in the Black-Scholes model without dividend. The left-continuity follows from the
characterization of the continuation region as the set of points where the spatial derivative

of the value function is greater than —1. In the fifth section, we are interested in the local



behaviour of the exercise boundary in a neighborhood of the dividend date. To be able to
analyse this behaviour, we have to assume that the stock level at which the dividend function
becomes positive lies in the post-dividend exercise region. When the dividend function has a
positive slope at this point, we obtain a first order expansion for the exercise boundary at the
dividend date. We also provide sufficient conditions for the exercise boundary to be locally

monotonic.

1 Notations and assumptions

1.1 Notations

° (Q,]:, (]—"8)820 ,P) is a probability space with a right continuous filtration, (Bs)s>0 a
(Fs)-brownian motion under P, and Q is the probability measure defined by

dQ

2
— %t+OBt
dP

=€
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e S7 is a geometric brownian motion satisfying : dS¥ = rSfdt + 0SFdB; and SF = . Tts

1 2
density at time ¢ is denoted p(t, z,y) = i Vo) exp ( 1 (ln (%) —(r— U—;)t) ),

oy 2mt 207
e A is the Black-Scholes operator defined for any C? function f by Af(x) = —rf(x) +
raf(z) + <5 (),

e the set of all the stopping times of (F),<y is abusively denoted by {r € [0, 0]}.

Recursive construction Let (Gfi = til - t?l)ogig 71 with the convention tY = T denote
the durations between the dividend dates. For non-negative values of § and x, we define by

induction

® uo(0,x) = sup,cp g E {e_” (K — Sf)Jr] the price of the American put option in the
Black-Scholes model without dividends when the time to maturity is @ and the spot
level . The corresponding exercise boundary is ¢o(6) such that {z : u(0,z) > (K —
)t} = (co(f), +0). Let v(0,z) be the value function of the American put option with
normalized strike 1 in the Black Scholes model without dividends and ¢(#) the associated

exercise boundary. One has :

up(0,z) = sup E [e‘” (K — S;’?)q =K sup E
7€[0,6] 7€[0,0]

-] o)

and consequently cy(0) = sup {z|up(0,z) = (K — )t} = Ké(6).



o Vie{l,..., I},

_ N+ ) _ _
ui(6,z) = s B [6_” (K =S5) Lprany + ¢ Puina (07", S5 — Di(Séc))l{T:e}} :
T€[0,0

Note that u;(0,z) = u;—1 (0,2 — D;(z)).
_ N+ _
e Any stopping time 7 such that u;(0,z) = E {6_” (K - Sf) gy + e "%u;(0, 55)1{79}}
will be abusively called an optimal stopping time for u;(¢, z).

1.2 Assumptions

In all what follows, we assume that

‘ (a) D; is non-decreasing and non-negative,
(A)Vie{l,...,I},

b) p; : © — x — D;(z) is non-decreasing and non-negative.

2 Previous results

Under (A), we can reformulate Proposition 1.5 [JV11] with our notations,

Proposition 2.1. Supppse that t'< tfi < tifl < e < t}i < T and set § = tfi —t, 92 =T — t}i,
and forj=1...i—1, 6} =t} — tifrl, then the value at time t when the spot price of the stock

is equal to x of the American put option with strike K and maturity T is given by u;(6,x).

With these notations, at time t = til, if the spot price of the stock is x, the price of the put
option is u;_1 (6 ', x). When D;(x) is positive, it differs from u;(0, ) = w;—1 (05!, x — D;(z)).
The next Lemma follows from Lemma 1.3 [JV11].

Lemma 2.2. For each 6 > 0, the mapping x +— u;(0,x) is non-increasing and x — x~+u;(0, )

is non-decreasing.
Like in Lemma 1.3 [JV11], one easily deduces the existence of the exercise boundary.

Corollary 2.3 (Exercise boundary). For any 6 > 0, it exists ¢;(6) € [0,K) such that :
ui(0,2) > (K —z)t & x> ¢;(0)

By Proposition 2.1, the exercise boundary of the Put option in our model with discrete
dividends is

; . . 0 __
tel0,T)— Y clth— t)l{tgﬂgkté} with convention t; = T.

I
=0



With a slight abuse of terminology, we also call exercise boundaries the functions ¢;. Notice

that because of time-reversal, left-continuity of the ¢; implies right-continuity of the true exer-

cise boundary and that right-continuity of the ¢; implies left-continuity of the true boundary

on [0,th) U (¢, té_l) U+ U (th, T) with existence of left-hand limits at the dividend dates.
According to Lemma 1.4 [JV11], one has

Proposition 2.4 (Regularity result). The value function (0,z) — wu;(0,x) is continuous on
R, xR;. On the continuation region defined as {(0,1)|0 > 0, x > ¢;(0)}, this function is C*?

and satisfies :

2
—0gu;(0, ) — ru; (0, x) + redyu (0, x) + %xQ&MUi(G, x) = 0.

Moreover, the left-hand derivative Opp—u;(0,x) of Oyu;(0,e) is well defined.
The upper-semi continuity of ¢;(e) is a consequence of the continuity of u;.

Corollary 2.5. For any 6 > 0, limsup ¢;(0') < ¢;(6).
0'—0

Remark 2.6. Since the dividend function D; is non-negative, u;(6,x) > w;_ 1(9+9i_1 x) and
therefore u; (0, x) > ug (9 + 23:1 92 1);3). We deduce that ¢;(6) < Kc( Zl ) 91 1)

3 Smooth-fit property

In this section, we are going to prove the smooth-fit property :
Proposition 3.1 (Smooth-fit). For all @ > 0, u;(6,e) is C'.

The proof is based on the viscosity super-solution property of u; and estimations of the

time derivative of this function stated in the two next lemmas.

Lemma 3.2. (0,x) — u(0,z) is a viscosity supersolution of
min(9pu; (0, x) — Au; (0, ) (z),u; (0, 2) — (K — 2)+) = 0 with u;(0,2) = u;—1 (05", pi())

Proof. Tt comes from the definition of u; that u;(6,z) > (K — x)*.

Let ¢(t,z) be a test function such that 0 = (u; — ¢)(0,2) = miny(u; — ¢) where V =
(0 —n,0] x (x —n,x+n) for a certain n > 0. Let 7 be the first exit time of S* outside the ball
centered at z with radius 7 and let 0 < € < 7. Because of the minimum property of (0, x),

one has
E [e—r(me) (ui(0 — (T Ne),5%,,) — &0 — (T Ae), SW))} > ui(0, ) — ¢(0, ).

6



Applying Ité formula to e "¢ (0 — t, S¥) between t = 0 and 7 A €, we deduce that

B ([ @0 — .57 — A0t0 1. )(S2)] > B [(1(0.2) = 0 - (7 10, 55,))

Since, by the dynamic programming principle, for any stopping time 1 < 6, one has w;(0,z) >
E {e”’"ui(e -, Sﬁ )}, the right-hand-side is non-negative. We deduce that

E [1 /0 e (D00 — £, 57) — Ap(O—t, .)(sgv))dt} > 0.

€

By sending € to zero, we obtain the supersolution inequality from Lebesgue’s theorem :

Bpd(0, ) — Ap(6, 8)(z) > 0.

Lemma 3.3. For anyi >0, 0 >0 and x > 0 one has

(02 — —2730
lim sup ui(,2) = ui(9, @) <r(K+z)+x (T <2N <2C:\/§) - 1) tof ) ,

0’ —0 0/ — 0 V 27'('9

2 o
|Opz—u;i (6, )] lio>ei0)) 20?(0) (21"K + <3r + \/ﬂ) 61(0))

Moreover Oyu; (0, x) admits a right-hand limit at ¢;(0) denoted by yu; (0, ¢;(0)1) and Oyu; (0, c;(0)T) €
[—1,0].

The proof of these estimates, which relies on the scaling property of the Brownian motion

and Lemma 2.2, is postponed in Appendix. We are now able to prove Proposition 3.1.

Proof. Let ¢ = ¢;(6). By Lemma 3.3, the limit 0,u;(0, c+) = limy, |, 0,u;(0,y) exists.

We adapt a viscosity solution argument given in [Pha09] : supposing that d,u(0,c+) > —1, we
are going to obtain a contradiction. For e > 0, let ¢¢(2) = (K —c)* +a(z—c)+ 5 (z—c)? where
—1 = 0yui(0,c—) < a < Jzui(f,c+). Since ¢ < K, it exists an open interval (z¢, ye) C [0, K]
containing ¢ such that minge(,, y.) (ui(0, ) — ¢e(z)) = ui(0, c) — de(c) = 0.

We set

g = 2(37"—1—\/%)1( and ¢(0 —t,x) = ¢ (x)— St

)
0= (u —¢)0,c) = M, e (8 gl (20 )(ui — ¢)(t,x). By the supersolution property of u;
k) 2 €rJE

By Lemma 3.3, for any (¢,z) € [0, ¢] x [0, K], one has u; () —t, z) —u; (6, z) > —gt. Therefore

stated in Lemma 3.2, we deduce that

o2c?

2¢

By sending € to zero, we get the desired contradiction. O

0 < 0pp(0,¢) — Ap(0,0)(c) = b+ 1(K —¢) = rca -




4 Continuity of the exercise boundary

Proposition 4.1. Under (A), for anyi € {0,...,I}, the function 6 — c;(0) is continuous on
[0, +00).

The right continuity will be proved in Section 4.1 whereas the left continuity will be proved

in Section 4.2.

Remark 4.2. In particular, we deduce from this result the behaviour of the exercise boundary
at the dividend time.

Since ¢;(0) = sup {x > 0lui—1(05 !, 2 — Di(x)) = K — az} and fory € [0,c;—1 (05 1)) ui—1 (051, y) =
K —vy , one has ¢;(0) = ¢;—1(05") Ainf {z > 0|D;(x) > 0} and

Corollary 4.3. Under (A), for anyi € {1,...,1}, limy_q, ¢;(t) = c;i—1(6 ) Ainf {z > 0|D;(z) > 0}.

As ¢;(0) = 0 when Yo > 0, D;(x) > 0, this result generalizes Lemma 2.1 [JV11].

4.1 Right continuity

The right continuity of the exercise boundary is based on a comparaison result with the
exercise boundary ¢ of the classical American put option with strike 1 in the Black-Scholes

model without dividends.
Lemma 4.4. For 0 >0 and t >0, one has : ¢;(0+1t) > (K (1 —e ") + ¢;(0)e ") &(t)

Proof. Let 7 = 7 At where 7 is an optimal stopping time for u;(6 + t,z). By the dynamic

programming principle, one has
w0 +t,2) = E [e (K = $7) 1 ray + Lrmpe w8, 57)] -

Since x — wu;(0, ) is non-increasing and using the fact for any 0 < o < K, (K — z)t <



(K —(aAx))™ =(K —a)+ (a—x)", one deduces
e T —rt QT +
ui(f0+t,x) < E (K —89)* Ly + 1r=pye (K —ci(0) A St)

<E e " ( { —¢i(0) (1 — e*r(tﬂ'))} A S’f)Jr 1o ]

| +Hlpoge t(K—cZ /\Sf”)+

SE_e—” (& = {ei(6) + (K — e )(1 )pAs) }

< e (5 — {5~ (1~}
S R

< (K — ci(0))e " +E {e—” (K (1 —er) sao)e - 5)'

where we used (K — ¢;(0))(1 — e ""7)) < (K — ¢;(0))(1 — e~") for the last inequality.

Since 7 is a stopping-time not greater then ¢, for z < (K (1 — e~ ") + ¢;(0)e™") ¢(t), the
second term of the right-hand side is not greater than (K (1 — e™"") +¢;(#)e~"" —x). Therefore,
one has u;(0 +t,z) < (K —x)* and ¢;(6 +t) > x. O

Corollary 4.5. The function 0 — ¢;(0) is right continuous.

Proof. Because lim;_,o ¢(t) = 1 (cf [KS91] p.71-80), Lemma 4.4 implies that lim infg g ¢;(6") >
¢i(0). We conclude with the upper-semicontinuity property stated in Corollary 2.5. O

We recall (cf [KS91]) that ¢(oo) © limg_, 1 o ¢(0) exists and is equal to 2&"02'

Corollary 4.6. One has limy_,; ¢;(0) = K¢(oo). Moreover, when r > 0, V8 > 0, ¢;(6) > 0.

Proof. If r =0 then ¢ = 0 and the statement clearly holds.
Let us now assume that r > 0. Since u;(t,z) > wug(t,z), we have ¢;(t) < Kec(t). Writing
Lemma, 4.4 for § = 0, we deduce that

Yt >0, —(K —c;(0))e "e(t) < ¢i(t) — Ke(t) <0.

We obtain the first statement by taking the limit ¢ — oo in this inequality.
For § = 0, Lemma 4.4 also implies ¢;(t) > K(1 — e ")¢(t). Since ¢ is non-increasing with

positive limit at infinity, we deduce that ¢;(t) > 0 as soon as ¢t > 0. O

4.2 Left continuity

The left continuity is based on the characterization of the continuation region in terms of the

spatial derivative of u; stated in the next proposition.



Proposition 4.7. Under (A), the property
(P;) : For any 8 >0 and x > 0 one has x > ¢;(0) <= 1+ 0zu;(0,z) > 0
holds for any i € {0,--- ,I}.

The proof of Proposition 4.7 will be done by induction on ¢. The main tools to deduce
the induction hypothesis at rank i from the one at rank i — 1 are in the following lemmas, the

proofs of which are postponed to the Appendix.

Lemma 4.8. Let 0 > 0, x > ¢;(0) and T denote the smallest optimal stopping time for u;(0, ).
Then y — P (T =0|S% = y) is non-decreasing and is positive on (K, 400).

The function u;(0, x) being Lipschitz continuous by Lemma 2.2, it is absolutely continuous

and therefore dx a.e. differentiable. We denote by d,u;(0, x) its a.e. derivative.

Lemma 4.9. Let > 0, x > 0 and 7 be an optimal stopping time for u;(0,z). Then one has
L+ Opui(0,7) > B2 [14—gy (1+ 0,u:(0, 55))]
Moreover, T def lim,_o, inf {t > 0|SFTe < ¢i( — t)} is an optimal stopping time and satisfies

We are now proving Proposition 4.7.

Proof. First, for i = 0, due to [KS91], x — w;(6, x) is convex and so (FPp) is true.
Let us suppose that (P;_1) holds for i € {1,--- ,I — 1}.
By (A), k; def sup {x > 0lx — D;(z) < cl-,l(ﬁfi_l)} is such that

Ve >0, x — D;(x) < ci_l(%fl) & < K.

Moreover, D; is differentiable dx a.e. and equal to the integral of its a.e. derivative which takes
its values in [0, 1]. We denote this a.e. derivative by Dj. Since u;(0,z) = u;—1(05 ",z — D;(z))

where ui,l(effl, x) is C! by Proposition 3.1, one easily checks that
dz a.e., aﬂ&ul(())x) = (1 - D;(l‘))ayui—l(eil_la y)|y=x7Di(:p) (1)

where the second term of the right-hand-side belongs to [—1,0] by Lemma 2.2. There are two

possibilities :

e cither x; < oo and then for z > k;, 1 + 8yui_1(02fl, Y)ly=z—Di(z) > 0 by (P;—1) so that
1+ 0,u;(0,z) > 0 a.e. by Equation (1),

10



e or r; = +00 and then D;(x) = [ Di(y)dy ~ = as x — co. Therefore there exists a borel
set C C (K, 4o00) with infinite Lebesgue measure, on which D] takes values in [%, 1}.
By Equation (1), for almost every z € C, 1+ 0,u;(0,z) > 3.

So there exists of a borel set A C (K, +o00) which is non neglictible for the Lebesgue measure
and such that for every x € A, 1+ 9,u;(0,x) > 0.

—rf g

e ST .
—%, one obtains

Using the first statement of Lemma 4.9 then %| Fo =
—r0 +OO =
= [ Y @t a0, y))P(szsz:y) (6, 2,4)dy
0o T
> —rf Y ) _ QT __
> e 2 (14 0,uy(0,9)) P (7 = 0155 = ) p(0, 2, y)dy.
AT

By Lemma 4.8, the last quantity is positive and the assertion is proved. ]
Proposition 4.10. 0 — ¢;(0) is left continuous.

Proof. By Corollary 2.5, we just need to prove that it does not exist § > 0 such that
liminf; .o, ¢;(0 —t) < ¢i(6).

Let us suppose that it exists such a @ > 0 and obtain a contradiction. Let c_ def liminf; .o, ci(0—
t) and (t,), be a decreasing sequence in (0, #) tending to zero and such that ¢;(6 — ¢,) tend

to c_. Then, by Lemma 4.4 written with (s — ¢,,0 — s) replacing (¢,6), we obtain that
r(s—tn)
for s € (tn,0), ci(60 —s) < ¢ (60 — tn),eit. So limy_o, ¢;(f —t) = c—. Then it exists
c(s —

€ (0,¢i(0)), 00 € (0,0/2), such that V¢ € (0,200) ¢;(0 —t) < ¢i(#) —n. Let z < y be such
that ¢;(0) —n <z <y < ¢;(f). One has

y—x+ui(f,y) —ui(0,x) =0. (2)

Let us define 7 = inf{tz 0|t+ ‘5‘}—1’ Z(SOA%}. For ¢’ € (0,0 — &) and z > =,
one has V¢t € [0,7], S7 > S¥ > ci(0) —n > c;(0 —t) and by Proposition 2.4, u;(¢', 2) =
E {e‘”ui(H' -, Sﬁ)} Since u; is continuous and bounded by K, letting 6’ tend to 6, we get

by dominated convergence u;(6,z) = E {e*”ui(e -, S’f)] . We deduce
y— o +ui0,y) — w0, 2) =B [ (SY = 87 +ui(0 - 7, ) — ui(0 — 7, 57))]
y _
S U (1+ Do (0 — 7,82)) dz} .

But since Q (7‘ >0 and Vz > x, gﬁ > (60— 7')) = 1, the right-hand side is positive by Propo-
sition 4.7, which contradicts Equation (2). O

11



On Figure 2, we represent two different exercise boundaries computed through a binomial
tree method following [VN06]. In both cases, ¢;(0) = k1 = 20. In case (a), the boundary
appears to be smooth whereas in case (b), it seems to be merely continuous (at time 0.04,

even continuity is not so clear from the figure).

100

904
a0+

704

B0+

.

50

404

0

204

Tz e g5 g 0 12 a8 % 2o "o oh ok b ol obs obs ob7 obe obs oo
(a) Maturity is 2 with one dividend time at (b) Maturity is 0.1 with one dividend time at
1.7; Dy (z) = é ((z —20)" — (z —30)") 0.05; Ds(x) = min (2, % ((z - 20)*)2)

Figure 2: Exercise boundaries of an American put option with different maturities for different

dividend functions. Strike is 100, diffusion parameters are r = 0.04 and o = 0.3.

5 Local behaviour of the exercise boundary near the dividend

dates

In this section, we are going to show how the behaviour of the exercise boundary is driven by
the shape of the function u;(0, .).

We recall that ¢;(0) = min (ci_l(%_l), inf {z > 0|D;(x) > 0}) We are able to precise the local
behaviour of the exercise boundary near the dividend dates only when ¢;(0) < ¢;—1(671).
Notice that by Lemma 4.4, this condition is satisfied as soon as inf {z > 0|D;(z) > 0} <
(K (1— e_reé_l) + e_w;—lci_l(O)) ¢(0'71). On Figure 3 are represented two different exercise
boundaries computed through a binomial tree method following [VN06]. Notice that in each
case, a dividend is paid if the stock price is over 50. On the left (resp. right) one, ¢1(.) seems
to be locally increasing (resp. decreasing) on [0,€) for € small enough. In Proposition 5.3
and 5.6, we give sufficient conditions on the dividend functions for these local monotonicity

properties to hold.

12



(a) Di(x) = min (% % ((z - 50)+)2) (b) D1 () = 0.05(z — 50)*

Figure 3: Exercise boundaries of an American put option of maturity 4 with one dividend
time at 3.5 for different dividend functions. Strike is 100, diffusion parameters are r = 0.04
and o = 0.3.

5.1 Equivalent of the exercise boundary for dividend functions with positive
slope at ¢;(0)4

Proposition 5.1. If ¢;(0) > 0 and liminf, . ), x?‘c(j(c())) > 0, then ¢;(0) — ci(0) ~p—o,

—0¢;(0)y/0[In0].

Notice that the second hypothesis implies that ¢;(0) = inf{x > 0|D;(z) > 0} and therefore
that inf{x > 0|D;(z) > 0} < ¢;_1(f ") with possible equality. In order to prove Proposition

5.1, we need the following lemma, the proof of which is postponed in Appendix.

Lemma 5.2. Suppose that ¢;(0) > 0 and that it exists « > 0, 8 € [1,2) and an open set
V C RY containing ¢;(0) such that :

Va € V. wi0,2) ~ (K —2)* > o - cz-(()))ﬂﬁ. (3)

Then V6 > 1, 30; > 0, Y0 € [0, 03], ei(8) < ci(0) exp {_a\/e (2—3) 0] — (3+0)In 1ney)} .
We are now able to prove Proposition 5.1.

Proof. Since ¢;(0) < ¢;—1(05') < K and for x € [0,K], u;i—1(0,2) > K — z + D;(z), the

positivity of liminf,_,., o), x?ic(vg(c())) implies that the second hypothesis of Lemma 5.2 is satisfied

with § = 1. Hence, for 6 small enough, ¢;(0) < ci(O)e_"V9(“n9|_31n|ln9|). By Lemma 4.4,
we know that c;(0) > ¢;(0)e(0) + (1 — e7"%) (K — ¢;(0)) &(f), where, according to [Lam95],
c(0) — 1 ~gj0 —o+/0[In6]. Since /0 (]Inf] — 31In[Inb|) ~p0 /0 [In 6|, we easily conclude. O
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5.2 Monotonicity of the value function

The monotonicity of the value function around the i-th dividend time is closely related to
the sign, on a right-hand neighborhood of ¢;(0), of the Black-Scholes operator applied to
u;(0,.) = u;i—1 (05, pi(.)) where p;(x) = 2 — D;(z). In the previous sections, the derivative of
D; was thought in the sense of distributions. From now on, we assume that D; is the difference
of two convex functions in order to apply the It6-Tanaka formula. So the derivative of D;

(resp. p;) is considered as the left-hand derivative.

5.2.1 Exercise boundary locally non-decreasing

To obtain this property, we need negativity of the Black-Scholes operator applied to w;(0,.)
in a right-hand neighborhood of ¢;(0).

Proposition 5.3. Assume that ¢;(0) < ci,l(ejﬁ;l), that D; 1is the difference of two convex
functions, and that the positive part of the Jordan-Hahn decomposition of the measure D!
is absolutely continuous with respect to the Lebesgue measure. Assume moreover that, if g;
denotes the density of the absolutely continuous part of DY, it exists € € (0,¢;—1(05") — ¢;(0))
and Cy € [0,+00) such that

2,.2

Vz < ¢;(0) + &, —rD;(x) + raDj(x) + 7 gi(x) <rK —«¢

Ve > ¢(0) + ¢, gi(z) < Cra’r.

Then it exists a neighborhood of (0,¢;(0)) in Ry x Ry such that u; is non-increasing w.r.t 0
in this neighborhood. Moreover, the exercise boundary c; is non-decreasing in a neighborhood

of 0.

Remark 5.4. This result is a generalization of Proposition 2.2 in [JV11] which states the

same local monotonicity property of the value function at the first dividend date when c1(0) =0

and Dy is a non-zero concave function satisfying assumption (A). Indeed concavity implies

that gi1(z) < 0 and Dyi(z) — reD}(z) > D1(0) where D1(0) = 0 by (A). When r > 0 and

¢i(0) = 0, generalizing the proofs of Lemma 2.1 and Corollary 2.3 [JV11], one may check that
x

¢i(0) < rK@limsup,_ g+ i) +0(0) as @ — 0 and that, under the assumptions of Proposition
5.8, if %(m) admits a finite right-hand limit at x = 0, ¢;(0) ~g_o+ TKOlim,_,q+ #(x).

2
The function D;(x) = min (a, % ((a: — Ci(0)>+) ) satisfies (A) and the assumptions

2.2
of Proposition 5.3 when ¢;(0) > 0, for n € (0,r) and o € (0, 4‘?7437(;)[)(].

To prove the proposition, we need the following lemma, the proof of which is postponed

in appendix.
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Lemma 5.5. Letp > 0 and fort; > 0, 74, = inf {w > 0[S > ¢i(ty — W)L ey, y + ci(O)I{thl}}

with the convention inf ) = +oo.

o\ P )
Va >0, dn > 0, lim sup £ [(1 + (S”) ) 1{Tt1 >v, S§2c¢(0)+2a}]

=0.
v=0+ 4 << (0)+a P(ri, > v)
We are now able to prove Proposition 5.3.

Proof. Let 0 < s < t, x > ¢;(t) and 7 be the smallest optimal stopping time for (¢, z). Since
TAs is a stopping time not greater than s, u;(s,z) > E [e‘” (K - S’f) resy + e (0, 5’;"’)} )
Using (K — x)* < u;(0,x), we deduce

u;i(t,x) —ui(s,z) <E {1{725} (e_rTui(O, S%) — e S, (0, S«Sz))} .
By Lemma 6.1, on 7 > s,

- T —ru; (0, 8%) + Tgfamui—1(92_1> pi(SE))pi(SE)
“"u;(0, S7) :/ e " 02 (a1 { Ea\)\2 i1 - dv
#5700 i)l (da)ari(s®)
s R
+ M, — M, (4)

B Tui(oa SY‘IQ_?) -

where My = f oe ST ui—1 (057, pi(SE))ph(ST)dB,. As E[(M),] < o2ta?e”” | M, is a true

martingale and
E |:1{TZS}(MT - Ms)} =K [1{723} (E [MT“?S] - MS)} =0. (5)

The function y — dyu;—1(05 ", pi(y)) belongs to [—1,0] by Lemma 2.2 and is equal to —1 on
[0, ¢;(0) + €] since then pi(y) <y < ¢(0) +e < ¢;_1(0% ). Since for any a > 0, t — L is
a non-decreasing process and p! = —D! using the growth assumption on g;, we deduce that

P-almost surely
| [ om0 pita)el (daydz(5)
/ / 1{a<cl 0)+e}9i(a) + 1{a>ci(0)+6}01a01) dadL{(5%)
Using Exercise 1.15 p.232 [RY91], we deduce that
[ [ om0 pia)el (daydz(5)

< / —rv (Sfﬂ) (1{§%§Ci(0)+€}gi(§$) + 011{5$>ci(0)+5}(Sg)cl)dv‘ (6)
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By Lemma 3.3 and since ¢;(0) + ¢ < ¢;—1(0 1), it exists a finite constant Cy not depending

on s and t such that
T —rv €T Qx 2 T rv  &x 2
/ (5201 (52)) Dt (637, (ST < 02/ (55) sy o (7
For y < ¢;(0) + e, ui—1(05 ", pi(y)) = K — p;(y) and
—1u;(0,y) + ryduui—1 (051, pi(y))pi(y) = —rK — rD;(y) + ryDi(y)

where D; is equal to 0 on [0, ¢;(0)]. Hence the assumptions ensure that

(8)

i 0'2y2 —rK if y < CZ‘(O)
—ru;(0,y) + rydeui—1 (051, pi(y)) pl(y) + gi(y) < {

2 —eify € (¢;(0),¢(0) + €]

When y > ¢;,(0) + €, since dyui—1 < 0 and p, > 0, —ru;(0,y) + Ty@xui_l(%_l,pi(y))p;(y) is
non-positive.

Taking expectations in Equation (4) and using Equation (5), Equation (6), Equation (7),
Equation (8), we deduce that it exists a constant M > 0 such that

—(rK Ne)

¢
ui(t,x) —ui(s,z) < / e "P(t > v) E| 150 Sroe(0)+e) (1 + (Sff)%cl)} dv (9)
+M P(r>v)

Applying Lemma 5.5 (with p =2+ C1, t; =t and o = §), we obtain that for ¢ small enough,
uniformly in z < ¢;(0) + §, the right-hand-side of Equation (9) is non-positive.
With Proposition 4.1, we deduce the existence of 7 > 0 such that sup,,co, ¢i(w) < ¢(0) +

[\l

and

VO <s<t<mn, Vo e (¢(t),c(0)+ %],

This inequality is still true for z < ¢;(t) since then wu;(t,z) = ( —x)t < w(s,z). For
0 < s <t < n, we conclude that u;(t,c;(s)) < ui(s,ci(s)) = K — ¢i(s), which implies that
ci(s) < ci(t). O

wi(t, ) < (s, x).

5.2.2 Exercise boundary locally non-increasing

To obtain this property, we need positivity of the Black-Scholes operator applied to u;(0,.) in
a right-hand neighborhood of ¢;(0).

Proposition 5.6. Assume that ¢;(0) < ¢;—1(05 "), that D; is the difference of two conver
functions, and that the negative part of the Jordan-Hahn decomposition of the measure DY is

absolutely continuous with respect to the Lebesgue measure.
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Assume moreover that, if g; denotes the density of the absolutely continuous part of the measure
DY, it exists € € (0,¢;—1(05") — ¢;(0)) and Cy € [0, +00) such that

i

o2z?

on (¢;(0),¢;(0) + €], D; is C? and such that — rD;(x) + raD}(x) +

gi(z) > rK + ¢,

Ve > ¢i(0) + e, gi(x) < —Crz.

Then it exists a neighborhood of (0,¢;(0)) in Ry X Ry such that u; is non-decreasing w.r.t 0
in this meighborhood. Moreover the exercise boundary c; is non-increasing in a neighborhood

of 0.

Remark 5.7. When ¢;(0) = 0, there is no non-negative function D; satisfying the differential
inequality on a neighborhood of (¢;(0),¢;(0) +¢).
For ¢;(0) > 0 and o € (0,1), the function

2 x?

L) K i) ) (@ ) ) e

oc;(0)

Di(x) = a(z — ¢(0)T + (
satisfies (A) and the assumptions of Proposition 5.6 when n > 0 is small enough.

Proof. Let 0 < s < t, x > ¢i(s) and 7 be the smallest optimal stopping time for (s, z). We set
T=Tlrcg + 1= (inf {v > 5|97 < ci(O)} A t). We have
ui(t,x) —ui(s,x) > E [1{728} (e_ﬁui(t —7,8%) — e " u; (0, 5%) )

Since on {7 = s}, ST > ¢;(0), on {7 = 5,7 < t}, ST = ¢;(0), and u;(t—7, ¢;(0)) > (K —¢;(0)) =
u;(0,¢;(0)). We then deduce that

ui(t,z) —ui(s,z) > E [1{;23} (e*ﬁui(O, SZ) — e "y (0, 5’?))} .

Applying Lemma 6.1, arguing like in the proof of Proposition 5.3 about the local martingale
part and using that dv a.e. on [s,t], 7 > v implies S¥ > ¢;(0), we get

/t 1 o | rwi(0,89) + 7'555 w1 (057", pi(S2))pi(52) p
7>0,88>¢; ¢ 02 Qx qx x v
. {7>v,5z>c;(0)} o2 (SUP; (Sv>) Oyl 1(9 7pz(s )

3B [ [ [ 1pme a0 l,pi<a>>p;'<da>sz<5z>].

wi(t, z) — ui(s,z) > E

Like in the proof of Proposition 5.3, one checks that

02 2
vy € (i(0),ci(0) + €], —rui(0,) + rydui (G, pi(y))Aly) +

Yy > ¢i(0) + &, —rui(0,y) + rydeui (0, pi(y))pi(y) > —r(K +y),

gi(y) > ¢
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t

1{%21}}6—7’11 (S’Z:P; (§$>)2 arxuifl(efiilv pl(gg))dv > _02/3 1{‘?Zv,§$>0i(0)+a}€_rv (S;C)Q dv,

t . _
| [ L s 07 pi(a)) ol (da)d L (57)
t _ N2 _ _
—rv T T x\C'

Gathering all the inequalities, we get that it exists a finite constant M > 0 such that :

wi(t,x) — ui(s,x) > /St {IP’ (T>v)e e —E {1{%21)’ §5>0i(0)+E}M <1 + (S’f)ﬂaﬂ } dv.
(10)

Applying Lemma 5.5 (with p = 2+ C1, t; = s and a = §), we obtain that for ¢ small enough,
uniformly for x < ¢;(0) + §, the right-hand-side of Equation (10) is non-negative.

With Proposition 4.1, we deduce the existence of 7 > 0 such that sup,,cpo, ci(w) < ¢(0) + 5
and that

VO <s<t<mn, Vre (c(s),c0)+ =

2)7 ui(s,x) < ui(t, x).

This inequality is still true for z < ¢;(s) since then w;(s,z) = (K — )t < w;(t, x).
Then, as soon as 0 < s < t < n, ui(s,ci(t)) < wi(t,ci(t)) = K — ¢;(t) which implies that
ci(t) < ci(s). O

Conclusion and further research

The continuity of the exercise boundary as well as the smooth contact property are likely to
be generalized in a model with discrete dividends where the underlying asset price has a local
volatility dynamics between the dividend dates with a positive local volatility function. We
plan to investigate this extension in a future work. Assuming that the underlying stock price
evolves as the exponential of some Lvy process between the dividend dates provides another
natural generalization of the Black-Scholes model that could be considered (see [LMO8] for

the case without discrete dividends).
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6 Appendix

6.1 Proof of Lemma 3.3

Proof. The existence of the right-hand limit at ¢;(#) for d,u;(6,x) is an easy consequence of
the second estimation. Since for z < ¢;(0), Ozzui(0, ) = 0 and for = > ¢;(#), by Proposition
2.4 and Lemma 2.2,

2
|Ozaui (0, )] = ) (Opu;i (0, x) + rui(0, x) — redyu; (0, x))
2 2r (K 1
S 53 |Opui(0, )| + 2 (12 + x) :

the second estimation is easily deduced from the first one. To prove the first estimation, we

set
L2 V2 + L2 L2
Vi:(v,v,z)— sup E e 727 <K - xe2(7_1)T+VBT> Ly + 6_77%(0,x67(7_1)+yBl)1{7:1}
T€[0,1]

Because of the scaling property of the brownian motion, for any positive f : R™ x R — R and
0 € R, sup cp 1) E [f(GT, \/5BT)} = sup,¢po,9 E [f(7, Br)].
We deduce that V; (%,a 0,.1‘) = u;(0,z) and

Ui(el,l‘) — ul(‘gax)
0 —0

Vvi(%v I/a l‘) - V;;(%,O’ 031')

v — oo

g ..
= lim sup

2\/5 V’—>U\/§

lim sup
0'—0

Therefore it is enough to check that

‘/i(f)/vy/a'r) B ‘/’i(f)/vyvx)
v —v

Va,v >0, limsup

V' —v

<vy(K+zx)+z ('yu (2N (y) —1) + 2f

(11)
Setting (v,v) = (%,0\/@), the optimality of 7 = inf {t > 0fu; (0 —t,57) + SF < K} A 0 for

u; (0, ) translates into the optimality of
2 2
oxdef o e {t > 0|Vi(v, vv/I—t, xe%(v—l)tJruBt) + zeT (- DHVBL < K} Al
for Vi(v,v,z). This implies that
l/2 * l/2 V2 l/2
Vi(y,v,z)+x = KE |:€_27T ]—HE {1‘“*_1}5_2“Y (ui(O,xe2(7_1)+”Bl) + zeT (VDFVBL _ K)] .
For any v/ > 0, by definition of V;,

12

V/2 * v V/2 ! l/l2 !
Vi(y,v,x) > KE {6_277 ]HE {1{7*1}6_27 <Ui(0,xe2(7_1)+y Buy 4 ge'T -+ Br _ Kﬂ )
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Using that = — z + u;(0, z) is 1-lipschitz and non-decreasing by Lemma 2.2, then u;(0,.) < K
and (1 —e®)" < (—2)T < |z|, one deduces

Vl2 * V2 *
‘/71(7’ V,,ﬂj) - ‘/;,(’77 v, x) ZKE |:{€_2A/T — 6_777 } 1{7_*<1}:|

2 L2 2 2
+ {6_27 — 6_27:| E [l{r*zl} <Ui(0,me2(7_1)+VBl) + xe2(7_1)+”31>

v —v _qyetr +
1{7*:1}1'@%(7_1)‘5‘”31 (1—6( )((’Y 1)%5 +B1)> .

12
—e 2E

2 2

> K(e 27 —e TN (P(r* < 1) + P(r* = 1))

J.

2,2 \ Tt L2
— X (1 —€e 2 V) E 1{7*:1}6_7+VB1
L2 02 2 /
—e 2 TV —v|E {1{7*1}936_2*”31 G-+ B }
/ ‘V2_V/2| /
>—(K+z)y|v—7| vty —e z 7|V —v|2E H(y—l) vty +v+ B
Tl

Remarking that for y € R, Ely + B1| = y(2N(y) — 1) + Qf/ﬁ and combining the resulting
inequality with the one deduced by exchanging v and v/, we conclude that Equation (11)
holds. O

6.2 Proofs of the auxiliary results of Section 4.2
6.2.1 Proof of Lemma 4.8

Proof. Let 6 > 0 and z > ¢;(6). For a,b € R and t € [0,6], we define ¥;** = a + Lb—a)+E
where (Z5)s¢(0,6 18 @ brownian bridge on [0, ] starting and ending at 0. Then (Yf’b) seiog ®
a brownian bridge on [0, 6] starting at a and ending at b. For y > 0, ’

P(r =615 —y) =P (W coay 0T (lnw ) <T ) 02> t>)

x 2

:]P’(Vte 0,0, > (mc"(g_t)—tlny))

x 0 x
and the monotonicity of y — P (7‘ =0 |§g = y) easily follows. For y > K, this implies

P(r =6, S'g € (K,y))

R e (Ry) U =)
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Therefore, to prove the second assertion, we only need to check P(r = 6,S% € (K,y)) > 0.
Let n = inf {t > 0|SF = #} As sup;>g ci(t) < K, one has

{T>17,77<9,VU€ [0,9—77]S§+U (K,y)} C {7:9,5’3 € (K,y)}.

By the strong Markov property and the continuity of the Black-Scholes model, one deduces

tb‘—n]

_ytK
> P(r >, < OP(W € [0,0,5, 7 € (K,y))

ytK
1{7—>77,77<9}P(VU € [Oa t]7 Sy? € (K,y))

P(r=0,55 € (K,y)) 2 E

> P (r=0,5 = y) B(we 0,057 € (K.y)).
The last factor in the right-hand-side is positive. By comonotony,
P(r=0,5>y)=E[P(r= 9\53)1{552y}} >P(r=0)P (S5 >y).
One concludes by remarking that
KE[eT"| —z+E {e*rgl{ng} (u,-(o,Sg) + 55 — K)] =u(0,2) >K —x>KE[e "] —x
implies positivity of P(7 = 0). O

6.2.2 Proof of Lemma 4.9

Proof. Let 6,¢ > 0, x > 0 and 7 be an optimal stopping time for u;(6,x). Since

ui(0,z +¢€) > E

_ + _
e T (K — Sf_+e> 1{T<9} + e”'eui(o, Sg+e)1{729}]

and (K — S2+)* — (K — §2)* > §% — 57 we have
B I i G 5:*6) Lir<oy + €7 (wil0, 55+) = ui(0.55)) 1oy
—_ —rT —rf g 1u1(0 S$+€> — ul 0 SG)
= -Ele""SNpp] + E |75 ey )
Uy O,SIJF6 — Uy O,SI
= —Q(r<0)+ EQ ( §x+2 — Sm( 0)1{7:9}
55+) — (0, 59
u; (0, 557°) — u; z
= 14 EQ[(14 20 — 0 1
< S;?‘Fe _ Sg { _‘9}
qQx ql dQ —rf Q1
where we used Sj = xSy for the first equality and @ = e Sy for the second one.

The first assertion is deduced by dominated convergence usmg that, according to Lemma 2.2,
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x +— u;(0, ) is 1-Lipschitz and therefore almost surely differentiable,.

The smallest optimal stopping time for u;(0, z +€) is 7¢ = 6 Ainf {t € [0,0]|S71e < ¢i(6 — t)}
Clearly, P-almost surely, for any € > ¢, 7€ > 7¢ and one may define 7 as lim_. . 7°. Moreover,
7 > 7 where 7 is the smallest optimal stopping time for u;(6,z). As (F;): is a right-

continuous filtration, 7 is a stopping time (cf (4.17) p.46 of [RY91]). By optimality of 7€,
ui(f,x+¢€) =E [67”6} K—(z+¢)+E [677”91{7—6:9} (u, (O, §g+€) + Sgte — K)] .
Since = — x + u;(0, z) is 1-Lipschitz, one may take the limit ¢ — 0 in this equality and obtain
u;(0,2) =E [6_”1 K—(z+¢)+E [e‘rel{;zg} (uZ (O, Sg) + 87 — K)} ,

which implies that 7 is also an optimal stopping time for w;(0, z).
When 7¢ < 6, S% < S%F¢ < K. Therefore

M < %E [6—7’76 5«:6 _ sze—i-e> 1{T5<9} + e~ UZ(O, gg-l-e) N UZ(O, 5«5‘)) 1{76:6}}
ui(0, 95) — ui(0, 5§) 1

= = 1{7-6:9} .

Sgre— SF

= -1+ EQ <1+

Letting € — 0 in this inequality, we obtain by dominated convergence Oyu;(0,z) + 1 <
EQ {1{?:9} (1 + 0,u; (0, 5’;’))], which concludes the proof. O
6.3 Proofs of the auxiliary results of Section 5

6.3.1 Proof of Lemma 5.2

Proof. Let 6 > 0. Using the definition of u;, Equation (3), and the Cauchy Schwarz inequality,

we get
ui(0,2) >Ke™™ —z+ ¢ E [u;(0, 55) + S5 - K|

>Ke " — x4+ e K [a ‘(5’; — cz-(O))Jrﬂ

+e R

L ) LB
1seav) (W(o, SV 15— K—a ‘ (S5 - () )]
SKe ™ — o+ e R [a (55 - ci(O))ﬂﬁ] _ R [1{Sg¢v}a ‘ggﬂ
°l - ae*’”awﬁeﬁ(r_§)9+52029\/]P’(S'g ¢V).
Let € > 0 be such that (¢;(0) — 2¢,¢;(0) +2¢) C V. For z € (¢;(0) —€,¢(0) +¢€),

IP(S'ZH?V) g]P’(Sggé(x—e,x—i—e))SQN{U\l/é((r—i—022)0+1nmax<$;6,wj_6)>}.
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‘We deduce that
"

ui(0,2) > Ke™™ —z +e ™R {a ‘(5’3 —c; (0N | +0(0), (12)

where the term o(6) is uniform for x € (¢;(0) — €, ¢;(0) + €). In order to bound the third term

_ +18
of the right-hand-side from below, we first deal with ¢(0) = R [ (591 - 1) ’ . Using the

change of variables z = ov/fu for the second equality, we have

o= [ ol )

V2mho (1 + z)
r_og]? +oo __1 12 dz
> o~ [5-5] 9/ crg(tz) %%
= 0 o V2mho (1 + z)
" +oo z r o “+o0o 6 —u2
> olagl [T li-aloosys e T du
0 V2mho(l + z) 0 V2r(1+ uoV0)
+00 4,8 ,—u?
_ g,z 0 _BpZ u~e _
Ze[ ] 0z A 7@ (1 ua@)du
-ttt L (552) e (25
e a0z Tae 5 oV
e L (Hﬁ){ _ W]
e 21 Vg h2 \/877TF 5 1—0Vh 5 |
2
£-%)
Thus, for 6 < (1+5)2 and C = e o7(1+5)? \;%I’ (#), one has ¢(0) > co5.

Let x < ¢;(0) and 7 = inf {t > 0[SF > ci(O)}. For 6 <
property then Formula 2.0.2 p.223 [BS96], one has

E U(sz — i) ﬁ] GO E [E U (51 -1 m] 1{T<9}]

= [c(0)°E ¢ (0 — 1) Lireny

W, using the strong Markov

B
8 T\ 2
> |¢;(0)|° COZE (1—9) 1{«9}}
g8 o2
sl ¢(0) 9 t\z 1 —%(( )t+lncl(°)>
> 1¢;(0)]° CHZ = In / <1_) e 202t \\ 2 dt
o oot tn O (0L
L l2( g —r) = 2 29
> |Cz(0)|ﬁ 62g2|: (2 ) ;(0) (2 ) Cag

1 (0) 1 51 _ 2 €0
lnCZ( )/ (1—u)? =
0




Hence

1 _ B
AM, 5 >0, V(6,2) € (0,n) x (c;(0)e~  ¢;(0)), E U(Sg}” - ci(O))Jr’ ] > MOZy(6,z). (13)

- 2
Setting y(z) = # In M) we have (0, ) = 7/(72% fol (1 g w3 e~ 5 du. With the change
of variables t = 1 —1, we deduce that ¢(0, z) = 'Y (g ) ( +1; 3 m) where
U(a,b,z) = f+°° e 01 + )b 1t is the confluent hypergeometric function of the

second kind. By 13.5.2 p.504 [AST2],

for z — 400, U (g +1; 2;z> = z_(g+1)(1 +0(1/2)).

Then we choose 6 small enough to ensure that x(6) = cz-(O)e“’\/e(@_ﬁ)“n9|_(5+ﬁ) Infnf) i well
defined. Since y(z()) = /(2 —8)[In0] — (0 + B3)In|In ] tends to +oo as § — 0, we deduce

F(§+1>2Hg L8 ses 1
(2= ) |nf| — (5+ﬁ)ln|ln0|)6+1ﬁ9 o] (HO(u 9y>>

T (2 41)21+52
= (5+1) 015 lng| "z ( +0(ln“n9‘)>.

Var(2— B)F [In 6|

Plugging this into Equation (13), we conclude that it exists a constant x > 0 such that as

0 — 0,
_ Jé] B
E U(Sg(e) — Ci(0)>+‘ > Kkl |1n9|571 <1 +0 (hl‘ln@‘)) '

[In 6]
With Equation (12), this implies that

(0, 2(0)) =

wi(6,2(0)) > K —2(6) + 0 (5 n6]"T —rK) + o(6)
and the conclusion follows by positivity of the factor « |In 6\6;21 — rK for 6 small enough. [

6.3.2 Proof of Lemma 5.5.

Proof. Ideas are similar to those of the proof of Proposition 2.2 of [JV11]. For a > 0, according
to Proposition 4.1, there exists 7 > 0 such that sup,,¢[, ci(w) < ¢;(0) + 5. Let us suppose
that ¢, € [0,n]. Let x < ¢;(0) + « and v > 0.

Setting 7 = inf {w > 0]SZ > ¢;(0) + a}, we have

Lir>ey 2 1{72%, #<v, Ywe[F ], §%>c;(0)+a}
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Using the strong Markov property, we deduce that

— Ci(O)"i‘g
P(r>v)>P(r>7 #<0v)P| inf S > 22 2, 14

Whereas, by continuity of the trajectories of S* and since z < ¢i(0) + a,

1{rzv, Sr>ci(0)+20} S 1{rzf,f§v, 8g>ci(0)+2a}

Again by the strong Markov property, we deduce that

" [<S$)p Loy, 5%'202-(0)+2a}] <E

1>z <0} (€i(0) + )’ E [(S}“y 1{§1 > }} ] |
wZ o (0o Ww=v—F

Then by defining P as % s = P B we get
t

_ (=1, ~ [ — (0
E [(Sg)p 1{7’21}, gfchz'(O)-i-Qa}} < P(T >T, T< U) (ci(o) + a)pe(pr+02p E ) sup P < 1%) > L

0<w<v &
(16)
Notice that for any t,z,y > 0, P(SF > y) < P(S? > y). So, we deduce that
=2\ P r4+o22®=1Y, »(a (0)+2
(14 (59 e ] _ (0207t Y (5L
— . G ci(0)+5
P(T > U) P (lnfwe[O,fu} S%} > éi((0)+;> ( )
17

This concludes the proof since when v tends to 0, the numerator tends to 0 whereas the

denominator tends to 1. O

6.3.3 It6 tanaka formula

Lemma 6.1. Fori > 1, assume that D; is difference of two convex functions. Then
i— QT i— QT QT QT 1 i— a/Qr
dui—1(0; laﬂi<5t)) =0y u;(0 1’pi(St))p;L(St)dSt + §/Raxui(‘9d 1,pi(a))st(S )pi (da)
1 . i—1 _ /Qx ! QT 2 QT
+ 501 (0 pi(5D) (P1(5D)) " (57),
Proof. By the It6-Tanaka formula,

QT QT QT 1 a/Qx
Api(57) = A(SP)ASF + 5 [ dLE(5)pi(da).

25



_ _ 2 _
Hence X; = p;(S7) is a continuous semi-martingale with bracket (X), = [/ (,0;(5’;”)) d <Sx> .
S
By Lemma 3.3, since 92_1 > 0, the function f(x) = Opzui—1 (92_1,0) is bounded. The next

lemma ensures that
i— Qx i— Qx QT\ QT 1 a/Qr
dui1 (05, pi(SP) =00us(0 (57)) (A(ST)ASE + 5 [ ol (da)dLi(5”))
1 i—1 _ /Qx ! QT 2 QT
+ S0uauica (0, pi(SF)) (P(SE)) " d(5°), -

One concludes since, by Proposition 1.3 p.222 [RY91], P ® |p/|(da) a.e., the measure dL{(S*)
is supported by {t: S¥ = a}.
O

Lemma 6.2. Let X be a continuous semi-martingale and f a C function, C* on [0,2*) and

x*,+00), such that either inf,cr f”(x) or sup "(x) is finite. Then, almost surely,
z€R

t t / Lot "
/0 1{X5=x*}d<X>s =0 and f(Xt) = f(XO) +/0 f (Xs)dXs + 5/0 f (Xs)d <X>s :

Proof. The first assertion is a consequence of the occupation times formula and ensures that
differentiability of f’ at z* is not needed for the right-hand-side of the second equality to
be well defined. By hypothesis, it exists 0 < M < oo such that either z +— f(z) + Mx? or
x +— f(x) — M2? is convex and consequently f is the difference of two convex functions. So

we can apply the It6-Tanaka formula and conclude by the occupation times formula. O
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