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Error estimate for Finite Volume scheme

Benoit Merlet and Julien Vovelle

Summary. We study the convergence of a Finite Volume scheme for the linear advection
equation with a Lipschitz divergence-free speed in R?. We prove a h'/?-error estimate in
the L*°(0, ¢; L')-norm for BV data. This result was expected from numerical experiments
and is optimal.
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1 Introduction

The Finite Volume method is well adapted to the computation of the solution of pdes
which are conservation (or balance) laws, for the reason that it respects the property of
conservation of the pde under study. The mathematical analysis of the application of the
Finite Volume method to hyperbolic first-order conservation laws can be dated from the
mid sixties (see [T'S62] for example). Concerning the specific problem of the estimate of
the rate of convergence of the method, the first result is due to Kuztnetsov [Kuz76], who
proves that this rate of convergence in L>(0,t; L') is of order h'/2, where h is the size
of the mesh, provided that the initial data is in BV and that the mesh is a structured
cartesian grid. Ever since, several studies and results have come to supplement the error
estimate of Kuznetsov. Before describing them, let us emphasize two points:

1. The analysis of the speed of convergence of the Finite Volume method is distinct
from the analysis of the order of the method. In the analysis of the speed of convergence
of the method, general data (e.g. BV data) are considered. Indeed, here, the problem
is to show that the Finite Volume method behaves well regarding the approximation of
the continuous evolution problem in all his features (in particular the creation and the
transport of discontinuities). On the other hand, in the analysis of the order of the
method, restrictions on the regularity of the data are of no importance: see the recent
work of Bouche, Ghidaglia, Pascal [BGP05] on that purpose.

2. If, numerically, the speed of convergence of the Finite Volume method applied to first-
order conservation laws is observed to be (at least) of order h'/2 in the L>°(0,; L')-norm,
whether the mesh is structured or is not, the preexisting theoretical and rigorous proofs
of this result appears to be strongly related to the structure of the mesh.



Indeed, in the case where the mesh is unstructured (what we call a structured mesh is a
cartesian mesh with identical cells but this can be slightly relaxed [CGY98]), the result
of Kuznetsov has been extended, but to the price of a fall in the order of the error esti-
mate. Indeed, h'/# error estimate in the L>°(0,¢; L')-norm for the Finite Volume method
applied to hyperbolic conservation laws on unstructured meshes has been proved by Cock-
burn, Coquel, Lefloch [CCL94], Vila [Vil94] and Eymard, Gallouét, Herbin [EGHO00] for
the Cauchy Problem (h'/® error estimate for the Cauchy-Dirichlet Problem [OV04]). We
emphasize the fact that numerical tests give an order h'/? for structured as well as un-
structured meshes; still, concerning these latter, numerical analysis did not manage to
give the rigorous proof of the order h'/?: there is an upper limit at the order h'/%.

In this paper, we consider the case where the conservation law is linear. More precisely,
we consider the linear advection problem with a Lipschitz divergence-free speed.

In the case of H'-data, optimal (with respect to the order of the error estimate) results
already exist. Under a strict CFL condition, Després [Des04c] shows an h'/?-error estimate
in the L L2-norm for the upwind Finite Volume method applied to the linear advection
equation with constant speed. (The author deals with the particular case of 2D triangular
meshes but extensions to higher dimension and general polyhedral meshes are harmless).
His technique is based on the study of the dissipation of the consistency error by the
scheme and the adaptation of the Lax Theorem (see also [Des04a]). Roughly speaking,
the consistency error created at time ndt is of order 1 but of order 1/1/q + 1 after g time
steps of the scheme.

On the other hand, we refer to the work of Vila and Villedieu [VV03], who prove, again
under a strict CFL condition, an h'/?-error estimate in the L?  space-time norm for the
approximation of Friedrichs hyperbolic systems with H' data by energy estimates (they
consider explicit in time Finite Volume schemes, for implicit schemes in the case of scalar
advection equation, see, as they underline it, the result of Johnson and Pitkdranta [JP86]
who show an h'/?-error estimate in the L? space-time norm for H' data).

For an initial data uy € BV (R?), we prove in Theorem 2 the expected h'/2-error estimate
in the L°L! norm, under a strict CFL condition in the general case and, under a sharp
CFL condition if the speed is independent of ¢. This result is optimal [TT95, Sab97] and
in the context of unstructured meshes and BV -data, this is the first optimal result.

In our proof of Theorem 2, we first show that it is sufficient to consider initial data which
are characteristic functions. Then we use the same ingredients as Vila and Villedieu
in [VV03]. The approximate solution satisfies the weak formulation of the problem up to
an error term corresponding to the consistency error of the scheme. Roughly speaking,
this error is bounded via the Cauchy-Schwarz inequality by a H*(R? x [0, #])-like semi-
norm of the discrete solution denoted Ej(ug,t). A large error means that the scheme is
very dissipative and consequently, that the approximate solution is smooth, so Ej(ug,t)
is small. The h'/?-estimate follows from the equilibrium between these contradictory
constraints.

The paper is divided into six parts: first we continue this introduction by describing the
linear advection problem, the Finite Volume scheme, our results and we give the main



lines of the proof. In Section 2 we recall some classical results on the Finite Volume
scheme. In Section 3 we introduce the weak formulation satisfied by the approximate
solution. Then we reduce the study to initial data which are characteristic functions and
we build the test function used in the weak formulation. In Section 4, we prove some
Energy estimates. The first and second part of Theorem 2 are proved in Sections 5, 6
respectively.

Notations

If (X, ;1) is a measurable set with finite (positive) measure and ¢ € L'(X), we denote the
mean of ¢ over X by
1
ddp = —— / odp.
]f( 1(X) Jx

If Xisaset, 1x(z)=1ifxre X,0if 2 ¢ X.
The set of functions with bounded variation in R? is the set of L' functions with bounded
Radon measures as derivatives:

. +oo}

where [|¢|le = ||\ + - + @3l Lema) for ¢ € C°(R? R?) and div is the divergence
operator. The total variation of u € BV (R?) is given by

BV(RY) := {u € L*(RY); sup

QOGCSO(Rd,Rd),HgDHOQSI

/U u(a)divep(z)dz

||U||Tv = sup
p€eC (RA,RY), [|lplloc<1

/R u(a)dive(e)de

1.1 The linear advection equation

We consider the linear advection problem in R%:

u; +div(Vu) =0, z€ R4t e Ry,

(1.1)
u(z,0) =up(x), x€9Q,
where we suppose that V € WH*(R? x R, R?) satisfies
divV(,t)=0 VteR,. (1.2)

The problem (1.1) has a solution for ug € L} .(R?); for the purpose of the error estimates,
we will consider initial data in BV (R?).



Theorem 1. For every ug € L} (R?), the problem (1.1) admits a unique weak solution

u, in the sense that u € L} (R, x R%) and: for every ¢ € C*(R* x R),

loc

/ / u(pe +V - Vo)dudt + / upp(x,0)dx = 0. (1.3)
R, JRY R

Moreover, we have
u(z,t) = ug(X(z,1)), V(z,t) € R x Ry, (1.4)

where X € CY(R? x Ry, R?) is such that, for every t > 0, X(-,t) : R — R? is one to
one and onto.

LetY (-, t) := X(-,t)7", then for every T > 0, X —Idga and Y —Idga belong to W' (R%x
[0,T7]). More precisely, there exists Cy > 1 only depending on T, ||V||wi~ and d, such
that, Vo € R%, vVt € [0,T],

|X(@,0) 2l <Cot,  IVX(z,0)| <Co,  llaX(x.t)| <Co, (1)
Y@ -2l <Cot, VY@t <Co  [0Y(@Dl<Co.  (L6)

Finally, for everyt >0, X (-,t) preserves the Lebesque measure A on R, i.e:
MX(E ) = ME), for every Borel subset E of R". (1.7)

Proof of Theorem 1 All the results cited in the Theorem follow from the characteristic
formula: u(z,t) = uo(X(z,t)) where X(-,t) = Y(-,#)"! and Y solves the Cauchy Problem
0Y (x,t) = V(Y(x,t),t), Y(2,0) = x. To prove the estimates on X, we notice that
X(z,t) = Z(0;x,t) where Z(7;x,t) denotes the solution of the Cauchy Problem

dz

© riat) = V(Z(ra ), 7), Te1],

Z(t;x,t) = x.

We only give the sketch of the proof: global existences for Y and Z and the desired
estimates follow from the Cauchy-Lipschitz Theorem and the Gronwall Lemma. Besides,
by (1.2), the flow preserves the Lebesgue measure on R%. Existence for (1.1) follows from
the characteristic formula and, by an argument of duality, uniqueness also. [

If uy € L} (RY), the solution u belongs to C(R., L}, (R?)). If the derivatives of u, are

loc
bounded Radon measures, we have a more precise result. Namely, using the estimates

above, we obtain

Corollary 1.1. Let T' > 0, there exists a constant Cy > 1 depending on ||V ||y, T and
d such that, if up € BV (RY):

Colluol|rv]s —tl, 0<s,t<T,
Colluollrv, 0<t<T.

[ul-; ) = ul, )]l
[ul- D)llzv

IAINA



The following result is a direct consequence of the conservative property (1.7). The case
f(v) = v? will be crucial in the proof of the main result of this paper.

Corollary 1.2. Let f : R — R be a measurable function and uy € L} .(R?) such that
fouy e LYR?). Then the quantity / f(u(-,t)) is constant.
R4

1.2 Finite Volume scheme

The Finite Volume scheme which approximates (1.1) is defined on a mesh 7" which is a
family of closed connected polygonal subsets with disjoint interiors covering R?: the time
half-line is meshed by regular cells of size t > 0. We also suppose that the partition 7°
satisfies the following properties: the common interface of two control volumes is included
in an hyperplane of R? and

ahd < | K|,

0K < a ' hi-!, VK €T, (1.8)

there exists o > 0 such that {

where h is the size of the mesh: h := sup{diam(K), K € T}, |K| is the d-dimensional
Lebesgue measure of K and |0K]| is the (d — 1)-dimensional Lebesgue measure of K. If
K and L are two control volumes having a common edge, we say that L is a neighbor of
K and denote (quite abusively) L € 0K. We also denote KiL the common edge and ng
the unit normal to Ki L pointing outward K. We set

(n+1)ot
Vkr = / ][ Vi ngyp
KL Jnét

We denote by K, := K x [ndt, (n + 1)dt) a generic space-time cell, by M := 7 x N the
space-time mesh and by 0K the set

0K, ={L € 0K, Vg, <0}.
In the same way we set K1 L, := KiL x [ndt, (n + 1)dt).

We will assume that the so called Courant-Friedrich-Levy condition is satisfied:

SToatvel < 1-9IK|,  VEK,eM,  forsome £€[0,1).  (L9)

LedK,

Remark 1.1. Under condition (1.8), the CFL condition (1.9) holds as soon as
Vot < (1= &)a™?h.

Notice that if [|V]| is small, we may choose a large time step d¢. In order to avoid the
occurrence of terms with factor ¢ h~! in our estimates, we add to (1.9) the following
condition: there exists ¢y > 0 such that

5t < coh. (1.10)



The Finite Volume scheme with explicit time-discretization is defined by the following set
of equations:

ule = ][ uo(z) dz VK e T, (1.11)
K

unJrl —u”
K—K |K‘ > Vip(uf —uf) =0, VK, € M. (1.12)
LeOK,,

We then denote by w; the approximate solution of (1.1) defined by the Finite Volume
scheme:
up(x,t) =uy, V(z,t) € K,. (1.13)

Main results

From now on, we assume that V € W1*°(R? x R, , R?) satisfies (1.2). We fix a mesh T
of mesh-size h > 0 satisfying the uniformity conditions (1.8). We also fix a time step 6t
such that the CFL conditions (1.9)-(1.10) hold.

We fix two times 0 < ¢t < T and we assume that ¢ = (N + 1)dt for some N € N (so
that up(-,t) = > xerup '1x). In order to avoid the occurrences of ht~! terms in the
estimates we assume that

h < et for some ¢; > 0. (1.14)

In the sequel, given an initial condition uy € BV (R%), the function u € C(R,, L'(R%))
denotes the exact solution to (1.1) and wu; its numerical approximation obtained by the
upwind Finite Volume method (1.11)-(1.12)-(1.13).

In the results and in the proofs, Cy > 1 is the constant introduced in Theorem 1 and
Corollary 1.1; this constant only depends on 7', ||V||w1.~ and d. The letter C' denotes
various constants which are non decreasing functions of a™!, ¢y, ¢1, ||[V||w1.~ and d but
do not depend on h, t, &, ug, t or T

Finally, before stating the main results of the paper, we set

My ={K,e M : 0<n<N},

and we introduce the quantities

Buuot) = 3 (Kl =+ ST ST stV g — ukl?
KneMp KneMnN Leok,;
Enluo,t) = fun(-, 0|72 = llun(, )72

Remark 1.2. Notice that h=2Ej,(ug, t) is a discrete version of the quantity

d
/ <|8tuh(x, s)? + Z Vi, 8)||0p, un(z, s)|2) dxds.
R2x[0,t]

=1



We have the following error estimate:

Theorem 2. Let ug in BV (R®). Under a strict CFL condition ((1.9) with & > 0), we
have :

lu(-,t) = un(, )l < CCF2E uollrv (#72h12 + €/ th), (1.15)

with &, = &.
Moreover, if V' does not depend on the time variable, the estimate is valid with & = 1
uniformly in § € [0,1).

This result deserves some comments.

Remark 1.3. If the speed does not depend on z: V(z,s) := V(s), we have X(z,s) =
x — [J V(r)dr and we can choose Cy = d"/? + ||V|| (which does not depend on T') in
Theorem 1 and Corollary 1.1.

Remark 1.4. In the proof of the first part of Theorem 2, the dependency on & only appears
in Lemma 5.1.

Remark 1.5 (On the BV-norm of the approximate solution). The possible irregularity
of the mesh is an obstacle to the existence of uniform (with respect to h) bound on the

L; BV,-norm
) StKIL|ju} — ul|
KneMy Leok,

of the approximate solution uj,. A counter-example to such a result has been given by
B. Després in [Des04b]. However, a uniform bound on the weaker norm (notice the weights
ViL)

Quluot) = 30 0 SV Iluf — il

KneMnN Leok,;

would be enough to prove the error estimate (1.15) by use of the techniques of Kuznetsov
[Kuz76] (and, therefore, regardless whether the conservation law under consideration is
linear, the remark here is true). This uniform bound on @y (ug, t) is observed in numerical
experiments and is probably true. However, in this paper, we do not prove this claim and
it remains an open problem, even in the linear setting.

Interpolating between the h'/2-error estimate in the LL2-norm of [DesO4c] and the
estimate of Theorem 2, we obtain, under a strict CFL condition, a h'/?-error estimate in
the L°LP-norm for data in W'P(R%), 1 < p < 2.

The analogue result for initial data in W1P(R?), 2 < p < oo, requires different techniques
and will be addressed in a subsequent paper.

1.3 Sketch of the proof of Theorem 2

We only sketch the proof of the first part of the Theorem; besides we do not exhibit the
dependency on t and £ of the error estimates (the constants C' may depend on ¢, T or §).



To prove Theorem 2, we use the fact that the difference between the exact and the
approximate solutions satisfies the weak formulation (Lemma 3.1):

[ =)@tV Vo) + [ (= u)(0)o0)ds = o+ 1)), (116

R

for every ¢ € C1(R?xR.,), where the error term (j, +1y,)(¢) encompasses the consistency
error of the Finite Volume approximation and depends on the approximate solution.

We then notice that, by linearity of the equations, and subsequent principle of superpo-
sition, we may suppose that the initial data uy € BV (RY) is the characteristic function
ug = 14 of a set A with finite perimeter. The norm ||ug||py is equal to the perimeter
of A. In fact, we show that we can also reduce the study to the case where A does not
contain very thin parts so that, in particular, the volume of the h'/?-neighborhood of 0A

Ay = {zeR?: d(z,04) §h1/2}.

is bounded by C|0A|h'/2. At this stage, we build a function ¢y € C*'(R?,[~1,1]) such
that g9 = 1 on A\ Ay, ¢p = —1 on A°\ Ay and [|[Vép|lee < Ch™Y/2. Then we set
P(z,s) = ¢o(X(z,5))1py(s) so that ¢, +V - ¢ = 0 on R? x [0,¢]. After a regularization
process, the weak formulation yields

I(wn =) ()l < CIOAIRY + |un(@)] + [ (9)].
The term pp,(¢) is

(@) = % |K!!u’}(“—u%!<][n¢— Jot s nan).

KeMp

The purpose of the reduction to the case uyg = 1, is an accurate estimation of the term
w(@). Indeed, by definition of ¢, we have: for 0 < s <t, ¢(z,s) =1if x € X(A\ Ay, s)
and ¢(z,s) = —1if z € X(A°\ Ao, s). More precisely, there exists C' > 0 such that, if

d(Kn, Uozsze (X (04, 5) x {s}) = C(hY/? + h+ 6t),

then ¢ is constant on the cell K,,. We denote by MY the set of cells which do not satisfy
this property; we have

(@) = K§%|K|ru%“—u?<r(]£n¢— fot. o).

and the (d + 1)-dimensional volume of the cells of M} is bounded by C|0A|h/? (Lemma
3.5). We use the Cauchy-Schwarz inequality and the estimate ||0,¢[/.o < Ch™2 to get

ln(@)| < CE(ug,t)?|0A|/2h1/4,

A similar technique yields the same bound on v (¢).



Thanks to the Energy estimate (Lemma 5.1) Ej,(ug,t) < C&(uo,t), we get
[(up, —w) (-, 1) < C (|JOAIRY2Ep (ug, )% + [OA[V2RM1) .
Finally, since the L?-norm of the exact solution is conserved, we get (Lemma 4.1):

Enluo,t) < 2f[(un — uw) (-, 1)l

Together with the preceding inequality, this yields successively &, (ug,t) < C|0A|h'/? and
I(un —w) (-, )]l < ClOAR.

2 Classical results

By continuity in BV of the L?-projection on the space of functions which are constant
with respect to the mesh 7, we have:

Lemma 2.1. There exists a constant ¢ > 0 only depending on d such that for every

uy € BV(RY),

1 _
un (-, 0)|l7v = 5 |KIL||[u) —ul| < ca™ |luglrv,
2
KeM, LeOK

Jun(-,0) —uollrr < ca™ Jluolzvhe

Proof of Lemma 2.1: Using the weak density of C}(R%) in BV (R?), we may suppose
that ug € C}(RY). Let K € T, L € K. Since |z — y| < 2h for every (z,y) € K x L, we

have
e =l < g [ ) = ol ldedy

< |Vuo((1 —7)z + ry)|drdxdy.
| K] \L\/// "

Now we perform the change of variables (z,y,7) — (w =z —y,z = (1 — t)x + ty,r =)
(of Jacobian determinant equal to 1). We have

2h
9 —ul| < |Vug(z) (/ / (w, z,r dwdr) dz,
[T IL] S B 2m) R

where 7 € R% is the centroid of K, and g is defined by g(w, z,7) = 1 if z +rw € K and
z—(1—=r)w e L, and g(w, z,r) = 0 otherwise. For (z,7) € B(zk,2h) x [0, 1], we have
Jrag(w, z,r)dw < 24| K| if r > 1/2 and [g, g(w,z,7)dw < 2¢|L| if r < 1/2. Finally, we
obtain

20+ max(| K|, |L|)h
o .0 < ) dz.
T [ MG




We deduce from the inequalities (1.8) that for every K € T,
S KLl —ul| < 2d+la2/ Vuo()|dz.
LEOK B(zk,2h)

Summing on K € 7, we get

Z Z |KiL||uf —uf| < 2d+1a2/ |Vug(2)| Moy (2)dz,
d

KeT LedK R
where Moy (z) is the cardinal of the set {K : d(K, z) < 2h}. By (1.8), we have
M2h(2)ahd < ZK;d(KJ)th |K| < [B(z,3h)].

Thus Map,(2) < ca™ and we get the first part of the Lemma.
Let K € 7. Similarly, we have

1
/ () — o] < —— [ Juo(a) — uo(y)|dady
K ’K’ KxK
< th/ |Vug(2)|dz.
B(zk,h)

Summing on K € 7 and using the fact that the cardinal of the set {K : d(K,z) < h} is
bounded by ca™!, we get the second estimate. [

The free divergence assumption (1.2) leads to the following identity
Lemma 2.2. Under the hypothesis on the divergence of V' (1.2), one has
ooVi= ) Vi VE,eM.
LedK;, L:KedLy
Monotony
Under a CFL condition the Finite Volume scheme is order-preserving;:

Proposition 2.1. Under condition (1.9), the linear application L : (u%) — (ui™") defined
by (1.12) is order-preserving and stable for the L*°-norm.

Proof of Proposition 2.1: Eq. (1.12) gives

" Vot Vot
uitt =1+ Z KL Uy — Z KL (2.1)
2 K] K]
€Ik, LedK,
i.e., under (1.9), uj" is a convex combination of ul, (u}) cor-. The stability result
follows from L£(1) = 1. ]

10



L'-stability

From Lemma 2.2 it is not difficult to see that the quantity ) .., |K|u} is conserved. By
the Crandall-Tartar Lemma [CT80], this fact and Proposition 2.1 imply

Proposition 2.2. Under condition (1.9), the scheme L : (u}) — (uxt) is stable for the
L*-norm:

S IEI < S K|kl ez

KeT KeT

3 Weak Formulation

In the remainder of the paper, we assume that vy € BV(RY), that the function u €
C(Ry, LY (R%)) is the exact solution to (1.1) and uy, is the numerical approximation given
by the scheme (1.11)-(1.12)-(1.13). We also assume that (1.8), the CFL conditions (1.9)-
(1.10) and the condition (1.14) are satisfied.

We intend to prove that wy, satisfies (1.3) up to an error term.

Lemma 3.1. For every ¢ € C>°(R? x [0, +00)),

| et v9or+ [ n.0006,0) = (o) + mio), B.1)
w(@) = 3 KN - a)(6) — (6)x((n+ 1)6), (3.2)
Kn,eM
vp(¢) = Z Z ot(u KV (D) — [KILV -n o)), (3.3)
KneM LeoK,;
where
(o) = ][ b, (Brlt) = ]i o), (Vong)ly = ]{( oV n.

Proof of Lemma 3.1: We develop the first term of the inequality and perform a discrete
integration by parts:

/ / up(dp +V - Vo)dadt = Z |K|5tuK][ (¢ +V - Vo)daxdt
Rd

KneM

- > (|K\(<¢>K<<n+1>6t> —(9)(not)) + 3 5t|K|L|<v-n¢>’;@>

KneM LedK
= Z (IKI(u — ) (@) k((n + 1)6t) + Z St K1 LI(V - n @) LuK>
Kn,eM LeoK
— Y |K|stul(¢) i (0). (3.4)
KpeM

11



The last sum is equal to [p, up(-,0)¢(-,0). Rearranging the terms in the second sum and
using the identity (V -n @)%, + (V -n¢)}, =0, we compute: for every n >0

DD KLV ng)ipufe = > KLV -ng) (uf —uf).

KeT LedK KeT reoK;;

Plugging this identity and the definition of the scheme (1.12) in (3.4), we get (3.1). ]

We now assume that ug € BV (R?). Before building the test function ¢, we show that we
may reduce the study to more simple initial data.
Let 7' be the cartesian mesh

d
{t1/2h1/2 H[pk>pk + 1] : (plv e 7pd) € Zd} .
k=1

The diameter of the cells is b’ = d'/?t'/2h'/2; this mesh is uniform: conditions (1.8) are
satisfied for o/ = min(d=%2,d@=3/2/2). In particular, by Lemma 2.1, we have

lvol|rv < Clluo||rv, o — uol|zr < Clluo||rvt/2h'?,
where vy is the projection defined by vy := Z ( ][ u0> 1x:. These estimates, the L'-
K'eT’ '
stability of the scheme and of the evolution equation (1.1) imply that it is sufficient to

prove Theorem 2 for the initial data vy.

Lemma 3.2. [Fed69, Bre8)] Let vo € BV (RY). For every n € R, define

L if 0<n<w(x),

Xoo (T, 1) = —1 if w(z) <n<0,
0 in the other cases.

We have vy = / Xvo (s m)dn, almost everywhere. Moreover,
R

loll = / 1o () e,
R

lollzy = /R oo () v,

where the second identity is a consequence of the co-area formula for BV functions.

Applying this decomposition, we deduce from the linearity of the scheme and of the initial
problem, that it is sufficient to prove the Theorem for any initial data ug which is a finite
sum of characteristic functions 1.

Therefore, from now on, we suppose that ug = 14 with A = Uj<; K} and K7, -+, K]
are distinct elements of 7.
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Let us point out that
luollzx = 4] = 172847,

and since, the boundary 0A is a finite union of distinct edges denoted Ky LY, --- , K] 1L} |
we deduce from the definition of the Total Variation:

Juollr = 10A] = D K1 L] = mtd=D/2p0-072,
=1

With the notations of Theorem 1, we have u = 15 where B C R? x R, is defined by

B = | JY(A4 s)x{s}.

s>0

We are now going to build a test function ¢ for (1.3) and (3.1). Let I' € C*(R,R)
such that 0 < T' < 1, I'(R) = 0 for R < 1/3 and I'(R) = 1 for R > 2/3. We define
dy € Lip(R4, R) by

Bo(z) = T(tV2h=V2d(z,04)) if z € A,
OV =\ —D(tY2h12d(z,04)) if =z € A

Since d(-, 0A) is a 1-Lipschitz continuous function, we have ||V®|s <t 2h7V2||TI|| .
Let us introduce a mollifier p € C°(R%, R such that [p,p = 1 and supp p C B(0,1/3),
we set ¢ 1= t~Y2h=Y2p(t"1/2h=1/2. )« ®y. The function ¢y belongs to C*'(R?) with the
bound:

IVéollow < ¢ 20721
Moreover, we have

r e A= ¢o(x) >0, and x € A° = ¢o(z) <0,

and if we split R? in three disjoint subsets: R? = ¢y ({1}) Uy ((—1,1))U gy ({—1}) =:
AL UAJUA_, we have ug=1on Ay, ug=0on A_ and

Ay € {z :d(x,0A) <t/2h'?} C UM B(xi, 1/2¢201?),

where z; € R? is the centroid of K/IL;, 1 <1i < m. Consequently the Lebesgue measure
of Ay satisfies:

|Ao| < Cmtd?hi? = C|lug||ryvt'/>hM? (3.5)

Finally, we define our test-function by ¢(z, s) := ¢o(X (z, s))Lj4(s) for (z,s) € R* x Ry,
where X is the mapping introduced in Theorem 1. Since divV (-, s) = 0 for every s > 0,
we have

o +V-Vo =¢ +div(Ve) =0  in R x (0,1),

13



and from the estimate on V¢, above and on VX and 9, X (1.5) in Theorem 1, ¢ belongs
to C*(R? x [0,1]) and satisfies

CCt~12p=1/2, (3.6)
CCt ™1 /2p1/2, (3.7)

V| oo mixppr <
<

||at¢||L°°(Rd><[O,T])
Moreover, since u(z, s) = uo(X (x, s)), ¢ inherits the properties of ¢g: for (z,s) € R¢xR,

u(z,s) =1= ¢(x,s) >0, and wu(zr,s)=0= ¢(x,s) <0 (3.8)

Lemma 3.3. We have

| w0060 = [ @=m)e006.0 = m@)+m@. 69

Rd

Proof of Lemma 3.3: The test function ¢ is not compactly supported and not time
differentiable at the time t. So it can not be used directly in (1.3), (3.1). First, remark that,
since ug is compactly supported, there exists R > 0 such that supp u(+, s),suppu(-, s) C
B(0, R) for every 0 < s <t + dt, thus ¢ may be replaced in (1.3), (3.1) by the compactly
supported function ¢ - y where x € C°(R?) is such that x =1 on B(0, R).

To overcome the non differentiability at ¢ we introduce a mollifying sequence to ap-
proximate the function 1jy. Let (14)s>1 be a sequence of C°(R;) functions satis-
fying 1, = 1 on [0,t], ¥, = 0 on [t + 6t/q,+00) and 0 > o, > —2q/0t. We set
bq(z,8) = do(X(z,5)),(s) for every (z,s) € R x Ry and ¢ > 1. The weak formu-
lation (3.1) reads

/;m (/Rd Uh(H?aS)d)o(X(%S))dﬂJ) Py(s)ds + /Rd un (- 0)60(+,0) = i (cg) + va(dy),

The sequence of Radon measures (¢} (s)ds), converges to —d;, so the first term of the left
hand side converges towards
- [ w ot
Rd
as ¢ tends to +o0.

Clearly, for every K, € M and L € K, we have ((¢g)r)y — ()%, ((V - ndg)fp)q —

n?

(V-no)%, and ((¢q) x(not)), — (¢)k(ndt). Passing to the limit on ¢, we get
= [ w006+ [ w0060 = m(6) + (o).
Rd Rd
Similarly, we obtain from (1.3)
Rd Rd
Subtracting these equalities, we get the result. [

We relate the first term of the equality of Lemma 3.3 to the L{°Ll-norm of the error:

14



Lemma 3.4. We have
[(un —w)(-, 8)l[r < /Rd(u —up) ()9 (-, 1) + Clluo | vt/ h'2. (3.10)
Proof of Lemma 3.4: Recall that from the monotony of the scheme, we have
0 <up(x,s) <1, V(z,s) € R x Ry. (3.11)

Let us consider the disjoint decomposition R? = X (A, t)UX (A, t)UX(A_,t) and notice
that (3.8), (3.11) imply that (u(x,t) — up(x,t))p(z,t) > 0 for every z € R In particular

0 < /X(Ao,t)(u_uh>('7t)¢('7t>'

Since 0 < u,up < 1, we deduce from (3.5) and the conservation property (1.7) that
/ [(ur, = w)(, )] < X (Ao, )] = [Ao| < Cllugllrvt'2h2.
X(ont)

Finally, using the identities ¢(-,¢) = 1, u(-,t) = 1 on X(A,,t) and ¢(-,t) = —1, u(-,t) =0
on X(A_,t) and the bounds 0 < uj, < 1, we have

oo =l = [ et [ ok
= [ e wnetn
X(ALUA_ )

Summing up this equality and the two preceding estimates, we get (3.10). [

Lemmas 3.3 and 3.4 and the second estimate of Lemma 2.1 (and h < ¢1t) yield

I(un =)0l < pn(@) +va(9) + Clluolry /7R3, (3.12)

The first key idea to estimate pp,(¢) and vy, (¢) is to remark that most of the terms in the
sums of (3.2), (3.3) vanish.

Lemma 3.5. There exists M} C My such that

u(9) = Y K™ = ug)(0)k — (9)k((n+1)3t)),

KneM,

v(9) = > > ot(uf —up) (ViR (@) — [KILI(V -ng)y,).

KneM) LedK,

with the estimate

> K| < CCJluollvt® R, (3.13)

KneM),
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Proof of Lemma 3.5: Let us denote by B the open subset of R% x [0, ] of all the points
(x,s) such that |¢(z, s)| < 1. Let K, € My which does not intersect B. In this case, ¢
is constant (¢ =1 or ¢ = —1) on K,, and we have

Ok = (D)x((n+1)0t)  and Vi (0)gp = [KILI(V -0d)gp,  VLeIK,.

Consequently, the corresponding terms in the definitions of u;, and v, vanish and the
equalities of the Lemma hold with

MLy = {K,e My : K,NB#0},

We now estimate the (d + 1)-dimensional Lebesgue measure of the union of the cells
K, € M},. From the definition of ¢, for every K, € My, there exist (x,s) € K,, such
that d(X(z,s),0A) < tY/2h1/2. Since 0A = Uj<icn K} 1 L}, for every K, € M}, there
exist (xK,n,sKn) € K, and 1 <i < m such that d(X (vg,, sk, ), 7;) < 2t/2 h'/2, where z;
is the centroid of K1 L,. Thus using the estimates of (1.6) on VY and 0,Y, we obtain

U @r.sc) © U U Y(B@:,262h17),s) x {s}.
KpeMl, i=10<s<t
m N
c U B (Y (i, ndt), 2Cet"* h'/? + Codt)) x [ndt, (n + 1)5t],
i=1n=0
and
U K. c UUB (i, ndt), 205t* h'/2 + Codt + h)) x [ndt, (n + 1)5t].
KnEMN i=1n=0

Finally, using Cy > 1, 6t < coh and h < ¢qt, we get
> GtK| < CCgmt(t2hY? 4 by < CCFlluglrvt™*h!2. »
KneM),
4 Energy Estimates

The two next lemmas contain the second key idea of the paper. The first one shows that
the L'-error at time ¢ controls &, (ug,t) (the jump of the L?-energy of the approximate
solution). The second one relates &, (uop, t) to the regularity of the approximate solution.

Lemma 4.1. We have

Enluo,t) < 2[(un —w) (-, 1|1
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Proof of Lemma 4.1: Using the conservation property of Corollary 1.2 with f(v) = v?,
we have [|u(-,t)||72 = [|uo||7.. Thus

En(uo,t) = (lun( )72 = luollz2) + (luC B[22 — llua(- 1)lZ2) -

Since up(+,0) is the L2:-projection of uy on the mesh 7, the first term is non positive.
Finally, 0 < u,up, < 1 yields w?(-,t) — w2 (-, t) < 2 |up (-, t) — (-, t)|. n

In particular, (3.12) implies
En(uo,t) < 2pn(9) + 2un() + Cllug|ry t/2h1/2, (4.1)

Lemma 4.2. We have the following identity

t

KneMnN LedK,,; MeoKy,

DI

KneMpy L MeOK,,

Remark 4.1. We say that the identity of Lemma 4.2 is an Energy estimate, because of
the analogy with the a priori inequality

t
o Ol = Ol < 20 [ [ Ve, o) dads.

where u, satisfies the advection-diffusion equation dyu, + div(Vw,) — vAu, = 0. In our
case the diffusion is due to the scheme (and does not have the regularity and the isotropy
of the Laplace operator), and the corresponding parameter v is of order h.

Proof of Lemma 4.2: Let n > 0. Using Lemma 2.2 to change the index of summation
in the last sum of the right hand-side of the first equality, we have

Do) = YK+ Y Vit (i)=Y Y Vikot(uk)®

KeT KeT LeOK KeT 1. KedLy

= > 3 | IEI+ Y0 VRt ) (i)’ = Y Vigdt(up)’®

KeT LedK, LedK,

= Y IKl ) agp(up)?,

KeT Lev;, (K)

where we have set for every K,, € M, V, (K) := 0K, U{K}, and for every L € 0K, :

" V2ot n V2, ot
g =1+ Z T}]é , ey 7= ==
MedK,;
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With this notations, (1.12) reads
UTIL{+1 - Z aqg(Lqub(u
Levi (K)
for every K, € M, and we have

2

Z K| (("‘&)2 ui)? Z K| Z ger (uf)? — Z afepuy,

KeT KeT Levy (K) Levy (K)

=Y KIS ) a1 —af)(up)® - > e @yl

KeT LEV, (K) LMeV, (K), M#L

Using the identity 3, .\ ) ), = 1, we compute

DO IE[((up)? = (i) = Y IK] Z aKLuL Y die(u} — )

KeT KeT Levy, MeVvy (K)

1
- 3 Z K| Z e @ienr (U}, — wiy)?.

KeT LMeV;, (K)

Summing on 0 < n < N, we get the Lemma. [

5 Proof of the first part of Theorem 2

In this section, we assume that £ > 0. We estimate successively py,(¢) and v, (4). Applying
the Cauchy-Schwarz inequality to the first formula of Lemma 3.5, we obtain

1/2

1/2 2 (0)k — (D) ((n + 1)dt) 2
(@) < Bu(uo, )2 | D [Kot ( st )

KneM}
On the basis of (3.7) and the CFL condition (1.10) 6t < ¢oh, we have
)Y — (D) i ((n 4 1)6t)| < 04| Lo bt < CCoott~2h~12 < CCyhY/ 212
and therefore, by (3.13)

()] < CCyT 2By (ug, )2 ug | 147 /4114,
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We now write

Z Z at(u )Vir (D) — (D)kr)

KneMY Ledk,;

+ 3N t(ul — w) KL (Vo0 (0)i, — (V- mo)i,),

KneMN LEOK,,
— I +1I (5.1)

From the Cauchy-Schwarz inequality, we have

1/2

e o e (90 = (@
1 < Balu, )| Y > [VRIGth (f)

KneMY, Ledk,;

The conditions (1.8) implies

Y. Vb <a?|VillK| <OIK|, VK, €M,
LedK,

Consequently, (3.6) and (3.13) lead to
1 < CCy 2 Ep(uo, t)?|uo i V4R, (5.2)

We now estimate the term IT; notice that it vanishes in case V = Cst. Let K,, € M} and
L € 0K, , since ][ (V-n)i, —V - -ngr =0, we have
KiLn

(V)i (9)Vir — (V-mo)gp = ][ ¢(x,r) (Vg =V, 7) - ngr) dedr

KiLy,
—][ (@, 1) = (D)kr) (V- ) = V(x,7) - ngp) dudr.
KLy
Using (3.6)-(3.7) and (V- n)}, — V(z,7) -ngr| < Ch for (z,r) € KiL,, we get
(V)i (0)ier — (V- mg)ipl < CCot™2n2.
Thus, we have

I < CC| > > KLk | ot | 71202

KneML \LedK,

As above, for every K, € M we have ), 5, |[KiLIh < C[K| and from (3.13):

1| < CCEHMug|rvth. (5.3)
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Summing up (5.1)-(5.2)-(5.3), we obtain
(@) + 1n(6)] < C (C4* Bnuo, ) 2lluoll 5 #/0Y/* + Ci gtk ), (5.4)
and (4.1) yields
Enlua,t) < C (G Bnluo, )" uoll 0 H* + ol (£01 4 G +eh) ) . (5.5)

The following Lemma will allow us to bound Ej,(ug,t) by & (uo,t).
Lemma 5.1.
Eh(lLO, t) < 05_1 5h(lL(), t).

Proof of Lemma 5.1: From (1.12) and the Cauchy-Schwarz inequality, we have for
every K, € M,

|K|Juf™ —ug ] < Z |I;§| Z Vi |ot|uf — ui[*.

LedK, LeoK,

Due to the CFL condition (1.9), we have »; o, [VE# [0t < |K|[; consequently, summing
the preceding inequality on K,, € My, we obtain

En(uo,t) < 2 > > [V lot|uf — ujl*.

KneMn LedK,,

Using again the CFL condition, for every K, € M we have (1+ > ,,cor- Venot/|K|) > €.
Thus £Ep(uo, t)/2 is bounded by the first sum of the right hand side of (4.2). m

Plugging this inequality in (5.5), we get
Enlug,t) < C (C(?/”lc‘fh(uo,t)1/2£*1/2|\uo|!1T/5 FARYA L |y (£Y2012 + C(c]l+1th)> '
We then use the Young inequality ab < %aQ + %bQ with
o= 0—1/25}1(“0’25)1/2’ b — CI/QCS/QHS_I/Q||u0||%p/5t1/4h1/4
to derive the estimate
Enlug, t) < COM2|ug||rv (€71 22 + th).
Finally, from Lemma 5.1 and the inequalities (5.4), (3.12), we compute successively

En(ug, t) < COFT2E2|ug||rv (121Y? + € th),
lun (D) + [va(9)] < COFT2E uollry (E/2RY2 + €172 ¢h),
[(un —u) (-, 8)||r < CCE2E ugl|lpy (/2R + €2 ¢h). L
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6 Proof of the Second part of Theorem 2

We suppose that V' does not depend on the time variable. If

sup |K| ™ Z V2, |6t < 2/3,

KeT _
LedK,

then the proof of the first case allows us to conclude; therefore we can suppose that we
have |K*| < QZLGBKS’_ V2., |6t for some K* € T. This cell K* satisfying (1.8), we
deduce that the following inverse CFL condition holds:

h < 2a7%|V]s0t. (6.1)
We now bound i, (¢) and v (¢). From Lemma 3.5 and the estimate (3.7) on 0¢, we have

(@) < CorE a7 N K Jut! - gl
KneMy,

Since V' does not depend on t, we have V2 = V2, for every K,, € M. Consequently the
discrete time derivative v% 1= 6t~} (u —u'% ) satisfies the scheme (1.12). The L'-stability
of the scheme and Lemma 2.1 imply

t
D Kt —ui] < = Y K uge — ] <) [ViRyluf — u)

KneMpn KeT KeT

< Ve Y [KiL|juf —ui| < Clluollzvt.
KeT

Thus (using the CFL condition §t < ¢ph), we have
lun ()] < Cllugllzvt"*n?, (6.2)

As in the proof of the first case (see (5.1)), we write v,(¢) = I + II. Recall that

= 3N Gt(uh — ) Vi ((0)s — (0.

KneMY LedK;

and that, from the estimate (3.6) on V¢, we have

1] < CCoRP72 " N StV [Juf — ],

KneMY LedK;,
Using the definition of the scheme (1.12), for K,, € ML and L € 0K, , we have

‘K‘ n+1 1

up —uy = Uy —u Vi ot(u] — uly).
bR D Meok; VKM5t( " i) Dmeory Vi 5tM%(_ o o
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Therefore,

\I|§000h1/2t1/2< > K Juptt — k]

KneMy,

1

>

KneM),
= CCy M7 Y2 (1, + 1).

ot Z Ve Viens 0t [ulyy — L|>

ZMG@K,; ’VKnM LMEdK,

Using again the L'-stability of the scheme, we have
Ll < Clluollzvt.

For I, we use the Cauchy-Schwarz inequality to get

o< | D >

KneMn [, MeoK,,

1/2
VKLVKM(St n n\2
|K’ (uM - uL)

1/2
Vit Vidn ot | K|
S U TR B
KneMy, L,MedK, MedK,, VKM
1/2 1/2
Vi Vityot* .
= | X X Ry S K]

KneMn [, MecoK, KneM),

Thanks to Lemma 4.2, the first term is bounded by /2, (uo,t)*/? and by (3.13), the
second term is bounded by CCY?|ug||12 t¥4*hY/46¢t=/2. Finally, using the inverse CFL
condition (6.1), [I| is bounded by CCy/*[Juo|| 35 t1/4h 4, (u, )'/2 and we have

1< CCY* (lluollry /202 + & (uo, )2 uol| 47 44) (6.3)

The proof of the estimate (5.3) of the previous Section is still valid and we have |II| <
CCI M |ug|| 7y th. Summing up this estimate, (6.2) and (6.3), we obtain

(@) + 1 ()]
< CCY (lluollry (17202 + C2th) + Enluo, )/ uo 571/ 0Y/4) . (6.4)

Plugging (6.4) in (4.1) and using Young inequality to absorb the term & (ug,t) in the left
hand side, we are led to

Enlug,t) < COM2|ug| gy (t/2hY? + th).

The second part of the Theorem follows from the last estimate, (6.4) and (3.12). ]
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