
Supplement to “Large sample properties of the matrix exponential spatial
specification with an application to FDI” (for reference only; not for

publication)

Nicolas Debarsy, Fei Jin, Lung-fei Lee

Note: This supplement includes

(1) QML Estimation of a high order MESS [MESS(p,q)];

(2) Some lemmas;

(3) Proofs of some lemmas;

(4) Proofs of some propositions;

(5) More Monte Carlo results in addition to those in the main paper;

(6) Estimation results of the MESS(1,0) model for the application.

1. QML Estimation of a high order MESS [MESS(p,q)]

Consider the following high order MESS:

eαWnyn = Xnβ + un, eτMnun = εn, εn = (εn1, . . . , εnn)′, (1)

where αWn denotes α1Wn1 + · · ·+αpWnp for a vector α = (α1, . . . , αp)
′ and n×n spatial weights matrices

Wni’s, i = 1, . . . , p, and τMn denotes τ1Mn1 + · · · + τqMnq for τ = (τ1, . . . , τq)
′ and n × n spatial weights

matrices Mnj ’s, j = 1, . . . , q. Denote the model as MESS(p,q). We investigate the properties of the QMLE

for this model when the disturbances are i.i.d. as assumed in Assumption 5. The quasi log likelihood function

of the MESS(p,q), as if the εni’s were i.i.d. normal, is

Ln(θ) = −n
2

ln(2πσ2) + ln |eαWn |+ ln |eτMn | − 1

2σ2
(eαWnyn −Xnβ)′e(τMn)′eτMn(eαWnyn −Xnβ),

where θ = (γ′, σ2)′ with γ = (α, τ , β′)′. Let θ0 be the true parameter vector. Since |eαWn | = etr(αWn) and

|eτMn | = etr(τMn), as long as Wni’s and Mnj ’s have zero diagonals, the log Jacobians disappear and the

quasi log likelihood function is simplified to

Ln(θ) = −n
2

ln(2πσ2)− 1

2σ2
(eαWnyn −Xnβ)′e(τMn)′eτMn(eαWnyn −Xnβ). (2)

By contrast, for the high order SARAR model corresponding to (1),

(In − λWn)yn = Xnβ + un, (In − ρMn)un = εn, εn = (εn1, . . . , εnn)′,

where λ = (λ1, . . . , λp)
′ and ρ = (ρ1, . . . , ρq)

′, the quasi log likelihood function involves the log Jacobian

ln |(In − λWn)(In − ρMn)| = ln |In − λWn| + ln |In − ρMn|. The stationary regions of λ and ρ can be



hard to find and the Jacobian is computationally intensive (Elhorst et al., 2012).

The MESS(p,q) (1) with the notations αWn and τMn resembles the MESS(1,1) presented in (2), thus

we have similar expressions for the QMLE. From (2), the QMLE of γ is the minimizer of

Qn(γ) = (eαWnyn −Xnβ)′e(τMn)′eτMn(eαWnyn −Xnβ). (3)

For fixed φ = (α′, τ ′)′, the QMLE of β is

β̂n(φ) = (X ′ne
(τMn)′eτMnXn)−1X ′ne

(τMn)′eτMneαWnyn. (4)

Substituting β̂n(φ) into Qn(γ), we obtain a function of only φ:

Qn(φ) = y′ne
(αWn)′e(τMn)′Hn(τ )eτMneαWnyn, (5)

where the projection matrix Hn(τ ) = In−eτMnXn(X ′ne
(τMn)′eτMnXn)−1X ′ne

(τMn)′ . The QMLE of φ can

be derived by the minimization of Qn(φ). Corresponding to Assumptions 1, 3 and 4, we make the following

assumptions.

Assumption A.1. Matrices {Wni} for i = 1, . . . , p and {Mnj} for j = 1, . . . , q are bounded in both row

and column sum norms. The diagonal elements of Wni’s and Mnj’s are zero.

Assumption A.2. There exists a constant δ > 0 such that |αi| ≤ δ for i = 1, . . . , p, |τj | ≤ δ for j = 1, . . . , q,

and the true φ0 is in the interior of the parameter space Φ = [−δ, δ]p+q.

Assumption A.3. The limit limn→∞
1
nX
′
ne

(τMn)′eτMnXn exists and is nonsingular for any τ ∈ [−δ, δ]q,

and the sequence of the smallest eigenvalues of e(τMn)′eτMn is bounded away from zero uniformly in τ ∈

[−δ, δ]q.

To find the identification condition for φ, define

Q̄n(φ) = min
β

EQn(γ) = (Xnβ0)′e−(α0Wn)′e(αWn)′e(τMn)′Hn(τ )eτMneαWne−α0WnXnβ0

+ σ2
0 tr(e−(τ0Mn)′e−(α0Wn)′e(αWn)′e(τMn)′eτMneαWne−α0Wne−τ0Mn).

(6)

The following condition is assumed for the identification uniqueness.

Assumption A.4. Either (i) limn→∞ n−1(Xnβ0)′e−(α0Wn)′e(αWn)′e(τMn)′Hn(τ )eτMneαWne−α0WnXnβ0 6=

0 for any τ and α 6= α0, and limn→∞ n−1 tr(e−(τ0Mn)′e(τMn)′eτMne−τ0Mn) > 1 for any τ 6= τ 0, or

(ii) limn→∞ n−1 tr(e−(τ0Mn)′e−(α0Wn)′e(αWn)′e(τMn)′eτMneαWne−α0Wne−τ0Mn) > 1 for any φ 6= φ0.

The consistency of the QMLE follows from the uniform convergence of [Qn(φ) − Q̄n(φ)]/n to zero on

the parameter space Φ and the identification uniqueness. The proof of the following proposition is in 4.
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Proposition A.1. Under Assumptions 2, 5 and A.1–A.4, the QMLE γ̂n of the MESS(p,q) in (1) is con-

sistent.

For the asymptotic distribution of γ̂n, a Taylor expansion of the first-order condition ∂Qn(γ̂n)
∂γ = 0 at the

true γ0 yields
√
n(γ̂n − γ0) = −

( 1

n

∂2Qn(γ̃n)

∂γ∂γ′

)−1 1√
n

∂Qn(γ0)

∂γ
, (7)

where γ̃n is between γ̂n and γ0. Under regularity conditions, 1
n
∂2Qn(γ̃n)
∂γ∂γ′ = Cn + oP (1) with Cn =

1
n E ∂2Qn(γ0)

∂γ∂γ′ . We assume that Cn is nonsingular in the limit.

Assumption A.5. The limit of Cn exists and is nonsingular.

The first-order derivatives of Qn(γ) at γ0 are

∂Qn(γ0)

∂αi
= 2(Xnβ0 + e−τ0Mnεn)′e−(α0Wn)′ ∂e

(α0Wn)′

∂αi
e(τ0Mn)′εn, , i = 1, . . . , p, (8)

∂Qn(γ0)

∂τi
= 2ε′ne

−(τ0Mn)′ ∂e
(τ0Mn)′

∂τi
εn, i = 1, . . . , q, (9)

∂Qn(γ0)

∂β
= −2X ′ne

(τ0Mn)′εn, (10)

which are linear and quadratic functions of εn and have mean zero by verification. Thus we may apply the

central limit theorem for linear-quadratic forms in Kelejian and Prucha (2001). The proof of the following

proposition is in 4.

Proposition A.2. Under Assumptions 2, 5 and A.1–A.5,
√
n(γ̂n − γ0)

d−→ N(0, limn→∞C−1
n ΩnC−1

n ),

where Cn = 1
n E ∂2Qn(γ0)

∂γ∂γ′ is a 3× 3 symmetric block matrix with the (i, j)th element for 1 ≤ i, j ≤ p in the

(1, 1)th block being

2

n
(Xnβ0)′e−(α0Wn)′ ∂e

(α0Wn)′

∂αi
e(τ0Mn)′eτ0Mn

∂eα0Wn

∂αj
e−α0WnXnβ0 +

2σ2
0

n
tr
(
e−(α0Wn)′ ∂

2e(α0Wn)′

∂αi∂αj

)
+

2σ2
0

n
tr
(
e−(τ0Mn)′e−(α0Wn)′ ∂e

(α0Wn)′

∂αi
e(τ0Mn)′eτ0Mn

∂eα0Wn

∂αj
e−α0Wne−τ0Mn

)
,

the (i, j)th element for 1 ≤ i ≤ p, 1 ≤ j ≤ q in the (1, 2)th block being

2σ2
0

n
tr
(
e−(τ0Mn)′e−(α0Wn)′ ∂e

(α0Wn)′

∂αi

∂e(τ0Mn)′

∂τj

)
+

2σ2
0

n
tr
(
e−(τ0Mn)′e−(α0Wn)′ ∂e

(α0Wn)′

∂αi
e(τ0Mn)′ ∂e

τ0Mn

∂τj
e−τ0Mn

)
,

the ith row for 1 ≤ i ≤ p in the (1, 3)th block being −2(Xnβ0)′e−(α0Wn)′ ∂e(α0Wn)′

∂αi
e(τ0Mn)′eτ0MnXn, the

(i, j)th element for 1 ≤ i, j ≤ q in the (2, 2)th block being

2σ2
0

n
tr
(
e−(τ0Mn)′ ∂

2e(τ0Mn)′

∂τi∂τj

)
+

2σ2
0

n
tr
(
e−(τ0Mn)′ ∂e

(τ0Mn)′

∂τi

∂eτ0Mn

∂τj
e−τ0Mn

)
,
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the elements in the (2, 3)th block being all zero, and the (3, 3)th block being 2
nX
′
ne

(τ0Mn)′eτ0MnXn, and

Ωn = Cn + Ω1n, where Ω1n is a symmetric 3 × 3 block matrix with the (i, j)th element for 1 ≤ i, j ≤ p in

the (1, 1)th block being

(µ4 − 3σ4
0) vecD

′(2e−(τ0Mn)′e−(α0Wn)′ ∂e
(α0Wn)′

∂αi
e(τ0Mn)′) vecD(2e−(τ0Mn)′e−(α0Wn)′ ∂e

(α0Wn)′

∂αj
e(τ0Mn)′)

+ 2µ3(Xnβ0)′e−(α0Wn)′ ∂e
(α0Wn)′

∂αi
e(τ0Mn)′ vecD(2e−(τ0Mn)′e−(α0Wn)′ ∂e

(α0Wn)′

∂αj
e(τ0Mn)′)

+ 2µ3(Xnβ0)′e−(α0Wn)′ ∂e
(α0Wn)′

∂αj
e(τ0Mn)′ vecD(2e−(τ0Mn)′e−(α0Wn)′ ∂e

(α0Wn)′

∂αi
e(τ0Mn)′),

the (i, j)th element for 1 ≤ i ≤ p, 1 ≤ j ≤ q in the (1, 2)th block being

(µ4 − 3σ4
0) vecD

′(2e−(τ0Mn)′e−(α0Wn)′ ∂e
(α0Wn)′

∂αi
e(τ0Mn)′) vecD(2e−(τ0Mn)′ ∂e

(τ0Mn)′

∂τj
)

+ 2µ3(Xnβ0)′e−(α0Wn)′ ∂e
(α0Wn)′

∂αi
e(τ0Mn)′ vecD(2e−(τ0Mn)′ ∂e

(τ0Mn)′

∂τj
),

the ith row for 1 ≤ i ≤ p in the (1, 3)th block being −2µ3 vecD
′(2e−(τ0Mn)′e−(α0Wn)′ ∂e(α0Wn)′

∂αi
e(τ0Mn)′)eτ0MnXn,

the (i, j)th element for 1 ≤ i, j ≤ q in the (2, 2)th block being

(µ4 − 3σ4
0) vecD

′(2e−(τ0Mn)′ ∂e
(τ0Mn)′

∂τi
) vecD(2e−(τ0Mn)′ ∂e

(τ0Mn)′

∂τj
),

the ith row for 1 ≤ i ≤ q in the (2, 3)th block being −2µ3 vecD
′(2e−(τ0Mn)′ ∂e(τ0Mn)′

∂τi
)eτ0MnXn, and the

elements of the (3, 3)th blocks being zero.

When µ3 = µ4 − 3σ4
0 = 0, Ω1n = 0.

2. Some lemmas

In the following, Lemmas A.1–A.4 can be found in, e.g., Lin and Lee (2010) and Jin and Lee (2012);

Lemma A.4, a central limit theorem, is originated in Kelejian and Prucha (2010); and Lemma A.5 is Lemma

A.6 in Lee (2007). They are provided here for easy reference. Other lemmas are proved in the subsequent

section. Let UB stand for “bounded in both row and column sum norms”.

Lemma A.1. Suppose that n× n matrices {An} are UB. Elements of n× k matrices {Xn} are uniformly

bounded and limn→∞ n−1X ′nXn exists and is nonsingular. Let Mn = In − Xn(X ′nXn)−1X ′n. Then {Mn}

are UB and tr(MnAn) = tr(An) +O(1).

Lemma A.2. Suppose that An = [an,ij ] and Bn = [bn,ij ] are two n × n matrices and εni’s in εn =

(εn1, . . . , εnn)′ are independently distributed with mean zero (but may not be i.i.d.). Then,
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(1) E(εn · ε′nAnεn) = (an,11 E(ε3n1), . . . , an,nn E(ε3nn))′, and

(2) E(ε′nAnεn · ε′nBnεn) =
∑n
i=1 an,iibn,ii[E(ε4ni)− 3σ4

ni] + tr(ΣnAn) tr(ΣnBn) + tr[ΣnAnΣn(Bn +B′n)],

where Σn = Diag(σ2
n1, . . . , σ

2
nn) with σ2

ni = E(ε2ni), i = 1, . . . , n.

Lemma A.3. Suppose that n×n matrices {An} are UB, elements of the n×k matrices {Cn} are uniformly

bounded, and εni’s in εn = (εn1, . . . , εnn)′ are independent random variables with mean zero and variance σ2
ni.

The sequence {E(ε4ni)} is bounded. Then ε′nAnεn = OP (n), E(ε′nAnεn) = O(n), n−1[ε′nAnεn−E(ε′nAnεn)] =

oP (1) and n−1/2C ′nAnεn = OP (1).

Lemma A.4. Suppose that {An} is a sequence of symmetric n × n matrices that are UB and bn =

(bn1, . . . , bnn)′ is an n-dimensional column vector such that supn n
−1
∑n
i=1 |bni|2+η1 < ∞ for some η1 >

0. Furthermore, suppose that εn1, · · · , εnn are mutually independent with zero means and the moments

E(|εni|4+η2) for some η2 > 0 exist and are uniformly bounded for all n and i. Let σ2
cn be the variance of cn

where cn = ε′nAnεn+ b′nεn− tr(AnΣn) with Σn being a diagonal matrix with E ε2ni’s on its diagonal. Assume

that n−1σ2
cn is bounded away from zero. Then cn

σcn

d−→ N(0, 1).

Lemma A.5. Suppose that [Qn(γ)− Q̄n(γ)] converges in probability to zero uniformly in γ ∈ Γ which is a

convex set, and {Q̄n(γ)} satisfies the identification uniqueness condition at γ0. Let γ̂n and γ̂∗n be, respectively,

the minimizers of Qn(γ) and Q∗n(γ) in Γ. If Q∗n(γ)−Qn(γ) = oP (1) uniformly in γ ∈ Γ, then both γ̂n and

γ̂∗n converge in probability to γ0.

In addition, suppose that ∂2Qn(γ)
∂γ∂γ′ converges in probability to a well defined limiting matrix, uniformly in

γ ∈ Γ, which is nonsingular at γ0, and
√
n∂Qn(γ0)

∂γ = OP (1). If
∂2Q∗n(γ)
∂γ∂γ′ −

∂2Qn(γ)
∂γ∂γ′ = oP (1) uniformly in

γ ∈ Γ and
√
n
∂Q∗n(γ0)
∂γ −

√
n∂Qn(γ0)

∂γ = oP (1), then
√
n(γ̂∗n − γ0) and

√
n(γ̂n − γ0) have the same limiting

distribution.

Lemmas A.6–A.8 below summarize relevant matrices of the MESS which possess the essential UB prop-

erty.

Lemma A.6. Suppose that n×n matrices {Mn1},. . . , {Mnq} are UB. The smallest eigenvalue of e(τMn)′eτMn

is bounded away from zero uniformly over the interval [−δ, δ]q for some finite δ > 0. Elements of the n× k

matrix Xn are uniformly bounded. The limit of 1
nX
′
ne

(τMn)′eτMnXn exists and is nonsingular for any τ ∈

[−δ, δ]q. Then eτMn , Xn(X ′ne
(τMn)′eτMnXn)−1X ′n and Hn(τ ) = In−eτMnXn(X ′ne

(τMn)′eτMnXn)−1X ′ne
(τMn)′

are UB uniformly in τ ∈ [−δ, δ]q.

Lemma A.7. Let Wn1,. . . , Wnp, Mn1, . . . , Mnq, An and Bn be n × n matrices that are UB, bn be an

n-dimensional vector with uniformly bounded elements, Xn be an n × k matrix with uniformly bounded el-

ements, and εn = (εn1, . . . , εnn)′ be a random vector with independent elements that have mean zero and

variances σ2
ni’s. Assume that limn→∞

1
nX
′
ne

(τMn)′eτMnXn exists and is nonsingular for any τ ∈ [−δ, δ]q
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and the sequence {E(ε4ni)} is bounded. Then 1
nb
′
ne

(αWn)′e(τMn)′Hn(τ )eτMneαWnAnεn = oP (1) uniformly

on the parameter space Φ = [−δ, δ]p+q, 1
nb
′
ne

(αWn)′e(τMn)′Bne
τMneαWnAnεn = oP (1) uniformly on

Φ, 1
n [ε′nA

′
ne

(αWn)′e(τMn)′Hn(τ )eτMneαWnAnεn − tr(A′ne
(αWn)′e(τMn)′Hn(τ )eτMneαWnAnΣn)] = oP (1)

uniformly on Φ, 1
n [ε′nA

′
ne

(αWn)′e(τMn)′Bne
τMneαWnAnεn − tr(A′ne

(αWn)′e(τMn)′Bne
τMneαWnAnΣn)] =

oP (1) uniformly on Φ, and 1
n tr(A′ne

(αWn)′e(τMn)′(In −Hn(τ ))eτMneαWnAnΣn) = o(1) uniformly on Φ,

where Hn(τ ) = In − eτMnXn(X ′ne
(τMn)′eτMnXn)−1X ′ne

(τMn)′ and Σn = Diag(σ2
n1, . . . , σ

2
nn).

Lemma A.8. Let An be any n × n UB matrix and an = oP (1). Then ||eanAn − In||∞ = oP (1) and

||eanAn − In||1 = oP (1).

3. Proofs of Some Lemmas

Proof of Lemma 1. The proof is sketched in (23) and (24) in the main paper. By the mean value

theorem,

√
n[(e′nie

−α̂nWnenj β̂np − e′nre−α̂nWnensβ̂nq)− (e′nie
−α0Wnenjβ0p − e′nre−α0Wnensβ0q)]

= Ã1n

√
n(α̂n − α0, β̂np − β0p, β̂nq − β0q)

′,

and

1√
n

[tr(e−α̂nWn)β̂np − tr(e−α0Wn)β0p] = Ã2n

√
n[α̂n − α0, β̂np − β0p]

′,

where Ã1n = [−e′nie−α̃nWnWnenj β̃np + e′nre
−α̃nWnWnensβ̃nq, e

′
nie
−α̃nWnenj ,−e′nre−α̃nWnens] and Ã2n =

[− 1
n tr(e−α̃nWnWn)β̃np,

1
n tr(e−α̃nWn)], with [α̃n, β̃np, β̃nq] being between [α̂n, β̂np, β̂nq] and [α0, β0p, β0q].

For the first equalities in (23) and (24) to hold, it is sufficient to show that Ã1n − A1n = oP (1) and

Ã2n −A2n = oP (1). By Lemma A.8, ||e(α0−α̃n)Wn − In||∞ = oP (1). Then |e′ni(e−α̃nWn − e−α0Wn)Wnenj | =

|e′ni(e(α0−α̃n)Wn−In)e−α0WnWnenj | ≤ ||e(α0−α̃n)Wn−In||∞||e−α0WnWn||∞ = oP (1). Similarly, e′ni(e
−α̃nWn−

e−α0Wn)enj = oP (1). As β̃np − β0p = oP (1), β̃nq − β0q = oP (1) and γ̃n − γ0 = oP (1), Ã1n − A1n = oP (1).

By the mean value theorem, 1
n [tr(e−α̃nWnWn)− tr(e−α0WnWn)] = oP (1) and 1

n [tr(e−α̃nWn)− tr(e−α0Wn)] =

oP (1), then Ã2n −A2n = oP (1). The results now follow by Slutsky’s lemma. �

Proof of Lemma A.6. As the smallest eigenvalue of e(τMn)′eτMn is bounded away from zero uniformly

on [−δ, δ]q, there exists a constant κ > 0 such that the smallest eigenvalue of e(τMn)′eτMn is greater or

equal to κ for any n and τ ∈ [−δ, δ]q. Write e(τMn)′eτMn = Γ′n(τ )Λn(τ )Γn(τ ), where Γn(τ ) is an n × n

orthonormal matrix and Λn(τ ) is a diagonal matrix with the diagonal elements being the eigenvalues of

e(τMn)′eτMn . Then e(τMn)′eτMn − κIn = Γ′n(τ )[Λn(τ )− κIn]Γn(τ ) is positive semi-definite, which implies

that

(
1

n
κX ′nXn)−1 − (

1

n
X ′ne

(τMn)′eτMnXn)−1
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is also positive semi-definite. Thus, elements of ( 1
nX
′
ne

(τMn)′eτMnXn)−1 andXn( 1
nX
′
ne

(τMn)′eτMnXn)−1X ′n

are uniformly bounded in τ ∈ [−δ, δ]q. It follows that 1
nXn( 1

nX
′
ne

(τMn)′eτMnXn)−1X ′n is UB uniformly

in τ ∈ [−δ, δ]q. Let ||.|| be either the row or column sum norm. Since ||eτMn || ≤
∑∞
i=0

||τMn||i
i! ≤∑∞

i=0
qiδi(max1≤j≤q ||Mnj ||)i

i! = eqδmax1≤j≤q ||Mnj ||, eτMn is UB uniformly in τ ∈ [−δ, δ]p if Wnj ’s are UB.

It follows that Hn(τ ) is also UB uniformly in τ ∈ [−δ, δ]q. �

Proof of Lemma A.7. We only show the results for terms involving Hn(τ ), as the results for

terms involving Bn can be shown similarly. By Theorem 21.9 on p. 337 of Davidson (1994), the uni-

form convergence of a sequence of stochastic functions {fn(φ)} on Φ follows from the pointwise convergence

in probability fn(φ) = oP (1) for every φ ∈ Φ and the stochastic equicontinuity of {fn(φ)}. For the

stochastic equicontinuity, by Theorem 21.10 on p. 339 of Davidson (1994), a sufficient condition is that

|fn(φ∗) − fn(φ)| ≤ enh(||φ∗ − φ||), for any φ∗,φ ∈ Φ, where {en} is a stochastically bounded sequence

not depending on φ, h(x) is nonstochastic which goes down to 0 as x goes down to 0, and || · || denotes the

Euclidean vector norm.

By Lemma A.6, eαWn and Hn(τ ) are UB uniformly over their respective parameter spaces. Let Tn(φ) =

e(αWn)′e(τMn)′Hn(τ )eτMneαWn and P1n(τ ) = In − Hn(τ ). Then 1
nb
′
nTn(φ)Anεn = oP (1) for any φ =

(α′, τ ′)′ in Φ and 1
n [ε′nA

′
nTn(φ)Anεn − tr(A′nTn(φ)AnΣn)] = oP (1) for any φ ∈ Φ by Lemma A.3, and

1
n tr(A′ne

(αWn)′e(τMn)′P1n(τ )eτMneαWnAnΣn) = o(1) for any φ ∈ Φ by Lemma A.1. It remains to show

the stochastic equicontinuity of the sequences { 1
nb
′
nTn(φ)Anεn}, { 1

n [ε′nA
′
nTn(φ)Anεn− tr(A′nTn(φ)AnΣn)]}

and { 1
n tr(Ane

(αWn)′e(τMn)′P1n(τ )eτMneαWnAnΣn)}. Let P2n(τ ) = Xn(X ′ne
(τMn)′eτMnXn)−1X ′n. By

the mean value theorem,

1

n
b′nTn(φ∗)Anεn −

1

n
b′nTn(φ)Anεn =

1

n

p∑
i=1

b′n
∂Tn(φ̃)

∂αi
Anεn(α∗i − αi) +

1

n

q∑
i=1

b′n
∂Tn(φ̃)

∂τi
Anεn(τ∗i − τi),

where φ̃ is between φ∗ and φ, ∂Tn(φ)
∂αi

=
(
e(αWn)′e(τMn)′Hn(τ )eτMn ∂e

αWn

∂αi

)s
, and

∂Tn(φ)

∂τi
= e(αWn)′

[
e(τMn)′ ∂Hn(τ )

∂τi
eτMn +

(
e(τMn)′Hn(τ )

∂eτMn

∂τi

)s]
eαWn

with ∂Hn(τ )
∂τi

= eτMnP2n(τ )
(
e(τMn)′ ∂eτMn

∂τi

)s
P2n(τ )e(τMn)′ −

[
∂eτMn

∂τi
P2n(τ )e(τMn)′

]s
. Note that

||∂(αWn)j

∂αi
||∞ = ||

j−1∑
l=0

(αWn)lWni(αWn)j−l−1||∞ ≤
j−1∑
l=0

||αWn||j−1
∞ ||Wni||∞ = j||αWn||j−1

∞ ||Wni||∞.

Then

||∂e
αWn

∂αi
||∞ = ||

∞∑
j=0

1

j!

∂(αWn)j

∂αi
||∞ ≤

∞∑
j=1

||αWn||j−1
∞ ||Wni||∞

(j − 1)!
= e||αWn||∞ ||Wni||∞.

Thus, ∂e
αWn

∂αi
is bounded in row (similarly, column) sum norm uniformly in α. Similarly, ∂e

τMn

∂τi
is bounded

in row and sum norms uniformly in τ . Hence, by Lemma A.6, there exists a finite constant c such that all

7



elements of 1
nb
′
n
∂Tn(φ̃)
∂αi

An and 1
nb
′
n
∂Tn(φ̃)
∂τi

An in absolute value are bounded by c. Therefore,

| 1
n
b′nTn(φ∗)Anεn −

1

n
b′nTn(φ)Anεn| ≤

(p+ q)c

n

n∑
i=1

|εni| · ||φ∗ − φ||,

where 1
n

∑n
i=1 |εni| = OP (1) by Markov’s inequality. Then { 1

nb
′
nTn(φ)Anεn} is stochastically equicontinuous.

For { 1
n [ε′nA

′
nTn(φ)Anεn − tr(A′nTn(φ)AnΣn)]}, by the mean value theorem,

| 1
n

[ε′nA
′
nTn(φ∗)Anεn − tr(A′nTn(φ∗)AnΣn)]− 1

n
[ε′nA

′
nTn(φ)Anεn − tr(A′nTn(φ)AnΣn)]|

= | 1

2n

p∑
i=1

ε′nA
′
n(
∂Tn(φ̃)

∂αi
+
∂T ′n(φ̃)

∂αi
)Anεn(α∗i − αi) +

1

2n

q∑
i=1

ε′nA
′
n(
∂Tn(φ̃)

∂τi
+
∂T ′n(φ̃)

∂τi
)Anεn(τ∗i − τi)

− 1

n

p∑
i=1

tr[A′n
∂Tn(φ̃)

∂αi
AnΣn](α∗i − αi)−

1

n

q∑
i=1

tr[A′n
∂Tn(φ̃)

∂τi
AnΣn](τ∗i − τi)|

≤
( 1

2n

p∑
i=1

|ε′nA′n(
∂Tn(φ̃)

∂αi
+
∂T ′n(φ̃)

∂αi
)Anεn|+

1

2n

q∑
i=1

|ε′nA′n(
∂Tn(φ̃)

∂τi
+
∂T ′n(φ̃)

∂τi
)Anεn|

+
1

n

p∑
i=1

| tr[A′n
∂Tn(φ̃)

∂αi
AnΣn]|+ 1

n

q∑
i=1

| tr[A′n
∂Tn(φ̃)

∂τi
AnΣn]|

)
||φ∗ − φ||,

where φ̃ lies in between φ∗ and φ. As A′n(∂Tn(φ̃)
∂αi

+
∂T ′n(φ̃)
∂αi

)An is symmetric, by the eigenvalue-eigenvector

decomposition, there exists othonormal matrix Γn and eigenvalue matrix Λn = Diag{λn1, · · · , λnn} such

that

1

n
|ε′nA′n(

∂Tn(φ̃)

∂αi
+
∂T ′n(φ̃)

∂αi
)Anεn| =

1

n
|ε′nΓnΛnΓ′nεn| ≤

1

n
max

i=1,··· ,n
|λni| · ε′nεn

≤ 1

n
||A′n(

∂Tn(φ̃)

∂αi
+
∂T ′n(φ̃)

∂αi
)An||∞ · ε′nεn ≤

c1
n
ε′nεn = OP (1),

by the spectral radius theorem, for some constant c1, because A′n(∂Tn(φ)
∂αi

+
∂T ′n(φ)
∂αi

)An is UB uniformly in

φ ∈ Φ. Similarly, 1
n |ε
′
nA
′
n(∂Tn(φ̃)

∂τi
+

∂T ′n(φ̃)
∂τi

)Anεn| ≤ c1
n ε
′
nεn = OP (1). Furthermore, 1

n tr[A′n
∂Tn(φ)
∂αi

AnΣn]

and 1
n tr[A′n

∂Tn(φ)
∂τi

AnΣn] are bounded uniformly on Φ. Then { 1
n [ε′nA

′
nTn(φ)Anεn − tr(A′nTn(φ)AnΣn)]} is

stochastically equicontinuous.

For { 1
n tr(A′ne

(αWn)′e(τMn)′P1n(τ )eτMneαWnAnΣn)}, as

1

n
tr(A′ne

(αWn)′e(τMn)′P1n(τ )eτMneαWnAnΣn) =
1

n
tr(A′ne

(αWn)′e(τMn)′eτMneαWnAnΣn)

− 1

n
tr(A′nTn(φ)AnΣn),
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by the mean value theorem,

1

n
tr(A′ne

(α∗Wn)′e(τ∗Mn)′P1n(τ ∗)eτ
∗Mneα

∗WnAnΣn)− 1

n
tr(A′ne

(αWn)′e(τMn)′P1n(τ )eτMneαWnAnΣn)

=
1

n

∂

∂φ′
tr(A′ne

(α̃Wn)′e(τ̃Mn)′P1n(τ̃ )eτ̃Mneα̃WnAnΣn) · (φ̃− φ)

=
2

n

p∑
i=1

tr(A′ne
(α̃Wn)′e(τ̃Mn)′eτ̃Mn

∂eα̃Wn

∂αi
AnΣn)(α∗i − αi)

+
2

n

q∑
i=1

tr(A′ne
(α̃Wn)′e(τ̃Mn)′ ∂e

τ̃Mn

∂τi
eα̃WnAnΣn)(τ∗i − τi)

− 1

n

p∑
i=1

tr
(
A′n

∂Tn(φ̃)

∂αi
AnΣn

)
(α∗i − αi)−

1

n

q∑
i=1

tr
(
A′n

∂Tn(φ̃)

∂τi
AnΣn

)
(τ∗i − τi),

where φ̃ is between φ∗ and φ0. By an argument similar to above ones,

|| 1
n

∂

∂φ′
tr(A′ne

(αWn)′e(τMn)′P1n(τ )eτMneαWnAnΣn)||

is bounded by a constant not depending on φ. Thus 1
n tr(A′ne

(αWn)′e(τMn)′P1n(τ )eτMneαWnAnΣn) is

equicontinuous. The results in the lemma then follow from the pointwise convergence and stochastic equicon-

tinuity. �

Proof of Lemma A.8. ||eanAn − In||∞ = ||
∑∞
j=1

1
j!a

j
nA

j
n||∞ ≤

∑∞
j=1

1
j! |an|

j ||An||j∞ = e|an|||An||∞ − 1 =

oP (1). Similarly, ||eanAn − In||1 = oP (1). �

4. Proofs of Some Propositions

Proof of Proposition 1. The consistency of the QMLE γ̂n will follow from the uniform convergence of

[Qn(φ)− Q̄n(φ)]/n to zero and the identification uniqueness condition (White, 1994, Theorem 3.4).

We first show the uniform convergence that supφ∈Φ
1
n |Qn(φ)−Q̄n(φ)| = oP (1). As yn = e−α0Wn(Xnβ0 +

e−τ0Mnεn),

1

n
[Qn(φ)− Q̄n(φ)] =

2

n
(Xnβ0)′e(α−α0)W ′neτM

′
nHn(τ)eτMne(α−α0)Wne−τ0Mnεn

+
1

n
ε′ne
−τ0M ′ne(α−α0)W ′neτM

′
nHn(τ)eτMne(α−α0)Wne−τ0Mnεn

− σ2
0

n
tr[e−τ0M

′
ne(α−α0)W ′neτM

′
nHn(τ)eτMne(α−α0)Wne−τ0Mn ]

− σ2
0

n
tr{e−τ0M

′
ne(α−α0)W ′neτM

′
n [In −Hn(τ)]eτMne(α−α0)Wne−τ0Mn}.

By Lemma A.7, 1
n [Qn(φ)− Q̄n(φ)] = oP (1) uniformly on Φ.
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We now show that 1
n Q̄n(φ) is uniformly equicontinuous. By the mean value theorem, for φ1, φ2 ∈ Φ,

1

n
[Q̄n(φ1)− Q̄n(φ2)] = 2(Xnβ0)′e(α̃−α0)W ′nW ′ne

τ̃M ′nHn(τ̃)eτ̃Mne(α̃−α0)WnXnβ0(α1 − α2)

+
1

n
[(Xnβ0)′e(α̃−α0)W ′neτ̃M

′
n(2M ′nHn(τ̃) +

∂Hn(τ̃)

∂τ
)eτ̃Mne(α̃−α0)WnXnβ0](τ1 − τ2)

+
2σ2

0

n
tr[e−τ0M

′
ne(α̃−α0)W ′nW ′ne

τ̃M ′neτ̃Mne(α̃−α0)Wne−τ0Mn ](α1 − α2)

+
2σ2

0

n
tr[e−τ0M

′
ne(α̃−α0)W ′neτ̃M

′
nMne

τ̃Mne(α̃−α0)Wne−τ0Mn ](τ1 − τ2),

where α̃ is between α1 and α2, τ̃ is between τ1 and τ2, and ∂Hn(τ)
∂τ = −MnPn(τ)− Pn(τ)M ′n + Pn(τ)(M ′n +

Mn)Pn(τ) with Pn(τ) = In−Hn(τ). Since Pn(τ) is UB uniformly over the parameter space by Lemma A.6,

and so are eαWn and eτMn , there exists some constant c such that

1

n
|Q̄n(φ1)− Q̄n(φ2)| ≤ c(|α1 − α2|+ |τ1 − τ2|).

Thus 1
n Q̄n(φ) is uniformly equicontinuous.

Finally, we show that the identification uniqueness condition holds. Let λ1, . . . , λn be the eigenvalues of

An(φ) = e−τ0M
′
ne(α−α0)W ′neτM

′
neτMne(α−α0)Wne−τ0Mn . Since An(φ) is positive definite, λi’s are all positive.

Then by the inequality of arithmetic and geometric means,

1

n
tr(An(φ)) =

1

n

n∑
i=1

λi ≥ (

n∏
i=1

λi)
1/n = |An(φ)|1/n

= [e−τ0 tr(M ′n)e(α−α0) tr(W ′n)eτ tr(M ′n)eτ tr(Mn)e(α−α0) tr(Wn)e−τ0 tr(Mn)]1/n = 1,

because tr(Mn) = tr(Wn) = 0. In addition, (Xnβ0)′e(α−α0)W ′nW ′ne
τM ′nHn(τ)eτMne(α−α0)WnXnβ0 ≥ 0.

Thus, 1
n Q̄n(φ) ≥ σ2

0 . When φ = φ0, 1
n Q̄n(φ) = σ2

0 . Assumption 6 implies that whenever φ 6= φ0,

limn→∞
1
n Q̄n(φ) 6= σ2

0 . Thus, with uniform equicontinuity, the identification uniqueness condition holds.

With the uniform convergence and identification uniqueness condition, the consistency of φ̂n follows.

Using the formula β̂n(φ) as a function of φ in the main paper, the consistency of β̂n follows by plugging φ̂n

into the function. �

Proof of Proposition 2. Applying the mean value theorem to the first-order condition ∂Qn(γ̂n)
∂γ = 0 at

the true γ0, we have
√
n(γ̂n − γ0) = −

( 1

n

∂2Qn(γ̃n)

∂γ∂γ′
)−1 1√

n

∂Qn(γ0)

∂γ
, (11)

where γ̃n is between γ̂n and γ0. To obtain the asymptotic distribution, we first show that 1
n
∂2Qn(γ̃n)
∂γ∂γ′ =

1
n
∂2Qn(γ0)
∂γ∂γ′ + oP (1) = 1

n E ∂2Qn(γ0)
∂γ∂γ′ + oP (1) = Cn + oP (1). The second-order derivatives of Qn(γ) are

∂2Qn(γ)

∂α2
= 2y′ne

αW ′nW ′2n e
τM ′neτMn(eαWnyn −Xnβ) + 2y′ne

αW ′nW ′ne
τM ′neτMnWne

αWnyn,

∂2Qn(γ)

∂α∂τ
= 2y′ne

αW ′nW ′ne
τM ′n(M ′n +Mn)eτMn(eαWnyn −Xnβ),
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∂2Qn(γ)

∂α∂β
= −2X ′ne

τM ′neτMnWne
αWnyn,

∂2Qn(γ)

∂τ2
= 2(eαWnyn −Xnβ)′eτM

′
n(M ′nMn +M2

n)eτMn(eαWnyn −Xnβ),

∂2Qn(γ)

∂τ∂β
= −2X ′ne

τM ′n(Mn +M ′n)eτMn(eαWnyn −Xnβ),

∂2Qn(γ)

∂β∂β′
= 2X ′ne

τM ′neτMnXn.

We may first write eα̃nWn = (eα̃nWn − eα0Wn) + eα0Wn , eτ̃nMn = (eτ̃nMn − eτ0Mn) + eτ0Mn and β̃n =

(β̃n − β0) + β0, and then expand the terms for 1
n
∂2Qn(γ̃n)
∂γ∂γ′ . By Lemma A.3 and the reduced form of yn,

1
ny
′
nAnyn = OP (1) and 1

nX
′
nAnyn = OP (1), where An is an n × n matrix that is UB. We also note that

||eα̃nWn−eα0Wn ||∞ = ||(e(α̃n−α0)Wn−In)eα0Wn ||∞ ≤ ||e(α̃n−α0)Wn−In||∞||eα0Wn ||∞ = oP (1) by Lemma A.8,

and similarly ||eτ̃nMn − eτ0Mn ||∞ = oP (1). Then from the expanded forms of the terms for 1
n
∂2Qn(γ̃n)
∂γ∂γ′ , we

have 1
n
∂2Qn(γ̃n)
∂γ∂γ′ = 1

n
∂2Qn(γ0)
∂γ∂γ′ +oP (1). The equality 1

n
∂2Qn(γ0)
∂γ∂γ′ = 1

n E ∂2Qn(θ0)
∂γ∂γ′ +oP (1) follows by Lemma A.3

as each element of 1
n
∂2Qn(γ0)
∂γ∂γ′ −

1
n E ∂2Qn(θ0)

∂γ∂γ′ is a linear-quadratic function of εn by the reduced form of yn.

We now show that limn→∞ Cn is invertible under Assumption 7. Let η = (η1, η2, η
′
3)′ be a vector whose

length is equal to the column dimension of Cn, where η1 and η2 are scalars. Consider the linear equation

system limn→∞ Cnη = 0. It is sufficient to show that η = 0. Since limn→∞
1
n (eτ0MnXn)′(eτ0MnXn) is

nonsingular, from the third row block of limn→∞ Cnη = 0, we have

η3 = lim
n→∞

[
1

n
(eτ0MnXn)′(eτ0MnXn)]−1 1

n
(eτ0MnXn)′Wne

τ0MnXnβ0η1.

As limn→ tr(Ms
nM

s
n) 6= 0, the second row block of limn→∞ Cnη = 0 implies that

η2 = −η1 lim
n→∞

tr(Ws
nM

s
n)/ tr(Ms

nM
s
n).

Substituting the expressions for η2 and η3 into the first row block of limn→∞ Cnη = 0, we have

lim
n→∞

[ 1

n
(Wne

τ0MnXnβ0)′Hn(τ0)(Wne
τ0MnXnβ0)+

σ2
0

2 tr(Ms
nM

s
n)

[tr(Ws
nWs

n) tr(Ms
nM

s
n)−tr2(Ws

nM
s
n)]
]
η1 = 0.

Thus Assumption 7 implies that η1 = 0. Therefore, limn→∞ Cn is nonsingular.

As limn→∞ Cn is nonsingular, by (11), for large enough n,

√
n(γ̂n − γ0) = −C−1

n

1√
n

∂Qn(γ0)

∂γ
+ oP (1),

where each element of ∂Qn(γ0)
∂γ is a linear-quadratic form of εn as shown in (8) in the main paper. Applying

the central limit theorem in Lemma A.4, we have

√
n(γ̂n − γ0)

d−→ N(0, lim
n→∞

C−1
n ΩnC

−1
n ),
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where Ωn = 1
n E
(∂Qn(γ0)

∂γ
∂Qn(γ0)
∂γ′

)
, whose explicit expression can be derived by Lemma A.2. When εn ∼

N(0, σ2
0In), τ0 = 0 or Wn and Mn can commute, Ωn = 2σ2

0Cn, thus the asymptotic VC matrix of γ̂n

simplifies to 2σ2
0 limn→∞ C−1

n . �

Proofs of Proposition 3 and Proposition 4. The proofs resemble those for Propositions 1 and 2

respectively, even though the identification conditions are slightly different, thus they are omitted. �

Proof of Proposition 5. To prove the results in this proposition, it is sufficient to show that (i)

1
n tr(Σ̂nW

s
nΣ̂nM

s
n)− 1

n tr(ΣnW
s
nΣnM

s
n) = oP (1), (ii) 1

n tr(W s
nMnΣ̂n)− 1

n tr(W s
nMnΣn) = oP (1),

(iii)
1

n
r′ne

τ̂nM
′
neτ̂nMnsn −

1

n
r′ne

τ0M
′
neτ0Mnsn = oP (1),

and (iv) 1
nr
′
ne
τ̂nM

′
nΣ̂ne

τ̂nMnsn − 1
nr
′
ne
τ0M

′
nΣne

τ0Mnsn = oP (1), where the n-dimensional vectors rn and sn

have uniformly bounded elements.

We first show that (i) holds. Note that tr(ΣnW
s
nΣnM

s
n) =

∑n
i=1

∑n
j=1 σ

2
niσ

2
nj(wn,ij + wn,ji)(mn,ij +

mn,ji), where wn,ij and mn,ij are, respectively, the (i, j)th elements of Wn and Mn. Let Hn be an n × n

symmetric matrix with the (i, j)th element hn,ij being (wn,ij + wn,ji)(mn,ij + mn,ji). Then Hn is UB, as∑n
i=1 |hn,ij | ≤ c

∑n
i=1(|wn,ij | + |wn,ji|) for some constant c. To show that (i) holds, we may show that

(1) 1
n

∑n
i=1

∑n
j=1(ε2niε

2
nj − σ2

niσ
2
nj)hn,ij = oP (1) and (2) Bn = 1

n

∑n
i=1

∑n
j=1(ε̂2niε̂

2
nj − ε2niε2nj)hn,ij = oP (1).

It has been shown in the proof of Proposition 2 in Lin and Lee (2010) that (1) holds. Thus we only

show that (2) holds. As ε̂2niε̂
2
nj − ε2niε

2
nj = (ε̂2ni − ε2ni)ε

2
nj + ε2ni(ε̂

2
nj − ε2nj) + (ε̂2ni − ε2ni)(ε̂

2
nj − ε2nj), Bn =

Bn1 +Bn2 +Bn3, where Bn1 = 1
n

∑n
i=1

∑n
j=1(ε̂2ni− ε2ni)ε2njhn,ij , Bn2 = 1

n

∑n
i=1

∑n
j=1 ε

2
ni(ε̂

2
nj − ε2nj)hn,ij and

Bn3 = 1
n

∑n
i=1

∑n
j=1(ε̂2ni − ε2ni)(ε̂2nj − ε2nj)hn,ij . We shall show that Bni = oP (1) for i = 1, 2, 3. From the

model, we have

ε̂n = eτ̂nMn(eα̂nWnyn −Xnβ̂n)

= [eτ̂nMne(α̂n−α0)Wne−τ0Mn − In]εn + eτ̂nMn(e(α̂n−α0)Wn − In)Xnβ0 + eτ̂nMnXn(β0 − β̂n) + εn.

Then ε̂ni = ani+bni+cni+εni, where ani = eni[e
τ̂nMne(α̂n−α0)Wne−τ0Mn−In]εn, bni = enie

τ̂nMn(e(α̂n−α0)Wn−

In)Xnβ0, and cni = enie
τ̂nMnXn(β0 − β̂n), with eni being the ith row of the n× n identity matrix. Thus

Bn3 =
1

n

n∑
i=1

n∑
j=1

(a2
ni + b2ni + c2ni + 2anibni + 2anicni + 2aniεni + 2bnicni + 2bniεni + 2cniεni)

2hn,ij .

Since |bni| ≤ ||eτ̂nMn ||∞||e(α̂n−α0)Wn−In||∞||Xnβ0||∞ = oP (1) by Lemma A.8, and |cni| ≤ ||eτ̂nMn ||∞||Xn(β0−

β̂n)||∞ = oP (1), 1
n

∑n
i=1

∑n
j=1 dnihn,ij = oP (1) with dni being the cross products of b2ni, c

2
ni, 2bnicni, 2bniεni

and 2cniεni, by Markov’s inequality. We now show that 1
n

∑n
i=1

∑n
j=1 a

2
niε

2
nihn,ij = oP (1). By a second order

Taylor expansion of ani, we have ani = eniMnεn(τ̂n−τ0)+eniWnεn(α̂n−α0)+ 1
2eniM

2
ne

(τ̃n−τ0)Mne(α̃n−α0)Wnεn(τ̂n−

τ0)2 + 1
2eniW

2
ne

(τ̃n−τ0)Mne(α̃n−α0)Wnεn(α̂n − α0)2 + eniMnWne
(τ̃n−τ0)Mne(α̃n−α0)Wnεn(τ̂n − τ0)(α̂n − α0),

where τ̃n is between τ̂n and τ0, and α̃n is between α̂n and α0. By the Cr and Cauchy-Schwarz inequalities,

12



a2
ni ≤ 5(tn1 + tn2 + tn3 + tn4 + tn5), where tn1 = (eniMnεn)2(τ̂n − τ0)2, tn2 = (eniWnεn)2(α̂n − α0)2, tn3 =

1
4 (eniM

2
ne

(τ̃n−τ0)Mne(α̃n−α0)Wnεn)2(τ̂n−τ0)4, tn4 = 1
4 (eniW

2
ne

(τ̃n−τ0)Mne(α̃n−α0)Wnεn)2(α̂n−α0)4, and tn5 =

(eniMnWne
(τ̃n−τ0)Mne(α̃n−α0)Wnεn)2(τ̂n − τ0)2(α̂n − α0)2. We shall show that 1

n

∑n
i=1

∑n
j=1 tnkε

2
nihn,ij =

oP (1) for k = 1, . . . , 5. For tn1,

1

n

n∑
i=1

n∑
j=1

(eniMnεn)2ε2nihn,ij =
1

n

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

mn,ikmn,ilεnkεnlε
2
nihn,ij .

By the Cauchy-Schwarz inequality, E(|εnkεnlε2nj |) ≤ E1/2(ε2nkε
2
nl) E1/2(ε4nj) ≤ E1/4(ε4nk) E1/4(ε4nl) E1/2(ε4nj).

Then by Markov’s inequality, for any η > 0,

P(| 1
n

n∑
i=1

n∑
j=1

(eniMnεn)2hn,ij | ≥ η) ≤ c

nη

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

|mn,ikmn,ilhn,ij | = O(
1

η
)

for some constant c, as Mn, Wn and Hn are all UB. Thus 1
n

∑n
i=1

∑n
j=1(eniMnεn)2ε2nihn,ij = OP (1) and

1
n

∑n
i=1

∑n
j=1 tn1ε

2
nihn,ij = oP (1). Similarly, 1

n

∑n
i=1

∑n
j=1 tn2ε

2
nihn,ij = oP (1). For tn3, by the Cauchy-

Schwarz inequality,

tn3 ≤
1

4
eniM

2
ne

(τ̃n−τ0)Mne(α̃n−α0)Wne(α̃n−α0)W ′ne(τ̃n−τ0)M ′nM ′2n e
′
niε
′
nεn(τ̂n − τ0)4 ≤ cε′nεn(τ̂n − τ0)4

for some constant c. Then 1
n

∑n
i=1

∑n
j=1 tn3ε

2
ni|hn,ij | ≤

c(τ̂n−τ0)4

n

∑n
i=1

∑n
j=1 ε

′
nεnε

2
ni|hn,ij |, where, by

Markov’s inequality, 1
n2

∑n
i=1

∑n
j=1 ε

′
nεnε

2
ni|hn,ij | = OP (1). As

√
n(τ̂n − τ0) = OP (1),

1

n

n∑
i=1

n∑
j=1

tn3ε
2
nihn,ij = oP (1).

Similarly, 1
n

∑n
i=1

∑n
j=1 tnkε

2
nihn,ij = oP (1) for k = 4, 5. Hence, 1

n

∑n
i=1

∑n
j=1 a

2
niε

2
nihn,ij = oP (1). Simi-

larly, we have 1
n

∑n
i=1

∑n
j=1 dnihn,ij = oP (1) with dni being any term involving ani in the expanded form

of (a2
ni + b2ni + c2ni + 2anibni + 2anicni + 2aniεni + 2bnicni + 2bniεni + 2cniεni)

2. Then Bn3 = oP (1). With a

similar argument, Bn1 = oP (1) and Bn2 = oP (1). As a result, (i) holds.

The (ii) follows by a similar argument.

For (iii),

| 1
n
r′ne

τ̂nM
′
neτ̂nMnsn −

1

n
r′ne

τ0M
′
neτ0Mnsn|

= | 1
n
r′ne

τ̂nM
′
n(e(τ̂n−τ0)Mn − In)eτ0Mnsn +

1

n
r′ne

τ0M
′
n(e(τ̂n−τ0)M ′n − In)eτ0Mnsn|

≤ || 1
n
r′ne

τ̂nM
′
n ||∞||e(τ̂n−τ0)Mn − In||∞||eτ0Mnsn||∞ + || 1

n
r′ne

τ0M
′
n ||∞||e(τ̂n−τ0)M ′n − In||∞||eτ0Mnsn||∞

= oP (1),

by Lemma A.8.

13



For (iv), write

1

n
r′ne

τ̂nM
′
nΣ̂ne

τ̂nMnsn −
1

n
r′ne

τ0M
′
nΣne

τ0Mnsn

=
1

n
r′ne

τ0M
′
n(Σ̂n − Σn)eτ0Mnsn +

1

n
r′ne

τ0M
′
n(Σ̂n − Σn)(eτ̂nMn − eτ0Mn)sn

+
1

n
r′n(eτ̂nM

′
n − eτ0M

′
n)(Σ̂n − Σn)eτ̂nMnsn +

1

n
r′n(eτ̂nM

′
n − eτ0M

′
n)Σne

τ̂nMnsn

+
1

n
r′ne

τ0M
′
nΣn(eτ̂nMn − eτ0Mn)sn.

The first term on the r.h.s. of the above equation can be shown to be oP (1) as the term in (ii). For the

second term, note that ||eτ̂nMn − eτ0Mn ||∞ ≤ ||eτ0Mn ||∞||e(τ̂n−τ0)Mn − In||∞ = oP (1), then | 1nr
′
ne
τ0M

′
n(Σ̂n −

Σn)(eτ̂nMn−eτ0Mn)sn| ≤ c
n ||e

τ̂nMn−eτ0Mn ||∞
∑n
i=1 |ε̂2ni−σ2

ni| ≤ c
n ||e

τ̂nMn−eτ0Mn ||∞
∑n
i=1(|ε̂2ni−ε2ni|+|ε2ni−

σ2
ni|) for some constant c, where 1

n

∑n
i=1 |ε2ni−σ2

ni| = OP (1) by Markov’s inequality, and 1
n

∑n
i=1 |ε̂2ni−ε2ni| =

oP (1) which can be shown as in the proof for (i). Thus the second term is oP (1). Similarly, the third term is

oP (1). The last two terms are oP (1) by using the sub-multiplicative property of the row sum matrix norm.

Therefore, (iv) holds.

The results in the proposition follow from (i)–(iv). �

Proof of Proposition 6. Using the reduced form for yn, we have

ε′n(γ)Pniεn(γ)− E[ε′n(γ)Pniεn(γ)] = ε′ne
−τ0M ′ne(α−α0)W ′neτM

′
nPnie

τMne(α−α0)Wne−τ0Mnεn

− σ2
0 tr[e−τ0M

′
ne(α−α0)W ′neτM

′
nPnie

τMne(α−α0)Wne−τ0Mn ]

+ [eτMn(e(α−α0)WnXnβ0 −Xnβ)]′P snie
τMne(α−α0)Wne−τ0Mnεn,

F ′n[εn(γ)− E εn(γ)] = F ′ne
τMne(α−α0)Wne−τ0Mnεn.

By Lemma A.7, 1
nε
′
n(γ)Pniεn(γ)− 1

n E[ε′n(γ)Pniεn(γ)] = oP (1) and 1
nF
′
n[εn(γ)−E εn(γ)] = oP (1) uniformly

on Γ. Thus, a′ngn(γ)− E[a′ngn(γ)] = oP (1) uniformly on Γ. Similar to the proof for the uniform equiconti-

nuity of 1
n Q̄n(φ) in the proof of Proposition 1, there is some constant c such that 1

n |E[ε′n(γ1)Pniεn(γ1)] −

E[ε′n(γ2)Pniεn(γ2)]| ≤ c||γ1 − γ2|| and 1
n ||E[F ′nε(γ1)] − E[F ′nε(γ2)]|| ≤ c||γ1 − γ2|| for any γ1, γ2 ∈ Γ, by

the mean value theorem. Then a′n E gn(γ) is uniformly equicontinuous on Γ. The identification condi-

tion and the uniform equicontinuity of a′n E gn(γ) imply that the identification uniqueness condition for

E g′n(γ)ana
′
n E gn(γ) holds. The consistency of γ̂n follows from the uniform convergence and the identifica-

tion uniqueness condition.

By the mean value theorem,

∂g′n(γ̂n)

∂γ
ana

′
ngn(γ̂n) = 0 =

∂g′n(γ̂n)

∂γ
ana

′
n[gn(γ0) +

∂gn(γ̃n)

∂γ′
(γ̂n − γ0)],
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where γ̃n is between γ̂n and γ0. Thus

√
n(γ̂n − γ0) = −[

∂g′n(γ̂n)

∂γ
ana

′
n

∂gn(γ̃n)

∂γ′
]−1 ∂g

′
n(γ̂n)

∂γ
ana

′
n

√
ngn(γ0).

We may show that ∂gn(γ̂n)
∂γ′ = ∂gn(γ0)

∂γ′ +oP (1) = E ∂gn(γ0)
∂γ′ +oP (1). The proof is similar to that for 1

n
∂2Qn(γ̃n)
∂γ∂γ′ =

1
n
∂2Qn(γ0)
∂γ∂γ′ + oP (1) = E

(
1
n
∂2Qn(γ0)
∂γ∂γ′

)
+ oP (1) in the proof of Proposition 2, thus it is omitted. Then

√
n(γ̂n − γ0) = −[E

∂g′n(γ0)

∂γ
ana

′
n E

∂gn(γ0)

∂γ′
]−1 E

∂g′n(γ0)

∂γ
ana

′
n

√
ngn(γ0) + oP (1).

The asymptotic distribution of γ̂n now follows from Lemma A.4. The explicit expressions for E ∂gn(γ0)
∂γ′ and

E[ngn(γ0)g′n(γ0)] are derived by Lemma A.2. �

Proof of Proposition 7. The generalized Cauchy-Schwarz inequality implies that the optimal weighting

matrix a′nan in Proposition 6 is V −1
n . For the consistency, consider

g′n(γ)V̂ −1
n gn(γ) = g′n(γ)V −1

n gn(γ) + g′n(γ)(V̂ −1
n − V −1

n )gn(γ).

With an = V
−1/2
n , a0 = limn→∞ V

−1/2
n exists by Assumption 15. The uniform convergence of a′ngn(γ) −

a′n E gn(γ) can be shown similarly as that in the proof of Proposition 6 and the identification condition is given

in Assumption 13. Then for the consistency, it only remains to show that g′n(γ)(V̂ −1
n − V −1

n )gn(γ) = oP (1)

uniformly on Γ. Let || · || be the Euclidean norm for vectors and matrices. Then,

||g′n(γ)(V̂ −1
n − V −1

n )gn(γ)|| ≤ ||gn(γ)||2||V̂ −1
n − V −1

n ||.

It is shown in the proof of Proposition 6 that gn(γ) − E gn(γ) = oP (1) uniformly on Γ, and there is

some constant c such that 1
n |E[ε′n(γ1)Pniεn(γ1)] − E[ε′n(γ2)Pniεn(γ2)]| ≤ c||γ1 − γ2|| and 1

n ||E[F ′nε(γ1)] −

E[F ′nε(γ2)]|| ≤ c||γ1 − γ2|| for any γ1, γ2 ∈ Γ. Then E gn(γ) = O(1) uniformly on Γ and gn(γ) = OP (1)

uniformly on Γ. Since V̂n − Vn = oP (1) and Vn is nonsingular, ||V̂ −1
n − V −1

n || = oP (1) by the continuous

mapping theorem. Therefore, g′n(γ)(V̂ −1
n − V −1

n )gn(γ) = oP (1) uniformly on Γ.

For the asymptotic distribution, from the proof of Proposition 6,
∂gn(γ̂n,o)

∂γ′ − E ∂gn(γ0)
∂γ′ = oP (1) and

√
n(γ̂n,o − γ0) = −[

∂g′n(γ̂n,o)

∂γ
V̂ −1
n

∂gn(γ̃n,o)

∂γ′
]−1 ∂g

′
n(γ̂n,o)

∂γ
V̂ −1
n

√
ngn(γ0)

= −[E
∂g′n(γ0)

∂γ
V −1
n E

∂gn(γ0)

∂γ′
]−1 E

∂g′n(γ0)

∂γ
V −1
n

√
ngn(γ0) + oP (1),

where γ̃n,o is between γ̂n,o and γ0. The asymptotic distribution of
√
n(γ̂n,o−γ0) follows from this expansion

and Lemma A.4. �

Proof of Proposition 9. Let Q∗n(γ) = g∗
′

n (γ)V ∗−1
n g∗n(γ) and Q̂∗n(γ) = ĝ∗

′

n (γ)V̂ ∗−1
n ĝ∗n(γ). We shall verify

that Q∗n(γ) and Q̂∗n(γ) satisfy the conditions in Lemma A.5.

First, we show that ||ĝ∗n(γ) − g∗n(γ)||∞ = oP (1) uniformly in γ. To show this result, it is sufficient
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to show that (a) 1
nε
′
n(γ)(Ŵn − Wn)εn(γ) = oP (1) uniformly in γ; (b) 1

nε
′
n(γ) Diag(Ŵn − Wn)εn(γ) =

oP (1) uniformly in γ; (c) 1
nε
′
n(γ) Diag(eτ̂nMnWnXnβ̂n− eτ0MnWnXnβ0)(t)εn(γ) = oP (1) uniformly in γ; (d)

1
nε
′
n(γ) Diag(eτ̂nMnX∗nl−eτ0MnX∗nl)

(t)εn(γ) = oP (1) uniformly in γ; (e) 1
n ((eτ̂nMn−eτ0Mn)X∗nl)

′εn(γ) = oP (1)

uniformly in γ; (f) 1
n (eτ̂nMnWnXnβ̂n−eτ0MnWnXnβ0)′εn(γ) = oP (1) uniformly in γ; and (g) 1

n vecD
′(Ŵn−

Wn)εn(γ) uniformly in γ. For (a), by the mean value theorem,

1

n
ε′(γ)(Ŵn −Wn)εn(γ) =

1

n
ε′n(γ)eτ̃nMn(MnWn −WnMn)e−τ̃nMnεn(γ)(τ̂n − τ0),

where τ̃ is between τ̂n and τ0. As in the proof of Lemma A.7, by the spectral radius theorem, 1
n |ε
′
n(γ)eτ̃nMn(MnWn−

WnMn)e−τ̃nMnεn(γ)| ≤ 1
2n ||[e

τ̃nMn(MnWn −WnMn)e−τ̃nMn ]s||∞ε′n(γ)εn(γ) ≤ c
nε
′
n(γ)εn(γ) for some con-

stant c. The 1
nε
′
n(γ)εn(γ) can be expanded by using εn(γ) = eτMne(α−α0)Wne−τ0Mnεn+eτMn(e(α−α0)WnXnβ0−

Xnβ). Let Pn(φ) = e−τ0M
′
ne(α−α0)W ′neτM

′
neτMne(α−α0)Wne−τ0Mn . By Lemma A.7, 1

nε
′
nPn(φ)εn−σ

2
0

n tr[Pn(φ)] =

oP (1) uniformly in φ. As eαAn is UB uniformly in α ∈ [−δ, δ] for any n×n UB matrix An, 1
n tr[Pn(φ)] = O(1)

uniformly in φ. Thus 1
nε
′
nPn(φ)εn = OP (1) uniformly in φ. Other terms in the expanded form of 1

nε
′
n(γ)εn(γ)

are either oP (1) uniformly in γ by Lemma A.7 or O(1) uniformly in γ because eαAn is UB uniformly

in α ∈ [−δ, δ] for any n × n UB matrix An. Thus 1
nε
′
n(γ)εn(γ) = OP (1) uniformly in γ. It follows

that 1
nε
′(γ)(Ŵn − Wn)εn(γ) = oP (1) uniformly in φ as τ̂n − τ0 = oP (1). For (b), ||Ŵn − Wn||∞ =

||(e(τ̂n−τ0)Mn − In)Wn(e(τ0−τ̂n)Mn − In) + (e(τ̂n−τ0)Mn − In)Wn + Wn(e(τ0−τ̂n)Mn − In)||∞ ≤ ||e(τ̂n−τ0)Mn −

In||∞||Wn||∞||e(τ0−τ̂n)Mn − In||∞ + ||e(τ̂n−τ0)Mn − In||∞||Wn||∞ + ||Wn||∞||e(τ0−τ̂n)Mn − In||∞ = oP (1),

by Lemma A.8. Then 1
n |ε
′
n(γ) Diag(Ŵn −Wn)εn(γ)| ≤ ||Ŵn −Wn||∞ 1

nε
′
n(γ)εn(γ) = oP (1) uniformly in

γ. For (c), we have 1
nε
′
n(γ) Diag(eτ̂nMnWnXnβ̂n − eτ0MnWnXnβ0)(t)εn(γ) = 1

nε
′
n(γ) Diag(eτ̂nMnWnXnβ̂n −

eτ0MnWnXnβ0)εn(γ)− 1
nε
′
n(γ)εn(γ) 1

n l
′
n(eτ̂nMnWnXnβ̂n−eτ0MnWnXnβ0), where the first term can be shown

to be oP (1) uniformly in γ similarly to (b), and 1
n |l
′
n(eτ̂nMnWnXnβ̂n−eτ0MnWnXnβ0)| ≤ 1

n |l
′
n|∞||eτ̂nMnWnXnβ̂n−

eτ0MnWnXnβ0||∞ = oP (1). Thus (c) holds. (d) holds by an argument similar to that for (c). (e) holds

since 1
n |((e

τ̂nMn − eτ0Mn)X∗nl)
′εn(γ)| ≤

√
1
nX
∗′
nl(e

τ̂nMn − eτ0Mn)′(eτ̂nMn − eτ0Mn)X∗nl

√
1
nε
′
n(γ)εn(γ) by the

Cauchy-Schwarz inequality. (f) holds by an argument similar to that for (e). For (g), by the cauchy-

Schwarz inequality, 1
n | vecD

′(Ŵn−Wn)εn(γ)| ≤
√

1
n vecD

′(Ŵn −Wn) vecD(Ŵn −Wn)
√

1
nε
′
n(γ)εn(γ), where

1
n vecD

′(Ŵn −Wn) vecD(Ŵn −Wn) ≤ ||Ŵn −Wn||2∞ = oP (1). Thus (g) holds. Consequently, ||ĝ∗n(γ) −

g∗n(γ)||∞ = oP (1) uniformly in γ.

Next we show that V̂ ∗n − V ∗n = oP (1). For this purpose, the following results are helpful: (h) ||P̂ ∗ni −

P ∗ni||∞ = oP (1) and ||P̂ ∗ni − P ∗ni||1 = oP (1) for i = 1, . . . , k∗ + 4 and (i) ||F̂ ∗ni − F ∗ni||∞ = oP (1) for

i = 1, . . . , 4. For (h), we have shown above that ||P̂ ∗n1 − P ∗n1||∞ = ||Ŵ∗n − W∗n||∞ = oP (1), which im-

plies that ||P̂ ∗n2 − P ∗n2||∞ = ||Diag(Ŵ∗n −W∗n)||∞ ≤ ||Ŵ∗n −W∗n||∞ = oP (1). For P ∗n3, we have ||P̂ ∗n3 −

P ∗n3||∞ = ||Diag(eτ̂nMnWnXnβ̂n − eτ0MnWnXnβ0) − 1
nInl

′
n(eτ̂nMnWnXnβ̂n − eτ0MnWnXnβ0)||∞ ≤ (1 +

1
n ||l
′||∞)||eτ̂nMnWnXnβ̂n − eτ0MnWnXnβ0||∞ = oP (1). Similarly, we have ||P̂ ∗n,l+4 − P ∗n,l+4||∞ = oP (1)
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for l = 1, . . . , k∗. The results for the column sum matrix norm are similarly proved. (i) is obvious given

the proof of (h). With (h) and (i), we have 1
n | tr(P̂

∗s
ni P̂

∗s
nj − P ∗sni P

∗s
nj )| = 1

n | tr[(P̂
∗s
ni − P sni)(P̂

∗s
nj − P ∗snj ) +

P sni(P̂
∗s
nj − P ∗snj ) + (P̂ ∗sni − P sni)P

∗s
nj ]| ≤ ||P̂ ∗sni − P sni||∞||P̂ ∗snj − P ∗snj ||∞ + ||P sni||∞||P̂ ∗snj − P ∗snj ||∞ + ||P̂ ∗sni −

P sni||∞||P ∗snj ||∞ = oP (1); 1
n | vecD

′(P̂ ∗ni) vecD
′(P̂ ∗nj)−vecD

′(P ∗ni) vecD(P ∗nj)| = 1
n | vecD

′(P̂ ∗ni−P ∗ni) vecD
′(P̂ ∗nj −

P ∗nj)+vecD
′(P ∗ni) vecD

′(P̂ ∗nj−P ∗nj)+vecD
′(P̂ ∗ni−P ∗ni) vecD

′(P ∗nj)| ≤ ||P̂ ∗ni−Pni||∞||P̂ ∗nj−Pnj ||∞+||Pni||∞||P̂ ∗nj−

P ∗nj ||∞+||P̂ ∗ni−Pni||∞||P ∗nj ||∞ = oP (1); 1
n ||F̂

∗′
niF̂

∗
nj−F ∗

′

niF
∗
nj ||∞ = 1

n ||(F̂
∗
ni−F ∗ni)′(F̂ ∗nj−F ∗nj)+F ∗

′

ni(F̂
∗
nj−F ∗nj)+

(F̂ ∗ni−F ∗ni)′F ∗nj ||∞ ≤ ||F̂ ∗ni−F ∗ni||∞||F̂ ∗nj −F ∗nj ||∞+ ||F ∗ni||∞||F̂ ∗nj −F ∗nj ||∞+ ||F̂ ∗ni−F ∗ni||∞||F ∗nj ||∞ = oP (1);

and 1
n ||F̂

∗′
ni vecD(P̂ ∗nj)−F ∗

′

ni vecD(P ∗nj)||∞ ≤ 1
n ||(F̂

∗
ni−F ∗n)′ vecD(P̂ ∗nj−P ∗nj)||∞+ 1

n ||F
∗′
n vecD(P̂ ∗nj−P ∗nj)||∞+

1
n ||(F̂

∗
ni−F ∗n)′ vecD(P ∗nj)||∞ ≤ ||F̂ ∗ni−F ∗n ||∞||P̂ ∗nj−P ∗

′

nj ||∞+ ||F ∗n ||∞||P̂ ∗nj−P ∗nj ||∞+ ||F̂ ∗ni−F ∗n ||∞||P ∗nj ||∞ =

oP (1). Therefore, V̂ ∗n − V ∗n = oP (1).

As V̂ ∗n −V ∗n = oP (1) and Vn is nonsingular, V̂ ∗−1
n −V ∗−1

n = oP (1) by the continuous mapping theorem. As

in the proof of Proposition 7, g∗n(γ) = OP (1) uniformly on Γ. Therefore, Q∗n(γ)− Q̂∗n(γ) = oP (1) uniformly

on Γ. It follows that γ̂∗n,f is a consistent estimator of γ0 as the minimizer of Q∗n(γ) is a consistent estimator

of γ0.

By a similar argument as for Q̂∗n(γ)−Q∗n(γ) = oP (1) uniformly on Γ, we have
∂2Q̂∗n(γ)
∂γ∂γ′ −

∂2Q∗n(γ)
∂γ∂γ′ = oP (1)

uniformly on Γ. Furthermore,
√
n
∂Q∗n(γ0)
∂γ = 2

∂g∗
′

n (γ0)
∂γ V ∗−1

n

√
ng∗n(γ0) and

√
n
∂Q̂∗n(γ0)
∂γ = 2

∂ĝ∗
′

n (γ0)
∂γ V̂ ∗−1

n

√
nĝ∗n(γ0).

By Lemma A.3,
√
ng∗n(γ0) = OP (1) and

∂g∗
′

n (γ0)
∂γ = OP (1). By a similar argument as for g∗n(γ)−ĝ∗n(γ) = oP (1)

uniformly on Γ,
∂ĝ∗
′

n (γ0)
∂γ − ∂g∗

′
n (γ0)
∂γ = oP (1), and

√
nĝ∗n(γ0)−

√
ng∗n(γ0) = oP (1) as

√
n(τ̂n− τ0) = OP (1) and

√
n(β̂n − β0) = OP (1). Hence,

√
n
∂Q∗n(γ0)
∂γ = OP (1) and

√
n
∂Q̂∗n(γ0)
∂γ −

√
n
∂Q∗n(γ0)
∂γ = oP (1). Therefore, γ̂∗n,f

has the same limiting distribution as the minimizer of Q∗n(γ). �

Proof of Proposition 10. The proof resembles that for Proposition 6, thus it is omitted. �

Proof of Proposition 11. Note the the (i, j)th element of Vn, for 1 ≤ i ≤ kp and 1 ≤ j ≤ kp,

is 1
2n vec′(Σ

1/2
n P sniΣ

1/2
n ) vec(Σ

1/2
n P snjΣ

1/2
n ) = 1

2n tr(Σ
1/2
n P sniΣ

1/2
n Σ

1/2
n P snjΣ

1/2
n ) = 1

2n tr(P sniΣnP
s
njΣn). By a

similar argument to that in the proof of Proposition 5, V̂n − Vn = oP (1). The rest of the proof resembles

that for Proposition 7. �

Proof of Proposition A.1. The consistency of the QMLE γ̂n will follow from the uniform convergence

that supφ∈Φ
1
n |Qn(φ)− Q̄n(φ)| = oP (1) and the identification uniqueness condition.

We first show the uniform convergence. As yn = e−α0Wn(Xnβ0 + e−τ0Mnεn),

1

n
[Qn(φ)− Q̄n(φ)] =

2

n
(Xnβ0)′e−(α0Wn)′e(αWn)′e(τMn)′Hn(τ )eτMneαWne−α0Wne−τ0Mnεn

+
1

n
ε′ne
−(τ0Mn)′e−(α0Wn)′e(αWn)′e(τMn)′Hn(τ )eτMneαWne−α0Wne−τ0Mnεn

− σ2
0

n
tr[e−(τ0Mn)′e−(α0Wn)′e(αWn)′e(τMn)′Hn(τ )eτMneαWne−α0Wne−τ0Mn ]

− σ2
0

n
tr{e−(τ0Mn)′e−(α0Wn)′e(αWn)′e(τMn)′ [In −Hn(τ )]eτMneαWne−α0Wne−τ0Mn}.
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By Lemma A.7, 1
n [Qn(φ)− Q̄n(φ)] = oP (1) uniformly on Φ.

We now show that 1
n Q̄n(φ) is uniformly equicontinuous. By the mean value theorem, for φ,φ∗ ∈ Φ,

1

n
[Q̄n(φ∗)− Q̄n(φ)]

= 2

p∑
i=1

(Xnβ0)′e−(α0Wn)′e(α̃Wn)′e(τ̃Mn)′Hn(τ̃ )eτ̃Mn
∂eα̃Wn

∂αi
e−α0WnXnβ0(α∗i − αi)

+
2σ2

0

n

p∑
i=1

tr[e−(τ0Mn)′e−(α0Wn)′e(α̃Wn)′e(τ̃Mn)′eτ̃Mn
∂eα̃Wn

∂αi
e−α0Wne−τ0Mn ](α∗i − αi)

+
1

n

q∑
i=1

(Xnβ0)′e−(α0Wn)′e(α̃Wn)′e(τ̃Mn)′(2Hn(τ̃ )
∂eτ̃Mn

∂τi
+
∂Hn(τ̃ )

∂τi
eτ̃Mn)eα̃Wne−α0WnXnβ0(τ∗i − τi)

+
2σ2

0

n

q∑
i=1

tr[e−(τ0Mn)′e−(α0Wn)′e(α̃Wn)′e(τ̃Mn)′ ∂e
τ̃Mn

∂τi
eα̃Wne−α0Wne−τ0Mn ](τ∗i − τi),

where φ̃ is between φ∗ and φ. By Lemma A.6, Hn(τ ), eαWn and eτMn are UB uniformly over their

respective parameter spaces. By the proof of Lemma A.7, ∂e
αWn

∂αi
, ∂e

τMn

∂τi
and ∂Hn(τ )

∂τi
are UB uniformly over

their respective parameter spaces. Then there exists some constant c such that

1

n
|Q̄n(φ∗)− Q̄n(φ)| ≤ c(||α∗ −α||+ ||τ ∗ − τ ||).

Thus 1
n Q̄n(φ) is uniformly equicontinuous.

Finally, we show that the identification uniqueness condition holds. Let λ1, . . . , λn be the eigenvalues of

An(φ) = e−(τ0Mn)′e−(α0Wn)′e(αWn)′e(τMn)′eτMneαWne−α0Wne−τ0Mn . Since An(φ) is positive definite,

λi’s are all positive. Then by the inequality of arithmetic and geometric means,

1

n
tr(An(φ)) =

1

n

n∑
i=1

λi ≥ (

n∏
i=1

λi)
1/n = |An(φ)|1/n

= [e− tr(τ0Mn)e− tr(α0Wn)etr(αWn)etr(τMn)etr(τMn)etr(αWn)e− tr(α0Wn)e− tr(τ0Mn)]1/n

= 1,

because tr(αMn) = tr(τWn) = 0. In addition,

(Xnβ0)′e−(α0Wn)′e(αWn)′e(τMn)′Hn(τ )eτMneαWne−α0WnXnβ0 ≥ 0.

Thus, 1
n Q̄n(φ) ≥ σ2

0 . When φ = φ0, 1
n Q̄n(φ) = σ2

0 . Assumption 6 implies that whenever φ 6= φ0,

limn→∞
1
n Q̄n(φ) 6= σ2

0 . Thus the identification uniqueness condition holds.

With the uniform convergence and identification uniqueness condition, the consistency of φ̂n follows.

The consistency of β̂n follows by plugging φ̂n into the function β̂n(φ) in (4). �

Proof of Proposition A.2. To obtain the asymptotic distribution, we use (7) for
√
n(γ̂n − γ0) derived

from a Taylor expansion of the first-order condition. We first show that 1
n
∂2Qn(γ̃n)
∂γ∂γ′ = 1

n
∂2Qn(γ0)
∂γ∂γ′ + oP (1) =
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1
n E ∂2Qn(γ0)

∂γ∂γ′ + oP (1) = Cn + oP (1). Noting that for any α∗,α ∈ [−δ, δ]p, by expanding (α∗Wn)i =

[(α∗ −α)Wn + αWn]i, we have

||(α∗Wn)i − (αWn)i||∞ ≤
i∑

k=1

(
i

k

)
||αWn||i−k∞ ||(α∗ −α)Wn||k∞

= i||(α∗ −α)Wn||∞
i∑

k=1

1

k

(
i− 1

k − 1

)
||αWn||i−k∞ ||(α∗ −α)Wn||k−1

∞

≤ i||(α∗ −α)Wn||∞(||αWn||∞ + ||(α∗ −α)Wn||∞)i−1.

Then ||eα∗Wn − eαWn ||∞ ≤ ||(α∗ − α)Wn||∞||
∑∞
i=1

1
(i−1)! (||αWn||∞ + ||(α∗ − α)Wn||∞)i−1 = ||(α∗ −

α)Wn||∞e||αWn||∞+||(α∗−α)Wn||∞ ≤ ||α∗−α||max1≤j≤p ||Wnj ||∞e||αWn||∞+||(α∗−α)Wn||∞ . Thus ||eα̃nWn−

eα0Wn ||∞ = oP (1). With this result, we can show that 1
n
∂2Qn(γ̃n)
∂γ∂γ′ = 1

n
∂2Qn(γ0)
∂γ∂γ′ + oP (1).1 Further-

more, each element of 1
n
∂2Qn(γ0)
∂γ∂γ′ −

1
n E ∂2Qn(γ0)

∂γ∂γ′ is a linear-quadratic function of εn, then 1
n
∂2Qn(γ0)
∂γ∂γ′ =

1
n E ∂2Qn(γ0)

∂γ∂γ′ + oP (1) by Lemma A.3. Hence, 1
n
∂2Qn(γ̃n)
∂γ∂γ′ = 1

n E ∂2Qn(γ0)
∂γ∂γ′ + oP (1). It follows that

√
n(γ̂n − γ0) = −C−1

n

1√
n

∂Qn(γ0)

∂γ
+ oP (1),

where each element of ∂Qn(γ0)
∂γ is a linear-quadratic form of εn as shown in (8)–(10). We now show that

E ∂Qn(γ0)
∂γ = 0. As εni’s are i.i.d. with mean zero, it remains to show that tr(e−(τ0Mn)′e−(α0Wn)′ ∂e(α0Wn)′

∂αi
e(τ0Mn)′) =

tr(∂e
α0Wn

∂αi
e−α0Wn) = 0 and tr(∂e

τ0Mn

∂τi
e−τ0Mn) = 0. W.l.o.g., we show that tr(∂e

α0Wn

∂αi
e−α0Wn) = 0. As

∂eα0Wn

∂αi
=
∑∞
j=1

∑j−1
k=0

1
j! (α0Wn)kWni(α0Wn)j−1−k, (α0Wn)je−α0Wn = e−α0Wn(α0Wn)j and tr(AB) =

tr(BA) for any two conformable square matrices A and B, we have

tr(
∂eα0Wn

∂αi
e−α0Wn) = tr

(
Wnie

−α0Wn

∞∑
j=1

1

j!

j−1∑
k=0

(α0Wn)j−1
)

= tr
(
Wnie

−α0Wn

∞∑
j=1

1

(j − 1)!
(α0Wn)j−1

)
= tr(Wni) = 0.

Applying the central limit theorem in Lemma A.4, we have

√
n(γ̂n − γ0)

d−→ N(0, lim
n→∞

C−1
n ΩnC−1

n ),

where Ωn = 1
n E
(∂Qn(γ0)

∂γ
∂Qn(γ0)
∂γ′

)
. The explicit expressions for Cn and Ωn can be derived by Lemma A.2.

�

1Please see the proof of Proposition 2 for a similar argument.
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5. More Monte Carlo Results

Tables 1 – 8 report the simulation results for β1 and β2 when n = 100 for GMM in the homoskedatic

case and for heteroskedastic errors, and all Monte Carlo results for n = 254. The results are similar to those

for n = 100. We observe that bias, standard errors and thus RMSE are lower when the sample size becomes

larger.

6. Estimated results for MESS(1,0) for the application

Table 9 contains estimation results of the MESS(1,0). The obtained results are qualitatively the same

as those obtained for MESS(1,1).
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Table 9: Estimation results for different specifications

(1) (2) (3) (4) (5) (6)
Cons. −2.048 −3.013 −4.618 −2.566 −3.013 −3.093

(4.628 ) (4.660 ) (4.474 ) (4.093 ) (4.280 ) (3.330 )
LGDP 1.107*** 1.114*** 1.285*** 1.106*** 1.114*** 1.117***

(0.243 ) (0.246 ) (0.236 ) (0.231 ) (0.240 ) (0.196 )
LPOP −0.584** −0.585** −0.763*** −0.580** −0.585** −0.589***

(0.243 ) (0.246 ) (0.236 ) (0.246 ) (0.253 ) (0.205 )
OECD 1.065* 1.037* 0.962* 1.079* 1.037* 1.059*

(0.545 ) (0.551 ) (0.531 ) (0.597 ) (0.608 ) (0.584 )
LDIS −1.244*** −1.200*** −1.216*** −1.241*** −1.200*** −1.200***

(0.222 ) (0.220 ) (0.211 ) (0.201 ) (0.200 ) (0.150 )
TARIFFS 0.107 0.106 0.149 0.106 0.106 0.107

(0.112 ) (0.113 ) (0.109 ) (0.084 ) (0.084 ) (0.075 )
MP 1.280 1.211 1.433 1.312 1.212 1.301

(1.052 ) (1.105 ) (1.068 ) (1.122 ) (1.152 ) (1.092 )
Spat auto −0.331** 0.265** 0.280*** −0.334** 0.265** 0.275**

in y (0.147 ) (0.109 ) (0.104 ) (0.164 ) (0.117 ) (0.111 )
n 35 35 35 35 35 35

Standard errors between brackets; (1) is homoskedastic SARAR, (2) is homo.
MESS(1,1) by QML, (3) is homo. MESS(1,1) by GMM, (4) is heteroskedastic
SARAR, (5) is hetero. MESS(1,1) by QML and (6) is hetero. MESS(1,1) by
GMM; ∗, ∗∗ and ∗∗∗ correspond to significance at the 10%, 5% and 1% respectively.
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