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Modélisation Mathématique et Analyse Numérique

DIFFUSION MONTE CARLO METHOD : NUMERICAL ANALYSIS IN A
SIMPLE CASE*

M. EL MAKRINI, B. JOURDAIN AND T. LELIEVRE!

Abstract. The Diffusion Monte Carlo method is devoted to the computation of electronic
ground-state energies of molecules. In this paper, we focus on implementations of this method
which consist in exploring the configuration space with a fixed number of random walkers
evolving according to a Stochastic Differential Equation discretized in time. We allow stochastic
reconfigurations of the walkers to reduce the discrepancy between the weights that they carry.
On a simple one-dimensional example, we prove the convergence of the method for a fixed
number of reconfigurations when the number of walkers tends to +co while the timestep tends
to 0. We confirm our theoretical rates of convergence by numerical experiments. Various
resampling algorithms are investigated, both theoretically and numerically.

1991 Mathematics Subject Classification. 81Q05, 65C35, 60K35, 35P15.
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INTRODUCTION

The computation of electronic structures of atoms, molecules and solids is a central problem in chemistry
and physics. We focus here on electronic ground state calculations where the objective is the computation
of the lowest eigenvalue (the so-called ground-state energy) Ey of a self-adjoint Hamiltonian H = — % A+V
with domain Dy (H) on a Hilbert space H C L?(R3*Y) where N is the number of electrons (see [4] for a
general introduction):

Ey = inf{(y, HY), ¢ € Dy(H), |[¢]| = 1}, (1)

where (-,-) denotes the duality bracket on L?(R3*V) and || - || the L?(R3*N)-norm. For simplicity, we
omit the spin variables. The function V' describes the interaction between the electrons, and between
the electrons and the nuclei, which are supposed to be fixed point-like particles. The functions 1 are
square integrable, their normalized square modulus [|* being interpreted as the probability density of the
particles positions in space, and they satisfy an antisymmetry condition with respect to the numbering
of the electrons, due to the fermionic nature of the electrons (Pauli principle): H = /\f\]:1 L?(R3). We
suppose that the potential V' is such that Ej is an isolated eigenvalue of H (see [3] for sufficient conditions),
and we denote by ¥ a normalized eigenfunction associated with FEj.

Keywords and phrases: Diffusion Monte Carlo method, interacting particle systems, ground state, Schrodinger operator,
Feynman-Kac formula
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Due to the high dimensionality of the problem, stochastic methods are particularly well suited to com-
pute Ey. The first particle approximation scheme of such spectral quantities was introduced in [12] for
finite state space models. Convergence analysis for such interacting particle systems (both continuous or
discrete in time) first appeared in [7-10]. The Diffusion Monte Carlo (DMC) method is widely used in
chemistry (see [2,17]), but has been only recently considered from a mathematical viewpoint (see [3,14]).
This method gives an estimate of Ey in terms of the long-time limit of the expectation of a functional
of a drift-diffusion process with a source term. It requires an importance sampling function t; which
approximates the ground-state 1y of H. Let us define the drift function b = VIn ||, the so-called local

H
Vi and the DMC energy:

energy Er =
1

E(EL(X0)exp (- fy Br(X,)ds))

e = T e (e B X))

where the 3N-dimensional process X satisfies the stochastic differential equation:

t
X, =X, +/ b(X,)ds + dW,

0 3)
XO ~ |w[|2($) dx.

The stochastic process (W);>o is a standard 3N-dimensional Brownian motion. One can then show
that (see [3])

tlglélo Epnc(t) = Epmc,os (4)
where
Epnic,o = inf{(¢, HY), ¥ € Dy(H), ||| =1, ¢ = 0 on ¢;*(0)}. (5)

We have proved in [3] that Epymce,o > Eo, with equality if and only if the nodal surfaces of 97 coincide
with those of a ground state ¥y of H. In other words, if there exists a ground state iy such that
1/1;1(0) = 1/)51(0), then lim; .o Epmc(t) = Eo. The error |Ey — Epmc,o| is related to the so-called
fixed-node approximation, which is well known by practitioners of the field (see [4]).

In this paper, we complement the theoretical results obtained in [3] with a numerical analysis in a simple
case. In practice, the longtime limit Epmc,o in (f) is approximated by taking the value of Epmc at a
(large) time 7' > 0. Then Epuc(T) is approximated by using a discretization in time of the stochastic
differential equation (Bé and of the integral in the exponential factor in (P), and an approximation of the
expectation values in () by an empirical mean over a large number N of trajectories. These trajectories
(X Z) 1<i<N, also called walkers in the physical literature or particles in the mathematical literature, satisfy
a discretized version of (), and interact at times nAt for n € {1,...,v — 1} where At = T'/v for v € N*
through a stochastic reconfiguration step aimed at reducing the discrepancy between their exponential
weights. We thus obtain an interacting particle system. The number of reconfiguration steps is v —1. The
stochastic differential equation (fJ) is discretized with a possibly smaller timestep 6t = At/k = T/(vk)
with x € N*. The total number of steps for the discretization of (f]) is then K = v.

In the following, we consider the following adapted version of the DMC scheme with a fixed number of
walkers (see [2]):

e Initialization of an ensemble of N walkers (X%At) i.i.d. according to |[¢|*(x) dz.
1<j<N

e Iterations in time: let us be given the particle positions (Xﬁl At) at time nAt, for
1<j<N

n € {0,...,v — 1}. The new particle positions at time (n + 1)At are obtained in two steps:
(1) Walkers displacement: for all 1 < j < N, the successive positions (XzLAt-',-ét’ ey X{mt-mét)

over the time interval (nAt, (n+ 1)At) are obtained by an appropriate discretization of (fJ).
In the field of interacting particles system for Feynman-Kac formulae (see [7,9]), this step is
called the mutation step.
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(2) Stochastic reconfiguration: The new positions’ ( n+1)At) which will be used as

1<5<
the initial particle positions on the time interval ((n + 1)At, (n + 2)At) are obtained from
independent sampling of the measure

Z 1exp< &Zk 1 Br(X nAt+k6t)) 5XiAt+rc6t (6)

N K j
Zj:l €Xp (_5t > k-1 EL(XiAtJrkat))

In words, the new particle positions (Xj ) are randomly chosen among the
(n+1)At 1<j<N
final particle positions (Xflmﬂ@&) <N’ each of them being weighted with the coefficient

=0ty p EL(XflAHkM)) (accordingly to the exponential factor in (f])). In the field

of interacting particles system for Feynman-Kac formulae, this step is called the selection
step.

An estimate of Epyc(tn+1) is then given by:

Epmc(tng) i ( (n+1) At). (7)

There are other possible estimations of Epyic(tn41). In [2], the authors propose to use Cesaro or weighted
Cesaro means of the expression (E) In Section ﬂ, we will use the following expression:

N j K j
Zj:l Er (Ximﬂat) exp (*& 2kt EL(XzzAt-i-két))
Zj'vzl exp (_‘% pI EL(szAtJrszt))

: (8)

Epnc(tnt1)

in an intermediate step to prove the convergence result.

We would like to mention that a continuous in time version of the DMC scheme with stochastic reconfig-
uration has been proposed in [14]. The author analyzes the longtime behavior of the interacting particle
system and proves in particular a uniform in time control of the variance of the estimated energy.

The DMC algorithm presented above is prototypical. Many refinements are used in practice. For exam-
ple, an acception-rejection step is generally used in the walkers displacement step (see [13]). This will not
be discussed here. Likewise, the selection step can be done in many ways (see [5,6] for general algorithms,
and [2,15,17] for algorithms used in the context of DMC computations). In this paper, we restrict our-
selves to resampling methods with a fixed number of particles, and such that the weights of the particles
after resampling are equal to 1. Then, the basic consistency requirement of the selection step is that,

. . j . . i . .
conditionally on the former positions (XnAt+k6t) <N <k’ the i-th particle X A, s is replicated

Npi times in mean, where p!, = exp (—6t 22:1 EL(X;AH,C&)) /Zjvzl exp (—5t 22:1 EL(XiAtJrkat))
denotes the (normalized) weight of the i-th particle. There are of course many ways to satisfy this re-
quirement. We presented above the so-called multinomial resampling method. We will also discuss below
residual resampling (also called stochastic remainder resampling), stratified resampling and systematic re-
sampling, which may also be used for DMC computations. Let us briefly describe these three resampling
methods. Residual resampling consists in reproducing | N ¢, | times the i-th particle, and then completing
the set of particles by using multinomial resampling to draw the N = N — leil | Npl | remaining parti-
cles, the i-th particle being assigned the weight p/** = {Npi } /N%. Here and in the following, |z| and {x}
respectively denote the integer and the fractional part of z € R. In the stratified resampling method, the

IWith a slight abuse of notation and though nAt + két = (n + 1)At, we distinguish between the particle positions

J

XnAt+l<e6t (n+1)At

obtained after the reconfiguration step, and which are used as the initial position for the next walkers displacement on time
interval ((n + 1)At, (n 4+ 2)At). We will use a more precise notation for the analysis of the numerical scheme in Section

but this is not required at this stage.

at the end of the walkers displacement on time interval (nAt, (n+1)At), and the new particle positions X
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interval (0, 1) is divided into N intervals ((i—1)/N,i/N) (1 < < N), N random variables are then drawn
independently and uniformly in each interval, and the new particle positions are then obtained by the
inversion method: X, 1yar = D_j—; Lisamt pt cimuiy Ny, pln}Xfu;tJm&, where U} are i.i.d. random

variables uniformly distributed over [0,1]. Here and in the following, we use the convention Z?:l -=0.
Systematic resampling consists in replicating the i-th particle {N Zle oL+ UnJ — {N Z;;i oL+ UnJ

times?, where (U,,),>1 are independent random variables uniformly distributed in [0, 1]. Notice that sys-
tematic resampling can be seen as the stratified resampling method, with U! = ... = UYN = U,,. Contrary
to the three other resampling methods, after a systematic resampling step, the new particle positions are
not independent, conditionally on the former positions. This makes systematic resampling much more
difficult to study mathematically. To our knowledge, its convergence even in a discrete time setting is
still an open question. We will therefore restrict ourselves to a numerical study of its performance.

Notice that practitioners often use branching algorithms with an evolving number of walkers during the
computation (see [13,17]): the particles with low local energy are replicated and the particles with high
local energy are killed, without keeping the total number of particles constant. This may lead to a smaller
Monte Carlo error (fourth contribution to the error in the classification just below).

N

1 ,
We can distinguish between four sources of errors in the approximation of Ey by N Z Er (X ! At):
j=1

(1) the error due to the fixed node approximation |Ey — Epwmc,ol,

(2) the error due to finite time approximation of the limit: lim;—,~, Epmc(t) ~ Epmc(T),

(3) the error due to the time discretization of the stochastic differential equation () and of the
integral in the exponential factor in Epmc(t) (see (f)),

(4) the error introduced by the interacting particle system, due to the approximation of the expec-
tation value in (B) by an empirical mean.

The error (1) due to the fixed node approximation has been analyzed theoretically in [3].

Concerning the error (2) due to finite time approximation of the limit, the rate of convergence in time
is typically exponential. Indeed if H admits a spectral gap (namely if the distance between Fy and the
remaining of the spectrum of H is strictly positive), and if vy is such that (¢r, Hir) < inf oess(H), then
one can show that the operator H with domain Dy (H)N{%, 9 = 0 on 17 *(0)} (whose lowest eigenvalue
is Epmc,o, see (ﬂ)) also admits a spectral gap v > 0. Then, by standard spectral decomposition methods,
we have:

0 < |Epmc(t) — Epmc,o| < Cexp(—nt).

Our aim in this paper is to provide some theoretical and numerical results related to the errors (3)
and (4), in the framework of a simple one-dimensional case. We therefore consider in the following that
the final time of simulation T is fixed and we analyze the error introduced by the numerical scheme on
the estimate of Epymc(T). Our convergence result is of the form:

N
E |Epmc(T) — %Z Er (Xﬂy‘m) < C(T) 6t +

j=1

C(T,v)
\/N b

(9)

where C(T) (resp. C(T,v)) denotes a constant which only depends on T (resp. on T and v) (see
Theorem [ and Corollary I3 below).

Let us now present the toy model we consider in the following. We consider the Hamiltonian

He Ly i v = a2 gt (10)
=——— wi =—z x

2 dx? ’ 2 ’
2The consistency of this resampling method follows from the following easy computation

E(lz+U]) = [z]P(U <1 —A{z}) + ([z] + DPU > 1 —{z}) = [z](1 — {z}) + ([z] + D{z} = z.
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where w, 0 > 0 are two constants. The ground state energy Fy is defined by (), with

H={y e L*R), ¥(x) = —(-x)}. (11)
We restrict the functional spaces to odd functions in order to mimic the antisymmetry constraint on ¢ for
2 2
fermionic systems. The importance sampling v; is chosen to be the ground state of Hy = —% % + %xQ
on H:

i(z) = V2w (;)”4 e~ % (12)

It is associated with the energy %w: Hoypr = %uﬂ/};. The drift function b and the local energy Ep are
then defined by:

b(x) = w—ll(x) 1 wx, and FEr(x) =V (z) — ! w—lll(x) = §w + 0zt (13)
Y ’ A 2 2 '
Thus, using equation (E), the DMC energy is:
3 E (Xt4 exp (—9 fot X;lds))
Epnc(t) = QW 6 - (14)
E (exp (79 fo X;‘ds))
where
1
Xt:Xo—f—/ (——UJXS) dS+Wt, (15)
0o \Xs

with (W:):>0 a Brownian motion independent from the initial variable X which is distributed according
to the invariant measure 2¢)? (7)1 {z>0ydz. We recall that due to the explosive part in the drift function b,
the stochastic process cannot cross 0, which is the zero point of ¢y (see [3]): P(3t > 0, X; = 0) = 0. This
explains why the restriction of ¢7 to R7 is indeed an invariant measure for (@) For 6 > 0, the longtime
limit Epwvc,o of Epmc(t) is not analytically known, but can be very accurately computed by a spectral
method (see Section E) Let us finally make precise that for the numerical analysis, we use a special
feature of our simple model, namely the fact that for s < ¢, it is possible to simulate the conditional law
of X; given X, (see Appendix). The time discretization error is thus only related to the discretization
of the integral in the exponential factor in the DMC energy (E) We however indicate some possible
ways to prove () with a convenient time discretization of the SDE (see Equation ([[7), Remark [J] and

Proposition [14).

Though our model is one-dimensional (and therefore still far from the real problem (ﬂ)), it contains one of
the main difficulties related to the approximation of the ground state energy for fermionic systems, namely
the explosive behavior of the drift in the stochastic differential equation. However, two characteristics of
practical problems are missing in the toy model considered here. First, since we consider a one-particle
model, we do not treat difficulties related to singularities of the drift and of the local energy at points
where two particles (either two electrons or one electron and one nucleus) coincide. Second, the local
energy E generally explodes at the nodes of the trial wave function, and this is not the case on the
simple example we study since the trial wave function is closely related to the exact ground state. For
an adaptation of the DMC algorithm to take care of these singularities, we refer to [17]. Despite the
simplicity of the model studied in this paper, we think that the convergence results we obtain and the
mathematical tools we use are prototypical for generalization to more complicated systems.

Compared to previous mathematical analysis of convergence for interacting particle systems with stochas-
tic reconfiguration [7-10, 14], our study concentrates on the limit 6t — 0 and N — oo for a fixed time T,
and on the influence of the time discretization error in the estimate (E), where the test function Ej, is
unbounded. Tt is actually important in our analysis that this unbounded function Ej, also appears in the
weights of the particles, since it allows for specific estimates (see Lemmas E and [L1] below).

The paper is organized as follows. In Section EI, we prove the convergence result, by adapting the methods
of [7,9] to analyze the dependence of the error on dt. We then check the optimality of this theoretical
result by numerical experiments in Section E, where we also analyze numerically the dependence of the
results on various numerical parameters, including the number (v — 1) of reconfiguration steps. From
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these numerical experiments, we propose a simple heuristic method to choose the optimal number of
reconfiguration steps.

Notation: For any set of random variables (Y;);cr, we denote by o((Y;):er) the sigma-field generated by
these random variables. The parameters w and 6 are fixed positive constants. By convention, any sum
from one to zero is equal to zero: 22:1 - = 0. Likewise, the subset {1,2,...,0} of N is by convention the
empty set. For any real x, |z] and {«} respectively denote the integer and the fractional part of .

1. NUMERICAL ANALYSIS IN A SIMPLE CASE

We perform the numerical analysis in two steps: time discretization and then particle approximation.

1.1. Time discretization

We recall that T' > 0 denotes the final simulation time, and that 0t = % is the smallest time-step. Since
Y; = X7 is a square root process solving dY; = (3 — 2wY;)dt + 2y/Y;dW,, it is possible to simulate the
increments Y(j41)5¢ — Yrse and therefore X(;11ys: — Xrst (see Appendix or [11] p.120). We can thus
simulate exactly in law the vector (Xo, Xst¢, ..., Xist). That is why we are first going to study the error
related to the time discretization of the integral which appears in the exponential factors in (@)

Let us define the corresponding approximation of Epyc(T):

E (Br(Xr) exp (0t S, B (Xia) ) ) B (X4 exp (—00t 1, Xi50)))

Edc(T) = - = Sw+t 0 — (16)
E (exp (7515 Y ket EL(Xkét))) E (exp <*95t pIy X;clét))

Proposition 1.

VK € N*, |Epyc(T) — By (T)] < Crét.
Proof : Using Holder inequality, we have:

4 T x4
9 E (XT exp <79 fo Xsds))
|Epmc(T) — E%tMc(T)} < % E(X$) + T
E (exp <795t Y oke1 X;j&)) E (exp (—9 fo X;‘ds))
. X« 9 1/2
E <exp <—9/ des) — exp (—H&ZX:&))
0 k=1

The conclusion is now a consequence of Lemma E and the fact that the function » € Ry — 797 is
Lipschitz continuous with constant 6. |

Lemma 2. For any K € N*,
T K 2
E (/ Xds — 5tZX;§5t> < COt(T? +T),
0 k=1

T
where 6t = 4.
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Proof of Lemma ] : By Itd’s formula, dX;! = (10X? — 4wX;')dt + 4XdW;. With the integration by
parts formula, one deduces that for any k € {1,..., K},

kot kot
/ (X5 — XHds = / (s — (k= 1)6t) ((10X7 — dwX)ds + 4X2dW,) .
(k=1)5t (k—1)5t
Therefore denoting 7, = | 37 ]dt the discretization time just before s, one obtains
K T T T
5ty Xips — / Xids = / (s — 76)(10X 2 — 4w XH)ds + / (s — 7o) AX2dW,.
im1 0 0 0

Hence
K T 2 T
E <6tZX,‘j§t - / ngs> < 2/ (s — 75)’E (T(10X? — dwX ) + 16X7)) ds.
k=1 0 0

Since X is distributed according to the invariant measure 21/1?(,7:)1{96>0}dx, so is X,. As a consequence,
for any p € N, E(X?) does not depend on s and is finite and the conclusion follows readily. [ |

In realistic situations, exact simulation of the increments X(j41)s; — Xgst is not possible and one has
to resort to discretization schemes. The singularity of the drift coefficient prevents the process X; from
crossing the nodal surfaces of the importance sampling function ;. The standard explicit Euler scheme
does not preserve this property at the discretized level. For that purpose, we suggest to use the following
explicit scheme proposed by [1]

Xo = Xo,

1/2
. _ AWiir)” :
Vk € N, X(k+1)5t = ((Xkét(l —woit) + = Z:g;) + 25t> with AWgiq = W(k+1)5t — Wist-

(17)

Because of the singularity at the origin of the drift coefficient in ([Ld), we have not been able so far to
prove the following weak error bound (see Remark [ below):

T K
E (f(X;;)exp (9/0 des)) -E (f(X%)exp (9&2){,‘3&))
k=1

Such a bound is expected according to [16] and would imply that

< Crot for f(z) =1 and .

(18)

E (Bu(Xr)exp (-0t DL, Bu(Xsn)))
E (exp <75t Zszl EL(Xth)))

Epuc(T) — < Ordt. (19)

Remark 3. We would like to sketch a possible way to prove (). Because the square root in _(E) makes
expansions with respect to 5t and AWjy.11 complicated, it is easier to work with Y; = X? and Yi5 = X,fét
which satisfy

_ _ AWii1 )’
dY; = (3 — 2wYi)dt 4 2+/Y; dWy and Y15 = (\/ Yiest (1 — wdt) + 1 k?t) + 26t.
—w

The standard approach to analyze the time discretization error of the numerator and denominator of the
left hand side of (@) is then to introduce some functions v and w solutions to the partial differential
equation:

v = (3 — 2y)9yv + 2ydyyv — 0y?v, (t,y) € Ry x (0, 400) (20)
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with initial conditions v(0,y) = y* and w(0,y) = 1. Now, we write (for the numerator, for example):

T K
E <X§£ exp <—9 X?ds)) —-E ()_(% exp (—GétZ)_(ﬁ(;t))
0 k=1

o B . k=1
- E (v(T k6t Viay) — e~ 00 G (T — (k + 1)dt, Y(Hl)ét)) exp | ~05t 3" Y3,
k=0 j=0

An error bound of the form Cpdt can now be proved by some Taylor expansions as in [1,16], provided the
ezistence of a sufficiently smooth solution v to @) We have not been able to prove existence of such a
solution so far.

1.2. Particle approximation

We now introduce some notation to study the particle approximation. We recall that v denotes the
number of large timesteps (the number of reconfiguration steps is v — 1), and At = kdt the time period
between two reconfiguration steps. Let us suppose that we know the initial positions (X;10)1§i§ n of the
N walkers at time (n—1)At, for a time index n € {1,...,v}. The successive positions of the walkers over
the time interval ((n — 1)At,nAt) are then given by (X, 5,,..., X, .5,), where (X}, )Jo<i<a satisfies:

t
X=Xt [ W0 s+ (W ae= Wiaoa) (21)

Here (W1, ..., W?¥) denotes a N-dimensional Brownian motion independent from the initial positions of
the walkers (XfohgigN which arei.i.d. according to 21/1?(,7:)1{96>0}dx. We recall that in our framework, it
is possible to simulate exactly in law all these random variables (see Appendix). We store the successive
positions (X}, 5,,..., X} .5) of the i-th walker over the time interval ((n — 1)At,nAt) in a so-called

particle &/, € (R%)" (see Figure [I]): Vi € {1,...,N},Vn e {1,...,v},

&0 = Xnser > Xwst)- (22)

In the following, we will denote by &, = (£1,...,&N) the configuration of the ensemble of particles at

time index n. We have here described the mutation step.

(n —1)At 4 6t (n — 1)At + Kot
‘ I I I A ‘

(n—1)At nAt

FIGURE 1. The i-th particle £ at time index n is composed of the successive positions
(X7 565+ +» X, n5¢) of the i-th walker on time interval ((n — 1)At, nAt).
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For a given configuration of the particles &, at a time index n € {1,...,v}, the selection step now
consists in choosing the initial positions (X}, ¢)i<i<n of the N walkers at time nAt using one of the
following resampling algorithm:

(S1) The (X, )i<i<n are conditionally independent w.r.t. &, and for 1 < i < N, X/, is dis-
tributed according to the measure

Gng(gviz)éfilm + (1 —€ng(§ an el (23)

where g is defined by, for y = (y1,...,yx) € (R} )",

9(y) = exp (—95t > yi) : (24)
k=1

p denotes the weight of the j-th particle

9 o5
o S 9(&h) %)

and €, is a non negative function of &, such that ¢, < 1/max1§i§N g(&l). In particular the
following choices are possible for €,:

1

maeey 9@ (26)

n=20,€6, =1 or €, =

The so-called multinomial resampling method which corresponds to the choice ¢, = 0 gives
rise to a maximum decorrelation with the former position of the particles, while with growing €,,,
more and more correlation is introduced.

(S2) The (X}, )1<i<n are such that

vje{l,...,N}, VZG{(IJrzlla) ( {Zla;)},

XnJrl 0 — 5?1,11’ . (27)
and the variables (X}, O)1+ZlN at <i<n are conditionally independent w.r.t. &n,

with X/, , distributed according to ) évzl {Npi} 5€i,~/ (N -y, aﬁl) ,

where
al, = [Npl], je{l,....N}. (28)
Notice that the (X}, ; )i<i<n are conditionally independent w.r.t. &,. This is the so-called

residual resampling method.
(S3) The (X}, ¢)i<i<n are such that, for 1 <i < N,

N

. J
X(ﬂ+1)0 Zl (X120 P <(i— Ui)/NSZ{zlpln}g"a"f’
7j=1

(29)

where (U} )1<;<n are random variables i.i.d. according to the uniform law on [0, 1], independently
of &,. Notice that the (X}, o)1<i<n are conditionally independent w.r.t. &,. This is the so-called
stratified resampling method.

For n € {1,...,v}, let us denote by

1N
N
= — O¢i 30
T N;% (30)
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the particle approximation of the measure 7,, defined by: Vf : (R% )" — R bounded ,

B E (f (X(n—1)at4ts - - - X(n—1)At+rot) eXP( 0t 4" 1)K(Xk§t)4))
m(f) = B (oxp (09 S, (X)) : (31)

where the process (X;)o<i<r is defined by ([17).

For y = (y1,...,9x) € (R})" and f: (R)" — R, we set
Pfly) =E(f(X5,. ... X[5,) (32)
where for z € R,
t
XF— g4 / B(XT)ds + W, (33)
0

denotes the solution of the stochastic differential equation (@) starting from z. By the Markov property,
the measures (1,)1<n<, satisfy the inductive relations, for any function f : (R% )" — R bounded, Vn €

{1,...,v =1},

E (eXP (=06t > 1" (Xiot)) E (f (Xnat+sts - - Xnattrot)
M (9)E (exp (=05t 1" (X)) )

1 E(!]Pf (Xn—1yat4sts - X(n—1)At+rot) eXp( 95152(" e (Xkat)4)) 1 (gPFf)
= X —

M1 (f) = (Xa‘ét)oggm))

(34)

1 (9) E (exp ( 0ot 0 1>”(Xk5t)4)) ~ a(g)
(35)
where g is defined by (4). Moreover, we can express Ey;(T) defined by ([[4) as
3 amvlgyy)
E T)=-w+ 60—, 36
Buc(T) = o + 0200 (30)
Therefore the particle approximation of Epyc(T) is given by
e 3 N 4
ENVS(T) = Sw 4 9 9Ys) (99) (37)

2 ny' (9)

This approximation of Epyve(T') corresponds to the expression (I) given in the introduction. We will also
prove in Corollary E below the convergence of the approximation which corresponds to the expression ()
given in the introduction (see Equation ([t§) below).

The convergence of the approximation Eglvl[’g (T) is ensured by our main result :
Theorem 4. o o
N,v,k v
E ‘EDMC (T) - EDMC (T) < Uk \/N,

where the constant C' only depends on T and the constant C, onT and v.

(38)

Remark 5. The number of selection steps is v — 1. For instance, when v = 1, there is no selection
involved in the expression of Egﬁg(T) and the particles remain independent. In this case, the first term
in the right hand side of (@) corresponds to the time discretization error proved in Proposition E while
the second term is the classical error estimate related to the law of large numbers. For a fized number
of selection steps, the theorem ensures the convergence of the particle approximation EN’”’”(T) as the
time-step 6t = T/(vk) used for the discretization of the stochastic differential equation [()ﬁ(; tends to 0
while the number N of particles tends to +00. But this result does not specify the dependence of C\, on v
and gives no hint on the optimal choice of the number of selection steps in terms of error minimization.

We are going to deal with this important issue in the numerical study (see Section E)
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According to the above expressions (B) and (B7) of Efyo(T) and EL;4(T), this theorem is easily
proved by combining Proposition ﬂ and the following result :

Proposition 6.

m (gys)  mlgyd)| _ Cv

BN " Tw | SYN

Proof of Proposition E ¢ One has

| v) oy | CElm (9yi) — v (gye)l
ny (g) n(9) |~ 7.(9)
1/2 N 2\ 1/2
. E(@) 2 (E (1) (9) ~ n.(9))°)
771]/\[(9) nu(g)

According to Propositionﬂ and Lemma @ below, the first term of the right-hand-side and the quotient
ny (gyﬁ))2 n) (9y3)
) (9) S T the

2
boundedness of E (%Nﬁ—‘f;;é)) follows from Lemma ] below. |

in the second term are smaller than C, /v N. Since by Jensen’s inequality, (

Proposition 7. For any bounded function f : (R% )" — R,

Ve {1, vk By (f) = m(f)?) < %I\fl\iov (40)

where the constant C,, does not depend on k.

1/ ()|

For any function f: (R%)" — R such that for some p > 2, ||f||x,p = sup 5 1s finite,
yeRi 1+ Yk
Vn e {1, wh B () = (D) < 2l (a1)
N ;

where the constant C,, does not depend on k.

For f bounded, the first estimate ([i]) is proved in [9]. In order to prove Proposition |, we need to
apply Proposition [] with f(y) = g(y) and f(y) = g(y)y!, which are bounded functions with L> norm
respectively equal to 1 and % where C' is a constant not depending on dt. But we want to obtain
the convergence when dt tends to 0. This is why we need the second estimate (), that we use with

f(y) = g(y)yt for which | f||,., is bounded and does not depend on &t.

Notice that for f bounded, Corollary 2.20 in [9] states the convergence in law of v N (7N (f) —n.(f)) to a
centered Gaussian variable and gives an expression of the variance of this limit variable. Because of the
complexity of this expression, using this result with f(y) = g(y)y* did not really help us to understand
the dependence of C,, on v (see Remark ] above).

Proof : For f bounded, the first estimate (ftd) is proved by induction on n in [9] (see Proposition 2.9).
Since we follow the same inductive reasoning to deal with f such that || f||.,, < 400, we give at the same
time the proof for f bounded.

Since the initial positions (£})1<i<n are independent and identically distributed with & . distributed
according to 247 (2)1(,>0yd, the statement holds for n = 1.
To deduce the statement at rank n + 1 from the statement at rank n, we remark that according to (@),

N B n (9Pf)
(mn (1)~ mlap )+ o)

W r(F) = s (F) = Toss + (tlg) — <g>>) (42)

1
M (9)
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where we recall that P is defined by (B9), and

N
1 (9P f)
Thyr = 777]:[ (f) - .
i m (9)
To deal with this term 7)1, one remarks that for the first type of selection step (S1), all the possible
choices of ¢, given in (Pg) are o(¢,)-measurable. As a consequence, for i € {1,..., N},

E(f(&11)lén) = eng(€)PF(EL) + (1 — eng(€ Zp%Pf (&),

7j=1

where p?, is defined by (@) Multiplying this equality by % and summing over 7, one deduces

_ XL 9@PIE) Y (gP))
Zp" SR

E(m]tv-i-l |€n

Now, for the stochastic remainder resampling algorithm (S2), by (£7), E(nY 1 (f)|&) is equal to
- ! : { Ng(&h) } -
Pf&) + — 5 =~ . (Pr&)
NZ\‘Zl 19 ( )J 11+szvl *Zz 1 ngz1 Z;\ng(éfz)

and (f) still holds. Finally, for the stratified resampling method (S3), by (B9), we have (using the
footnote?)

1 L& _
E(??fyﬂ(f)lﬁn) =N Z ZE (1{2{;11 o <(imU3) NS ot} gn) Pf(&),
=1 j=1
1 & ] N 4
- N ZE (Zl{ZHp <(i~UL)/N<Y] (&),
j=1 i=1
1 & J -1 |
=52 E QNZPHUiJ - {Nsz +U$J §n> Pf(&l),
=1 =1 =1
N J
Z PLPf(ED),

which yields again ([I3). Since for all three possible selection steps, the variables (£ ,1)1<i<n are inde-
pendent conditionally on &, one deduces that

E((Tur1)’[60) —NQZE( 1)~ B )IEn) 160) < E (0 (F)1En)

Therefore
E((Tu1)?) < B0 (7). (44)
When f is bounded, 7%, (f?) < ||f||%, |2 Ng(I;)f)’ <P f]loos and [|Pflco < || f]loo- Hence by (),
2 N _ 2 2 N(g) _ 2
B(a) - oon () <5 (UL 1 ECEPS) 0P+ LB )= o))

with the second term of the right-hand-side smaller than C||f||2,/N by the induction hypothesis and
Lemma |12 . below.
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When || |5 < +00, combining () and (fi4), one obtains

(Emﬁﬂaﬁn)”2+9Em5uﬂv»—nnwpfw

VN M (9)

o\ 1/2
' (gPf) (E(m (9) —mm(9))?)
*@<nmw)> (@)

E‘Ufzvﬂ(f) —77n+1(f)‘ <

1/2

Since || f||k,2p < 2|/ f] im (by using the inequality f?(y) < 2[|f||2 ,(1+ y2)), the first term of the right-

hand-side is smaller than C,||f|s,,/VN by Lemma ] below. Since, according to Lemma [[( below,

IPfllnp < P2 f]l1.ps the second term is smaller than Cp,|| f||..,/V'N by the induction hypothesis and

Lemma . Last, by using successively Cauchy Schwartz inequalities, (@) for 2 and Lemma E, one
2 2 2

obtains that E (M) <E (M) <E (M) — B, (f2) < Cull f]2, And it follows

ny (9) ny (9) ny (9)
N/ y_ 2
from the Proposition statement for f bounded and Lemma @ that (ECa (g)nn?;’)(g)) ) is smaller than

Cn/VN. i

1/2

Remark 8. Proposition ﬁ (and therefore Theorem ) also hold for the stratified remainder resampling
algorithm, which consists in combining the stochastic remainder resampling and the stratified resampling.
More precisely, it consists in replicating | Npt, | times the i-th particle, and then completing the set of
particles by using stratified resampling to draw the N® = N — Zf\il |NpL | remaining particles, the i-th
particle being assigned the weight pf* = {Npi}/NE.

Lemma 9. Let h: (R%)" — Ry be such that for some p > 2, ||h|.p < +00. Then,

ny (gh)

Vn € {1,...,v}, max <]E(777]lv(h))vE < N (g)

)) < O Rl (14 E(X0)"),

where X is distributed according to the measure 21/1?(,7:)1{96>0}dx (see (@)}

Proof: Asthe variables f{,ﬁ, 1 < i < N are distributed according to the invariant measure 21)? (7)1 {z>0yde,
one has E(n (1)) < ||Allxp(l + E(Xp)?). In addition for n > 1, according to (i), E(nl,,(h)) =

E (%@h)) where || Ph| ., < e“»2t|h]|xp by Lemma [[d. Therefore it is enough to check the bound for

B ()

ny (9)

For n > 0, one has

Sy exp (=00t 5 €y )?) (€hprn)?
Sy exp (00t 5 (€ 400)*)

s (B

<|hllwp [1+E
777];[-1-1(9) ) P
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Let us denote in this proof ffzﬂ,o = X:'HLO, where 0 < n < v-—-—1and 1 < ¢ < N. Let us set
F=0(& 1 L<i<N,0<k<k—1). By Lemma [[1] below,

)

(Zi& exp (—95t > he ( fz+1,k)4) (€%+1,n)p’ ) Zz 1eXP( 0ot > ( i, k)4) E((& 1.1 F)
E . F|<
S0 exp (=00t 5y (€41.0)") S exp (=06t 5 €41,
Sy exp (=00t 5 (€ ) ) B(KE =,
S exp (00t R (€440
Sy exp (=00t 5T (€1 0)*) (€hrear)?
S exp (00t R (€400

3

< Ot LGt

)

where we have used the definition of the mutation step (see )) and the Markov property for the stochas-

tic differential equation (@) to obtain the equality, and then Lemma E for the last inequality. Notice that
Cpot
this estimate also holds for k = 1, in which case the right hand side reduces to ST (&ht1.0) + eCrdt 1,

Taking expectations and iterating the reasoning, one deduces that

Zivﬂ exp (*9575 22:1(6&1 k)4) (Ehi10)? eCpAt iE Cut Z Coot.
>~ n+1 0
ijzl exp( 05ty 4 (&) ntl, k)4) N

Inserting this bound in @), one concludes that

ni1(gh . al
E(%)SGC"A 2l <1+E< ; n+1,0) ))

For n = 0, one deduces that E ( ((gg};)) < %A h|, (1 +E(X])), where X, is distributed according to

the measure 2¢%(z 7)1 {z>0ydr.

N N »
Forn > 1, since by a reasoning similar to the one made to obtain ([3 ( Z n+1,0 ) E <%> ,
— o \g\Y

one also deduces that

N (gh N(a(1 4 P

E (nn];[‘,-l(g )) < eCpAtHh'Hka,p]E <77n (g(N + yn))) )

Mn1(9) 3y (9)

The proof is completed by an obvious inductive reasoning. [ |

Lemma 10. For any p > 2, there is a constant C), such that
Vz e RY, Vit >0, E((X{)?) < (1 + xP)eCrt — 1,

where X7 is defined by (B3). Therefore, if h : (R%L)® — R is such that ||h.p < +o0o then ||Phl., <
e“rA|h||.p, where the operator P is defined by (133).

Proof : By Ito’s formula, d(X})P = (MP—;U(X,?)?_Q - wp(th)p) dt + p(X7F)P~1dW;. Hence

iy <at | t (Bt e =2 ) asrp | (Xt

2 2 0
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Formally, taking expectations in this inequality, one obtains

E((XF)P) < aP + /Ot P(P;— 1) i p(p + ;— QW)E((Xf)p)ds,

p—(p; U This formal argument can

and check by Gronwall’s lemma that the conclusion holds with C), =
be made rigorous by a standard localization procedure.

For h : R} — R such that |hl|,, < 400 one deduces that

vy € RY, [Ph(y)| < ER(XF, ..., X25)] < CllAllep(L +E(X5)P)) < e“ 2 Allep(1 +yh).

| |
Lemma 11.
N N p 7624 N p
a;z; e Az
V(z1,...,2n), (a1,...,aN) eRf with Zai >0, Vp >0, Ve >0, Zle ! — < EZ*Nl A
.p—CZ; .
i=1 D iz aie” > i1 @i
ZN (1,',27.)67”;1 . . . . .
Proof : Let us set f(c) = ﬁ By Holder’s inequality, the derivative
i=1 @i€ o
N _ - N 4 _
fl(c) B ZZ 1azz e cz Z—lal 4 cz B ZZ 1a12p+ e cz
sz'vzl ae cz;L Zf\]:l a;e cz;1 vazl ae cz;L
. oy . N a Z
is non positive. Hence for any ¢ > 0, f(c) < f(0) = 7. [ |

Zw 1 @i

Lemma 12. The sequence (nn(g))1<n<y is bounded from below by a positive constant non depending
on k.

Proof : Since 4
nn(g) _ (exp( 95t2 Xkét)) S 1

E (exp ( 95tz " 1)H Xgét))

the sequence (1,(g9))1<n<v is bounded from below by

H nn(g) =E (exp (05152)(,3&)) .
n=1 k=1

According to Lemma E, this expectation converges to E (exp (—9 fOT Xﬁds)) > 0 when & tends to +oo,
which concludes the proof. [ |

We can now prove, as a corollary of Theorem E, the convergence of the approximation EgNl[’C“ (T) of

Epmc(T), defined by:

N,
Epc (T)

l\’JIO-’)

N
Z Xy i10)" (46)
Corollary 13.

C C,
= Uk \/N,

where the constant C' only depends on T and the constant C, onT and v.

E |[Eouc(T) - BN (T)|
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Proof : By using the result of Theorem f and Cauchy Schwartz inequality, it is sufficient to prove the

_ 2 . .
estimate E (Egl{g’cﬁ(T) - Egl{gg(T)) < WV Let us denote in this proof &, 1 o = X, ;¢ for 1 <i < N.

We have:

' (

N N
N,v,k N,v,k Un gyh‘,
) B o) 1560 ) <o (2 ey

N
I/ Z u+10

by using the fact that, for any function f:R%} — Ry,

(47)

( Zf v4+1,0)

_m'(9() fyx)
¥ (g(y)

which is obtained by a reasoning similar to the one made to prove (@) Now, using the same method as
to obtain ([i4), one easily gets the estimate:

N
UK UK 2 92 771]/\] (g(y) (yi{)s)
E (EgMC (T) - Edsre, (T)) ( g v+1,0 ) ~E ( N(g(y) ) ;

by using again (@) Lemma E completes the proof. [ |

We end this Section by proving that Propositiona also holds for the numerical scheme (E)

Proposition 14. Let us consider the Markov chain (Xjst)o<j<r generated by the explicit scheme ([L7)
and denote by Q its transition kernel. We now define the measure n, by replacing (Xjst)o<j<x with
(X]5t)0<g<K mn @) and we define accordingly the evolution of the partzcle system: conditionally on &,,

the vectors (X}, 41 0s X1 500+ - X1 e )1<i<n are independent, with (X}, o)1<i<n distributed accord-

ing to the selection algorithm (S1) (see (R3)), (S2) (see (R7)) or (S3) (see (@)), and ( n+11j5t)0§]§,€ a

Markov chain with transition kernel Q. Then, we have:

' (gye) _ molovd)| - Co

ny' (9) n.(9) N’

Proof : Looking carefully at the proof of Propositionﬁ above, one remarks that (@) holds in this
framework as soon as Lemma [[2 holds, and the following property, which replaces Lemma @, is satisfied:

3C >0, Ve e Ry, Qf(z) < e“'(1+ f(z)) —1 for f(x) =z* and f(z) = 2®. (48)

- - 2 1/2
Let us first prove ({ig). We have: Qf(z) = E (f (X3)) where X7, = ((1 — wbt)?x? + 22Ws + (13:7‘5515)2 + 25t) .

Now, for ¢ € N*,

S q! T ) VV<52 J3
X*)2a4 — E T (1 — wdt)Hr Iz g2 a2 P2 t 251
(X5) g J1Y21s! (1= wat) v 3\ (1 — wét)? * ’
1 2 3=
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where the indices (j1, j2, j3) are non negative integers. Remarking that the expectation of the terms with
j2 odd vanishes and then using Young’s inequality, one deduces that for §t < i,

YT )2 2q .2 W ! 2 J2+243 J2+2i3
E((X5)%) < (1-wit)a q—i—E((W—i—%t) ) TN DS Co P
J1t+iz2+iz=qa
Jj1<q,j2 even ,jz<q
< 24 CHt+Cp Y (:ch(St + 6t1+q(1‘f2+2%)) ;
. J1ti2tiz=q
J1<q,J2 even ,53<q
< (14 Cot)a? + Oyt < e9e%% (1 4 229) — 1. (49)

Let us now prove Lemma [L for the scheme ([[7). As noticed in the proof of Lemma [[J above, it is sufficient
to bound from below E (exp ( 65t > 1", X,m)). By Jensen inequality, we have E (exp ( 9515 Sy X,m)) >
exp (—0-L 37" E (X},)). By using [#9), it is easy to prove by induction that E (Xikse) < e@2kot(1 +
E (XO)) — 1 and this concludes the proof of Lemma [I in this framework.

In order to obtain a complete convergence result of the form (Bg) for the scheme ([L7), it remains to prove
the complementary bound (E), that we have not obtained so far. However, we will check by numerical
simulations that (Bg) still holds.

2. NUMERICAL RESULTS

2.1. Computation of a reference solution by a spectral method

In this section, we would like to explain how we can obtain a very precise reference solution by using a
partial differential equation approach to compute Epmc (1) (see [3]).

2.1.1. A partial differential equation approach to compute Epyc(T)

Let us introduce the solution ¢ to the following partial differential equation for :

99

{ = —Ho, (t.w) €R, xR (50)
o(0,2) =¢r(x), z€R

where H (resp. 1y) is defined by ([L]) (resp. ([[J)). Since 1y € H, it is a standard result that this problem
admits a unique solution ¢ € C*(R4, H) N CO(R%, Dy (H)) N C*(R%,’H). The function ¢ is regular and
odd, and therefore is such that ¢(¢,0) = 0 for all ¢ > 0. Therefore the function ¢ is also solution to the
following partial differential equation:

ad):qub, (t,x) eRy xR
S, )—Ot>0 (51)
#(0, Yr(x), z € R.

In [3], we have shown that since ¢ satisfies (F1]), we can express Epmc(t) (defined by (H)) using the
function ¢ (see Proposition 11 in [3]):

(Hyr, ¢(1))

Fonel®) =G0

(52)

Our reference solution Epyc(T") will rely on formula (59) after discretization of () by a spectral method.
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2.1.2. Computation of the wave function ¢

We will briefly present the spectral method developed to compute an approximation of ¢. We recall that
the Hermite polynomials are defined by :

.
n o2 d

VnEN, hy(x) = (-1 —— (e=).

We introduce the eigenfunctions of the operator Hp, normalized for the L?(R) norm associated with the
eigenvalues F,, = w(n +1/2) for n > 0,

It is well known that the vector space spanned by the set of functions {@ax+1}r>0 is dense in Vo = {¢ €
HYR)NH | zp € L?}, which is the domain of the quadratic form associated with Hy.

Pn(z) = hn(\/ax) exp(—%wa) <

Let us now introduce the functional space V = {p € H'(R) N'H | 2%p € L*}, which is the domain of the
quadratic form associated with H. The set of functions {@ax+1}r>0 is also a basis of V.

Let V,, = Span(p1, @3, ..., 0an—1). We use this approximation space to build the following Galerkin
scheme for (5(): find ¢, € CO(R,,V,) such that® ¢,,(0,z) = 7, and Vo € V),

(28 ) = = tHo (w06, (53)

We diagonalize the operator H restricted to V,,. We denote (¢f,¢5,...,¢n_1) the eigenfunctions and
EY EY, ... E]'_ the associated eigenvalues. Because of the symmetry of H, it is easy to check that V,
can also be spanned by (¢, 5, ..., 00 _1):

Vn = Span(@g,@g,...,@z_1>- (54)

Since for t > 0, ¢, (t,.) € Vp, there exists ug(t), k =0,...,n — 1, such that
n—1
b = ur(t)p} (55)
k=0
In view of (54) and (53), (F3) is equivalent to the equations: Vi =0,...,n — 1,

el n—1
t
Qux(t) n <H§ Uk(t)¢Zv‘P?>’
=0 k=0

n—1
= =) Bpu(®) (g, }) -
k=0

D
¥
5.
>3
$
I

We deduce that Vk =0,...,n—1,

au(;t(t) — _Erun(t),
so that
n—1
bn(t,x) =Y u(0) exp(—Ejt)gp (o), (56)
k=0

where uz(0) = (¢¥r, ¢}).

3Notice that Py =1 € Vn.
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Remark 15. The eigenfunctions of H are obtained by diagonalization of the matriz A = (ai;)i j=o0,... n—1
with Vi,j=0,...,n—1:

aij = (Hp2it1,92j+1)
= <H08021+1,802;+1>+ <4<P2i+1,802j+1>,
= 0jw(2 + i1, <P2]+1>

We can use the n—point Gauss-Hermite formula to deal with the integration of the second term on the
right. We recall that this method provides an exact result for fjooj p(x) exp(—x?)dx as long as p is a
polynomial of degree 2n — 1 or less.

2.1.3. Approzimation of Epmc(T)

We now use formula (@) to approximate Epnc(T). By an elementary calculation, we obtain the following
approximation:

0) ¥ 5501> " oxp(— n _ pmn
. 2 +Z ) (o e =(BY = BT .
DMC =~ .
S w0 (el er) o
1 + ; (0) <901 , 501> p( (Ez EO )T)

In our test cases, we have observed that n = 40 is enough to reach convergence.

Notice that for a given n, the convergence in time to the lowest eigenvalue Ef is exponentially fast, with
an exponent equal to the spectral gap BT — Ej.

2.2. Numerical results of Monte Carlo simulations

In this section, we perform various numerical experiments to validate our theoretical results, and to
explore some features of DMC computation. In particular, we propose in Section an empirical
method to determine the optimal number of reconfigurations. In all the computations, the final time is
T = 5, which appears to be sufficiently large for the convergence ¢ — oo to be achieved with enough
accuracy.

2.2.1. Error and variance as a function of the numerical parameters

We represent on Figure ], the expectation e and the variance v of the error : ’Egl(/T’CT/(V&) (T) — Epmc(T)

as a function of the number of walkers N, the time step 6t and the number of reconfigurations v — 1,
where Epnc(T) is approximated using (F7) and E]}Y VT/ WS(T) is defined by (B7). The multinomial
resampling method (which is (S1) with €, = 0) was used

The top figures represent the expectation of the error and its variance according to the number of
walkers. To compute these quantities, we perform 2000 independent realizations, with the number of
reconfigurations ¥ — 1 = 50, a small time step ¢t = 5.1073 and 6 = 0.5. The simulations confirm the
theoretical result : the error decreases as C'/ V/N.

The effect of the time step is shown on the two figures in the center. The numerical parameters are: a
large number of particles N = 5000, number of configurations v — 1 = 30, § = 2 and 300 independent
realizations. We can see on the figure on the left that the error decreases linearly as the time step
decreases. We also remark that the error is smaller with the approximate scheme (@) than when using
the exact simulation of the SDE (E) proposed in the Appendix. This rather amazing result can be
interpreted as follows. When using the exact simulation of the SDE, there is only one source of error
related to the time discretization, namely the approximation of the integral in the exponential factor
in (f). When using the scheme ([17), we add a weak error term which seems to partly compensate the
previous one.
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FIGURE 2. Expectation and variance of the error when ([Lf) is discretized according to
the method described in Appendix (dotted curve) and according to the scheme ([L7) (solid
curve).

The last figures represent the effect of the number of reconfiguration steps. The numerical parameters
are: time step 6t = 5.1073, number of particles N = 5000, # = 2 and 300 independent realizations. The
curve representing the variation of the error according to the number of reconfigurations has the shape of
a basin. We deduce that on the one hand a small number of reconfigurations has the disadvantage that
walkers with increasingly differing weights are kept. On the other hand a large number of reconfigurations
introduces much noise. An optimal number of reconfiguration seems to lie between 20 and 50.

2.2.2. Optimal number of reconfigurations

On Figure E, we check that the optimal number of reconfigurations in terms of the variance ¢ of
Egl’vlfg/ (”ét)(T) (and not of the error as in Section R.2.1)) is also obtained for a number of reconfigu-
ration which seems to lie between 20 and 50 (using again the multinomial resampling method). The
numerical parameters are those considered for the figures below in Figure E: time step 0t = 5.1073,
number of particles N = 5000, # = 2 and 300 independent realizations. We have not studied how the

optimal number of reconfigurations varies according to the other numerical parameters.

We have investigated a practical method to estimate numerically the optimal number of reconfigurations.
On Figure E we represent the variance of Egﬁé/ 6t(t) according to time ¢, without any reconfiguration step
(which corresponds to v = 1). The other numerical parameters are again those considered for the figures

below in Figure E We observe that the variance is minimal at ¢* =~ 0.25. We remark that v = T'/t* = 20
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FIGURE 3. Variance of EIZDVI’VII"CT/ S(T) in function of the number of reconfigurations

when ([Lf) is discretized according to the method described in Appendix (solid curve)
and according to the scheme ([I7) (dashed curve).

is close to the optimal number of reconfigurations obtained on the previous figures. We have checked this

empirical result for various sets of the parameters. It seems that the optimal number of reconfigurations
is related to T/t* where t* minimizes the variance of Egﬁ/}g/ M(t). Since v = 1, no selection step occurs
and the particles are thus independent. According to the multidimensional central limit theorem, the

variance of EIZ)VI’\,}’C?/ ét(t) can be approximated by

1 ([ Var(Vy) Covar(Yz, Z+) o Var(Zy)
¥ (P ~ =00 S Eage + 0 g)
where
t/5t
Y, = EL(X¢)exp | =0t Y Er(Xkst)
k=1
and
t/5t
7y = exp *5tZEL(Xk6t)
k=1

Therefore, the optimal number of reconfiguration steps could be estimated by this method, through a
precomputation over a few independent trajectories.

2.2.3. Comparison of the resampling algorithms

. . . . . N,v,T/(vét)
We finally compare various resampling algorithms on Figure ﬂ, where the variance of Epny& (t) as a
function of time is represented. The numerical parameters are: N = 1000, 6t = 5.1072, v —1 = 20, 6 = 2
and 200 independent realizations.

We first observe on the figure on the left that without any resampling, the variance of the results explodes
with increasing time. This shows the necessity to use resampling algorithms. We compare the follow-
ing resampling algorithms: multinomial resampling (which is (S1) with €, = 0), correlated multinomial
resampling (which is (S1) with €, = 1/ maxj<;<n g(&)), residual resampling (which is (S2)), stratified
resampling (which is (S3)), stratified remainder resampling (which combines residual and stratified re-
sampling, see Remark E) and systematic resampling (which corresponds to stratified resampling with
Ul = ... = UY = U,, see the Introduction). We observe that, as expected, when more correlation
is introduced, the variance due to the resampling is reduced. The multinomial resampling method is
generally the worse, while the best resampling methods seem to be systematic resampling or stratified
remainder resampling.
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FIGURE 5. Variance of Egl’vlfg/ (Vét)(t) as a function of time ¢, for various resampling

algorithms: Without = without resampling, Mult = multinomial resampling, CMult =
correlated multinomial resampling, Res = residual resampling, Strat = stratified resam-
pling, StratRem = stratified remainder resampling, Syst = systematic resampling.

CONCLUSION

In this paper, we have proved on a simple example convergence of numerical implementations of the
DMC method with a fixed number of walkers. The theoretical rates of convergence are confirmed by
numerical experiments and are likely to hold in more general situations. We have also checked numerically
the existence of an optimal number of reconfiguration steps. Various resampling algorithms have been
considered, both theoretically and numerically. For future work, we plan to investigate criteria devoted
to the choice of the number of reconfiguration steps. One interesting direction is the use of automatic
criteria based on a measure of the discrepancy between the weights carried by the walkers to decide when
to perform a reconfiguration step.

APPENDIX : SIMULATION OF THE STOCHASTIC DIFFERENTIAL EQUATION (E)

In this appendix, we show that it is possible to simulate exactly in law the (K +1)-plet (Xo, Xst, - - ., Xrst),
where X, is defined by ([LF). Let (G, U) denote a couple of independent random variables with G normal
and U uniformly distributed on the interval [0, 1].
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Simulation of the increment X; — X, for ¢ > s.

The square R; of the norm of a 3-dimensional Brownian motion W, = (W%, W?, W?) solves dR; =
t
W, -dWy Ry

is a one-dimensional Brownian motion. Hence p; =

3dt + 2\/ thBt where Bt =

0 (|W ] 14 2wt
solves B
t t

dpr = (3—2 — + 2/ —. 58

pt = ( wpt)1+2wt+ Pt T o0 (58)

e . . . . .
It is easy to check that ( 02“( b \/%)t is a Brownian motion. Hence, performing a time-change
in (@), one obtains that p1 (1) = e_QWtRQL(eQWt_l) is a weak solution of the equation dY; =
(3 — 2wY;)dt + 2/Y; dW, satisfied by Y; = X7. Therefore e™", /R 1 (.2we_y) is a weak solution of (3.
For v > u, R, has the same distribution as (v/R, + w! - Wi)2 + (W2 -W2)2 + (W3 - W32 and

therefore as (vRy + Gyv/v — u)? — 2(v —u)log(U) with (G, U) independent from R,,. Hence for t > s, X;
has the same distribution as

G 2 1 1
2wt ws 2wt 2ws\1/2 2wt 2ws
& & XS + —(e — € —2—/(e — € log(U
1/2

, G , S
— (e—w(t—s)Xs + Tw(l _ e—2w(t—s))1/2) _ ;(1 _ e—2w(t—s))1og(U)

where the couple (G,U) is independent from X.

Simulation of X, with distribution 21/)%(x)1{x>0}dac.

. 1/
The random variable \/% (G —2log(U))

as suggested by letting the time increment t — s tend to +o0o in the previous simulation. Indeed,
G? — 2log(U) is a Gamma random variable with density Wml{»o}ﬁeﬁ/? And one deduces

% is distributed according to the invariant measure 2¢)? (7)1 {z>0yde,

the density of \/%Tu (G2 -2 1og(U)) 12 by an easy change of variables.
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