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Abstract

The statistical properties of the likelihood ratio test statistic (LRTS)
for mixture-of-expert models are addressed in this paper. This ques-
tion is essential when estimating the number of experts in the model.
Our purpose is to extend the existing results for simple mixture models
(Liu and Shao, [[J]) and mixtures of multilayer perceptrons (Olteanu
and Rynkiewicz, [14]). In this paper we first study a simple example
which embodies all the difficulties arising in such models. We find
that in the most general case the LRTS diverges but, with additional
assumptions, the behavior of such models can be totally explicated.

keyword Mixture of experts, likelihood ratio statistic test, asymptotic
statistic

1 Introduction

Derived from neural networks literature, Mixtures of Experts (ME) (Ja-
cobs et. al., [d]) and Hierarchical Mixtures of Experts (HME) (Jordan and
Jacobs,[[T]) generalize linear regression models. HME are mixtures of “ex-
perts” (for example, linear regression models) organized in a tree-structured
network. The network assigns a weight to each expert and then produces
an output which combines the outputs produced by all experts according to



their weights. Unlike mixtures of regression models, the weights depend on
the input x. The ME discussed in this paper is a particular case of HME,
where the network has only one layer. The conditional density of a ME can
be generally written as:

g(y\%@ = ?:1 Tr’/i(x)g9i<y|'r)7

where ¢ = (], ...,vL, 0], ...,07) is the parameter of the model. Usually, the

weights or “gating functions” are chosen to be logistic type
exp(l/iT:v)

(%) = Y7, exp(v77)’

while gy may be Poisson, Binomial or Gaussian distributions.

When the model is assumed to be correctly specified, the maximum like-
lihood estimates converge to the true values of the parameters and are nor-
mally distributed (Jiang and Tanner,[[(] ). However, the true model is not
usually known and the true parameter is unidentifiable. This paper studies
the asymptotic behavior of the likelihood ratio test statistic (LRTS) for mix-
tures of experts and extends the results for simple mixtures models (Liu and
Shao [[J]). In Section 2, we present the model and illustrate, on a simple
example, the cases of divergence and, under some additional assumptions,
convergence. Section 3 deals with the asymptotic of the LRTS in a more
general frame.

2 The model and a simple example

Let (Xy,Y%),ez be a sequence of independent and identically distributed
random vectors defined on a probability space (€2, IC,P) and let us denote by
i the probability distribution of the vector (Xj,Y:). Let P = {gy,0 € ©} be
a set of densities with respect to some positive measure A\, where © is a finite-
dimensional set. Let us consider an observed sample {(x1,41), ..., (Tpn, yn)} of
the sequence (X, Yx). For every zy, the true density of Y conditionally to
X k— Tk is

90 (yk | SUk) = Efil 7Tu¢0<xk‘)g€i0 (yk \ xk%

where ggo € P, m,0(wx) >0, Y272 m0(7x) = 1 and ¢ = (69, ....0% b)), 00 )T

~y Upgs < Vo

is the global parameter of the model. Let us remark that this model is the



general parameterization of mixtures of experts.
The set of possible conditional densities is

g = {g(yk k) = > mo(@n)go (e | 2r) i (2x) >0,

i=1

p
Zﬂ-lﬁ('rk):l7 gGZEPupogpgp}
i=1
where P € N* is fixed, sufficiently large.

For g € G, let

ln(9) =2 p—i 0 g (Vi | X)

be the conditional log-likelihood function of ((X1, Y1), -+, (X,, Ys)). In order
to select the dimension py of the true model, we need to look at the likelihood
ratio test statistic (LRTS). The LRTS is defined as:

200 =2 (sp1a(9) = (4" 1)

g€eg

For regular statistical models, the LRTS converges to a y? distribution. This
is no longer the case with this model. Let us first recall a result which gives
an approximation of the LRTS.

2.1 Approximation of the LRTS

In the classical statistical theory, the approximation of the log-likelihood and
the LRTS use a Taylor expansion in a neighborhood of the true parameter by
computing the first derivatives and second derivatives of the log-likelihood,
for example if the distribution g depends on a parameter #, and the true
parameter of g" is 6°:

Il (g) Pl(9)

() = 1ulg") + (6 — )20 00) 1 6 — 72 L )

The first derivative mg—gg)(eo) is called the score function. However, our
model is no more identifiable (the true parameter is not unique), so we can not
use this expansion. Instead we define a new “extended set of score-functions”
which allows us to give an approximation of the LRTS in a neighborhood of
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the set of true parameters (the parameters giving the true log-likelihood
function).

In order to get such approximation, we have to control the size of the term
An, which can be done thanks the “empirical processes theory” (see van der
Vaart [15]). This theory deals with “law of large number” and “asymptotic
normality” for set of functions. To get the law of large number, the considered
set of function has to be not too big, we say “Glivenko-Cantelly” (see van
der Vaart [IH], page 269). This means that the set of function can be covered
by a finite set of balls, i.e. the covering number (see below) of the set of
function is finite. The assumptions for the “asymptotic normality” is more
restrictive, now the covering number, which depends of the diameter € of the
balls, has to be of order e=> when ¢ goes to 0. We call such set a Donsker set
(see van der Vaart [L5], page 269).

Now, we have to introduce some definitions and properties.

e We recall that p is the probability distribution of the vector (Xj, Yy).
For a function f such that f(Xk,Y%) is square integrable,
let ||f(Xk, Yk) ||L2(;L) be

\// fAH( Xk, Vi) dp( X, Vi)

e For n > 0, let us denote G, := {g €G,[I5 — Uz < n}, G, is then
the set of conditional density functions in a neighborhood of the true
conditional density function ¢°. In this neighborhood let us define the
extended set of score-functions S, as:

a1
Sy = {%ZW’QGQW}'
g0 L2 (p)

e Consider the extended set of score-functions S, endowed with the norm
[ 12,y For every € > 0, we define an e-bracket by
1, u] = {f €Sy, 1 < f <wu}suchthat [|u — ]| 5, <e. Thee-bracketing
entropy 18

Hiy (oS Flleag) =1 (Mg (2285 i)



where NV (6, Sy [l 2 u)) is the minimum number of e-brackets neces-

sary to cover S,. N (6, Sy, |-]] L2(u)> is also called “covering number”.

e With the previous notations, we introduce the following assumption
(B): Assume that G is Glivenko-Cantelli and that there exists n > 0

such that )
/0 \/H[] (578777 ||||L2(u))d€ < o0.

Then the set S, is Donsker under (B).

e Let us also define the limit-set of scores D

_ 0 ,
{d e L*(n) | 3(gn) € G, 1255 2 ) IR 0, lld = $gull2q n—so0 O}'

By putting g; = g,, for t € [0,1] and n < } < n+ 1, we obtain that, for
all d € D, there exists a parametric path (g;)o<i<1 such that V¢ € [0, 1],

% € Gt = |95 [z is continuous in 0, [[ #5512y — 0 and

ld — s, llL2(p) P 0.

The following theorem can be stated (Gassiat, 2002):

Theorem 1: Under the assumption (B),
2
2\, = SUPyep (max {% Yo, d(Y:, X5); 0}) +op(1)
Using this result, we may study a simple example of such model.

2.2 Simple mixture of experts

In this section, we shall test one against two components in the mixture of
experts.
Let G be the set of possible conditional densities:

G={g(yl2)=m(2)g0 (y | 2) + (1 = m(2))g° (y | 2) , 7 (2) € [0;1], g0 € P}



with P = {gg(y|x) = \/%e_%(y_ex)i 0eOC R} the set of conditional den-

sities and ¢° (y | z) = V%—ﬂe’%yg. This model is clearly a particular case of

the general mixture of expert model and is a simple example of mixture of
regressions with Gaussian noise. Note that when it comes to the decision
about the number of components, if the true conditional density function is
in set set of possible parameter, say G*, then G C G* and

2 (sup ln(g) — ln(go)) >2 (Sup ln(g) — ln(go))
geG* 9€g
So, if the behavior of )\, is bad for g € G, it is worst for a more general case.
Within this frame, the test may be rewritten as 6 # 0 and 7, (x) # 0 (two
components) against # = 0 and 7,(z) =0, Va (one component).

The LRTS is defined as:

o 1y 90 (Vi | Xi) + (1 —m)g° (Vi | Xi)

0
2.2 (aplaly) ~ s ) =223 vk
(2)
In order to derive the behavior of the LRTS, two cases have to be an-
alyzed. The first one is if there exists a sequence of parameters vy, --- 1y
such that limy_,. E [m, (X)] = 0. The second one is when 39 > 0 such that
Vv, E [m,(X)] > 9.

2.2.1 Divergence of LRTS

The LRTS can be divergent if there exists a sequence of parameters vy, - - - , v, - - -
such that limy_,o F [, (X)] = 0. Indeed, for such sequence we can have
| In(g) — In(¢°)|| — 0 with 6 # 0.

For sake of simplicity, assume that the probability function m,(X) is con-
stant. Then, the corresponding score functions are :

9 1 exp (—%XQJrQYX)—l

gO

= 2
;;0 B 1”@(#) HeXp (_%X2 * QYX) B 1HLQ(u)

(3)

and if the quantity
Hexp (—%X2 + 9YX>
Let us study

-1 H ) is finite, the score functions are well defined.
L2 (p



Hexp( 2 x? +0YX> _ 1‘

L2 u)
> [ [ (exp <—7x + Gy:c) — 1)Qexp (—22?) exp (—1y?) dady =
% [ [ (exp (—6022? + 20yx) — 2 exp <—§x2 + 0yx> + 1)
exp (—%xQ) exp ( 1 2) dxdy
The integral of the dominant term (the first) is:
1(0) = o [ [exp(—622*+ 20yzx)exp (—32%) exp (—3y?) dady
Yy

= iffexp(— (6’2+%)x2+29xy—% 2)alxaly
f\/%—wexp (=322 (1 —26%)) (fr exp (—3 (y — 0z) )dy)dx
1
V1262
Thus, for —% <0< f’ exp (—%XZ +9YX) — IHLQ(;L) < 400 and the

score function is well defined. The set of limit score functions contains the

score functions:
99 (Y]X)

{Se (X,Y) = ”ge(;+\x>’9 €] - o; %[}

0(Y|X) 22

Suppose that an arbitrary number of “almost” uncorrelated random vari-
ables in C' can be found, then ), can take an arbitrarily large value since
the maximum of m independent samples from standard normal distribution
is approximately y/2logm. According to Fukumizu (2003), if a sequence
01, - ,0p,, - exists so that

liMmse0 So,, (X,Y) 50
then the likelihood ratio diverges to infinity. Here, we get

exp< 9X2+0YX)—1H w = +00
L2 (u

So, for each sphere B of R?, centered on the origin, if (z,y) € B:

limg_, 1 = <2~

exp (— % x? +0ya:> -1

=0

lim, , 1 1
I e (- X2 -1
V3OSV [|exp (-5 X240y X) -1 L2

(—ﬁ)@ oY X )—1
exp 5 +

and converges to 0 in probability for § — ==, 0 <
oo (- Zxz0vx) 1], & P Y Vi
%. With the choice 6,, = % — %, we get lim,, o Sq,, (T,7) £ 0 and the

LRTS is divergent.



2.2.2 Convergence of LRTS

In this section we suppose that (3)0 > 0 such that (V)v, E (7,(X)) > 6 > 0.
Since m,(X) > 0, then (3)A C R such that A\(A) =7 > 0 and 7, (x) > ¢ for
any r € A. In such case, the maximum likelihood estimator 0 converges to
0o = 0, otherwise lim, o An = sup,¢ E,, (In(g) — In(g°)) can not be close to
0.

Here, the generalized score-function can be rewritten using the following:

9 _1 = T (X)go (V[X)+(1-7 (X)) (Y[X) _ 1
q° g°(YX)
Y|X
- 0 (3 - )
(v1x)
o — qgio_l _ (O (% -1)
97 T%5-1lz2, ||7rl,(X)< gg};; D2

The model is parameterized by ¢ = (0,v) € © x V C R? compact set
and 6y belongs to the interior of ©. Since E (7,(X)) > § > 0, we have that
g = go < 6 = 6y. Thus, the model is identifiable in  and unidentifiable in
v. For any fixed v € V', we have the following Taylor expansion around 6g:

1(971,)—1:(9—90) l@oy +O<|9 90|)
where [,y = %. Hence,

g

9 _1
40

51l
™, (X)[(0—00) Z5l6.)+0(10—00])]
70 (X) [ (6—00) Z5 L6 .y F010—00])] Il L2,
_ 3 0 (X) [ Z5liog v Ho(1)]
P 0)[Elegan o]z,

Sg = S¢=(6,v)

where || = 1.
In the Gaussian case, go(y|z) = \/1— exp (—3 (y — 91’)2) the first deriva-

tive of I, is aol((’o »(z,y) = xy, hence the directional score functions are
not hnearly correlated (B, ()20, (2, y) # 0 for any 8 and v € V) and
we may apply Lemma 4.1 in Liu and Shao [[J]. According to this lemma,
when |0 — 65| — 0, the set of limit score functions is F, where

F= {Q (ﬁWV<X>%l(00,u)<X7 Y)) ) ‘6| = 177/ € V}

and Q(f) = W According to Theorem 3.1 in Liu and Shao [[L3], the
L2 “w

LRTS satisfies:



lim 2)\,, = Sup, e r (ng V 0)2

where {WS S €EF } is a centered Gaussian process with continuous sample
paths and covariance kernel E (W, W;,) = E (s152). In our case,

F = {Q (BWV(X)XY)7|6| =1lrve V}

and

B E(X2Y2n,1 (X) 7y (X))
ey (OXY N2, 7m0 (XD XY 2

E(Slsz) "

3 General case

This section describes the asymptotics of the LRTS in the general frame
introduced in the beginning of the previous section. We shall prove that
assumption (B) holds for mixtures of experts (ME) under some general hy-
pothesis. Furthermore, we shall prove that the limit set of scores D is com-
plete and has continuous parametric paths. Hence, the asymptotic behavior
of the LRTS may be completely explicated.

Assumptions for the tightness of LRTS

H-1 The set G is Glivenko-Cantelli and the set of possible parameters con-
tains a neighborhood of the parameters defining the true conditional
density ¢°.

H-2 There exists > 0 such that for all ¢ € G with |lg — ¢°l 22 < m,
£ — 1} < 00

9° L2 ()

H-3 By denoting [y, := % and, with a slight abuse of notation, % the
J

derivative of order ¢ with respect to all components of ¢;, we assume the

existence of a square-integrable function h such that, for all (6y, - - ,6,),
algj 62l9. 3 0;
—2(0; 2(0.)| < h and 2(0;)| < h.
’60]< J) — '™ 80]2 ( J) — an 805, ( .7) —




H-4 With the following notations:

alej " 82 lej
a5 () 1= g ()

we assume that for distinct (6;)

l; =

1<i<p

{(lei)lgiﬁp ) (l;)lﬁigpo ) (l;,)lgiﬁpo}

are linearly independent in the Hilbert space L?(u).

The key assumption (H-2) guarantees that the score functions are well
defined. This assumption failed in the example of divergence of the LRTS.
In the general case, one way to get this assumption to hold is to have the
expected values of mixture weights E||7, (X)|| 12, greater than some positive
constant (see the previous example).

Let us define Q : L?(P) — L*(u) by Q(g) = m, for g # 0.

We can state the following theorem, which generalizes theorem 4.1 of Liu
and Shao [1J] :

Theorem 2:

Let D be the parametric dimension of the regression functions. Under the as-
sumptions (H-1), (H-2), (H-3) and (H-4), there exists a centered Gaus-
sian process {Wg, S € F} with continuous sample path and covariance kernel

P (Wg,Wg,) = P(5152) such that
lim 2\, = sup (max(Ws,0))>.

n—o0 ScF

The index set F is defined as F = UF,, with the union running over
t=(to, -+ ,tp) €E NPOPL with 0 =tg <ty < -+ < t,, < p and

F, = {0 (20, G(x Vi 2 Gt

o O+ P Yl 2T COE(X))
fO’f’ all Z, )‘1( )7 7>‘p0( )771( ) 7/Ytp0(x) € Rd 7§1("L‘)7 agp(l‘) € Ra
9tpg+17"' 79p €0 — {9?7 ’ po}}

where § = 1 if there exists a vector q such that:

( )>0 Zj =t;_ 1+1QJ( ) ] =t;_1+1 \/QJ ’7] —Oforizlj"',Po;

and 0 = 0 otherwise.
Note that the asymptotic law of the LRTS depends on the true parameters
of the model. The proof of this theorem is postponed in the appendix.
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4 Conclusion

Summary of the findings Mixtures of Experts and Hierarchical Mixtures
of Experts are powerful tools to deal with regression models, maybe too
powerful, indeed, for models like :

g(yle.¢) = Zm *)gs, (yl2),

The divergence of the LRTS shows that strong overfitting problem plagues
theses models. But if we consider the restricted models :

9 ylz,¢) = Zm )ge,(y|x), with 7, (z) =1

for a small constant > 0 the theorem 2 shows that the overfitting will be
moderated. This conditions means that the user can introduce new regression
in the mixture density if the probability of the new regression is not too small.
Practically, n = 0.01 or n = 0.001 seems to be a reasonable choice.

As a conclusion The example of this paper illustrates the two main be-
haviors that one can expect: moderate overfitting if the mixing probabilities
are bounded from below and strong overfitting if the mixing probabilities can
be as small as possible. Moreover, the main interest of the general theorem
2 is to show that the LRTS is tight under some general assumptions, such
that the true number of components of the mixture may be selected thanks
to classical penalized log-likelihood criteria like BIC. So, if the user seeks to
minimize
ln (9) + D x log(n)

where D is the number of parameter of the models, then it will automatically
select the true number of components of the mixture of expert if n, the
number of observations, is large enough.

Appendix : Proof of Theorem 2

Let 7 > 0 be a real number. Consider Gn # () the set of functions which
maximize the log-likelihood. Since, under (H-1), G is Glivenko-Cantelli, for

11



n large enough, [lg — ¢°|l 12y < n for g € Gn 50 G, C G,. Let us remark
that, under assumption (H-2), the score function s, € S, is well defined in
a compact neighborhood of the true density function ¢°.

Proving that for an n > 0, a parametric family like S, is Donsker is not
straightforward. The problems arise when g — ¢° and the limits of s, in
L? (1) have to be computed. To achieve our proof, let us split S into two
classes of functions.

For a sufficiently small € > 0, we consider Fy C G,, a neighborhood of ¢°,

Fo = {g € G, gio — 1‘ L <e g# go}. S, is split into Sy = {s,4, g € Fo}
o
and S, \ Sp.
On S, \ S, it can be easily seen that
a g
il il coll? Tl
@ ’ 2 _ ’ e — 1’
q° 2 q° 2 q° 2
L2(p) L2() 11 12 () L2 ()

for every g1, g2 € G, \ Fo and, moreover, by the definition of Sy,

g—é—l 3—3—1 2

% -1 % 1|

g1 g2

g g°

T €

L2(p)

L2(p) L2() L2 ()

On the other hand, by the assumption (H-3), g% has square-integrable
partial-derivatives of order one and, using the result 19.7 on parametric
classes of functions in [[5], we get:

1\P
NS\l =0 (%)
where D is the number of parameters in the model.

It remains to prove that the bracketing number is a polynomial of (é) for
So. The idea is to reparameterize the model in a convenient manner which
will allow a Taylor expansion around the identifiable part of the true value
of the parameters.

Let us recall that it is assumed that pg < p.

When g% —1 =0, by the linear independence of the functions gy;, a vector

of positive integers ¢ = ({;)y<;<,, ,» to = 0 exists so that:

12



t;

O, 11 =.. =0, =06 Z T, (x) =m0 (x), i € {1,...,po}

Jj=ti—1+1

With this remark, one can define in the general case s(z) = (s; (ac))1§ <po
and g(z) = (¢;(2)),<;<, so that, forevery i € {1,....po} , j € {tic1 + 1, ..., 4},
W= 3 ) - ), gye) = e
Si\T) = T, (x) —T q;
J=ti—1+1 ’ ! Zl ti—1+1 7TV1( )

and a new parameterization will be

O = (¢, Y1), ¢ = <<9j)1§j§tp0 a<5i<x)>1gi§po—1 J (ﬂ-l/j <x))§:tp0+1> ’
S (CIC) N

with ¢; containing all the identifiable parameters of the model and ; the
non-identifiable ones. Then, for g = ¢°, we will have:

0 _ 0 0 0 0 T
60 = (60,09 .., 60 .60 0,.,0 0,..0)
b tpo —tpo—1 Po—1 p—ty

This reparameterization allows to write a second-order Taylor expansion
of 5 —1at ¢}.

With the notations introduced in assumptions (H1)-(H4), the density
ratio becomes:

Po ti
%—1:Z(si(x)+7rgi(x)) Z x)lg, + Z T, (2)lg; — 1
g i=1 Jj=ti—1+1 J=tpy+1
and since s, (x) = — 377" 5,(x),

f—-—zmw<>+m<»zpuﬂ%@%+
( Mgy -2 1 si(2 )> j= tpo 1 45(@)l,
+20 =tp +17TVJ( x)ly, — 1

13



By remarking that when ¢; = ¢V, g% does not vary with v, we will study
the variation of this ratio in a neighborhood of ¢? and for fixed .
We can state the following result:. The proof is an easy application of

Taylor’s formula and will be omitted.
Proposition 3

Let us denote D (¢y,1;) = H% -1 L2 With the notations of as-
o

sumptions (H-3) and (H-4), for any fized 1y, the second-order Taylor ex-
pansion at ¢? exists such as

Ty 1 " 0
1= (0= ) Uty (G = ) Uy (60— 60) =140 (D (61,14)

with
t; T
((b (bt (150 ¢'t Z ﬂ-l’l Z q] <x>9.] - 9? l/ + Z S@ 190
J=ti—1+1
P
+ Z T, (),
j:tpoJrl
and
T
Po t;
(th - ¢?)T Z@)%) (¢t - ?) = 2si() Z qj(2)0; — 9? l;+
=1 Jj=ti—1+1
ti
0 () D aqlw) (0, —600)" U (0, 69)
J=ti—1+1
Moreover,

14



(¢t - ¢?)T (40, wt) ! (¢ ¢t) ,(/¢97wt) (¢t - cb?) =0& ¢ = cb?

Using the Taylor expansion above, we can now show that Sy \ {¢°} is a
Donsker class, using the next result:

Proposition 4

Let d be the dimension of the parameter indexing the functions gg. The

number of e-brackets Ny (€, S, ||-||,) covering Sy is O (%)pOX(Qd)’Lp,

Proof of Proposition 4

The idea of this proof is to bound N (e, Sy, ||-||,) by the number of e-
brackets covering a wider class of functions. For every g € Fj, we will
consider the reparameterization ® = (¢, ¢;) which allows to write a second-
order development of the density ratio:

1
gwgt,owa —1= (¢ — ) I (o) T3 (9= o))" (sp.00) (90 = 8) 0 (D (61, 40))

Then, by remarking that the first two terms in the Taylor expansion are

linear combinations of lgo, I, If, i = 1,...,po and lg;, j = tp, + 1, ,p, the

Y1y Va0

density ratio can be written also as:

EICTRI) _
tot -1 =

(Xl + Y, oy (X, + Y, BE (X
Y AT(O)UA(X) + 0 (D (61,14))

where, for all z, (;(x))1<i<p € R, (8i(7))1<i<p, and (7i(x))1<i<p, € R
Now, using the linear independence, 9m > 0 ,so that, for every

(aj(@),5 =1, ,p, Bil@), w2y ()i =1, po)

of norm 1,
Po p Po
Z i (X)lgo + Z o (X)ly, + Z@T( X))l + Z”yz W vi(X > m.
i=1 J=tpy+1 i=1

L2(p)

15



At the same time, since

(o, 00) 1

90 :1
ICTRO)
Hegen 1]

L2 () 1 L2 ()

we will obtain that th(gewE}bl():lidean norm of the coeflicients in the second-
t t 1

is upper bounded by % This fact im-

order development of Hg( o m)

HLQ(H)

plies that Sy can be included in

2= ﬂiﬂ( as(0)lag + BT I+ AT @) + 0 5@, + (1),
}( ]( )7]_tp0+17 7p761(x)771(x)7;r( )72_17 7p0 HS%}
and then obviously NV (e, H, ||-||,) = (;)powdﬂ)ﬂ_ |
Since the set S, was proven to be Donsker, it remains to identify the
asymptotic index set of score functions.

Asymptotic index set. The set of limit score functions I is defined as the
set of functions d so that one can find a sequence g, satisfying || % ]2 — 0
and ||d — sg,[|2 = 0.
Let us define the two principal behaviors for the sequences g, which in-
fluence the form of functions d :
e If the second order term is negligible with respect to the first one :
In

B 1= (= ) Eyg ) o DI )

e [f the second order term is not negligible with respect to the first one :

0.5(®,, @O)Tz;;w w)(cp <1>)+O(D(c1>n,¢n)).

In the first case, a set t = (to, - - ,t,,) exists so that the limit function of s,
will be in the set:

D} = W(?°Hmm+zgﬂg<m+zmﬂ<>)
for all 2 A\(z), -+, A\ (z) € R C1( ) -, Gp() €
Oy i1s- - 1y € O — {60,

PO
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In the second case, an index 7 exists so that :

t;

S (@) —69) =0,

Jj=ti—1+1

Otherwise, the second order term will be negligible compared to the first one,

SO .
ST Vaile) x g @) -6 =o.
Jj=ti—1+1
Hence, a set a set t = (to,- - ,t,,) exists so that the set of functions d
will be:

{Q( ( )l90+z p0+1CZ(X)l9 +Zp0 )‘T( )

+IY z] i m )i475(X)

for all 2, Ai(x), -+, Apo (@), 71(2), -+, 3, () €R 3 G1(2), -+, Gp(a) €R
etpoJrl’“.’epE@ {9’ ) po}}
where 0 = 1 if there exists a vector q(z) exists so that:
t; t; t ; .
q]'(l‘) >0, Ej:ti_l—f—l %(x) =1, Zj:ti_l—i—l V QJ(:L‘)'YJ‘(I‘) =0fori=1,---,po;
and 0 = 0 otherwise.
So, the limit functions will belong to F. Conversely, let d be an element of
[F, as functions d belong to the Hilbert sphere, one of their components is not
equal to 0. Let us assume that this component is (;(z), but the proof would
be similar with any other component. The norm of d is 1, so any component

of d is determined by the ratio: 2%3, e Q%m)%o (x).

Then, by assumption (H-1), the set of possible parameters contains a
neighborhood of the parameters realizing the true conditional density func-
tion ¢°, we can chose the parameters of g, so that:

S ™ @= (@) oo ()

W) Do : 7 R
1€ { ) aPO} Z;l | (JC)_WQI (z) Ci(z)
. Z to_ 14195 (a“)(en 9?) n—oo 1
Y 1.--- : I=tiz1 ! — )\@
(S { ) 7p0} 221 L7, (@)=, (@) Ci(x) («T)a

. q"( ) n n—oo
J 1 %5 vl

”(l“) n—o0o
p} =

. 1 )
vie {po tLo ' 231:1 T (z)—m9, (z) — Ci(z) QZ(ZE)
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