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DEVIATIONS BOUNDS AND CONDITIONAL PRINCIPLES FOR THIN
SETS.

PATRICK CATTIAUX AND NATHAEL GOZLAN

ECOLE POLYTECHNIQUE AND  UNIVERSITE PARIS X

ABSTRACT. The aim of this paper is to use non asymptotic bounds for the probability of
rare events in the Sanov theorem, in order to study the asymptotics in conditional limit
theorems (Gibbs conditioning principle for thin sets). Applications to stochastic mechanics
or calibration problems for diffusion processes are discussed.

1. Introduction

Let X1, Xs,... beiid. random variables taking their values in some metrizable space (F, d).
Set M,, = % > %, X; the empirical mean (assuming here that E is a vector space) and
L, = % >, Ox, the empirical measure. In recent years new efforts have been made in

order to understand the asymptotic behavior of laws conditioned by some rare or super-rare
event.

The celebrated Gibbs conditioning principle is the corresponding meta principle for the em-
pirical measure, namely
lim P((Xy,.., Xi) € B/ Ln € A) = (") °H(B),
n— oo

where p* minimizes the relative entropy H(u* | 1) among the elements in A. When A is
thin (i.e. P®"(L,, € A) = 0), such a statement is meaningless, so one can either try to look
at regular desintegration (the so called “thin shell” case) or look at some enlargement of A.
The first idea is also meaningless in general (see however the work by Diaconis and Freedman
[[L6]). Therefore we shall focus on the second one.

An enlargement A, is then a non thin set containing A, and the previous statement becomes
a double limit one i.e.

lim lim

e—0 mn—+oo
Precise hypotheses are known for this meta principle (“thick shell” case) to become a rigorous
result, and refinements (namely one can choose some increasing k(n)) are known (see e.g.
[0 and the references therein). One possible way to prove this result is to identify relative
entropy with the rate function in the Large Deviations Principle for empirical measures
(Sanov’s theorem). In this paper we will introduce an intermediate “approximate thin shell”
case, i.e. we will look at the case when the enlargement size depends on n, i.e. €, — 0. We
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2 P. CATTIAUX AND N. GOZLAN

shall also discuss in details one case of “super-thin” set, i.e. when relative entropy is infinite
for any element in A.

Of course since we are considering conditional probabilities, we are led to get both lower and
upper non asymptotic estimates for the probability of rare events.

The paper is organized as follows.

In Section P we shall introduce the notations and recall some results we shall use repeatedly.
Then we give the main general result (Theorem P.7).

When A is some closed subspace (i.e. defined thanks to linear constraints), our program can
be carried out by directly using well known inequalities for the sum of independent variables.
This will be explained in Section f.

The more general case of a general convex constraint is studied in Section []. In the compact
case upper estimates are well known and lower estimates will be derived thanks to a result
by Deuschel and Stroock. In both cases on has to compute the metric entropy (i.e. the
number of small balls needed to cover A) for some metric compatible with the convergence of
measures. The extension to non compact convex constraint is done by choosing an adequate
rich enough compact subset.

Section f] is devoted to some examples, first in a finite dimensional space. We next show
that the Schrodinger bridges and the Nelson processes studied in Stochastic Mechanics, are
natural “limiting processes” for constraints of marginal type.

Section [ is devoted to the study of a super-thin example corresponding to the well known
problem of volatility calibration in Mathematical Finance. Our aim is to give a rigorous status
to the “Relative Entropy Minimization method” introduced in [[]. The problem here is to
choose the diffusion coefficient (volatility) of a diffusion process with a given drift (risk neutral
drift), knowing some final moments of the diffusion process. Of course all the possible choices
are mutually singular so that the constraint set A does not contain any measure with finite
relative entropy, i.e. is super-thin. We shall show that under some conditions, the method
by Avellaneda et altri [ enters our framework, hence furnishes the natural candidate from
a statistical point of view (we shall not discuss any kind of financial related aspects).

Another famous example of super-thin set is furnished by Statistical Mechanics, namely: are
the Gibbs measures associated to some Hamiltonian the limiting measures of some conditional
law of large numbers ? The positive answer gives an interpretation of the famous Equivalence
of Ensembles principle (see 3, [[7]). It should be interesting to relate the Gibbs variational
principle as in [[f] to the above Gibbs conditioning principle. This is not done here.

Acknowledgements. We want to warmly acknowledge Christian Léonard for so many ani-
mated conversations on Large Deviations Problems, and for indicating to us various references
on the topic.

2. Notation and first basic results.

Throughout the paper (F,d) will be a Polish space. Mi(FE) (resp. M(FE)) will denote the
set of Probability measures (resp. bounded signed measures) on E equipped with its Borel
o-field. Mj(E) is equipped with the narrow topology (convergence in law) and its natural
Borel o-field.
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In the sequel, we will consider a sequence X7, Xs,... of i.i.d. F valued random variables.
The common law of the X;’s will be denoted by « and their empirical measure by L, =

1
7 2iet 0
Our aim is to study the asymptotic behavior of the conditional law

(2.1) o’} ,(B) = PE" ((Xl, o Xy)EB/Ly€ An>

for some A,, going to some thin set A when n goes to co.

The first tool we need is relative entropy. Recall that for § and ~ in M;(FE), the relative
entropy H (3 | 7) is defined by the two equivalent formulas

(221) H(B|~) = [log (%) dp , if this quantity is well defined and finite, +o0o otherwise,
(222)  H(B|~) =sup{[@db —log [e?dvy, p € Cy(E)} .

If B is a measurable set of M;(FE) we will write

(2.3) H(B|~) = inf {H(8| 7). 8 € B}.

The celebrated Sanov’s theorem tells that for any measurable set B
o 1 1 —
—H(B|a) < liminf - log P(L,, € B) < limsup - log P(L, € B) < —H(B | «a),
where the interior B and the closure B of B are for the narrow topology.

Recall that one can reinforce the previous topology by considering the G-topology induced
by some subset G of measurable functions containing all the bounded measurable functions.
In particular if « satisfies the strong Cramér assumption i.e Vg € G, Vt > 0,

(2.4) /etg do < +00,

the previous result is still true for the G-topology (see [[q] thm. 1.7). When G is exactly the
set of measurable and bounded functions, the G-topology is usually called T-topology.

It is thus particularly interesting to have some information on the possible Arginf in (2.3).
The result below is collecting some known facts:

Theorem 2.5. Let C be a measurable convex subset of Mi(E) such that H(C' | o) < +00.
There exists an unique probability measure o such that any sequence v, of C such that
limy, 400 H(vp | @) = H(C | @), converges in total variation distance to o*.

This probability measure (we shall call the generalized I- projection of o on C') is characterized
by the following Pythagoras inequality H(v | «) < H(a* | )+ H(v | o) for allv € C.

If o* belongs to C we shall call it the I- projection (non generalized). In particular the I-
projection on a total variation closed conver subset such that H(C | o) < 400 always exists.

Finally if o satisfies the strong Cramer assumption (B.4) one can replace total variation
closed by G-closed in the previous statement.

All these results can be found in [, [[7] (see [1d], chap. II for more details).
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Before to state our first results on thin constraints, we recall the known results on thick ones.

Theorem 2.6.

(2.6.1) (see [L]). If C is convex, closed for the T-topology and satisfies H(C | o) = H(C' |
a) < 400 then O‘g,k defined in (2.1) is well defined for n large enough, and converges

(when n goes to 0o) in relative entropy to o ®*, where o is the I- projection of a

on C.

(2.6.2) (see [P9]). If A is a measurable subset such that H(A | o) = H
if there exists an unique o € A such that H(A | a) = H(a* |

converges to o ¥ but for the narrow convergence.

(A] a) < 400, and
@), then o} ;. again

o o
When H(A | @) = o0 (in particular if A is empty) but H(A | @) < 400 (thin constraints)
we have to face some new problems. The strategy is then to enlarge A, considering some
nice A., and to consider limits first in n, next in €. Here we shall consider enlargements
depending on n. Here is a general result in this direction.

Theorem 2.7. Let C, be a non increasing sequence of convexr subsets, closed for the
G-topology. Denote by C = (o2, Cpn. Assume that

(2.7.1) HIC | a) < 400,

(2.7.2) « has an I- projection o on C,

(2.7.3) limy—oo H(Cp, |a) = H(C | @) ,

(2.7.4) liminf, .o L loga®(L, € C,) > —H(C | a) .

Then, for all k € N*, ag. . converges in total variation distance to o ®k

Remark 2.8. Define
Li(a) = {g measurable :Vs e R, / el da < +oo} .

If G C L%«), we already know (see Theorem P.J) that o* exists as soon as H(C' | «) is finite.
In addition, since the relative entropy is a good rate function (according to [I7] its level sets
are compact) (B.1.3) is also satisfied. Hence, in this case, assuming H(C' | a) < 400, the
only remaining condition to check is

1
(2.9) liminf — loga®"(L, € Cy,) > — H(C | a).

n—oo n

Proof. of Theorem ..
Let o, the generalized I- projection of o on C),. then

(210)  [lag, 5 — " lrv < Jag, x = oy + [ ai® = a7y
< \/2H (agn e | a’;@’“) + \/2[—[ (a*@)k , a;i®k>
< \/2H <o%mk | oz;i@k) + 2kH (a* | )

where we have used successively the triangle inequality, Pinsker inequality and the additivity
of relative entropy. Since a* is the I- projection of o on C', a* belongs to C' and all C,,, so



DEVIATIONS BOUNDS ... 5

that using Theorem P.5,
H(C|a) = H" |a) > H(a" | ay) + H(Cp | ).
Thanks to (P.7.3) we thus have lim,, .o, H(a* | o) = 0.
To finish the proof (according to (R.10)) it thus remains to show that lim,, .., H (o/cim el afL@k) =

0 . But thanks to (R.7.4), for n large enough, a®"(L,, € C,) > 0, so that we may apply
Lemma below with A = C,,. It yields

H (a’én,k | a:i®’“) < —% log (a®"(Ln € Cy) enH(cn|a>>
< —% log <a®n(Ln € On)enH(c\a)> + k(H(C|a)—H(Cy| ) .

According to (R.7.4) the first term in the right hand side sum has a non positive lim sup,
while the second term goes to 0 thanks to (2.7.3). Since the left hand side is nonnegative the
result follows. N

We now recall the key Lemma due to Csiszar ([[[0]) we have just used :

Lemma 2.11. Let A be a conver G-closed subset, such that H(A | o) < +00. Denote by o*
the generalized I- projection of o on A. Then if a®"(L, € A) > 0, for all k € N* |

(e ') < -

Under some additional assumption one can improve the convergence in Theorem P.7. Intro-
duce the usual Orlicz space

log <a®”(Ln €A e"H(A|°‘)) .

L:(a) = {g measurable :ds € R, / el da < —I—oo} .

Note the difference with L (for which 3 is replaced by V). We equip L, with the Luxemburg
norm

lg|l-=inf{s>0, /T(g/s) da < 1} where 7(u) = elul — lu| — 1.

It is well known that the dual space of L, («) contains the set of probability measures v such
that H(v | o) < +00. We equip this dual space with the dual norm || ||%.

Proposition 2.12. In addition to all the assumptions in Theorem [2.], assume the following:
the densities h,, = dda—a" (a2 being the generalized I- projection of o on Cy,) define a bounded
sequence in LP(«) for some p > 1. Then

lim ||ag —a®|5=0.
n—+4o00 n
Proof. The proof is exactly the same as the one of Theorem P.7q with k = 1, just replacing

|l ll7v by || ||% in the first line of (R.10]), and then replacing Pinsker inequality by the following
one, available for v;’s such that H(v; | a) < 400,

d
(213)  lln = v 5 < qC QU +log(? | Z2 1) (HOn [ 0) + VA 1)) -

where ¢ = p/(p — 1), v2 being o}, and 11 being either af, or a*.
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In order to prove (R.13) we first recall the weighted Pinsker inequality recently shown by
Bolley and Villani [f]] (also see [I9] for another approach) : there exists some C such that for
all nonnegative f and all 6 > 0,

| fn — fwll7v < (C/) <1+log / e5fdug> (H(Vl | o) + VH(1 | yz)) .

For a f such that || f ||,< 1 and § = 1/q it thus holds, first [e!flda < 4, then thanks to
Holder’s inequality [ €’lfldvy < 49 | CC% lp- (R13) immediately follows. O

3. F moment constraints.

In this section G = L (a)) and we consider constraints C' in the form

C = {yeMl(E),/de € K}

where F' is a measurable B valued map ((B, || . ||) being a separable Banach space equipped
with its cylindrical o-field) where [ F'dv denotes the Bochner integral and K is a closed
convex set of B. We denote by

Ve B, Zp(\)= /E exp((\, F(z))) a(dzx) , Arp(N\) =log Zp(N)

the Laplace transform and moment generating function of F'.
We always assume that

o | Flle Lo(a),
o domAp = {\ € B', Ap(\) < +oo} (B’ being the dual space of B) is a non empty
open set of B'.

The enlargement C,, is defined similarly

Cp = {I/EMl(E),/FdI/ € KE”}
for K¢ = {z € B, d(z,C,) < e,}.
What we have to do is to check all the assumptions of Theorem R.7. But the situation here

is particular since the condition L, € A reduces to > ;| F(X;) € A. Thanks to the next
Lemma, B.1] assumption (R.7.4) reduces to well known estimates:

Lemma 3.1. Assume that the I- projection o of a on C' exists and can be written o* =

% a for some \* € B' . Then for all e > 0,
gg) — X e,

1 n nH(a*|a) 1 1 - - *
~ log (a (Ln € Co)e ) > ~logP | ||= Z; F(Y) — | Fda

where the Y;’s are i.1.d. random wvariables with common law o*.
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Proof. The proof uses the standard centering method in large deviations theory. Denote by

Lt = 1% 5, the empirical measure of z = (21,...,,). Then

n

a@n(Ln ECE) = /][C,E Lw H *®n( )

= /][Cs (Li) exp <—n <L£,log %>> da*®"(;p)

= e (@) /][Cs(LfL) exp< <Lm > do*®"(z)

)
= e mHE /]Icg(Li) exp <—n< /Fda*>> da*®™ (z
|

Now we may replace C; by its subset

C. = {VEMl /HFHdV<+ooand H/qu—/Fda

and obtain

a@n(Ln c Cg)enH(aﬂa) > /]IG'S(L;EL) —n<)\ 1 LY Fa)— [ Fdo* >da*®"(x)

> el / 1, (L2) da™" (z)
that completes the proof. O

The next Lemma B.3 is well known in convex analysis. For a complete proof the reader is
referred to [[9] Lemma I1.39,

Lemma 3.2. Under our hypotheses on F and dom A, if in addition the function

H() = Ap() — Inf (A.y)

achieves its minimum at (at least one) X\*, then H(C' | a) = supyep {infyex (N, y) —Ar(N)}
. . . . (A", F)

and the I- projection o of a on C exists and can be written o* = % Q.

In the sequel we shall denote (H-K) the additional assumption on H. In particular if K =

{zo} with xo = VAp(Xo) (H-K) is satisfied.
Before to state our first general result let us recall some definition

Definition 3.3. B is of type 2 if there exists some a > 0 such that for all sequence Z; of .2
i.4.d. random variables with zero mean and variance equal to 1, the following holds

<a) E(Z|?
i=1

In particular an Hilbert space is of type 2.

We arrive at
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Theorem 3.4. In addition to our hypotheses on F and domAp, assume that B is of type

2 and that (H-K) is satisfied. If e, > ﬁ with ¢ = \/aVare«(F), then o, ; converges to
*Qk

o in total variation distance when n — .

Proof. (R7.1) and (R.7.2) are satisfied with our hypotheses, according to Lemma B.9.
In order to prove (2.4.3) introduce the function H,, similar to H in Lemma replacing K
by K. Of course

inf H < infH, < H,(\*) —— inf H = H(\")

n—-+00

since H,, converges to H pointwise on the domain of H. We already know that inf H =
—H(C | ). It is thus enough to prove that inf H,, = —H(C,, | o). But this is a consequence
of Csiszar results ([f] thm 3.3 and [[[d] thm 2 and 3, also see [[I9] thm II.41 for another proof)
since the intersection of the interior of K*» and the convex hull of the support of the image
measure F'~la is non empty.

Finally in order to prove (2.7.4), according to Lemma B.1] it is enough to check that
.1
lim — logP <e,| =0.
n—oo N

To this end recall the following theorem of Yurinskii

Theorem 3.5. (Yurinskii, R3] theorem 2.1). If Z; is a B valued sequence of centered inde-
pendent variables such that there exist b and M both positive, with

k!
2

n

% S F(Y) - /Fda*

i=1

VieN*,Vk>2, E(|Z|") < 5 v*M"2,

then denoting S, = > | Z; it holds

1 nt?
> < 573 a7 )
vt >0, P([| Sp [|[= E(]] Sn |[|) +nt) < exp < S b2 —|—tM>

We may apply Theorem B.j with Z; = F(Y;) — [ Fda*, M =|| F — [ Fda* || (4+) and b =
V2M as soon as F € L (a*). Indeed since B is of type 2, E(|| S, ||) < VE(|| S» ||?) < Vano
with o = \/E(|| Z; ||?). It follows

1 & ova 1 ac?t?
Pl|=S FY) - [ Fdor|| < 2% >1- LN
(n; (¥3) / da’|) < —7=( +t)) = eXp< 82M2+tM>

and the result provided ,/n > ov/a.
It remains to prove that F € L, (a*). But thanks to the representation of a* obtained in

Lemma B.3
1 *
MElges — L / I AF) g,
/ Zp(A*)
1

1 1
etqllFllda> ’ < / e<px*,F>da> o
Zp(X¥) </

Since dom Ar is a non empty open set containing A*, there exists some p > 1 such that
pA* € dom Ap, and the result follows for ¢ small enough since F' € L, («). O

<
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Remark 3.6. Note that if for instance F' is bounded everything in Theorem B.4 can be
explicitly described with the only parameter n. However (unfortunately) we do not know
any explicit bound for the speed of convergence of ko because we do not know in general
how to evaluate H(C), | «) — H(C | a). Hence from a practical point of view, if we know
how to enlarge C, we do not know when a possible algorithm has to be stopped.

It is natural to ask whether ¢,, &~ 1/4/n is the optimal order for the enlargement or not. In
one dimension the answer is negative as we shall see below

Theorem 3.7. If B =R the conclusion of Theorem remains true for e, > c¢/n for some
¢ large enough.

Proof. We shall just replace Yurinskii’s estimate by Berry-Eessen bound. Indeed Berry-

Eessen theorem tells us that
SEN) . ¢<M> ) @<_
o

‘

where ®(u) = [* e=**2ds/\/27, 02 = Vare-F and & is the o*’s moment of order 3 of

F — [ Fda* . Tt easily follows that
P <o | > 2 (mn e nen/20% 10(/1/03)> =0

The requested 1/n log#,, — 0 follows with &, = ¢/n provided ¢ > 10v/27(k/0?). O

n

%Z F(Y;) — /Fda*

1=1

En/N K
- 20
o > a3y/n

n

%Z F(Y;) — /Fda*

=1

Again one may ask about optimality. Actually it is not difficult to build examples with
en =  /n for some small ¢ such that P(L,, € C,,) = 0 for all n. In a sense this is some proof
of optimality. But we do not know how to build examples such that the previous probability
is not zero.

Finally we may improve the convergence, still in the finite dimensional case under slightly
more restrictive assumption.

Theorem 3.8. In Theorem assume that B = R? and replace the hypothesis (H-K) by

[e]
the following : K NS # O where S is the convex hull of the support of the image measure
F~la. Then of, . converges to o*®% both for the dual norm || || and in relative entropy.

Proof. The first point is that the new hypothesis is stronger than (H-K). Indeed it is known
(see e.g. [[Z or [[9] Lemma II1.65 for complete proofs) that not only (H-K) holds (as well
as (H-K¢) of course), but the minimizers \* and A} are unique and A} — \* as n — 0.
Hence H(C), | «) — H(C | a) too.

Next [ ((?_a;)p do = ZZ??/\?)) . Since A} is a bounded (convergent) sequence, the above
quantity can be easily bounded for some p > 1 (using again the fact that domAp is an open
set). Convergence for the dual norm || ||% follows from Proposition R.13.
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Finally using exchangeability we have

* * do
Hlot |03 = Aol o) + [ 1og ™ dop,

da* n *
Tor (da¢, —da™).

— Ha, i | a") k(0" [a3) + & [ log

We already saw in the proof of Theorem R.7 that H(a* | o) and H(ag, . | a:®k) go to
0. It remains to prove that [ log gg: (dag, — da*) goes to 0. But log i‘i‘: = (N =X F) is
bounded in L, («) for n large enough since A} goes to A*. Hence convergence to 0 of this last

term follows from the convergence for the dual norm || ||X we have just shown. O

Remark 3.9. In Theorem one can also replace Yurinskii’s bound by the classical Bern-
stein inequality (see e.g. [[3]). This only improves the constants (see [Id] for the details).

The results of this Section are satisfactory mainly thanks to Lemmaf.1 and the very complete
literature on sums of independent variables. The situation is of course more intricate in more
delicate situations. We shall study some of them in the next sections.

4. General convex constraints.

We start with the key minimization bound we shall use. The following result is stated in [[14]
Exercise 3.3.23 p76. A complete proof is contained in [R0] (also see [[d]).

Proposition 4.1. Let A C M (E) be such that {x, L} € A} is measurable. If v is such that
v < aand v (L, € A) > 0, then

VL, € A) 1, o
m+;lOgV (LHEA)

1
" nev®(L, € A°)"
Corollary 4.2. If [2.1.1,2,3) are all satisfied, ([2.7.4) holds as soon as
lim o*®"(L,€C,) = 1.

n—-4o0o

1 @n nH(v|a) -
Elog(a (L, € A)e > > —H| o)

The proof is an immediate application of Proposition [l.] with A = C,, and v = a* since
H(C|a)=H(a*|a).

In the remainder of the section we shall assume that G = Cy(E). According to Remark
P.§, it is thus enough to check (B.7.1 and 4) in order to apply Theorem P.7. In particular if
H(C' | o) is finite, it just remains to check the condition stated in Corollary [l.3, by choosing
appropriate enlargements C),. To this end we first recall basic facts on metrics on probability
measures.

Recall that the narrow topology on M;(FE) is metrizable. Among admissible metrics we shall
consider two, namely the Prohorov metric dp and the Fortet-Mourier metric dgp;.

Proposition 4.3. For two probability measures v1 and vo on E the previous metrics are
defined as follows

dp(vi,v3) = inf{a > 0: sgp(yl(A) —19(A%) <a where A ={z : d(z,A) < a}},
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dpy(vi,v2) = sup{/f(dul — dvy) for f € BLip(E) such that || f ||BLip< 1} ,

where BLip is the set of bounded and Lipschitz functions and || f |Brip=|l [ lleo + || f llLip -
For both metrics Mi(E) is Polish. If in addition E is compact then so does Mi(F).

Furthermore the following inequalities are known to hold

1
drv(vi,v2) <||vi—wa |7y and  dp(vi,12) < 3 | 1 —v2 |lrv,

and

o(dp(vi,v2)) < dpyp(v1,ve) < 2dp(vi, 1),

where p(u) = 22_%

In the sequel

Cp, =0Cm" ={v:dC,v)<e,}
where d is one of the previous metrics.

Definition 4.4. Let (X,d) a metric space. If A C X is totally bounded, we denote by
Nx(A,d,e) the minimal number of (open) balls with radius € that covers A. The function
Nx is often called the metric entropy. In the sequel we simply note N(d,e) the quantity

Nx(X,d,e), if X is totally bounded.
Our first result is concerned with compact state spaces.
Theorem 4.5. Assume that E is compact. Let C' be a narrowly closed convexr subset of
M, (E) such that H(C | o) < 400, and o* be the I- projection of o on C. Then for any se-
quence &, going to 0 and such that N(dpar, en/4) €™ "7/ — 0 (resp. N(dp,en/4) e "en/2 —
0) as n — oo, O a*@* in total variation distance.
Proof. Let B(a*,¢) the open ball centered at o* with radius €. Then
a*®"(L, € C°) > a*®"(L, € B(a*,¢)) = 1 — o*®"(L, € B%(a*,¢))
where B¢ is as usual the complement subset of B. But we can recover B¢(a*,¢) by
NMl(E) (Bc(a*v 6)7 d_v 77) < N(J7 77)
closed balls with radius 7 so that
a*®"(L,, € B¢(a*,€)) < N(d,n) maxa*®"(L,, € Bj)
J
for such balls B;. But a closed ball being closed and convex, Lemma shows that
a*@n(Ln e B]) < e—nH(Bj‘a*) '
Since Bj C (B¢(a*,€))?" we have H(B; | o*) > H((B¢(a*,€))?" | o*) and finally
Oé*®n(Ln c Bc(a*’g)) S N((Z, 77) e~ nH((BC(a*75))27l|a*) ‘

Choosing 1 = ¢/4, hence (B°(a*,¢))?" = B¢(a*,¢/2), we may apply the results recalled in
Proposition [£.d to get that for all v € B¢(a*,¢/2),

Hw o) 2 5 | v =o' [By> 5 dhy(a) > /8.

We can replace 8 by 2 when replacing the Fortet Mourier metric by the Prohorov one.
Hence we may apply Corollary .9 and Theorem P.7. O
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The condition on &, in the previous Theorem is interesting if it can be satisfied by at least
one such sequence. The following proposition shows that it is always the case, it also relies
the metric entropy on M;j(FE) to the metric entropy on E.

Proposition 4.6. Let (E,d) be a compact metric space. Then for all € > 0,

o\ N(d,
(4.6.1)  N(dp,e) < ()N
N(dye/2)

(4.62)  N(dpn,e) < (%) :
(4.6.3) there exists at least one sequence €, going to 0 and such that

ne2
lim (Y" + (logey,) N(d, &?n/8)> = +00.
Such a sequence fulfills the condition in Theorem [{.] for both metrics on My(E) (but
is mot sharp).

Proof. The first result is due do Kulkarni-Zeitouni ([21] Lemma 1), the second one follows
thanks to Proposition [1.3.

Consider

8(loge) N(d,e/8)

f:]ovl]HR—i_’E—}_ 2 )

3

which is clearly decreasing with infinite limit at 0. Let u, a ]0,1] valued non increasing
sequence, wy, = f(uy) is then non decreasing with infinite limit. Introduce for n large enough
k, = max{k € N* | s.t.w < /n}.

o If for all n large enough, k, < n, we choose e, = uy, for all n € [ky, kyyp,[ where
pn = inf{p > 1, knyp > kyp}. On one hand ne? > k, u%n goes to infinity. On the
other hand,

Wi, 1
ne? 4 8(log e, )N (d, £, /8) = ne? (1 — T) > ne? (1 — %> — +00.
e If not, there exists some sequence p; growing to infinity such that k,, > p;, ie.
wy; < /pj- Define p(n) as the unique integer number such that n € [py(n)s Po(n)+11;

and choose €, = Up - Then ne2 > Peo(n) ugw (ny 8068 to infinity and

2 2 Wpe(n) 2 1
ney + 8(loge,)N(d,e,/8) =me;, | 1 — —== | >ne;, | 1 — — +00.
n VPe(n)

The final statement is a consequence of the previous ones. The proof is thus completed. [

Example 4.7. If F is a ¢ dimensional compact riemanian manifold, it is known that
N(d,e) < Cg/e? for some constant Cp. In this case we may thus choose &, = 1/n® for
all 0 < a < —L5. The size of enlargement is thus much greater than for F-moment con-

. q+2°
straints.

When E is no more compact, but still Polish, it can be approximated by compact subsets
with large probability. Here are the results in this direction
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Theorem 4.8. Let C be a narrowly closed convex subset of My (E) such that H(C' | a) < 400,
and o be the I- projection of a on C. Assume that there exist a sequence (K, ), of compact
subsets of E and a sequence (n,)n of non negative real numbers such that
iy, + 8(1og 0, ) N (K, d, 0, /8) — +00
asn — oo. Let €, = n, +2a*(KS). If one of the following additional assumptions
o lim, . (a"(K,)" =1,
e log % is continuous and bounded, and lim,, ., o*(K,) = 1.

&

Then agn ot k- in total variation distance.

Here again the conditions are not sharp, but they hold for both the Prohorov and the Fortet
Mourier metrics.

Proof. The proof lies on the following Lemma
Lemma 4.9. For all compact subset K and all n > 0,
o (d(Ly, C) <+ 207 (K)) = (" (K)" (1 = (16¢ /) Ve tn/s) = mit/s)

Proof. of the Lemma. Introduce aj, = %a* . Then

1o * * * I * * c
d(OZK,OZ) < H O —« ||TV:/‘Q*(I;{)_1‘ da < 2« (K)7

so that according to the triangle inequality d(v,a*) < d(aj,v) + 2a*(K€) for all v. Hence

B(ag,n) C{v, d(v,C) <n+2a*(K)} and
a*en (J(Ln, C)<n+ 2@*([(6))

a*®"(Ln € B(ak,n))
a*®"(L, € B(aje,n) and x € K™)
(" (K))" o™ (Ln € Blaj,m).
As in the proof of Theorem [i.§ and using (f.§.1 or 2) we have
3" (Ln € B(aj,m) > 1 = Nygyoy(din/a) e "™ /8 > 1 — (16e/m) i b0/ ¢=mn'/s,
O

(A\VAR VARV

The first part of the Theorem is then immediate.
The second part is a little bit more tricky. Let h = log % . Foralle >0

a® (L, € C%) > o®(L, € B(a*,¢)) = / Lp(a- o)(Ln) e ™M o en

> e—nH(C|a) / ][B(a*,s) (Ln) e_n<Ln—a*’h> do*®n

> o nH(Cla) g—nA(e) a*®"(L, € B(a*,¢))

where A(g) = sup,ecp(a+)(v — @, h) . Since h is continuous and bounded, it is immediate
that A(e) goes to 0 as e goes to 0. Hence if &, goes to 0

lim inf log <a®"(Ln e Cy) et <C|a>> > liminflog (a*®"(L, € B(a*,z,))) .

n—oo n—oo
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Thus if we choose ¢,, as in the statement of the Theorem, the right hand side of the previous
inequality is greater than

1
lim inf <log o (Ky) + - log (1 — (16e/my, ) NEEndn/8) e_""’%/8>> =0
and we may apply Theorem P.7. O

In the next section we shall study some typical examples.

5. Examples.

In Section f| we already discussed the examples of F-moments. In this section we shall first
look at the finite dimensional situation, then study examples in relation with Stochastic
Mechanics.

5.1. Finite dimensional convex constraints.

Proposition 5.1. If E = RY, let C be a narrowly closed convex subset of My(FE) such that
H(C | a) < +o0, and o* be the I- projection of o on C. Then O a*®F in total
q

2+q
[l = ||* da* < 400 (that holds in particular if [ eMN*I*da < +oo for some A > 0).

In addition if either [ Mzl do* < 400 for some X > 0, orlog % 18 bounded and continuous,

we may choose b < ﬁq.

variation distance with &, = 2/nb and 0 < b < provided there exists a > q such that

Of course in general hypotheses on o* are difficult to check directly. That is why the «
exponential integrability is a pleasant sufficient condition.

Proof. Let M = [ || z ||* do*. For K,, = B(0,n") we have

@iy = (1= 20)

nat
provided au > 1. In addition
Np(Kn,d,n/48) < M'n" [y
so that if n, = 1/n® with b > 0
nn? + 8(log 7, )Ng(Kn,d, 1, /8) > nl™2 (1 — 8bM'(logn)n“q+b(2+q)_1)

1-4

goes to +oo as soon as b < 1_4_1;‘1 ie. if b < 5 . since au > 1. We may thus apply Theorem

[ with &, = (1/nb) + 2(M/n%?) < 2(1/n®) for n large enough.
If the o exponential integrability condition is satisfied we may choose a as large as we want.
If log % is bounded, o*(K,) growing to 1, the condition ua > 1 is non necessary. g
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5.2. Schrodinger bridges. In this subsection and the next one E = C°([0,1], M) where
M is either R? or a smooth connected and compact riemannian manifold of dimension q.
E is equipped with the sup-norm and for simplicity with the Wiener measure W (i.e. the
infinitesimal generator is the Laplace Beltrami operator), with initial measure p.

An old question by Schridinger can be described as following (see [L§] for the original sentence
in french). Let (Xj)j=1,.. n be a n-sample of W. Assume that the empirical measure at time
1 (ie. Lp(l) = %zyzl dx,(1)) is far from the expected law i of the Brownian Motion at
time 1. What is the most likely way to observe such a deviation ? Clearly the answer (when
the number of Brownian particles grows to infinity) is furnished by the Gibbs conditional
principle : the most likely way is to imagine that any block of k particles is made of (almost)
independent particles with common law W* which minimizes H () | YW) among all probability
measures on F such that WWo X~1(0) = g and W o X ~!(1) belongs to the observed set of
measures. If the observed set is reduced to a single measure (thin) a double limit formulation
of this principle is contained in the first chapter of [[]].

To be precise introduce for € > 0

(5.2) Ce(V(),I/l) = {V € Ml(E) s.t. d(V(),I/Q) <e, d(Vl,I/l) < E},

where V; denotes the law V o X ~1(¢). When & = 0 we will not write the superscript 0. We
are in the situation studied in the previous section since C'(vp, 1) is a narrowly closed convex
subset of M;(E). We shall write W* the I- projection of W on C' (without specifying unless
necessary the initial and final measures) when it exists.

Before to apply the results in Section ] we shall recall some known results about C' and W*.

Denote by V,, , (resp. W, ,,) the conditional law of V knowing that X (0) = u and X (1) = v,
i.e. the law of the V bridge from u to v. Also denote by 11 (resp. po1) the V (resp. W)
joint law of X (0), X(1). The decomposition of entropy formula

HV [W) = H(von | po1) + /H(Vu,v | Waw) dvo1(u,v),
immediately shows that, if it exists,

W* = /Wu,v d#8,1(ujv),
where p 4 is the I- projection of o1 on
H(V(),I/l) = {ﬁ S Ml(M X M) S.t.ﬂo =1, Bl = Vl},

if it exists. In other words the problem reduces to a finite dimensional one, i.e. on M x M.
The following Theorem collects some results we need

Theorem 5.3. Assume that H(vy | po) and H(vy | p1) are both finite and that p =

d . .
log d(uggi;;ln) € LY(vo ® 11). Then H(I(vg,v1) | po1) is finite.

In addition Zzgi (u,v) = f(u)g(v) for any pair of functions (f,g) satisfying

o (1) = f(u) [ p(u,v)g(v)du (v)
dpo
(5.4) { gl%(v) =g(v) [ p(u,v)f(w)dpo(w)
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The proof is contained in [fj] Proposition 6.3 and [[[§] p.161-164.

Finally under the assumptions of Theorem .3

2%
o = FX()g(X(1)).

We can now state

Theorem 5.5. Under the assumptions of Theorem [5.4,
W = L(X1,..., Xp/Ly € C(vo,11)) — W
in total variation distance for all sequence &, going to 0 such that the following holds : for

all sequence (Y;); (resp. (Z;);) of i.i.d. random variables with law vy (resp. v1) ,

lim P(d(LY, 1) <ep) =1 and lim P(d(LZ,11) <e,) =1.

n—oo
In particular the above convergence holds for instance in the following two cases
e M is compact and ne? + 8(log £,) Ny (d, e, /8) — +o0,
e M =RY , there exists a > q such that for i = 0,1, f | z||* dv; < +o00 , e = 2/nb

1_
and b < 5Te -

For the proof just apply Corollary [£.3, and for the examples Proposition [L.f] and Proposition

B

5.3. Nelson processes. A natural generalization of the framework of Subsection p. is to
impose the full flow of marginal laws instead of only the initial and final ones. Building
diffusion processes with a given flow of marginal laws is the first step in Nelson’s approach
of the Schrédinger equation. The problem was first tackled by Carlen [[f]. Relationship with
minimization of entropy was first observed by H. Follmer ([[[§]) and explored in details in a
series of papers by C. Léonard and the first named author ([, [d, §]). This approach and the
results below can be viewed as some “statistical mechanics” approach of quantum mechanics.
We shall not discuss further the meaning of the previous sentence here. We prefer insist on
the enormous difference between a pair and the flow of all marginal laws.
Hence here

C(l/t) = {V S Ml(E) s.t.Vt € [0, 1] , Ve = Vt},
and for € > 0

C*(n) = {V € My(E)s.t.d(V,C(1p)) < ¢}.

For simplicity we shall only consider the case M = R? (though a similar discussion is possible
for a general connected and compact riemannian manifold). Not to lose sight of our main
goal we first state the convergence result we have in mind, and will discuss the hypotheses
later on.

Theorem 5.6. Assume that C(v4) is non empty and that W has an I- projection W* on
C(w), such that log % is bounded and continuous. Assume in addition that the initial law
po has a polynomial concentration rate i.e. uo(B(0,R)) < C/R™ for some m > 0 and all
R > 0. Then if e, = 1/(logn)" for some r < 1/2q ,

W?n,k = ﬁ(Xl, ce ,Xk/Ln € Cen(yt)) — W*®k

in total variation distance.
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Proof. According to Theorem [L.§ it is enough to find a sequence K,, of compact subspaces
of E and a sequence 7, of positive numbers going to 0 such that

lim W*(K,) =1 and lim (nn2 + 8(lognn) Ne(Kp, || [l 7n/8)) = +o0.

Since % is bounded by some e” , we may replace the first condition by lim,, .. W(K,) =1

and choose &, > 1, + 2ePW(KS). The most natural way to choose such compact sets is to
use Kolmogorov regularity criterion. Since the support of W is included into the set of Holder
paths of order # < 1/2 introduce

D

K(R,M,3) = Swe Es.tlw(o) <R and sup M <My,
stefoy) |5 —t

for R, M positive and 5 < 1/2. Kolmogorov’s criterion tells us that
W(KS(R, M, 3)) < po(B(0,R)) +C(p, B)M™"
for all p > 1. In addition, thanks to Theorem 2.7.1 p.155 in [[[J
Ne(K (R, M,B), | llso,n/8) < c1(8,q) (8R/n)? e M/m
Choosing K,, = k(R,, M, n,) with
R, = (alogn)?T™ M, = (blogn)®/7 n, = (clogn)"/1
we see that nn2 + 8(log 1) Ne (K, || [loos 7a/8) is less than

B
n(logn) 27/ (Al + Az log(clogn) (log n) ¢ ncz(@q)bc—l)

q/B

for some A; and As independent of n. Choosing b in such a way that ca(3,q)bc —1 < 0 we
obtain a leading term going to +o0o as n goes to oo.

Putting all this together, we get
M + 2ePW(KE) < (clogn)™?/1 + 2CeP (alog n) =7 4 2P C(p, B) (blog n) PP/
which is less than (logn)~?"/4 for all 3’ < 1/2 and n large enough. O

Remark 5.7. The assumption log % bounded and continuous is essential. Indeed without

it Theorem [.§ requires (W*(K,))™ goes to 1, i.e. W*(K¢) = o(1/n). Assuming that ‘Z—% be-
longs to L, (W), Kolmogorov criterion yields M, of order n®. It is then easy to see that this is

no more compatible with any choice of n,, such that lim, . (nn2 + 8(log 1n) Ng(Kn, || oo, 7n/8)) =
+00.

To conclude this subsection let us say a few words about our assumptions.

First of all C'(14) is non empty as soon as v; satisfies a Fokker-Planck equation with a drift
B(t, X(t)) of finite energy (i.e. fol [ B2(t,z)dvdt < +00) see [, B, [d. In addition Girsanov
theory is still available (see [, [ for the details) so that

dV* dug ! ! 2
Y due P </0 B(t,w(t))dw(t) —1/2/0 |B(t, w(t))| dt)

where T = inf{s < 1s.t. [ |B(t,w(t))|*dt = +oc}. In general this density (even when 7' = 1)
is not continuous.

Nevertheless some interesting cases enter the framework of Theorem p.4.
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Let U be a C’g potential. Then the law Vy of the unique strong solution of
dX; =dW, —VU(Xy)dt , L(Xo)=wp
satisfies

U 1
oo = S0 exp (Uw0) - U(w(a) ~ 1/2 [ (VUP - AUt (o))

Hence log % is bounded and continuous as soon as log[‘iiLg is. In addition Vy is the I-

projection of W on C(v;) where vy = L£(X;) (see [{]). The conclusion of Theorem [.q is
thus available for V. If we replace R? by a compact manifold we may include the stationary
(actually reversible) case i.e. vy = e 2Vdx/Zy.

6. A super-thin case: volatility calibration.

In subsections p.2 and f.J we have studied the laws of some diffusion processes from the
point of view of I- projections, hence we only allowed a change of drift. We shall now study
the opposite situation: the drift being fixed, how to choose the diffusion coefficient. We
thus immediately lose any kind of absolute continuity, introducing a new difficulty that is
super-thin subsets. Let us describe precisely the problem.

Consider a family (indexed by continuous time-space functions o) of S.D.E.

(6.1) vVt e [0,1], dX(t) =o(t,X(t))dw(t) +bo(t,X(t))dt ; X(0)=0,

where w is a standard Brownian motion. We assume that by is continuous and bounded and
0 < omin <0 < Omar < +00

for some real numbers o,,;, and 0,4, Under this assumption, it is well known that (@)
admits weak solutions and that there is uniqueness in law. We will denote in the sequel Q. 3,
the probability measure on Q = C([0,1],R) thus defined by (p.1)).

In [P the authors addressed the problem of calibrating o (volatility in mathematical finance)
when by is known (a consequence of the “absence of arbitrage”) and X satisfies a set of
generalized moment constraints

(62) E [f] (tj, X(t]))] =¢ jE A, A finite.

Their strategy is based on the following Bayesian principle : take a prior og, the corresponding
prior law of X is Qy,, 5,- Then the “most probable” P satisfying (6.9), will be the one which
minimizes the relative entropy H (PP | Qy,.5,). Of course this principle is meaningless here.
Indeed, the finiteness of H(PP | Qy, p,) implies that P has the same diffusion coefficient as
Qoy. by» hence there is no such P satisfying (B.9) unless Q. 5, does. To bypass this difficulty,
the authors propose to approximate Qg 3, by some well chosen ero’ bo (actually various time
discretization), in such a way that e H(P® | Q ) goes to some limit K (P | Qyy,p,), and
then use K as the cost function to be minimized.

We shall interpret this strategy in the following way:.

For simplicity assume that the set of constraints is reduced to a single one i.e. introduce the
set

Cr = {P, Ep [F(X(1))] = 1}
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where P describes the set of Probability measures on Q = C([0,1],R). We will choose as
before some ¢ enlargement of Cp, i.e. define

ce = {]P’, /F(X(l))d]? - 1‘ <5} .

Again for simplicity, we shall assume that b(t,z) = by for some by > 0 (extensions to more
general cases can be easily done). We also define

Yo ={0:[0,1] X R =]0min, Omaz|, continuous}

and for € < by,
B.={b:[0,1] x R —]bg — €,by + &[, continuous}.
Let us precise that the space of space-time continuous functions C([0, 1] x R, R) will always
be furnished with the topology of uniform convergence on every compact subset of [0, 1] x R.
Now we introduce a standard approximation of Q,, p,, namely the trinomial tree.
Choose some & > 0y and 0 < s < bg. For (y,2) € R? we define
2
m"(y, z) = %z + 5a7m
dn(y7 Z) = 2%7 - gaz\/ﬁ

r(y,z) =1— g—z

For n large enough (> nyg), it is easily seen that for all (y, z) € [Omin, Omaz] X [b0 — S, bo + ]
the vector (m",d",r") has all its entries strictly positive (their sum being 1), so that we
may define the following transition kernel defined on R for all (0,b) € X X Bs, n > ng and
(t,x) € [0,1] x R,

Iy ,(t,z, .) = m" (o, b)(t,x).5x+% +7r"(0,b)(t,x).0, + d" (o, b)(t,x).éx_%.

n

We thus define the probability measure QZ’ b
(1) Q7 ,(Xo=0)=1,

(6.3) 2) Q7, thXﬁ+(nt—k:)[Xk+1—Xﬁ],ggtg%>:1,
@ @ (e € pryx) S (5, )

In the sequel, we will denote by Egb[.] the expectation with respect to the trinomial tree
v b~ LThe support of Qp , is €2, C ) defined by

—w(0) =0
Q=R we: —w(%) —w(%) € {—%,0,%}, pouri=0,...,n—1
—wafﬁneon[%,%], pourt=0,...,n—1
The set €2, is finite with cardinality 3".
Finally denoting by L,, = % > b, the empirical measure on 2, we shall study RZ"™

defined by
RI™(B) = (Qg,4,)°" (w1 € B/Ly € T NCF),

00,bo
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where ﬁf? will be defined later. Let us just say for the moment that ﬁf? is an open set of
M7 (€2,) which contains all the trinomial trees ng with ¢ in a totally bounded subset ¥
of ¥y and b € B.. Roughly speaking, for each level of approximation (n) we consider a m
sample of the trinomial tree and look at the conditional law of the first coordinate, knowing
that the empirical measure is not too far from being a trinomial tree satisfying the moment
constraint.

Our aim is to show that one can find sequences &, going to 0 and m,, going to infinity, such
that RZ;™" goes towards some Q,~ p,, the one proposed in [B] we will now describe.

First, for fixed n and ¢, since all measures are defined on a finite set, it is not difficult to
see that the set M of minimizers of H(. [ Q] ;) on T N CF is nonempty. It can then be
shown that the elements of M7 are still a trinomial trees. Now an easy computation shows

1
that o — — H(QL , | Q ) is converging (in a sense close to the I'-convergence sense) to
/”L )

n
00, bo

o I(c]oy) =E, [/01 q(o*( Xy, 1), o8 (t, Xy)) dt] ,

T X Oé2 — T T

One thus expects that the limit Qy+ p, is the one obtained by minimizing I on ¥ under the
moment constraint.

with

The remainder of this section will be devoted to give rigorous statements and proofs. Note
that the result gives a rigorous statistical flavor to the method proposed by Avellaneda et
altri.

6.1. Presentation of the results. We recall that the space C([0,1] x R,R) is equipped
with the topology of uniform convergence on every compact subsets of [0,1] x R. Before
presenting our results, let us state the basic convergence property of trinomial trees :

Proposition 6.4. If s > &, > 0 goes to zero and o, € Yo goes to o € Xq then, for all
bn, € Be,,, the sequence Q7 goes to Qg p,-
From now on, we will make the following assumptions :

e The minimum value of the function I(. | o) on the set {o € 3¢ : [ F(X1) dQq,» =1}
is attained at a unique point o*.
e The minimizer ¢* belongs to .

Now let us introduce some notations. For all o € Xy, let A, , be the continuity modulus of
o on the compact set [0, 1] X [—ay/n, ay/n], ie.

An,U(‘S) = Sup{|0(t,x) —O'(S,y)| ZS,t € [07 1],x,y € [—Oé ’I’L,Oé\/ﬂ ,|t—$| + |$_y| S 6}'

Let 31 be defined by
Yi={oceXy:VneN", A, , <24, ,}
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According to Ascoli Theorem, 3; is easily seen to be totally bounded.
Now let us consider the set T? of all probability measures Q on €2 satisfying

(1) QXo=0)=1,
(6.5) () Q(Xi=Xi+(nt— k) [Xun — Xa] <t <
(3) 3(o,b) € X1 x B. such that Q (XE €. ‘Xg =1, (£7X£7 )

~
AN
S
£
~——
I

In the sequel we will set A” := ’TF? N C%. Defining (when possible), for all positive integer m,
Rgm = E(ng,bo)(@m [Lm |Lm S A?] 5
our main result is the following :

Theorem 6.6. If ) = min < Eg p [F (X1)] — 1‘ +1/n, s), then there exists a sequence my,

of positive integers going to 400, such that R, m, converges to Qo b -

In order to prove this theorem, the first step is to study the convergence of R, =~ when n is
fixed and m goes to +o00. This is done in the two following propositions :

Proposition 6.7. Recall that dpy denotes the Fortet-Mourier distance, and for all € > 0
let M2 be the set of minimizers of H(. | ng,bo) on A?. Then,

n — n
_—
dFM(Rg%mw Cco Ms%) 0o 0

where c0 M7, denotes the closed convex hull of M, .

Proof. The set A?% is non empty (it contains QZ* bo ) and, according to the proposition below,

it is open and satisfies H (A’ o | Qb bo) = (A?0 | @py.5,) - The result follows immediately
from the classical Gibbs condltlomng principle. O

Proposition 6.8.
(1) The set AT is an open subset of Mi(S,), and satisfies H(AL | Qp ) = H(A? |

Qoo by)-
(2) Every element of M? is of the form Qp.p for some (0,b) € Z1 x B-.

According to Proposition [.7, we know that for large m, R” 20 m is close to €0 M, . The next

step consists in proving that this set is close to {Qg+ 5, }- ThlS will follow from the particular
type of convergence of the normalized entropy functions :

Proposition 6.9.

(1) If 0 < &, goes to 0, then for every sequence b, € Be,, and for every o € Y, the
following holds :

H(Q7 4, Q5,4

n n—-4o0o

I(O’ | 0'0).

(2) Furthermore, if oy, € Yo converges to o € X, then

H(Qy, b, | Qgy,6)
n

limJirnf > I(o | 09).
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Remark 6.10. Recall that a sequence f,, of real valued functions defined on some metric
space I'-converges to some function f, if

e for all z, lim,, 4+ fn(z) = f(2),
e for all sequence z,, converging to some z, liminf,, 4 fn(zn) > f(2).

The preceding proposition can thus be restated by saying that for every b, € B, with ¢,

. . H(Q7 4,197,
going to 0, the sequence of functions o — s, 0, 1Ug. o) I-converges to o — I(o | o).

n
It is well known that this kind of convergence is well adapted for deriving the convergence of
minimizers. The next proposition illustrates this fact :

Proposition 6.11. Suppose that for every n, an,bn is an element of M7, , then

(6.12) onbn e Qoo

n—-+00

Proof. For all n, Q7. b belongs to A” . Thus, using the minimization property of Q) , |

one has + H(Q} , | Q ;) < +H(QL by | Q5 4,)- According to point (1) of Proposition
.9, this implies that

(6.13) lim sup — H( onsbn | Qg b0) < (0" | 00).

n—-4oo

According to the point (2) of Proposition [6.§, ¢,, € 1. This set being compact, one can find
some converging subsequence o,,,. Let ¢ be its limit. The point (2) of Proposition .9, yields

(6.14) lim inf = F(Q"
p—+00 Ny

From (b.13) and (f.14)), one deduces that

I(G | og) < I(c™ | 00).

| Qoo,bo) = (5- | 00)-

O'np 5 bnp

As o* is the unique minimizer of (. | o) under the moment constraint, one has & = o*. The
point ¢* is thus the unique accumulation point of the compact sequence o,,. It follows that
oy, converges to o*. Now, (b.19) follows immediately from Proposition p.4] O

We are now ready to prove Theorem p.g.
Proof of Theorem [6.4. First, we have the following immediate inequality

dFM <R?0,m’(@0'*7b0> < dFM (R?n,WNEM?O) sup dFM (Q)QO’*,I)())'
" " QECOM”

L

Thus, according to Proposition [.7, it suffices to prove that

sup dFM (Qa@o’*,bo) — O
Qeco M7, n—+oo

The application Q — dpy (Q, Qu+p,) being convex and continuous, we get

sup  dra (Q,Qpx by) = sup dpam (Q, Qo gy ) -
Qeco M7, Qe M7,

n
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But M7, is compact. Thus, there exists an’ b, € M, such that

Sup dFM (Qa@o’*,bo) = dFM (@Zn7bn7@0'*,bo) .
Qe M7,

Applying Proposition f.11], we get

i — Qo‘*,bm

Onybn n——+00
which achieves the proof. O
Before giving the proofs of Proposition [6.§ and [.9, let us do some comments on our result.
Remark 6.15.

e The reason why we work with T? instead of the more natural set T? = {Q),:0€

Y1,b € B} is that T? is of empty interior. The set TZ was thus a bad candidate for
defining a conditioning event in Gibbs Principle. In fact, from the relative entropy
point of view, working with T? does not change anything : point (2) of Proposition
[-§ shows that the entropy minimizers on A? are trinomial trees.

We introduced the set X; because some compactness is needed in Proposition 63
Note that if we replace ¥1 by ¥ in the definition of T?, this set becomes convez (see
[9]). In this framework, there is a unique entropy-minimizer @Z;; p: - But we are not
able to prove directly that the sequence ¢ is compact. If this was true, Theorem 6.4
would hold with ¥4 replacing ;.

The assumption that I(. | op) admits a unique minimizer under the moment con-
straint is needed in the proof of Theorem p.6. Namely, we used in the proof the fact
that the function Q — dpar(Q, Qg+ p,) is convex. If we were dealing with a set M
of minimizers containing more than one element, this function would be replaced by
the function Q — dpps(Q, M) which is no longer convex.

6.2. Proofs.

Proof of (1) of Proposition [6.§. The set C%p being clearly open, it suffices to show that T?
is an open subset of M7 (€,). First, it is easily seen that there is a constant ¢ > 0 depending
only on oyin, Cmaz, o, S and « such that

o)

3=

for all Q € T" and all || < k < n. For all |j| < k <n and Q € M;(Q,), let us define

(6.16)

and

(6.17)

Fr. Q) = a\/ﬁQ (X% B (jjfiz)a7X% = ’7%) _Q(Xk+1 — (j—1>a7X% _ )
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These applications are continuous on the open set

{QeMl(Qn):Wﬂgkgn, Q(X

3=
I
<
BE
N———
\%
o
—

and the following holds

Vil <k<n  F(Q) €
Vigl<p<n’ Gpj(Q) €0l 0tal,

min’ ~ max

VG (@ — /G| < 280 (|~ 2]+

Qe &

.
2

One easily concludes from this that 'ﬁ'? is an open subset of M; ().
Now let us show that H(A? | Q7 ) = H(AZ | Q, 4,)- As Q) 4, sgives a positive mass

to every trajectory of €, the convex function M;(€Q,) > Q — H(Q | Q" , ) is everywhere

00, bo

finite thus continuous. As a consequence, H(O | Q , ) = H O | Q5,.4,) holds true for all
open set O of M;(Q,,). This is in particular true for A”. O

In order to prove the point (2) of Proposition f.§, we need the following lemma.

Lemma 6.18. For all o € ¥g, b € B., € < s, let us define :

n t dHZ,b(t’:E’ )
05,0500t 22) = Gt =)
g0, 00

and
Z,b;o’o,bo(t7x) = H(Hg,b(t7$> ) | 105 (t7$7 ))

00,b0

Then it holds :

d@n b n—1 i
(619) erﬂ’ b = qul7b;0'0,b0 <;7X%,inl>
70, 00 1=0
n—1 i
(6.20) H(Qp | Qpy.0,) = ZEZ,b |:hg,b;ao,bo <E’sz>]
=0

Let Q be a probability measure satisfying

(1) QXo=0)=1,
(6.21) 2) Q(X;= X+ (nt—k) [XW—XE ,§§t§u>:17

n

(3) Q(Xpm €. |Xp) =102, (2, X, .

for some 0 € g and b € B.. Then

(6.22) Vi=0,....n—1, Lg <X%~> zﬁ@nb<X%).

g,

Furthermore,
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Proof. The proofs of (p.19), (6.20), (F-22) rely on very easy computations and are left to the
reader. Let us prove (f.23). It is clear that,

d n
(6.24) H(Q[Qzy5,) =H(Q|Q7,) + /10g < o,y ) dQ.
Next, we have

d(@oo bo
/log (d@ )d@ /Zlog [qob UO,bO( XZ,X1+1>] dQ
00, bo
n (3
Z/log |:qo',b;0'(),b0 <E X% >:| U,b Xlady ]

=S [t (25, )] S i (£, )]

(3v) n n

= H( b ‘ QO’Q,bQ)’
where (i) follows from ([.19), (ii) is obtained by conditioning by X;, (iii) is a consequence of
(b-23) and (iv) of (6.2(). Plugging this in ([.24), we obtain (.23). O

Proof of (2) of Proposition [6.§. Let Q be in M?. As Q belongs to A”, there exist o € 3y
and b € B. such that (5.21) is fulfilled. According to (f.29), one has

H(Q| Qg 5,) = HQ| Q5 5) + H(QG 5 | Qg )-

If QF , belongs to A” then we deduce from the preceding equation that H(A” | ngbo) >
HQ | Q7 ,) + H(AZ | QF, 4,), and consequently H(Q | Q7 ,) = 0, which implies that
Q= QZ »- Thus, the only thing to do is to prove that QZ p € AL

Let (Qp), be a sequence of A going to Q. For each p, there is a pair (op,b,) € 1 x B, such
that (@) is fulfilled. For all |j| < k < n, one has

b (5.5L) = A @)

k «aj
Op <n7 \/ﬁ) Gr J(Qp)
where F, ; and Gy, ; are defined by (B.1G) and (p.17). These functions being continuous, we

have
b k «aj b k «aj
SeC A I N (e
PA\n’/n) p—+teo n’\/n

2 (F iy (0)? kE aj
PAn’/n) potoo n’yn)’
for all |j| < k < n. It follows easily that

n
Op, bP

@ g

and

and

e
p—-+oo Qoo
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But according to (6.29),
Q,eAl=Q, , €Al

op,bp

Consequently, QZ’ p is in the closure of A7. O
Proof of Proposition [6.9. Recall that for all ¢ € X, I(o | 0g) is defined by

1o ow) = Eas [ [ 1 (o210, X0), 0, X)) .
with

x T 042 — T X

(1) Let us show that there exists some K > 0, depending only on «, oymin, Omaz, bo and s,
such that

k K
n 2 2
(625) |hcr,b;cro,bo - Q(O' 700)| <E7x> < z

for all (k,xz) € {0,...,n—1} X %Z and (0,b) € 3o x Bs.
For all (o,b) € 3¢ x B :

o [20D] 1) = [t () 10 1+ ) o (14 22 ) o [ 24 0
o] e =[on () m (- a) (- 3)] < -
log [L”’ b)o ] r(0,b) = log <O‘2;“z> [1 - Z_z]

(00, bo) a? — o

Using Taylor’s formula, it is easily seen that for ¢ € {—1,1},

2
eyo eya 1 [ eya K
su log ( 1+ — +- =) | < —=,
z€lo? . I,)o%mx] & < \/ﬁl') \/ﬁx 2 <\/ﬁﬂ?> N n\/ﬁ
y€[bo—s,bo+s]

with K depending only on «, 0maz, Omin, bo €t s.
After some easy computations, one derives (6.25) from these inequalities.

In the sequel we will use the following notations
1= i i
P = — 2= X ),0d (=, X
i (7 (5x) 8 ()

1
<I>:/0 q(o®(t, Xy), o8 (t, X)) dt.

and

The function ¢ is bounded and continuous on [02 ;| 02,,.]?. ®" is thus a sequence of uniformly

bounded continuous functions on €2, which converges pointwise to the bounded continuous
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function ®. Let us show that ®" converges uniformly to ® on every compact subset of 2.
The function ¢ is Lipschitz on [02,  ¢2,..]? ; let M > 0 be such that

min’ Y max
la(z,y) —a(@’,y)| < M(lz — 2| + |y = ¥/]).
Let A be the continuity modulus of 2, ie.

A(U) = sup ’02(371') _Uz(tay)’7
[t—s|+|y—z|<u

and Ag the continuity modulus of 3.
With these notations, we have

n—1 . . 1
n 1 ? ?
‘@ - CI)’ = ;Zzzgq <U2 <;7X%> 708 <;7X% ) _/0 q(a2(t7Xt)7ag(t7Xt))dt
n—1 i+l ; ;
<> [l (Bxe) b (50x,) ) - a0, ofe X0t
1=0"""n
n—1 it1 i Z
< M;/ o? (E,X%> — o (t, X¢)| + |od <;,X%> — od(t, X;)| dt
< M| sup !02(3,X8) - 02(t,Xt)‘ + sup !ag(s,Xs) - ag(t,Xt)‘
Is—ti<q |s—t< |

<M prw%HMfwm+amAmwﬂH&—&q

|s—t|]<t |s—t|<L
L n n

(1 1
<M A(——i— sup ]XS—Xt\)—FAo <E+ sup ]XS—Xt\)]

st |s—t|<%
Let K be a compact subset of . According to Ascoli Theorem, we have

sup sup |Xs— Xy ——0.
weK |t—s|<L n—+00

Thus
sup |®"(w) — ®(w)] —— 0.
wek n—+00
According to (5.29) :
1 n n n n K
EH( o.bn | Qoo b) — Eg p, [@7]] < -

where K depends only on &, omax, Omin, bo and s. Using the uniform convergence of (®™),

on every compact and the tightness of the sequence QZ’ b, it is now easy to see that

. 1
Jim EH( o.bn | Quo.b) = L0 | 00).
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(2)
1 1 Q5
— 1 nsyUn d n
n ( On, bn ’an,bo) n/ 0g (anO b0> On,bn
- 1 /10 dQZmbL n / U bn n
- on,b On,bn
an bn Uo bo
1 o, b
= - ( On n ’ QO’ bn log n = Un bL
n ’ QUOJJO 7
1/ dQg ,,
Z — 10 n d Zn b
(dQJO b0> ’

According to (.19) of Lemma [.1§

1 dqQr , 1! i
= [ 1og [ =2 ) g — " “NTe(Lox,
n/Og (dQZO’b()) Qon,bn o‘n,bn [nz <TL7 E> 5

=0

where

m" (o, by,) (o, by,) d"(o,by)
E" =log | ——— | m"(on,bn) +log | ———— ) r"(on,by) +1og | ——— ) d"(on,bn
o8 (m"(00750)> M (on;bn) +log <7’"(007bo)> (o, bn) +log (d"(aoybo)> (7n-br)

It is easily seen that there is a constant K depending only on «, onin, Omaz, bo and s such
that

VR > 0, sup K" —hg ol ®) S K sup [0, —of(t, ).
le|<R 1€[0,1] B le|<R,1€[0,1]

The sequence an,bn converging to Qg 3, it is a tight sequence. As a consequence, for all
B > 0, there is R > 0 such that

s b <sup |Xy| < R) >1-4.

te(0,1]
One can find M > 0 depending on «, 0min, Omaz, bo and s, such that |k"| < M and
" < M. Thus,

o,bn ;00,bo
-1 i 1 n—1 i
Z ( >] Egnybn [;Zhg,bnmo,bo <;7X%>]'
=0 =0

Un,bn[ Z‘ o b oo — K| Tjo,r)( S}épl]’Xt’)

<K sup \ on —ol(t,x) +2M(1 - j3).
|z|<R,te(0,1]

O'nybn

+2M(1 - B)

One easily concludes that

. n—1 .
O'mbn[ Zk < %)] Ea'n,bn [E;ho,bn;ooybo <E’X%>] n—-—4oo O
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A similar reasoning as in the proof of point (1) shows that

-1 )
15 i
n n
B |2 D Mobionte X ) | 7 1o [ o0),

n—-+o00
=0

which achieves the proof. O
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