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Quantum Hall fractions in ultracold fermionic vapors
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We study the quantum Hall states that appear in the dilute limit of rotating ultracold fermionic
gases when a single hyperfine species is present. We show that the p-wave scattering translates into
a pure hard-core interaction in the lowest Landau level. The Laughlin wavefunction is then the exact
ground state at filling fraction ν=1/3. We give estimates of some of the gaps of the incompressible
liquids for ν = p/(2p± 1). We estimate the mass of the composite fermions at ν = 1/2. The width
of the quantum Hall plateaus is discussed by considering the equation of state of the system.
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The preparation and manipulation of ultracold atomic
gases has led to many interesting developments in the
study of quantum fluids undergoing fast rotation [1, 2].
The Bose-Einstein condensates can be set in various rota-
tion regimes with the characteristic response of a super-
fluid. The condensate does not acquire angular momen-
tum below some velocity threshold. Then there is nu-
cleation of one vortex and with increasing velocity more
and more vortices are created. They have been observed
forming the Abrikosov triangular lattice [3, 4]. When
the rotation frequency reaches the trapping frequency
in the radial plane, it has been predicted that quantum
Hall fractional states should become ground states of the
system [5, 6, 7, 8] if the gas enters a two-dimensional
regime. Trapped Fermi gases may also exhibit superflu-
idity if they undergo BCS pairing condensation. If the
pairing strength is varied, it may be possible to observe
the crossover from molecular condensation at strong cou-
pling to BCS phase transition at weak coupling. A possi-
ble signature of the superfluid paired phase of fermions is
the peculiar response to stirring, leading again to vortex
formation. In the fast rotation limit, it is thus natural
to ask if there is formation of fractional quantum Hall
states as in the Bose case and what are their properties.

In this Letter we investigate the fractional quantum
Hall effect (FQHE) appearing in atomic vapor made of
a single hyperfine species of fermions. We show that the
p-wave scattering between fermions can lead to the for-
mation of the Jain principal sequence of FQHE fractions
ν = p/(2p ± 1), in addition to the celebrated Laughlin
wavefunction at ν = 1/3, as well as a Fermi sea of com-
posite fermions for half-filling of the lowest Landau level
(LLL). We give estimates of the gaps for the incompress-
ible fluids governed by the p-wave scattering length and
of the mass of the composite fermions. The equation of
state of the system seen as the angular momentum of the
ground state as a function of the rotation frequency dis-
plays plateaus corresponding to the FQHE fluids. Their
widths can be estimated by taking into account the nu-
cleation of quasiparticles.

We consider a gas of fermionic atoms and suppose that
they are set in rotation for example by a stirring external

potential [9] that can be applied for some time to transfer
angular momentum to the gas and then is removed. We
are then left with a rotating cloud and we assume that it
attains thermal equilibrium in the rotating frame. If H
stands for the Hamiltonian in the laboratory frame then
it becomes HR = H−ωLz in the rotating frame where ω
is the rotation frequency and Lz the angular momentum
along the rotation axis. The Hamiltonian describing N
particles of mass m in this frame can be written as :

HR =
N

∑

i=1

1

2m
(pi − mωẑ× ri)

2 +
1

2
mω2

zz
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0 − ω2)(x2
i + y2

i ) +

N
∑

i<j

V (ri − rj),

where the xy trap frequency is ω0, the axial frequency
is ωz and the angular velocity vector is ωẑ. For ω close
to ω0, the physics is that of charge-e particles in a mag-
netic field B = (2mω/e)ẑ, corresponding to a magnetic
length ℓ =

√

h̄/(2mω). We assume the existence of a
two-dimensional (2D) regime in which the wavefunction
along the z-axis is the ground state of the z-axis harmonic
potential.

If we consider a single hyperfine species of fermions,
then the s-wave scattering is forbidden by the Pauli prin-
ciple. The next allowed partial wave, the p-wave, leads to
much weaker interactions [10] and this leads to difficul-
ties when cooling fermionic vapors. They can be evaded
for example by sympathetic cooling [11] with a different
atom. However it is also feasible to use a scattering res-
onance, such as a Feshbach resonance, to dramatically
enhance p-wave scattering. This has been demonstrated
with 40K atoms [12]. The scattering even reaches values
comparable to s-wave scattering. We will see that this
means that FQHE gapped states will have characteristic
energies in the same range as for similar bosonic states.
At small wavevector, i.e. in the low-energy limit, the
p-wave phase shift of the two-body scattering problem
behaves as :

δ1(k) ∼ 1

3
k3 a3

1, (2)
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where a1 defines the p-wave scattering length. As a con-
sequence the scattering amplitude is no longer isotropic :

f1(θ) ∼ a3
1 k2 cos θ, (3)

where θ is the angle between ingoing and outgoing
wavevectors. We now use an effective potential which
mimics the behavior in Eq.(3) when treated in the Born
approximation. It is given by :

Ûp =
12πa3

1

m
p̂ δ(3)(r) p̂, (4)

where the quantities r = r1−r2 and p = 1
2 (p1−p2) per-

tain to the relative particle. The use of such a potential
is enough for our purpose since we will study the dynam-
ics of the LLL only : the massive degeneracy is lifted at
first-order in the potential (higher orders involve Landau
level mixing).

We now turn to the quantum Hall regime for fermions
when ω = ω0 in Eq.(1). Assuming a 2D regime with ℓz =
√

h̄/mωz the confinement length along z, the interaction
potential can be written as gf ℓ4 p̂ δ(2)(r) p̂ where the
vectors r and p are now 2D with :

gf =

√

2

π

h̄2

m

a3
1

ℓzℓ4
. (5)

The coupling constant gf sets the scale of the FQHE
phenomenon.

The interaction Hamiltonian in the LLL can be written
as :

HLLL =
∑

m

∑

i,j

Vm P̂m(i, j), (6)

where m is the relative angular momentum (RAM),
hence the sum runs over all positive odd integers for
fermions, and P̂m(i, j) is the projection operator for par-
ticles i and j onto RAM m. The coefficients Vm fully
characterize the interaction problem in the LLL. They
are called pseudopotentials after Haldane [13, 14]. With
the pure p-wave interaction Eq.(4), only m = 1 scattering
is allowed and the interaction Hamiltonian reduces im-
mediately to the pure hard-core model for which V1 6= 0
and all the other pseudopotentials are zero. The hard-
core model [13, 14, 15, 16] is known to constitute an
excellent blueprint of the FQHE. Notably the celebrated
Laughlin wavefunction [17] :

Ψ =
∏

i<j

(zi − zj)
3 e−

∑

i
|zi|

2/4ℓ2 (7)

is an exact zero-energy ground state of the hard-core
model. In fact this is the most spatially compact zero-
energy state for the hard-core model. It has a well-
defined angular momentum Lz = 3N(N − 1)/2. It cor-
responds to filling 1/3 of the LLL and thus is the exact

ground state for ultracold fermions. This is analogous to
the Bose problem [7] where s-wave scattering leads to the
Laughlin ground state (with exponent 2) at filling 1/2.
It is also known that the hard-core model exhibits the
prominent Jain sequence [18] of incompressible fluids for
fillings of the form ν = p/(2p ± 1). We have estimated
the gaps at some of these fractions by performing exact
diagonalizations in the spherical geometry [19, 20, 21]. A
sphere of radius R is threaded by a flux 4πR2B which is
an integral multiple (2S) of the flux quantum by Dirac
quantization condition. Incompressible fluids appear for
special matching of the number of particle vs. 2S. We
obtain the low-lying energy levels for a small number of
particles and then perform finite-size scaling to obtain
estimations of the thermodynamic limit.
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Figure 1: Energy gaps for neutral and charged excitations at
ν = 1/3 , ν = 2/5, and neutral gaps for ν = 3/7. The lines
are our best fits and energies are in units of gf .

For the most stable fluid at ν = 1/3 the low-lying neu-
tral excited states are dominated by a well-defined collec-
tive density mode and we have obtained the correspond-
ing gap by studying up to N=13 fermions. The gap can
also be evaluated from the charged excitations, i.e. the
Laughlin quasiparticles. For the p-wave problem, there is
the peculiarity that the quasiholes are gapless at ν = 1/3.
It is thus enough to study the quasielectrons that can be
nucleated by removing one flux quantum from the ref-
erence ν = 1/3 situation. We find that both estimates
scale nicely to a common value ≃ 0.8 gf : see fig.(1). For
the fraction ν = 2/5 the gap is ≃ 0.5 gf obtained by the
study of systems for N=4...12 fermions. In this case there
are the two types of charged excitations, quasiholes and
quasielectrons, each having a nonzero gap and we find
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that the sum of these gaps converges to a value compati-
ble with the neutral gap. There are fewer available values
of the number of particles as we go down the hierarchy
and for the next fraction ν = 3/7 we estimate the gap
to be ≃ 0.4 gf and for 4/9 it is more difficult to give a
reliable estimate, the gap is smaller and of the order of
≃ 0.3 gf . For values of the parameters ℓz, ℓ and a1 typi-
cal of present experiments [3, 12] the gaps may be of the
order of the nanoKelvin.

For fillings less than 1/3, the fermion system does no
longer display incompressibility because there are prolif-
erating zero-energy states when we increase the angular
momentum. Some of these are edge excitations of the
droplet and for larger angular momentum they are quasi-
holes. Due to particle-hole symmetry, these very same
modes fill any gap in the region 1 ≥ ν ≥ 2/3. The Jain
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Figure 2: Energy spectrum for N=9 fermions in the spherical
geometry at filling ν = 1/2. The CFs feel zero flux and can
be interpreted as forming a closed shell. The inset shows
the scaling of the gap of the closed shell states N=4,9,16.
Energies are in units of g and the horizontal axis is total
angular momentum.

sequence has an appealing interpretation in terms of com-
posite fermions (CF). These entities are naively a fermion
bound to an even number of flux quanta of a fictitious
field. The total field acting upon the CFs is then the sum
of the external field and the fictitious field : when treated
in a mean-field manner this explains the FQHE of elec-
trons as the integer quantum Hall effect of CFs. The Jain
sequence has an accumulation point at ν = 1/2 : at this
filling the CF experience zero net flux and form a Fermi
liquid like ground state [22, 23]. These CFs have remain-
ing interactions and also an effective mass m∗ which is
entirely due to interactions. To estimate this mass, we
use a special matching of the flux 2S = 2(N − 1) giving
zero net field on the sphere [24, 25] for the CFs. In the
Coulomb case, it has been shown that many features of

the spectrum can be successfully interpreted by reason-
ing with free CFs, eventually supplemented by second
Hund’s rule. There are closed shell configurations when
the number of fermions is a square : N=(ℓ+1)2 and ℓ is
thus the total angular momentum of the highest occu-
pied orbital. It is the equivalent of the Fermi momentum
on the sphere and thus we call it ℓF . We expect that
the closed shell sequence N=(ℓF +1)2=4,9,16,. . . display
ground states with zero total angular momentum and
should have good scaling properties towards the ther-
modynamic limit, as is the case for Coulomb interac-
tions [25, 26]. From a closed-shell configuration one can
form particle-hole (ph) excitations : the lowest-lying such
excitations is obtained by promoting a fermion from the
shell with momentum ℓF to the empty shell at momen-
tum ℓF +1, leading to a branch extending from L=1 up to
2ℓF +1. Above this branch we should find two-particle-
two-hole states extending up to 4ℓF and so on. This
is exactly what we find for the hard-core model. The
low-lying levels of N=9 fermions are displayed in fig. 2.
Above the singlet ground state we clearly identify the two
branches predicted by the free CF model.

We can obtain an estimate of the CF mass at ν = 1/2
by using the free CF model [25, 26]. A free CF on the
sphere has an energy given by E = l(l + 1)/(2m∗R2)
where l is the angular momentum. As a consequence,
the gap of the one ph branch is ∆ = (ℓF + 1)/(m∗R2).
If we fix the density ρ the scaling law of the gap be-
comes ∆N = 4πρ

√
N/(m∗(N − 1)). In the spherical

geometry we have to take into account the fact that
there is a nontrivial shift between the flux 2S and the
thermodynamic limit value N/ν. For finite numbers of
particles the density is not exactly equal to the thermo-
dynamic limit value. Better scaling properties [21] are
obtained by rescaling the magnetic length by a factor
√

N/(2Sν) (going to unity for N → ∞). We thus find

∆N = 4πρ/(m∗
√

N). This scaling is obeyed for the sizes
N=4,9,16 (see inset of fig.(2)) and this leads to an esti-
mate of the effective mass :

m∗ ≃ 0.5 m
ℓ2ℓz

a3
1

. (8)

When the number of fermions lie between closed shell
values we have checked that the ground state angular
momentum is given by second Hund’s rule (maximum
L), as is the the case for Coulomb interactions [24].

Finally we discuss the width of the Hall plateaus in the
case of trapped atomic vapors. Contrary to the 2D elec-
tron systems in semiconductor devices there is no source
of disorder to pin the quasiparticles that are nucleated
when we deviate from the fine-tuning of a quantum Hall
fraction. The role of disorder is thus played by the finite
number of particles of the system and the quantum Hall
plateaus are expected to be of vanishingly small width in
the thermodynamic limit. We can give precise estimates
by considering the equation of state of the rotating sys-
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tem, i.e. the value of the ground state angular momen-
tum as a function of the rotation frequency 〈Lz〉(ω). At
the critical frequency, the Hamiltonian is rewritten as a
magnetic field problem (see Eq.(1)). If the frequency is
slightly less, ω0−δω, then we have the small field −δωLz

acting upon the purely magnetic problem. It leads to a
trivial shift of the energies of the FQHE problem that
will change the ground state when increased. This is
seen from the typical spectrum displayed in fig. (3) in
the condition of the critical rotation. The Laughlin state
at LLaughlin

z = 3N(N − 1)/2 is the ground state and the
first excited state is the quasielectron at LLaughlin

z − N
with a nonzero gap ∆qe. When adding a −δωLz shift
the Laughlin will remain the ground state till the quasi-
electron energy becomes lower for a critical value equal
to :

δωc =
∆qe

Nh̄
≃ 102 Hz

N
× (

∆qe

1 nK
). (9)

If we increase δω beyond this value, quasielectrons are
nucleated forming a fluid that will condense into a new
FQHE fluid. We expect the result above in Eq.(9) to be
generic. This picture is essentially dual to the nucleation
of vortices at small rotation frequency [3].
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Figure 3: Energy spectrum for N=5 fermions in the disk ge-
ometry as a function of the angular momentum. The Laughlin
state is the unique zero-energy state at Lz = 30. The lowest-
energy state at Lz = 25 is the quasielectron with a finite gap.

We have shown the appearance of the Jain principal
sequence of quantum Hall fractions in ultracold rotat-
ing fermionic vapors. The composite fermion picture
gives a successful account of the observed fractions as
well as their collective mode excitations. The gaps we
estimate from exact diagonalizations are of the order of
h̄2a3

1/mℓzℓ
4. At half-filling of the lowest-Landau level,

there is a Fermi liquid-like state of composite fermions
and their effective mass m∗/m is controlled by ℓ2ℓz/(a3

1).
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