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driven SDE: Rate of convergence

Fabien Panloup*

November 3, 2006

Abstract

We study the rate of convergence of some recursive procedures based on some “ex-
act” or “approximate” Euler schemes which converge to the invariant measure of an
ergodic SDE driven by a Lévy process. The main interest of this work is to compare
the rates induced by “exact” and “approximate” Euler schemes. In our main result,
we show that replacing the small jumps by a Brownian component in the approximate
case preserves the rate induced by the exact Euler scheme for a large class of Lévy
processes.

Keywords: stochastic differential equation ; Lévy process ; invariant distribution ;
Euler scheme ; rate of convergence.

1 Introduction

In a recent paper (see [Pan05]), we investigated a family of several weighted empirical
measures based on some Euler schemes with decreasing step in order to approximate
recursively the invariant distribution v of an ergodic jump diffusion process X = (X;)i>0
solution to a SDE driven by a Lévy process. More precisely, let (Xk)kzl be such an
Euler scheme with sequence of decreasing steps (vx)r>1 and let (n;)r>1 be a sequence of
nonnegative weights. We showed under some Lyapunov-type mean-reverting assumptions
on the coefficients of the SDE and some light conditions on the steps and on the weights
that,
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for a large class of functions f including bounded continuous functions (see Proposition
below, or [Pan0F] for more general results, e.g., when v is not unique). We obtained this
result for two types of Euler schemes: the “exact” Euler scheme that is built using the
true increment of the Lévy process and some “approximate” Euler schemes in which the
Lévy process increments are replaced by an approximation which can be simulated.

The aim of this paper is to study the rate of a.s. weak convergence of (7,) toward v for
these schemes and to devise some variants of our schemes which speed up this rate. This
problem has been first studied, for strongly mean-reverting Brownian diffusions, by Lam-
berton and Pages ([LaPa0d]) when 7,, = 7,, and by Lemaire ([Lem0(]) for more general
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weight sequences (see also [LaPa03] and [Lem03]). In particular, Lemaire established in
that considering some more general weights does not improve the rate obtained
with 7, = v, (although some choices may improve the “sharp” rate). Following this re-
mark and in order to limit the technical difficulties, we will focus on the case 1, = ;.
However, we will assume that (X;) solution to the Lévy driven SDE (see (B)) is a weakly
mean-reverting stochastic process, i.e. that (X;) satisfies a weaker Lyapunov assumption
than in the previously cited papers.

As a first result, we show that the rate induced by the Exact Euler scheme (Scheme (E)) is
the same as that obtained for Brownian diffusions, proxllided the Lévy process has moments
up to order 4. In particular, the best rate is of order n3 (see Theorems [l and [J). However,
in practice, this “exact” scheme needs the increments of the jump component of the Lévy
process to be simulated in an exact way. This is not possible in general except in some par-
ticular cases (stable processes, compound Poisson process, Gamma processes,. .. ). That is
why we need to consider some approximate Euler schemes built with some approximations
of the jump component, especially when the Lévy process jumps infinitely often on any
compact time interval.

The canonical way to approximate the jump component is to truncate its small jumps
(Scheme (P)). This amounts to replacing this jump component by a compensated com-
pound Poisson process (CCPP). For this type of approximation, the smaller the truncation
threshold is, the closer the law of the corresponding CCPP is to that of the true jump
component, but conversely, the higher the intensity of its jumps is. So, there is a con-
flict between the approximation of the jump component increments and the complexity
of its simulation procedure (when there are too many jumps). The choice of the trunca-
tion threshold is the result of a compromise between these constraints. It is time varying
depending on the sequence (7,,) and on the Lévy measure. When the jump component
has integrable variation, we show that it is possible to find a compromise which preserves
the best rate of the exact Euler scheme. We mean that it is possible to construct a step
sequence (7,) and a sequence of truncation thresholds such that on the one hand, the
best rate induced by this type of approximation is of order ns (see Proposition ) and on
the other hand the mean number of jumps at each time step remains uniformly bounded.
This implies that the algorithm has a linear mean-complexity. Otherwise, this constraint
of simulation slows down the best achievable rate. In particular, when the local behavior
of the jump component is very irregular, Scheme (P) provides some very slow rates of
convergence.

We propose to overcome this problem by adapting a work by Asmussen and Rosinski
(JAsRo01]]) in which it is shown that when the truncation threshold tends to 0, the small
jump component of a one-dimensional Lévy process has asymptotically a Brownian be-
havior. It can be extended to d-dimensional Lévy processes (see Cohen and Rosinski,
[CoRo07]). We then construct another Euler scheme (see Scheme (W)) by a wienerization
of the small jumps. For this scheme, the compromise between the simulation and the
approximation of the jump component is less constraining. Actually, we show that if the
jump component has 3/2-integrable variation, it is possible to preserve the rate of ns and
to respect the constraint of simulation. Furthermore, if 7 is symmetric in a neighbor-
hood of 0, the preceding assertion is valid without any conditions on the small jumps (see
Theorem B and Proposition ).

Before outlining the structure of the paper, we list some notations:
e The set My, of matrices with d rows and [ columns and real-valued entries will be en-
dowed with the norm || M| := supyz <1y [M=|/|z].
e For v+ € R? and k¥ € N, 2% denotes the element of (R?)¥ defined by ﬂ:%{“% =
Ty Tiy - .. T, for every iy, ...ix € {1,...,k}.
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e For every CF-function f : R% — R and z,y € R we adopt the following notation :

k
Dy = S T

i1enin€{l,....k} Oy ... O,
If D*f is bounded, we set

ok f
1Dl = supsup [ ().
i1,ein€{l,....k} zeRd OTiy - .. Oy,

e We say that V : R? — R* is an EQ-function (for Essentially Quadratic function) if V'
is a C2-function such that lim V(z) = 400 when |z| — 400, |[VV| < CVV and D?V is
bounded.

e We set 'y, = Y14 Yk, and for s > 0, ¥ = > orq 7,(:).

In Section fl, we introduce the framework and the algorithm, and we recall a result of
convergence of the sequence of empirical measures established in [Pan0j]. In Section f], we
state our main results about the rate of convergence induced by the exact and approximate
Euler schemes when the Lévy process has moments higher than 4. Sections [ (resp. [)
are devoted to the proof of these results in the exact case (resp. approximate case). In
Section [, we state a partial extension of the main results when the Lévy process has less
moments. Finally, in Section [], we propose some numerical illustrations of our theoretical
results.

2 Setting and Background on convergence results

For a Lévy measure m on R!, we denote by (Hp) the following moment assumption

(Hp) / ly|?P7(dy) < +oo  with p > 1.
ly>1

We recall that a Lévy process with Lévy measure 7 is 2p-integrable (see e.g. [BaMiRe01l],
Theorem 6.1). In [Pan05], we studied the convergence to the invariant measure for every
p > 0. Here, we only consider the p > 1 case because our main problem is to observe
the impact of the approximation of the jump component which only depends on the small
jumps.

Throughout this paper, we denote by (X¢):>0 a solution to the following SDE

dX; = b(X,-)dt + o(X,- )dW; + K(X,- )dZ; 2)

where b : R? — R% 5 : R? — Mg and & : RY — M ; are continuous with sublinear growth,
(Wi)i>0 is a l-dimensional Brownian motion and (Z;);>o is a locally square-integrable
purely discontinuous R-valued Lévy process independent of (Wi)e>0 with Lévy measure
m and characteristic function given for every ¢ > 0 by

E{e'<%%>} = exp [t(/ei<u’y> —l—i<u,y> W(dy))]

We recall that (Z;);>0 is a CCPP if and only if 7 is a finite measure and that, otherwise,
it can be constructed as a limit of CCPP: let (uy)n>1 be a sequence of positive numbers
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converging to 0. Let D, = {|ly| > u,} and let ((Z;y)i>0)n>1 denote the sequence of
processes defined by

Zini= Y AZd(az.en,y — t/ yr(dy) VYt >0. (3)
0<s<t Dn
For every n > 1, (Z; )0 is a CCPP with intensity A, = 7(D,,) and jump size distribution

tn(dx) = 1p ﬂ((dx)) Furthermore, Z_ , D240, 7 in L2 locally uniformly, i.e.

E{ sup |Z — Zin)?} 22520 VT > 0.
0<t<T

Discretization of the SDE. We introduce three Euler schemes. Scheme (E) is con-
structed with the exact increments of the jump component and is called the exact Euler
scheme. Schemes (P) and (W) are approximate Euler schemes. In scheme (P), we truncate
the small jumps and in scheme (W), we refine the approximation by a wienerization of
the small jumps.

Let (yn)n>1 be a decreasing sequence of positive numbers such that limy, = 0 and such
that I',, — +o00. Let (Up)n>1 be a sequence of i.i.d. square integrable centered Rl-valued
random variables such that Yy, = I;. Finally, let (Z,)n>1, (Z:;)nZI and (sz)nzl be
sequences of independent Ri-valued random variables, independent of (Un)n>1 satisfying

Zn £ s Z:; £ Zy,n and Z:LV £ Z:; + /Y Qnin Vn > 1,

where (Ay,)n>1 is a sequence of i.i.d. random variables, independent of (Z,f)nzl, Un)n>1,
such that EA; = 0, X5, = Iy and E{A?3} = 0, and (Q,,) is a sequence of [ x [ matrices
such that

(Qn@y)ij = / yiy;m(dy).

ly|<ug

We then denote by (X,), (X,f ) and (X,:V ), the Euler schemes recursively defined by
Xo=X, =X, =z €cR?and

Xn+1 = Xn + ’7n+1b( n) T vV 'Yn+10( 2)Uny1 + “(X )ZnJrl E)
S P —P P, 5P

Xn+1 = Xn + ’yn‘f’lb( ) + \/rynJrlo-( ) n+1 + K(Xn )Zn+1 P)
— W - W W W

X1 =X 4+ 70010(Xy )+ VA0 (X Wnir + 6(X,) ) Zp . (W)

We denote by (F,), (F,) and (F, ) the natural filtrations induced by (X,), (X, ) and
(X)) respectively.

(
(

REMARK 1. Note that Z,f can be simulated if both the intensity and the jump distribution
of (Z;n)i>0 can be computed. Its simulation time depends on the number of jumps of
(Zin)t on [0,7vy]. Its mean is 7w(Dy)V,. In order to ensure the linear mean-complexity of
the algorithm, we ask in practice these means to be bounded, i.e.

sup 7(Dyp)vn < 400. (4)

n>1

In scheme (W), @, can be computed by the Choleski method as an upper triangular
matrix if ), Q) is definite. Otherwise, we can compute the principal square root of @, Q.

The associated sequences of empirical measures are defined by
I & I w1
v, = i kz_lnkaxkl v, = i ;nmx:l and 7, = i kz_lnkaxw (5)

where (n,) is a sequence of positive numbers such that H,, = >, n 2F0, oo
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REMARK 2. As already mentioned, the rate of convergence will be only studied in the
case 1, = Y,. However, in the proof, we will intensively make use of convergence results
for more general weighted empirical measures. That is why Proposition [ is recalled in
quite a general setting.

Let us pass now to the Lyapunov mean-reverting assumption. Let a € (0, 1] be a parameter
relative to the mean-reversion intensity. Let » > 0 be a parameter relative to the growth of
the noise coefficients o and k. In the sequel, we assume that there exists an FQ-function
V such that

Assumption (S, ;) : b2 < CV® Tr(oo®) + ||k||> < CV" with r < a.
Assumption (Rj,) : (VV,b) < B—aV*® witha>0and 8 €R.

The first deals with the growth control of the coefficients and the second is called the mean-
reverting assumption. These two assumptions imply assumptions (Sapq) and (Rap.q)
introduced in [Pan0%]. Hence, we derive the following result from [Pan0j]:

PROPOSITION 1. Let a € (0,1], p > 1 and r € [0,a). Assume (Hp), (Ra) and (Say).
Assume E{|U1|?P} + E{|A1]|?P} < 400 and (0, /vn) nonincreasing.
(a) i. Then,
sup 7, (V214 1) < 400 a.s. (6)
n>1
Hence, the sequence (U,,)n>1 is a.s. tight as soon as p/2 +a—1> 0.

ii. Moreover, if k(x) Bl o(|z|) and Tr(oo*)+ ||k||2 < CVET"1, then every weak Limit
of (1) is an invariant probability for the SDE [B). In particular, if (X;)i>0 admits a unique

invariant probability v, then for every continuous function f such that f = 0(V§+a—1)’

T 7, (f) = v1/).
iti. Furthermore, E{V?(X,)} = O(y) and if a = 1, sup,>; E{V?(X,,)} < +oo.

(b) The same result holds for (17::)”21 and (D,Vlv)nzl.

REMARK 3. For schemes (E) and (P), the above proposition is a direct consequence of
Theorem 2 and Proposition 2 of [Pan0f]. We did not study scheme (W) in [Pan0j] but
it is straightforward to show that the proposition holds true with a similar proof as that
used for scheme (P). Note that when a = 1, n — E{V?(X,,)} is bounded whereas when
a < 1, i.e. when the intensity of the mean-reverting is weak, one only has a control of
its growth. This induces some technicalities but has no significant influence on the main
results.

3 Main results

In this section, we suppose that E|Z;|?P < +o0o with p > 2 (see Section ] for an extension
to p € [1,2)). Let A denote the infinitesimal generator of (X;). A is given for every
C2%-function f with bounded second derivatives' by,

Af(@) = (V1,B)(&) + 5 Tr(o" D fo) )

T / (Fla+ w()y) — F(@) — (V). wlz)y) gy <) 7(dy).

!Note that for such function, Af is well-defined since E|Z;|* < +oo0.




We evaluate the rate of convergence on some test functions g such that g = Af + C where
C is a nonnegative real number and f satisfies the following assumption:

(CR): (4) f € CHRY) and f(z) = O(V(x)) as |z| — +oo.
(i) For k = 2,3,4, D*f is a bounded and Lipschitz function.
(i31) [V f(2)]? = O(V2(z)) as |z| — +oo with e € [0,p/2 +a—1—7).

Since v is invariant for the SDE (), we know that v(Af) = 0 (see e.g. [Pag01]]) and then,
v(g) =v(Af + C) = C. It follows that it suffices to evaluate the rate when C' = 0.

REMARK 4. For a jump diffusion like (f), we are not able to characterize simply the set
of functions g which can be represented as g = Af + C with f satisfying (C?). However,
in the case of Brownian diffusions processes, some important works have been done in
that direction. Actually, in [PaVe0T]], [PaVe03] and [PaVe0d], Pardoux and Veretennikov
show that in a Sobolev framework, existence and unicity hold for the Poisson equation
g —v(g) = Af where A is the infinitesimal generator of a positive recurrent diffusion.
Moreover, in [LaPa03], Lamberton and Pages show that when the diffusion is an Ornstein-
Uhlenbeck process, the above equation can be solved in C?(R%).

For this class of functions, the global structure of the rates of convergence is elucidated.
For Scheme (E), our main result is Theorem [. We show that for every sequence (7vy,),
there exists a sequence (p,) such that (p,7, (Af)) converges weakly: a fast-decreasing
sequence (7;,) (in a sense being precised in Theorem [l(a)) leads to a CLT and a slowly-
decreasing sequence (7,,) leads to a convergence in probability to a deterministic constant
(see Theorem [[(b)). The rate (p,) is maximal for a “critical” choice of (7, ) for which both
types of convergence occur simultaneously. In particular, if v, = y;n~¢ with ¢ € (0,1],
the best rate holds for ¢ = % (see “Particular Case”). In this case, p, is of order na.

As concerns the approximate Euler schemes, our main results are Theorem ] and Propo-
sition Pl In the first one, we describe the structure of the rate induced by Scheme (P)
and (W) as a function of (v,,) and of (u,). When (u,) decreases “sufficiently fast” in a
sense depending on the choice of the scheme, on () and on the Lévy measure, the result
induced by Scheme (E) remains valid for schemes (P) and (W). Otherwise, the approxi-
mation of the jump component dictates a slower rate of convergence.

Theorem f can not be directly applied in practice because it does not specify whether the
fundamental condition of simulation () is compatible with the theoretical results. This is
the purpose of Proposition ] in which we give the best possible rates for schemes (P) and
(W) under condition (f]) as a function depending on the local behavior of the small jumps.
In particular, Proposition f| clarifies the impact of the wienerization of the small jumps
announced in the introduction and shows that it makes possible to preserve the same rate
of convergence of the exact Euler scheme for a wide class of Lévy processes (for which the
exact simulation of the increments is impossible).

Let f € CY(R?). We define H/ by
H (z,2,y) = (= + w(x)y) = f(2) = (V[ (), w(x)y)
and z — HY(z,x,y) is denoted by I:IfLy. Our first result is the following:

THEOREM 1. Assume that E|Zy|*’ < +oo with p > 2 and that (B) admits a unique
invariant measure v. Let a € (0,1] and r > 0 such that (Ra) and (Say) are satisfied and
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p/2 +a—1> 2r. If moreover, B{U®} = 0, E{|U1|>’} < +o0 and 1, = vy, for every
n > 1, then for every function f : R%— R satisfying (CP),

@ o
F m 3 €10,4+00), VInv,(Af) % N(’?m,&?).
n—-+0o0o

(b) If \/rﬁ m +00, %Dn(Af) n%oo m
where &]% = [(|o*V fI*(@) + [ (f(z + K(z)y) — f(x))zﬂ(dy))l/(dx) and,

/ 61(2) + 9a() + 9u(2)w(de) with 61 (x) = D2 (2)b(a),
0) = [ GDPHa)ba)s (o)) + 5 DA (@) o)) Py, du)
ond, da(z) = 5 [ ) / (o) B2 (2,2, 1)
+ [y (VL (@), 6@)) + [ Py (@)D, ) ) ) ?).

Particular Case. Assume that 7, = y;n~¢ with ¢ € (0,1]. Then,

VaTlogny, (Af) £ N(0,6).  if¢=1

n—-+0o0o
1/3—14711%% (Af) nﬁw/\/(@m,&;). if ¢ € [1/3,1)
P :
7(1 Onu (Af) ™ if(<1/3

where 4 = 0if ¢ € (1/3,1) and 4 = /643 if ¢ = 1/3. On Figure [l, one represents ¢ + h(()
where h(¢) denotes the exponent of the rate. One observes that CHI(%)i]h(C) =h(1/3) =1/3.
€

)

0.35
13

L L L L L L L L L
0 0.1 0.2 03,3 04 0.5 0.6 0.7 0.8 0.9 1

Figure 1: Rate of convergence for polynomial steps

REMARK 5. Theorem [[| shows that the rate is the same as that obtained for Brownian
diffusions. In particular, when £ = 0, Theorem [| extends the rate results of [LaPa0J]
and [Lem0d] to the weakly mean-reverting diffusions (a < 1), whose convergence to the
invariant measure has been studied in [LaPa03)].

Note that the condition E{U; ®31 — 0 is not necessary for the convergence of the empirical
measures but plays a role in the rate. Without this condition, the best rate would be of

order n1, obtained for ¢ =1/2 (see [LaPa03] in the case of Brownian diffusions).
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Let us pass now to the main results for the approximate Euler schemes. Let (ug)p>1
denote the sequence of truncation thresholds and set B,(fzr = Y 1 Vk f|y‘ <, Y (dy).

For s € {2,3,4}, we introduce a new assumption (Al) which is relative to the impact
of the jump component approximation as a function of the steps and of the truncation
thresholds:

(Al) . /37(7:?21' n——+0o0 A

o s € [0,400] and an Ui cSNyE IS
Iy

[0, 4+00].
VIn
Since s — ﬁr(fzr is a decreasing function, s — &g and s — ﬁs both decrease. This can be
interpreted as follows: the constraint on (uy) decreases with s.

For s € {2,3,4}, we also introduce another assumption on the Lévy measure that will be
necessary to transform some tightness results in some convergence in distribution results:

ol <ug Yin - Yi, m(dy)

For instance, the above assumption is satisfied if 7(dy) = ¥(y)\(dy) where v satisfies:
there exists o € [, 1 + 2) such that |y|*™4(y) — Cp € R when y — 0.

Throughout this paper, we will say that the Lévy measure 7 is quasi-symmetric in a
neighborhood of 0 if f{\ylﬁu} y®371(dy) = 0 for u sufficiently small. In particular, this
assertion holds if 7 is symmetric in a neighborhood of 0.

We will also say that a real-valued random variable X is quasi-subgaussian if there exists
m > 0 and o > 0 such that for all M >0

(A2): For every iy,...,is € {1,...,1}, (f )k converges in R.
>1

P(|X|> M) <P(|Y|+m > M) with Y ~N(0,0%).

THEOREM 2. Let a € (0,1], 7 > 0, p < 2 such that the conditions of Theorem [} are
satisfied. Assume that E{|A1|*P} < 400 and that (uy)r>1 s decreases to 0.

(a) i. Scheme (P) Assume that (AY) holds with s = 2.

o Ifay; =0 or Bs = 0, then the conclusions of Theorem [ are still valid for (7, )

o If &y € (0,+0c] and B € (0,+00), then (B(S) v, (Af))n>1 is tight with quasi-subgaussian
limiting distributions.

o If és € (0,400] and B = +oo, then (X

B(S) v, (Af))n>1 is tight with bounded limiting
distributions.
ii. Scheme (W): Assume that (A}) holds.

Then, the conclusions of (a).i are valid for (v, (Af))n>1 with s = 3. Furthermore, if 7 is
quasi- symmetm’c in a neighborhood of 0 and (Al) holds, the conclusions of (a).i are valid

for (7 (Af))n>1 with s = 4.

(b) i. Scheme (P): Assume that (Al) and (A2) hold with s = 2. Then,

I, 5 e -
3%) ﬁ::(Af) % ./\/(m/as ms, (af/ﬁs)Q) if &5 € (0,4+00] and G5 € (0, +0)
I, _p P e n 5
& /n (Af) = m/és —ms if ag € (0,+00] and S, € (0, +00),
/BTLJI' n—-+o0o
with |ma| < ma = (d/2)||D? flloo [ |6l|*(@)v(dz) and m and 6 0 like in Theorem 1.

ii. Scheme (W): Assume that (AL) and (A2) hold.
Then, the conclusions of (b).i are valid for (v, (Af))n>1 with s = 3 and a real number ms

8



o _ 3
satisfying ms| < my = (d4 /6)|D*fll [ In()]/2v(d).
Furthermore, if 7 is quasi-symmetric in a neighborhood of 0 and if (AL) and (A2) hold, the
conclusions of (b).i are valid for (17:/ (Af))n>1 with s =4 and a real number my satisfying

[ma| < may = (d*/24)|D* flloo [ |5 ()] v (d).

REMARK 6. Note that in the one-dimensional case, Assumption (A2) is always satisfied
when s = 2 or s = 4. In those cases, ms; = éff(s) (x)k(z)*v(dx). If s = 3, Assumption
(A2) is satisfied if f{ly\<uk y37r(dy)/f{‘y|<uk ly]37(dy) — a3 € R. In this case, m3 =
agi [ f®(2)r(z)3v(dz). In the multidimensional case, the value of ms is also explicit but
its expression is more complicated (see proof of Lemma [7).

Let us now state Proposition fl. In (a), we provide some conditions on the Lévy
measure in the neighborhood of 0 which preserve the rate of convergence induced by the
exact Euler scheme under the condition of simulation (4f). In (b), we suppose that the
Lévy measure has a density closed to that of an a-stable process in the neighborhood of
0 and give in that case the optimal rate for the two schemes as a function of «. For these
two parts, we also give some available choices of steps and truncation thresholds.

PROPOSITION 2. Let a € (0,1], 7 > 0, p > 2 such that the conditions of Theorem [] are
satisfied. Assume that E{|A1|*P} < +o0 .

(a) Assume that f{‘y|§1} ly|im(dy) < +oo with g € [0,2] and set vy, = ’ylk_% and uy, = v},
with r € [%, Squ] Then, Condition () holds and,

. 1p c .
i. Scheme (P): If ¢ <1 and s =2, n31, (Af) o V2/3N (m 6,0?).

.. 1_w L A
ii. Scheme (W): If ¢ < 3/2 and s = 3, n3v, (Af) i V2/3N (m 6,0]20).
Furthermore, if ™ is quasi-symmetric in the neighborhood of 0, the preceding assertion is

valid with s = 4 and every q € [0,2].
(b) Assume that there exists g > 0 such that

. Cy Cy
m(dy) = Y(y)Ai(dy) with 1{o<\y|geo}|y|T+l <(y) < W1{0<\y|geo}- (7)
Set v, = ylsz(%vﬁ), up =y, with r € [é, m] Then, Condition (H) holds and,

i. Scheme (P), s = 2: (n(%/\i%)ﬁ,};(Af))n>1 is tight.
ii. Scheme (W), s = 3: (7”L(%A2%g)17,‘;‘/(14f))n>1 is tight.

REMARK 7. Figure [ represents o — h(a) where h(a) denotes the exponent of the
optimal rate induced by each approximate scheme under the assumptions of Proposition
B(b). This figure emphasizes the necessity of scheme (W) when the jump component has
infinite variation because the optimal rate of convergence induced by scheme (P) decreases
very rapidly in that case.

REMARK 8. The fact that we optimize the rate for the range of sequences (v, ug)r>1 such
that the linearity of the mean—complexilty of the procedure is ensured can be disputable
when the optimal rate is not of order n3. Actually, in this case, even if for a smaller level
of truncation, the linearity of the complexity fails, the theoretical rate is better. Hence,
another point of view consists in evaluating the order of precision as a function of the
complexity. Some precise statements on that question would require some Berry-Esseen
type estimates (in our inhomogeneous framework). Nevertheless, heuristic study can be
done when ([) is satisfied and suggests that the asymptotic order of precision as a function
of the mean-complexity is optimized for a class of steps and truncation levels including
the choices of Proposition f.
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Figure 2: Optimal rate in terms of the local behavior of the Lévy process

4  Proof of Theorem []

In this section, we prove the main result induced by the exact Euler scheme: Theorem [l.
Firstly, we decompose v,(Af) (see Lemma []) and then, we compute the rate of each term
of the decomposition in Lemmas [, f and fJ. (We will principally focus on Lemmas P and
f where the rate of the jump part of the decomposition is studied). Finally, a synthesis of
the previous lemmas is realized in subsection .3 and completes the proof of Theorem [il

4.1 Decomposed computation of the rate of v, (Af).

We set
Xp1=Xp—1 +mb(Xp—1), and Xgo = Xi1+ V70 (Xp—1)Us.

Denote by (Z(k))kzl, a sequence of i.i.d. random variables such that 7% £ 7 and set
~ (k)

Zy=12,".

LEMMA 1. For f € C*(R?), we have the following decomposition.

n

> AT (K1) = F(Ka) = F(X0) = D (6100 K1, Un) + &2 Ki1, 7))

k=1 k=1
& o . )
-y <®1(’Ykan—1) + O2(Vk, Xi—1, Uk) + O3 (s Xp—1, X2, Z ))
k=1
. . c o W
= >~ ((B1 + Ro) (o, K1, Un) + Rl K1, K2 2))
k=1
where,

51(7556’ Uk) = ﬁ<Vf($),J($)Uk>,
&(v, 2, 2) = /0 (Vf(z),k(x)dZs) + ( Z H (z,2,AZ,) — V/I:If(x,x,y)w(dy)),

0<s<y

1
01(7,2) =4 /0 (Vf(x + Oyb()) — Y f (), b(a)) b,

1
Oa(y, 2, u) = 7/0 (1= 0)(D*f(z +b(z) + 0y/yo(z)u) — D*f(x)) (o (2)u)**dd,

10



Os(v,z,2,7) = Z (ﬁf(x,z, Z AZg) — ]:If(x,x,O,AZs)),
0<s<y

Ry, Up) = VAV (@ + b)) = V1 (@), 0(2)U),
Ro(,,Uk) = 2 (D f(@)(0(@)Uk) > — E{D(2)(0(2)Ux)*2}),

Y
Ry(y.2,2.7) = /0 (VF(z + k(@) Zs-) — ¥ f(2), w(2)dZs).

Proof. We write

FX0) = F(Ximr) = (F(Kien) = F(Ki1) + (FOD) = FEE)) + (£(X) = F(Ki2))

We expand the first two terms by the Taylor formula and use the It6 formula (with jumps)
for the last one. The lemma follows by summing up the equality for k =1,...,n. O

As mentioned before, we study successively the rate of convergence of each term of the
previous decomposition. We start by showing a CLT for the terms associated with & and

Eo.

LEMMA 2. Assume that (Hp) holds for p > 2. Let f : R — R satisfy (CF). Then, with
the notations of Lemma [], we have

(0
B(l6(r e 2)P =7 [ (f(a+ (o) — F(a)) n(dy) ®

and there exists § > 0 and a locally bounded function C such that
E{|&a(y, 2, Z)P1 0} < Cla)y (9)
(b) Moreover, if (Ra) and (Say) hold with 2r < p/2+a —1 and E{|U1|?’} < +o0, then,

n

1

(51(%, Xi—1,Ug) + &2 (v, Xi—1, Z(k))) £, N(0,63),
k=1

with 6% = | (wwy?m + [ (flo + r(x)y) — f(m))%(dy)>u(dx).

5

Proof. (a). Let (Z ,)n>1 be the sequence of processes defined by (). We know that

)

E{ sup |Zs, — Zs|2} notee ),
{0<s<t}

As Z , has bounded variations, (7, x, Z. ,) can be written

RN IEEY 1{Azs|>un}(f(w+f~@(w)AZs)—f(fﬂ))—7/ (f(a+r(2)y) = f(2))m(dy).

0<s<y {lyl>un}

Since D?f is bounded and E|Z|? < 400, one easily checks that &(v,z, Z ) is a locally
square-integrable purely discontinuous martingale. We deduce from the compensation
formula that

E{|&s(v, 2, Z.)P} = / 1 (2 + s(@))) — F(@)Pn(dy). (10)

{lyl>un}

11



We also check that

E{le2(v:2,2) = &2, 2"} < G {ll< }\y!27f(dy) 0.,
Ylsun

Letting n — 400 in ([L0) yields the first identity.
Now, let us prove the inequality. &(v,z,72) = (Vf(x),k(x)Z,) + M, where M is a
martingale defined by

My= > / (Vf(x+ 0k(x)AZs) — V (), k(z)AZs)db

0<s<y
s / /0 (V£ + O(2)y) — V f (), w(z)y)dbm(dy).

Let 0 € (0,1] such that 4(1 4+ ¢) < 2p. Since Vf is Lipschitz continuous, we derive from
the Burkholder-Davis-Gundy inequality that

E|Z’y|2(1+6) SE{( Z |AZS|2)1+5} and E|Mfy|2(1+5) < C'(x)IE{( Z |AZS|4)1+6}.

0<s<y 0<s<y

It follows that

E{6 (7,2, )P0} < L@E{( Y IAZP)'} + G@E{( Y 18z,

0<s<y 0<s<y

Then, it suffices to prove that

E: ( Z |AZS|2+p)1+6} = O0(v) for p=0and p=2. (11)
0<s<y

Denote by (M) the martingale defined by M, = D 0cscry |AZPTP = [ |y|*"Pr(dy). B
the elementary inequality

Vu,v € Rand o >0, |u+v|* <29V (Ju|® 4 |v]). (12)

we have,

{ Z |AZ |2+p)1+6} <C(E|M |1+5+71+5/|y|2+p77(dy))

0<s<y

By the Burkhélder-Davis-Gundy inequality,

E|NE, |10 < CE{( 3 yAZS,2(2+p))1T“}.

0<s<y

Since (1 +6)/2 < 1, it follows from ([J) and from the compensation formula that

BN < CB{ Y AZ[@090} < 0y [ 1y)@ 00 n(ay).
0<s<y

Since 2 < (24 p)(1 +6) < 2p, [ |y|@FPU+)71(dy) < +oc. () follows.

12



(b) Let {(§7),k =1,...,n,n > 1} be a sequence of triangular arrays of square-integrable
martingale increments defined by

1
7y

§p = (51(’7k,Xk—1aUk) +£2(’Ykan—1aZ(k))>-

Since X7, = I;, we have
E{|&1 (Vs Xi—1, Uk)*/ Fr1} = Wl 0"V 2 (Xi—1)-

Moreover, & (e, Xk—1,Ug) and & (e, Xp_1, Z(k)) are independent conditionally to Fj_1
and

> > (
E{€1 (v, X1, Ur) [ Fim1} = B{&a (v, Xppo1, 2") | Fur} = 0.
Then, we deduce from (f) that

B/ Fimt) = 1 (B{I1 O Kot ) P/} + E{laC Ko, 202 i}
= ;_: <’U*Vf’2()_(k71) + / (f(Xp—1 + 6(Xp—1)y) — f()_(k,l))%(dy))_

Since D?f is bounded, we derive from Taylor’s formula and from the assumptions on 7
and on V f that

/ (f(-+ K(y) = F()) m(dy) + 0"V [P < OVEDIVED = oy ite-l) (13)

Hence, Proposition [l] yields
S B PF) 2 [ (0P [ (1RO - FO) R (1)
k=1

Then, the lemma will follow from the central limit theorem for arrays of square-integrable
martingale increments (see Hall and Heyde, [HaHe8(]) provided the Lindeberg condition
is fulfilled, i.e.

RZ — ZE{|£2|21{\5£\2P}/}-’9_1} ijio—) 0 a.s. V,O > 0.
k=1

Let A € (0,400) and set
7A _ n
BT =Yg < BUE Ly /Fro ),
k=1

7A - n
RS = Luxe 2 BUS Ligpizpp/ Fro )
k=1

We have E{|&7 [*1ien|>py/Fr—1} = F4(Xy—1,7%) where
n 1
Fi(z,v) = P—E{|§1(%ﬂ% Ur) + &%, 2, 2) P (16, (g o) 60 (r.0.2) 5 o0/} -

Let § > 0 such that () holds. By setting p = 1 +d and ¢ = 2, we derive from the
Holder inequality that

Fi(z,7) < -E(la(r, 2,046y, 7, 2)PIO) 5 (B(jea (v, 2, 0463, 2)] 2 p/T)
13
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On the one hand, we deduce from ([[d) and from (f]) that

1

E{|€1(y, 2, U) + & (7, 2, Z)PFOVT < Cla,6) (v + 7)™ < Cy(w, )y T

where x — C4(z,9) is locally bounded. On the other hand, we deduce from the Chebyschev
inequality that,

735 1 5
<P(|51(%33,U1) +&(v,2,Z)| = pyv Fn)) < WEH&(%%UO + &y, @, Z) P}
p n 1+6
< Co(a, 0, p) ()19

where x — Cy(z, 9, p) is locally bounded. Then, for every A > 0 and p > 0,

& 1
Z M = Cap—F

n— 00
s —— 0
k=1 Lare

RPA4 <Cpp——75 a.s.

n,1 s
F}jm

Now, we observe Rf{é- From ([J), we have : E{|¢}?/F_1} < CVF(Xj_1) with 8 <
p/2 4+ a — 1. Therefore,

VB (x

Rf’p < 1z E{|€}?/Fr_1} < sup 7)Sllpﬁn Viatemly = g(A)p, (Vate !
2 kZl 1% > A BAIER 1/ P} e e ( ) = ¢(A)7n( )

where ¢(A) AZF%, 0. Since SUD,eN 7n(VE1*1) < 400 (see Proposition [l), letting
A — 400 yields
R MmNy a.s. VYp>O0.

U
Lemma 3. Let a € (0,1], v > 0 and p > 2 such that (Hy), (Ra), (Sax) hold and

p/24+a—1>2r. Assume that E{UZ?} = 0 and that E{|U;|?} < +oo. Let f : R = R
satisfying (CY). Then,

(a) T /T, — 0,
1 < o > (k)
i ;; O3(Vk, Xp—1, Xk 2, Z * ) n_%oo 0.
(b) If T /\/T — 4 € (0, +00),
1< > > k), P
@;93(%7)(1%1,)%272 )n:m /¢3(3€)V(d9€)

where ¢3 is defined like in Theorem [].

The proof of this lemma is realized in subsection (.3

REMARK 9. If Z is a compensated compound Poisson process, computing the rate of
convergence of O3 consists in evaluating what happens after its first jump. Naturally,
this argument has no sense when the Lévy measure is not finite but the proof and the
formulation of ¢3 show that it keeps some sense in average.
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LeMMmA 4. Let a € (0,1], 7 > 0 and p > 2 such that (H,), (Ra), (Sax) hold and

p/2+a—1>2r. Assume that E{UZ*} = 0 and that E{|U;|?} < +oo. Let f : R4 = R
satisfying (C¥). Then,

(a) If T3 /YTy — 0,
1 " P
O Xi_ C) Xi_1,U, 0
\/ﬁ; 1(Vk, Xk—1) + O2 (e, Xp—1, Ug) W O
I <« = = = = (k) P
N > Ri(k, Xk-1,Ur) + Ra(vks Xe—1, Uk) + Ra(i, X1, X2, Z ) W O
" k=1
(b) IfF,(12)/\/Fn ZH0, 4 € (0, +00], we have
1 <& P 1 < P
@ ; O1 (v, Xk—1) ! and @ ; O©2(vk, Xk—1,Uk) DT M2

with m; = %/DQf(x)b(x)(ml/(dx)

and, my = [ [ G0 @)sb(a)s (olan)® + 3 DU (@) o a)u)* By (duw(do)

2
At last,
1 ¢ o o o o ®) P
— > R0, Xie1, Uk) + Ra(ye, X1, Uk) + Ra (v, X1, X2, Z20) —— 0.
Fn 1 n—-+4oo

Proof. The arguments of this proof are quite similar to those of the previous lemma.
Then, we leave it to the reader. O

4.2 Synthesis and proof of Theorem [

e Proof of Theorem [] when T\ /v/I', — 0: Looking into the decomposition of o, (Af)
introduced in lemma [l], we deduce from lemmas B, f(a) and [j(a) that

Tnin(Af) — (f(an/%(XO)) nioo /\/(0, &;). (15)

Now, f < CV. Then, by Proposition [[(a).iti and Jensen’s inequality, E{f(X,)} <
1
E{VP(X,)} < CT}. Tt implies that

f(Xn) = f(Xo) 1

0
A /Pn n—-o00

and Theorem [l] is obvious.

e Proof of Theorem [| when F%Q)/\/F_n — 4 € (0,+0cc]: in this case, T, < cr?. 1t

implies that ~ ~
f(Xn) — f(Xo) o

F,(E) n—-4o0o

According to Lemmas B, f(b) and [(b), we have

0.

_ _ P oo

Lo oo (F(Xn) = f(K0)\ JuTrne ™ iy = too
5 Vn(Af) 2 c

r? r® = ./\/('Aym,[f]%) if 4 < 400

and the result follows.
15



4.3 Proof of Lemma [

In the proof of Lemma [, we usually need to show that some sequences tend to 0 in
probability. The arguments used for this are collected in the following lemma (these
arguments also work for the proof of Lemma [).

LeMMA 5. Let a € (0,1], 7 > 0 and p > 2. Assume (H,), (Ra) and (Sar). Suppose

that E{|U1|?P} < +o0 and let (F}) be a sequence of random variables such that Fy, is Fi-
measurable.

(a) Assume that F(Q)/\/ — 0.
i, If |Fy| < C2VETL (X, ), then, 1/vTn S0 Froy — 0.

n—-+0o0o
ii. If B{Fy/Fr_1} = 0 and E{|F]*/Fr1} < C(}VP(Xj1) + 13V 7 (Xjo1)) with € €
[0,1) then, 1/vTy S2°_, Fy, % 0.
(b) Assume that T’ 2)/\/ DoF, 5 € (0,+00]. Then,
i If |[Fy| < C2H0vETe Y (X, ), 1T S0 Fry % 0.
ii. If B{F/Fr-1} = 0 and B{|F}*/Fr_1} < C(VP(Xi1) + 13V 2 (K1) with ¢ €
[0,1) then, 1/TE S0 1Fkn%mo

Proof. (a)i. By Proposition [l(a).iii, E{V?(X,)} < CT,. We then derive from Jensen’s

inequality that
1 I & 5.2
< — re.

where p = p/2 4+ a — 1. Hence, the first assertion is obvious if

Z PP Uima Ny} (16)
" =1

If (14) is not fulfilled, then we have lim inf \/% > h_1 v2VTk > 0 because p/p < 1/2. It

follows from the Kronecker Lemma that we have necessary Zk21 7,% = +o00. By setting

N = 'y,%, we can apply Proposition [l| and deduce that

SUP 7 ZW”*“ '(Xp1) < 400 as. (17)
n>1 Ty

Since T\ /T 225220, the first assertion follows when ([[) is not fulfilled.
ii. Since E{V?(X,,)} <T,, we derive from Jensen’s inequality that E{|Fy|*} < C(viTy +

szg), with € € [0,1). On the one hand, one checks that Y 7_; Vil < (I’,(12))2. Hence,
since I’g)/\/l‘n 2242, 0, we have

Fg) )2 n—+o0o

1 n
T, 2k C<(m>2 . &

On the other hand, one observes that Y, Fk < Sl 17 ’“ — < +oo. Hence, the

Kronecker Lemma implies that

1 & R
m DT . (19)
" =1
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It follows that ﬁ S E{| B} ¥, 0. This yields the second assertion of (a).
(b) i. We derive from the assumptions that

1 & C Pig 1o
—y 2 < g Yo VER T (X). (20)
Fn k=1 Fn k=1

Then, (b).i. follows from ([[7) which is still valid because Y, ;v = +oo.
1. It suffices to check that -
1 - 2 n—-4o0o
W > E{|F’} 5 foo. (21)
n k=1

With the same arguments as in (a).i7, one checks that

1 “ 9 C & 2 (2)ve C < 31me .

On the one hand, we deduce from the Kronecker Lemma that

1 = 2/ (2)\e n—-+oo

On the other hand, for every € € [0,1)

1 N ospen—doe 1 X™ ne
n k=1 n k=1

because Y p_; Vil < (Fg))2. Hence, we derive from (PJ) that

1 - 2 n—-4oo
W;EHFIJ }——0

which completes the proof. ]

Proof of Lemma [. (a) In order to alleviate the notations, we prove the lemma in the
one-dimensional case. We set

O3(v,2,2,Z) = /Oy ds/ﬂ(dy1)<ﬁf(z+/<;(x)Zs,x,y1) — ﬂ'f(m,a;,yl)).

O3(v,, 2, Z) is the compensator of O3(v,x,2, Z). Then, since O3(7,x, z, Z) is a purely
discontinuous process, we have

E{|(©5 — 63)(y, 2.2, 2)*} = E{ /0 " ds / w(dy)| B (= + w(2) Zo, 1) — F (2, 90) ).

By Taylor’s formula,

1
Hf(z,x,yl) = /0 (f’(z + 0k(x)yr) — f’(az)) k(z)y1do.

17



It follows that,
’]Z[f(z + ’%(x)ZS?x?yl)_gf(xwxyyl)’

< sup |f'(z + K(@)(Zs + 0y1)) — f'(z + Or(z)y1) |- [6(2)y1 |
0€l0,1]

+1f(z + 6(2)Zs) = f'(@)]- 15 (@) .

f"is a Lipschitz continuous function. Then, by setting z = x + vb(z) + /7o (x)u, we
deduce from the assumptions on the coefficients and from the fact that E{|Z,|?} = O(s)
that

E{’(®3_@3)(77 z,z, Z)‘Q}
< CB{ [ ds [ wlayn) (b @) + 2lo@)Pu + 1512 (o) o)
< OV (@) 4421+ UV (2)). (23)

Set F, = (O3 — @3)(7k,Xk_1,Xk72,Z(k)). Since E{Fy/Fr_1} =0, a+r < p and 2r <
p/2+ a—1, it follows from Lemma [J(a).7¢ and from the preceding inequality that

Z (03 — O3) (i, Xi— 17Xk27Z(k)) 20 when n — +oc. (24)

V_ =
Now, since f? is bounded, we deduce from Taylor’s formula that
7Y (2 + K(2) Zs, 2, 91) — HY (2,2,91)] < Ollr(@)|*. 1.
Then,
E{|03(7, 2,2, 2)[*} < C9?||n(2)|* / ly1*m(dyr)® < OV (2).

By Lemmaﬂ (a).it, it follows that,

= = = (k) —
Z (@3 Yo X1, X2, 2") = B{Os vk, X1, X2, Z )/fk—1}> n—;ﬁ 0. (25)
k=1

\/_
Then, by (B4) and (), (a) is obvious if we prove that
! fjﬂ«:{é (v X1, Kooy 2°) [ Fio 1} 0 and (26)
—>
\/F_”k:1 3,1\ Vks Ak—1, k,z, k—1 noteo and,
1 Cra o ¢ . 7® .
\/Iw_n;E{eng(thXkl’XkyQ’ )/.Fk 1} —> 0 with (27)

@31 (v,x,2,7)
"”/ ds/ dm/ 0 (P (= + k(@) Zoy + 031)) = SO + Or(@)n) ) (1= O) (@),
6522, =7 [ #an) [ @0 (19 + 0n(aon) — 1O+ O (1 - 0%

where # = [ ym(dy)(< +00) and 7 is a probability measure defined by 7(dy;) = ym(dy1) /7.
Let us prove (Bg). By Ito’s formula, we have

SO+ 5()(Zay + 001)) — 1Oz + On(a)yn) = /O 7Ot w(@)(Ze + 01))(2)dZ,
+ Y B (24 k(@) (2, +0y1), 2, AZ).

O<v<sy
18



Since f®) is bounded, the first term of the right-hand side is a martingale. Therefore, we
obtain by the compensation formula that

E{@31 (v,z,2,2)}
1 sy - a2
_ / ds [ #tay) [ a0 [ av [ mn {5 n(o) o+ ) )} 0 - 0)2),

Finally, since
77 F(2)
[ (2 + k() (Zo + 0y1), 2, y2) | < CFD loor®(2)3,
we have
a % % (k) = -
E{|O3.1(Vie» X1, Xk 2 )|/ Fro1} < Cert(Xp1) < CRV (K1)

Since 2r < p/2 +a — 1, (BF) follows from Lemma [(a).i
Now, let us prove (7). Set z =z +vb(z) + /7o ()U;. By Taylor’s formula, there exist

& € [z+o(2)Ui+0kr(z)y1, 2+0k(x)y1] and & € [z+0k(x)yr, 2+/Yo () U1 +0k(x)y1]
such that
(s 4 0n(@)yr) — [P + w208
=7/ D(E)b() + 7SV (@ + Ix(@)yr)o (@) U1 +7f P (&) (@)UF.
Since f®) and f* are bounded and U; is centered,
IE{O3.2(k: X1, Xi2) /Fu-1} < CR(1bl*(Xp—1) + 0767 (Xp 1)) < OV (Xpo1)

where we have used that a/2 +r < a V 2r. Since a V 2r < p/2 + a — 1, we deduce (R7)
from Lemma f(a).i

b) We keep the notations of (a). On the one hand, by (B3) and Lemma [(b).ii, we have

1 « ~ . = (k) n—
— > (03— O3) (1, Xpm1, Xp2. 2 ) 225 0.
F(2) P
n’ k=1
On the other hand, we have
E{|03(7, 2,2, 2)[} < C*V¥ (x)
with € € [0,1). Hence, by Lemma [j(b).ii, it follows that

n

1 ~ - > *® A v % *) imre,
@ > (@3('Yk7Xk71,Xk,27Z ) — E{O3(vk, Xp—1, Xk,2, Z )/fkfl}) - I:OO 0.
D k=

Finally, it suffices to prove that

7 P
(2 E E{O31(vk, Xp—1, Xp 2, Z )/ Fr1} — ma; (28)
n—-4o0o
I’ k=1
Z®
and, (2 E E{O32( vk Xk-1, Xk 2,Z )/ Fr-1} —+> ms2. (29)

v’ =
19



with m3 1+ m32 = [ ¢3(z)v(dz). In order to prove (BY), we first show that

n

1 - > > O A % v P
o > <E{@3,1(7k,Xk—1,Xk,2, Z )| Fr-1}t — @3,1(7k,Xk—1,Xk—1,0)) — 0. (30)
Pn 1 n—-+oo

Since f@ is a bounded and Lipschitz continuous function, f® is also 26-Holder for every
d € (0,1/2], i.e.
@ () = FD (g
[f(4)]26 = sup |f (y) f25 ( )|
z,yeR? |y - $|

< +o00.
It follows from the Taylor formula that
]:If(Q) (2
(z + 6(2)(Zy + 0y1), 2, y2) —H' (2 + £(2)(Zy + 0y1), 2, y2)
< ClfDas (|2 = 2 + 5(2)%] 2,2 ) ()43,
By setting z = x + vb(z) + \/yo(x)u and taking ¢ sufficiently small, we have
7 £(2) ~r£(2) Pyg—
E{[H (o4 r(2) (Zo+01), 2. y2) = B (a4 w(@)fyn, 2, 2) [} < O (L [u*) V37 ().
This implies that
_ _ — (k) _ _ _ P - _
\E{@s,l(%,Xk—ka,z,Z ) — @3,1('Ykan—1,Xk—1a0)/fk—1}‘ < OV Rt (X ).

Then, (B0) follows from Lemma [(b)
Now, O3 1('yk,Xk 1, Xp_1,0) is Fr_1- measurable and

1031 (Ve Xi—1, X1, 0)| < CYaV* (Xj—1).

Since 2r < p/2 + a — 1, we can apply Proposition [I] with 7, = 'yg. We obtain

R oo
F(Q 2931 Vs Xr—1, Xi—1,0 —TZ ¢31 Xi-1 n———*/¢31 a.s.
n k=1 T s

with  ¢31(x) = ;/ (dy1) / / (dy2) Hf x+/£(x)9y1,x,y2)(1—H)KQ(x)y%
= %/W(dyl)/ﬂ(dyz)HH””’“ (z,2,2).

It follows from (B() that

( ) n—-+o0
293 1 (Vs Xi—1, X2, Z ' )/ Fr-1} notee, m31 = [ ¢31(x)v(dz) a.s.
Fﬁ? i

Finally, we prove (R9). Since f®) and f® are bounded and Lipschitz continuous, we
deduce from Taylor’s formula that for every ¢ € [0,1/2],

E{O32(Vky X1, Xk.2)/Fr1} = 72 (32(X—1) + ¢33(Xp—1)) + p1(Xp—1, %) + p2(Xp—1,7%)

1
with  ea(x) = / (dy) /O 40 £ (@ + O () )b(z) (1 — 0) ()1 )2
1
daa(o) = [ nlam) /0 a8 [ B (du) £ o -+ Or(a)yn) o @)1 = )(s(a))?

(2, )] < [fPNs7? 0 Ib(@) [ F]m(2)? and |22, 7)] < [f D297 |0 (@) P00 m(2) .
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Since (a/2 + 1)V (2r) < p/2+a — 1, one can find § > 0 such that
1b(2) 1101 (2) 2 + |o () 204D k(@) |2 < VETTL(z).

On the one hand, Lemma [[|(b).i and the assumptions on the coefficients allow us to con-
clude that

I _ ) -
@ > (ﬁl(Xk—l,w) + ﬁQ(Xk_l,%)) notoo o
n k=1

On the other hand, as [b](z)|x[?(z) + |o|2()|k[2(z) = o(V E+* " (2)) when |z| — 400, we
derive from Proposition [l| applied with 7, = 72 that

1 _ _ .
—ZW% (#32(Xpo1) + 033(Xp-1)) ——— ma

with mgo = [(d32(x) + @3, 3( )) (dx). Checking that

ba2(0) + aa(w) = [ wlayn) (LY @bGa) + [ Py (@) (L, )P @) ).

completes the proof.

5 Proof of Theorem %

The proof is built as follows. Like in the proof of Theorem [, we firstly decompose D,f (Af)
and 177‘:/ (Af) (see Lemma []). Some new terms appear due to the approximation of the
jump component. That is why in the sequel, we focus on these parts of the decomposition
(see Lemmas [] and §). The other terms can be studied by the same process as their
corresponding terms in the decomposition of 7,,(Af) and then, are left to the reader. We

denote by (Z “r )k>1, a sequence of independent and cadlag processes such that

(k) p

L (k) _
(Ze " )iz0 = (Zik)t=0 and  Z,, wr =7, Vk>1
For a C%-function f such that D?f is bounded, we define A*" and A*W by

A1) = (V10 + 3T Do)+ [ ety
{lyl>ux}

AV f(a) = AP f@) 45 [ D) s(a)) (),
{lyl<ur}

These operators correspond respectively to the infinitesimal generators of
dXy = b(X-)dt + o(X- )dW; + k(X-)dZ; ), and
dX; = b(X,-)dt + o( Xy ) AWy + k(X )d(Zy g + QrWr),
where W is a ¢-dimensional Brownian motion independent of W and (Z1 1)t>0-

LEMMA 6. For a C%-function f such that D*f is bounded, we have the following decom-
positions
" _p P _p " —_p _p (k)
ZrykAf(Xk—l) = Gn + f(Xn) - f(x) - Z <£1(’7]€an—1’ Uk) + gé:,P(ryk,Xk—la Z P))

k=1 k=1

*)
—Z< (Ve K1) + Ok, X1, Uk) + Os vk, Xy_1, Xy, Z P))

= > > > (k)
- Z <(R1 + RQ)(WkaX:—ly Uk;) + R3(7kaX:—1aX]::25 Z * P))a
k=1
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where X k2 = Xk L b(X k )+ vawo (X k Uk, Gi = > i1 w(Af — Ak’Pf)(Xif—l)

and for a cadlag process Y,

e y) = [(t@w@avy + (T B Av) -y

0<s<y

HY (.2, y)m(dy) ).
Dy,

n

2) Y WAL = G+ 0+ D) = F@) = Y (60w XU + o X1, 277))
k=1 k=1

(k)
_Z( rVk’Xk 1)+@2(7k’Xk 1’Uk)+®3(7kan 1’Xk2’Z P))

o o o (k)
-y ((By + Ba) (o, X1, U) + R, K41, Ko 277)),
k=1

where X 2—X 1+X (X 1)+\/—U( k— 1)Uk‘a

Z% Af—ARW )X, T Zf X )= F (X g) (AR f— AR ) (X7 ),
k=1

with ng,:XZV—K(XI:‘:l)QkAk.

The two following lemmas are devoted to the additional terms of the preceding decompo-
sition. In Lemma [, we compute the rate of Gi and GZ/ and in Lemma [§, we show that
J;;V does not have any consequences on the rate of the procedure.

LemMmaA 7. Let a € (0,1], 7 > 0 and p > 2 such that (H,), (Ra), (Sax) hold and
2r < p/2+a— 1. Suppose that E{|U1[*} < +oo and E{|A1|?} < 4+00. Let f: R +— R
satisfying (CY). Then,

n e P
(1) . Iflimp o0 B8 < +00, 4= Sh_y m(Af — ARP (X)) — 0.

n—-400
i1, If limg, 1 o Bn,ﬂ = +00,

lim sup — ( Zwﬂ (Af — Akpf)(Xk 1)|§m a.s.
n=Fo0 fnr k=1

where Mgy = % [ 1&]1?(z)v(dz). Furthermore, if (A3) holds,

1< . n—+o0 : _
a7 2 WAL = AN DX S me s with || <ma. (31)
n,m k=1

(2) Assume that s =3 or that s = 4 if 7 is quasi-symmetric in the neighborhood of 0.

. . S n v P
i. Iflimg oo G50 < 00 A= TR w(Af — ARV (X)) s 0.

n— 00

i, If imy,—yo0 Bk = 400,

lim sup — Z’yk‘ Af — Aka)(Xk D <ms  a.s.

n—-400 T k=1

3
where ms = Cs||D* flloo [ ||5(2)||*v(dz) with Cs = 72 and Cy = %. Furthermore, if ,
(A2) holds,

I n— o0
7 2 w(AS - APW VXY ) By as. with [mg| < . (32)
n, T k=1
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Proof. (1)i. By Taylor’s formula, we have

A —_ARP D?f( dy) < % 4 A\ (d

|Af ()= A" f (@ F (&) (s(@)y)**m(dy) < 7= > (s(@)y)i(r(z)y);lm(dy).
1,J

For z € RY, |22 %% < |2 2 < d|z|?. Tt follows that

_P _p d _P
[Af (K1) = AP F(X)] < §HDQfHoon€(Xk1)H2/I< ly[*m (dy). (33)
yl<u
Since r < p/2 and E{Vp()?:_l)} < Tk, we deduce that

SO E{AF(X] ) - AR <Y / ly?n(dy) /T
k=1 k=1

ly|<ug

Now, as limy, 4o B . < +00, the Kronecker Lemma yields

1 . / 2 n—-+00
=D ly[*m(dy)v/Tx —— 0
Ly ; y|<up

The first assertion is obvious.
i4. Since lim,, 4 o 67(3% = 400, we deduce from Proposition [[| with 7 = i f\y|<wc ly|27(dy)

that
(2 Z’yk/

n7r]g1 ly|<ug

because ||k||2 = o(VZ+*"1). Then, the second assertion follows from (B3).
Assume now that (A2) holds. Since D?f is Lipschitz continuous, we deduce from Taylor’s
formula that

Af(@) = ABP f (@) (Z,okuwm )+ RE ()

[y (dy)|s(Xy_y) 1 m/ll%(fﬂ)\l%(dfﬂ) a.s.

with pk(i,j):/ Yiy;m (dy wz,j Zﬁzl ﬁm,j ))
{ly|<ug}

and ’Rfj(x)’ < f{|y‘§uk} ly PP (dy)|lk(z)]*.
According to (A2), for every i, j, limpk(i,j)/f{‘yKUk} ly|*m(dy) = aij € R. Set np =

Tk f{\ylﬁuk} ly|*7(dy) and H,, = Y ;_; ng. Then,

1 < 1§ ol
®] Z'Ykpk(Z i (Xk 1) ’] anwm k 1) F Zgllgﬁk%,j(Xk—l)
n,T k=1 " k=1

with e = (px (4, 7) — ci jmk) /nK. Firstly, since ¢; ; < CV" and r < p/2+a— 1, Proposition
applied with 7, = vk f{\ylﬁuk} ly|?m(dy) yields

1 i — P *)J,»
ankwi,j(Xk ) /T/Jm a.s.
" k=1

Secondly, €}, = o(1). Since sup,>; 1/Hp, > 1, nkV%+“_1(X,f_1) < 400 a.s., it is then easy
to check that .
1 — P —+
H, Z epkij(Xjp) —— 0 as.
k=1
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The same argument is appropriate for R ; with e2 = f{ly\<uk} ly[37 f{ly\<uk} ly|27(dy)).
Finally, we obtain

1 & n—-—4o00 (7%}
7 DO WlAS = AR ) Ty = 3% (oo
n,T k=1 i,

2) We derive from Taylor’s formula

|Af(z) — AW f(2)] < CsHDsfHoollﬁ(ﬁv)Hs/|< lyl* 7 (dy). (34)
YIS Uk
3
with s =3 and C3 = %, or s =4 and Cy = 4 if fy|<u]€ y®371(dy) = 0. As 2r < p/2 and

E{VP( k,l)} < T, it 1mphes that

SO RE{AS — AR )< 0 / lyl*(dy) /T,
k=1 k=1

ly|<ug

with s =3 or s =4 if |, y@37(dy) = 0. If limy— 400 B4 < 400, we derive from the

ly|<ug
Kronecker Lemma that

-
ly| <up

and the first assertion of (2) follows.
Assume now that lim,, 4 ﬂ,({fzr = +00. Applying Proposition [] to f(z) = ||x(x)||® with
e = Yk f\ylﬁwe ly|*m(dy) yields

— W
fimsup - 3" / [yl m(dy) () IF < +00 as.
n—+00 ﬂmr 1 ly|<ug

Then, (2).ii follows from (B4).
Finally, the proof of (B2) is similar to that of (B1]). O

Lemma 8. Let a € (0,1], 7 > 0 and p > 2 such that (H,), (Ra), (Sax) hold and
2r < p/2+a—1. Suppose that E{|U|?P} < +oo and that B{|A1|*’} < +o0. Let f : R?— R
satisfying (CY). Then,

S (RO - R AT - A P D) o (3)

/F \/PQ) P n— -0

Proof. Since

(AP S - AT f)a) =5 [ DR sta)) P (dy) = SE(D () (6(2)Qun) ),
{lyl<ux}

we derive from Taylor’s formula that

W W W W oW
FX ) = F(Xps) +(APTf = AP F(X ) = & (v, X gy X1, Quh)
+ Ry (v X1, Qi) + Rio2 (s X g0 X1, QrAre)
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Where, 51 (7’ 2y Ly Qk;Ak) = W<Vf(2), K(x)QkAk>’
Ria(v,2,QrAy) = %(D2f($)(“($)QkAk)®2 — E{D*f(2)(r(z)QrAr)*?})

1
R (v, 2,7, QrAy) = 7/ (D*f(z + 0y/7K(2)QiAr) — D? f(2)) (1 — 0)(k(2)QrAy) **d0.
0
Setting 6,, = vI',, V Fg), it suffices to show the three following steps:

w0 _ P
a) 0, SRy €1 (ks Xy Qi) W O

_ n = < P
b) 6,1 >0 Riea (ks X]‘::p QrAr) — 0.

n—-4o0o

C) 67;1 Z,Z:l Rk,2(7k7 X]:f?,a X]‘::p QkAk) n% 0.
a) We set
51 (7’ z,Z, Qk;Ak) = 51,1(7? x, Qk;Ak) + 51,2(’7’ Z, T, QkAk)

with §1.1(y,2,v) = (VS (2), 6(x)v) and &12(7,2,7,v) = VYV f(2) = VI(z),K(x)v).
Let (M, 1) and (M, 2) be the (F,)-martingales defined by

" n
_w o
My, = ZSl,l(’Yk,Xk,l, QrAr) and M, = ZSl,Z(Vth,&kal’ Qrhy).
k=1 1
We have to prove that 0, My, I2F0, 0 and 0, M, o noteo, o)
According to (CF) and the assumptions on , we check that

< M > C ° P 1, =W
T /| yPr(dy)V ().
" =1 Y

Ly |<ug

Now, by (f). sup,>1 1/Tn > py 'ka§+“_1(X,‘:/_1) < 400 a.s. Since f\ylﬁwc ly|2m(dy) — 0,
that < M >, /T, LimancRy) APY Then,

1 1 P

Now, we turn to (M, 2). Since V f is Lipschitz continuous, it follows from the assumptions
on the coefficients that

W W € W el - W
E{|¢1,2(Vi> X 35 g1, Qulhi) |*/ Fr1} < C ly[*m(dy) <7/§V P(Xp) + MV S(Xk—ﬂ)-

ly|<ug

with € < 1 and p = p/2+4a— 1. Then, by a variant of Lemma [(a).ii and (b).i4, one checks
that

M, - 1 -
< n,2(2>) n—-+o00 0 a.s —> 7(2)Mn72 n_—"ﬁ 0.
(VT VIy')? VI, VT L2

b) }?kJ is very closed to Ry introduced in Lemma [ll and the arguments are similar.
¢) As D?f is bounded, one observes that

~ W W W
E{|Rr2 (V> Xp s Xp1, QrlAi)|?/ Feo1} < CV (X))
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Then, since 2r < p/2, a variant of Lemma [(a).ii and (b).ii yields

n

1 ~ W —-W ~ W oW P
m kZZI (Rk,2('7k7 Xk,27 Xk:—17 QkAk)_E{RkQ(’Yka Xk:727 Xk—17 QkAk)/fkfl}> H:OO 0.
(37)

By setting (po(z) = @ + wb(x) + k0 (2)Us + k(2)(Zk + 0QrA), we decompose the
integrand of Rhg as follows:

D?f(Cro(x) = D*f(x) = (D*f(x+vb(x)) — D* f(2)) + (D f (Cro(x)) — D* f(x+vib())).

On the one hand, set y, = \/xQrAr. By Taylor’s formula, we have

(D*f (2 +b(w)) — D f(x))y* = D> F(€4); mb(x); >

where D3 f(u); v; y®? = Zi7j<VD2f,~7j(u), v)yiy; and & € [z, 2 +ykb(x)]. Thus, since D3 f
is bounded, we deduce that

B{D% A0 )b )5 (G @A) A Y <O [ P VETCR ),

ly| <up

On the other hand, set Ag(vk, ) = (po(x) — (x + vb(x)). By Taylor’s formula,

(D?f(Cro(w)) — D*f(x + vb(2))ys* = D f(); Dg(ye, 2); 45> + %D‘*f(&%); (Ag(vk, 2)) %%y

where D*f(u);v®%y®? = 37, . D*(D?f; j(u))v®?y;y; and & € [z + vb(x), Cro(@)]. The
random variables Uy, Z; and Aj are independent and independent of .7:,?/_ 1- Then, since

E{Ux/Fy 1} = B{Ze/Fy_ 1} = B{AF® /. } = 0, we have
E{D* (0005 o, Xi)s (R0 QuA) /B, | = 0.
Now, since D*f is bounded, one checks that
E{IDY (X005 (Dol Xi0)) ™ (r(K ) QA0 R < € /| [y Pr(dy) V> (K3).
Since a/2 + 71 <p/2+a—1and 2r <p/2+a— 1, it follows that

- W —W Pig—1, oW
[E{Rpe2(Vrer X2 X1, Qi) [ Fr—1} < C " lyPr(dy)iVET (X, )
Y|lSug

By a variant of Lemma fJ(a).i and (b).i, we derive from the previous inequality that

1 S W oow P
ZE{Rk,2(7kan727Xk—17QkAk)/fkfl} - 07
VIL VI i n—too
Then, assertion c) follows from (B7). O

6 An additional result

In this section, we present a partial extension when the Lévy process has a moment of

order 2p with p € (1,2]. In this case, stating some global results as in Theorems [[] and

would need two kinds of restrictions: either to assume that at least the derivatives of f
26



tend to 0 when |z| — 400 or to impose more constraints on the growth of the coefficients.
The first alternative leads to a very technical proof and the second one can not be really
envisaged for the drift term. Actually, we recall that in this type of problem, b produces
the mean-reverting effect and then, it would not be natural to suppose that for instance,
b is bounded .

That is why we propose to state a partial result for fast-decreasing steps for which the
extension does only require some weak restrictions on f. We introduce a new assumption
on the steps depending on the intensity of the mean-reverting:

aV(2r)

Fg) n—-4o0o

1 n
—— 0 ifa=1 and, —— AT, P
VT, VT, ; Mk

n—-4o0o

D200 ifa<1. (38)

Then,

THEOREM 3. Assume that E{|Z;|**} < +oo with p € (1,2] and that ({) admits a unique
invariant measure v . Let a € (0,1] and r > 0 such that (Ra) and (Say) are satisfied and
such that p/2 +a — 1 > r. Suppose that E{U®*} = 0, E{|U1|*} < +oo and n, = v, for
everyn > 1. Let f : R% — R be a C*-function having bounded derivatives and satisfying
f(z)=0(/V(x)) as |x| — 4+o0. Then,

(a) Scheme (E): If BY) holds, Trim(Af) 5 /\/(0,&;).

n—-+o0o
(b) Scheme (P): If (BY) holds and B,(L%%/\/Pn — 0, the conclusion of (a) is valid for Scheme
(P).
(c) Scheme (W): If (BY) holds and ﬂ,(f}r/\/l’n — 0, with s = 3 or s = 4 if © is quasi-
symmetric in the neighborhood of 0, the conclusion of (a) is valid for Scheme (W).

REMARK 10. We refer to [Pan0€] for a proof of this result.

Assumption (BY) is less constraining when a = 1 because the LP-control of the Euler
scheme is better in this case (see Proposition [[). Note that when a = 1, Theorem [(a)
corresponds to Theorem [[(a) when 4 = 0.

Let v = v1k~¢ with ¢ € (0,1] and 7; > 0. For Scheme (E), Theorem [| applies in the

following cases:

1 2
(>3 ifa=1 and <>£;_17£7 ifa<1
where n = a V (2r). Since VT, & ,/ﬂTlCn% if ¢ € (0,1), we derive that for every

€ > 0, there exists an Euler scheme with polynomial step such that the rate of convergence
1 P _
is of order n3 7€ if a = 1 and n3+27 “if a < 1.

7 Numerical comparison of Schemes (P) and (W)

1. When v(f) can be theoretically computed. In this first example, we are interested
in the two-dimensional SDE
dX; = =X dt + dZ; (39)

where Z is a symmetric purely discontinuous Lévy process (having no drift term). We
consider ¢ : x +— |z|?> and denote by v, the unique invariant SDE (B9). We can easily
compute v(¢). In fact, as 7 is symmetric and v(A¢) = 0,

Ao=-20+ [sPnldy) — v(6)=3 [ luPn(ay).
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Let us test this theoretical result on a 2-dimensional example. Assume that
@) (dy) = L e L ith
N (dy) = 1{\y|§1}|y|T+2 2(dy) +1{\y|>l}W 2(dy) with a € (1,3).

We have v(¢) = 7(1/(2 — a) +1/4). In figures f| and [, we observe the rate for two values
of « taking the choices of steps and truncation thresholds of Proposition Pl(b). These

scheme (P)

12
x10°

Figure 3: n — 0,(¢), a =1 Figure 4: n — ,(¢), « =5/3

simulations are coherent with the theoretical results. Indeed, when o = 1, the optimal
asymptotic rates induced by Schemes (P) and (W) are the same (with order n%) When
a = 5/3, the optimal asymptotic rate induced by scheme (W) is still of order n3 whereas
that of scheme (P) is of order nt.

2. Another example. Now, we observe the following two-dimensional SDE

X, -
dX, = — =t + (1 + |X,- ) TdZ,

V14| X

where (Z;) is a purely discontinuous Lévy process having no drift term with Lévy measure
m(@) (defined in the preceding example). One checks that Proposition [ applies with
V(z) =1+ |z|? a = 3/4, r = 1/4 and every p € (2,3). As in the preceding example,
we test our procedure in the cases & = 1 and o = 5/3. As the dynamical system is less
stable, the convergence is slower but we can observe the same phenomenon.

140
scheme (W)

25 ] o it value
scheme (W)
24] 4
100

N, lipityaine] 80

Figure 5: n — 0,(¢), a =1 Figure 6: n — ,(¢), « =5/3
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