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Abstract. Let L be a D-dimensional submanifold of a 2D dimensional ex-
act symplectic manifold (M,ω) and let f : M → M be a symplectic diffeo-
morphism. In this article, we deal with the link between the dynamics f|L
restricted to L and the geometry of L (is L Lagrangian, is it smooth, is it a
graph. . . ?).

We prove different kinds of results.
1. for D = 3, we prove that is L if a torus that carries some characteristic

loop, then either L is Lagrangian or f|L can not be minimal (i.e. all the

orbits are dense) with (fk

|L
) equilipschitz;

2. for a Tonelli Hamiltonian of T ∗T3, we give an example of an invariant
submanifold L with no conjugate points that is not Lagrangian and such
that for every f : T ∗T3 → T ∗T3 symplectic, if f(L) = L, then L is not
minimal;

3. with some hypothesis for the restricted dynamics, we prove that some
invariant Lipschitz D-dimensional submanifolds of Tonelli Hamiltonian
flows are in fact Lagrangian, C1 and graphs;

4. we give similar results for C1 submanifolds with weaker dynamical as-
sumptions.

1. Introduction. When studying smooth symplectic dynamical systems, we are
often led to look for their invariant submanifolds. In the symplectic setting, math-
ematicians generally ask that the invariant submanifold in question is Lagrangian.
But why?

One possible reason is the following result due to Michel Herman (see [12]):

Proposition. (M. Herman) Let F be a symplectic C1 diffeomorphism of an exact
symplectic 2d-dimensional manifold (M,ω) and let T ⊂ M be a C1 invariant d-
dimensional torus. Assume that the restricted dynamics f|T is C1-conjugated to an

ergodic rotation of Td. Then T is Lagrangian.

Under some assumptions, the K.A.M. theorem (for Kolmogorov Arnol’d Moser,
see [10]) gives the existence of a lot of such invariant tori of symplectic dynamics.
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2 MARIE-CLAUDE ARNAUD

But there may exist other invariant manifolds that are not K.A.M. tori. The
simplest example is when you consider the identity map: of course every submanifold
is invariant...

Moreover, observe that the set of d-dimensional C1 Lagrangian tori in a 2d-
dimensional symplectic manifold has no interior in the set of d-dimensional C1 tori
endowed with the C1 topology. Hence the set of C1 Lagrangian submanifolds is
small.

Observe too that Lagrangian submanifolds are very flexible from the point of
view of symplectic dynamics: consider a Lagrangian submanifold T of Td×Rd that
is homotopic to the zero section, let g : T → T be any diffeomorphism of T that is
homotopic to identity. Using generating functions (see for example [3]), it is easy to
extend g to a symplectic diffeomorphism of Td×Rd: this will be done in appendix 5.
Hence the Lagrangian property allows all the possible dynamics on the submanifold:
indeed, you just ask that g preserves the vanishing 2-form. If your submanifold is not
Lagrangian, then your condition “preserving the symplectic form” is not trivial and
you can hope to avoid certain dynamics, as minimal dynamics. In [12], M. Herman
asked the following question (T ∗Td = Td ×Rd is endowed with its usual symplectic
form):

Question 1. (M. Herman) Let F be a symplectic diffeomorphism of Td ×Rd that
is homotopic to Id and let T be a C1 torus that is:

• invariant by F ;
• homotopic to {r = 0};
• such that the restricted dynamics F|T is minimal (i.e. all its orbits are dense
in T ).

Is the torus necessarily Lagrangian?

The answer to this question is yes for d = 1, 2, but unknown for higher dimen-
sions.

Let us think about higher dimensions. We assume that L is a closed and without
boundary n-dimensional submanifold of a 2n-dimensional exact symplectic manifold
(M,ω = dα) and that f is a symplectic diffeomorphism of M such that L is f -
invariant and f|L is minimal. Then at every x ∈ L, F (x) = kerω|TxL is a linear
subspace of TxL. We denote its dimension by p(x). Then n − p is even, p is
invariant by f because f is symplectic and p is lower semi-continuous. This implies
that p is constant on L. If n = p, then L is Lagrangian. Then let us assume that
n−p = 2m > 0. The following lemma, whose proof is very simple, shows that there
are some restrictions for the characteristic bundle kerω|TL:

Lemma. Let L be a closed and without boundary n-dimensional submanifold of a
2n-dimensional exact symplectic manifold (M,ω = dα). We assume that kerω|TL

defines a (n−2m)-dimensional bundle along L. Then no closed and without bound-
ary submanifold in L is transverse to this (n− 2m)-dimensional bundle.

If such a submanifold N exists, then (N,ω) is exact symplectic, closed and with-
out boundary. By Stoke’s theorem, this is impossible:
∫

N

ω∧m =

∫

N

dα ∧ (ω∧(m−1)) =

∫

N

d(α ∧ ω∧(m−1)) =

∫

∂N=∅

α ∧ ω∧(m−1) = 0.

There is a case where it is easy to build such a transverse section to the characteristic
subbundle:
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Corollary 1. Let T be an embedded 3-dimensional torus of a 6-dimensional exact
symplectic manifold (M,ω = dα). Then the following assertion is impossible:

kerω|TL defines a 1-dimensional bundle in the tangent space of T and the corre-
sponding characteristic leaves define a locally trivial fibration in circles of T .

We deduce a corollary in the spirit of Herman’s question:

Corollary 2. Let T ⊂M be a 3-dimensional C2-embedded torus of a 6-dimensional
exact symplectic manifold M such that there exists a C1-embedded characteristic
loop j : T → T in T , i.e. such that:

∀t ∈ T, γ′(t) ∈ kerω|Tγ(t)T .

Then,

• either T is Lagrangian;
• or for every symplectic diffeomorphism f of M such that f(T ) = T and the
family (fk

|T )k∈Z is equilipschitz, the restricted dynamics f|T is not minimal.

Remark 1. 1. The class of submanifolds T that are described in corollary 2
contains submanifolds that clearly cannot carry a minimal restricted sym-
plectic dynamics, as submanifolds that are non-Lagrangian everywhere but
Lagrangian on some open subset. But the example given in proposition 1 is
an example of such a submanifold for which the result is not so trivial.

2. Unfortunately, we need the assumption that “(fk
|T )k∈Z is equilipschitz” to

prove the corollary. This condition is satisfied when f|T is Lipschitz conjugated

to a rotation (that is a priori weaker than the condition “C1 conjugated to an
ergodic rotation” as in Herman’s proposition).

3. M. Herman proved in [11] that any diffeomorphism f of T3 that is homotopic
to identity and such that the family (fk)k∈Z is equi-continuous has a unique
rotation number; he proved too that f is C0 conjugated to an ergodic rotation
when this rotation number corresponds to an ergodic rotation.

Question 1 concerns the link between the dynamics and the Lagrangian property.
In the remaining of this article, we will consider this kind of questions for a wide

class of symplectic dynamics, the ones that correspond to Tonelli Hamiltonians:

Definition 1.1. Let M be a d-dimensional closed manifold and let us denote its
cotangent bundle endowed with its usual symplectic form by (T ∗M,ω).

A C2 function H : T ∗M → R is called a Tonelli Hamiltonian if it is:

• superlinear in the fiber, i.e.

∀A ∈ R, ∃B ∈ R, ∀(q, p) ∈ T ∗M, ‖p‖ ≥ B ⇒ H(q, p) ≥ A‖p‖;

• C2-convex in the fiber i.e. for every (q, p) ∈ T ∗M , the Hessian ∂2H
∂p2 of H in

the fiber direction is positive definite as a quadratic form.

We denote the Hamiltonian flow of H by (ϕt) and the Hamiltonian vector-field by
XH .

It is easy to build a Tonelli Hamiltonian having a non-Lagrangian invariant graph.
The following example was built in my thesis and is commented in [12]:

Example 1. Let us consider the Tonelli Hamiltonian H : T2 ×R2 → R defined by
H(θ1, θ2, r1, r2) =

1
2 (r1−ψ(θ2))2+ 1

2r
2
2 where ψ : T → R is a non-constant function.
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Then the torus {(θ1, θ2, ψ(θ2), 0); (θ1, θ2) ∈ T2} is a non-Lagrangian torus that
is invariant by the Hamiltonian flow of H . Moreover, the restricted dynamics is
conjugated to a non-ergodic rotation of T2 (the identity map) and normally elliptic.

As noticed by M. Herman, this counter-example contains orbits that are non-
minimizing where:

Definition 1.2. Let H : T ∗M → R be a Tonelli Hamiltonian and let L : TM → R

be the Lagrangian that is associated to H . It is defined by

L(q, v) = max
p∈T∗

q M
(p.v −H(q, p)).

The Lagrangian action AL(γ) of a C
1 arc γ : [a, b] →M is defined by:

AL(γ) =

∫ b

a

L(γ(s), γ̇(s))ds.

An orbit (qt, pt)t∈R is minimizing (resp. locally minimizing) if for every a < b in
R, the arc (q(t))t∈[a,b] minimizes (resp. locally minimizes) the action among all the

C1 arcs γ : [a, b] →M such that γ(a) = q(a) and γ(b) = q(b).

Remark 2. 1. It is well-known that an orbit is locally minimizing if and only if
it has no conjugate vectors.

2. A classical result asserts that any orbit of a Tonelli Hamiltonian flow that is
contained in an invariant Lipschitz Lagrangian graph is locally minimizing.

Then we have a new question:

Question 2. Is a d-dimensional submanifold with no conjugate points that is in-
variant by a Tonelli Hamiltonian flow necessarily Lagrangian?

We give a negative answer for the geodesic flow of the flat metric of T3:

Proposition 1. Let H : T3 × R3 → R be the Hamiltonian defined by:

H(θ, r) =
1

2
(r21 + r22 + r23)

and let j : T3 → T3 × R3 be the embedding map defined by:

j(θ) = (θ; cos 2πθ3, sin 2πθ3, 0).

Then the submanifold T = j(T3) is invariant by the Hamiltonian flow of H, non-
Lagrangian and with no conjugate points.

We can modify this example in such a way that the torus has no conjugate points
and is non-Lagrangian and not a graph, isotopic or non isotopic to T3 × {0}.

Moreover, for every symplectic diffeomorphism f : T ∗T3 → T ∗T3 satisfying
f(T ) = T , then f|T is not minimal (i.e. has at least one non-dense orbit).

Remark 3. 1. The counter-example T is foliated by invariant isotropic 2-dimen-
sional tori on which the Hamiltonian flow ofH is conjugated to a rotation flow.

2. The characteristic subbundle of TxT is 1-dimensional and have some compact
1-dimensional leaves, hence we are in a case where we can apply corollary 2,
but we improve the result contained in corollary 2 for this example, because
we don’t assume that the family (fn) is equilipschitz.

Let us now give some dynamical conditions that imply that an invariant manifold
with no conjugate points is Lagrangian.
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Theorem 1.3. Let L be a Lipschitz invariant d-dimensional submanifold of a
Tonelli Hamiltonian flow (ϕt) of T

∗M such that:

• there exist two sequences (tn) and (sn) tending to +∞ such that the families
(ϕtn|L)n∈N and (ϕ−sn|L)n∈N are equilipschitz;

• all the orbits that are contained in L have no conjugate points.

Then L is Lagrangian and is the graph of a C1 function.

Corollary 3. Let T be a Lipschitz invariant d-dimensional torus of Tonelli Hamil-
tonian flow of T ∗Td such that:

• the time T flow restricted to T is Lipschitz conjugated to a (not necessarily
ergodic) rotation for one T > 0 ;

• all the orbits that are contained in T have no conjugate points.

Then T is Lagrangian and is the graph of a C1 function.

Remark 4. 1. There exist examples of Tonelli flows that satisfy the hypothesis
of theorem 1.3 and for which the restricted dynamics is not minimal. Hence
the question that we answer is different from Herman’s question.

2. Let us notice that we obtain that L is more than just Lagrangian: it is a
graph. Hence we prove that with some assumption on the dynamics, the
invariant manifold is a graph. This kind of result is what is generally called a
“multidimensional Birkhoff theorem”.

The only previous known results concerned Lagrangian submanifolds: first
results are due to M. Herman (see [12]) and M. Bialy and L. Polterovich (see
[6, 7, 8, 9]) by assuming that the restricted dynamics is chain recurrent. With-
out dynamical assumption but assuming again that the invariant manifold is
Lagrangian, I improved the result in [2]. Then P. Bernard and J. dos Santos
proved a similar result for invariant Lipschitz Lagrangian submanifolds (see
[5]);

3. We prove too a result of regularity in the previous statements: assuming that
the invariant manifold is Lipschitz, we conclude that it is C1. Similar results
were proved in [1] for Lipschitz invariant Lagrangian graphs.

If we know that the invariant submanifold is C1, we can improve the statements.

Theorem 1.4. Let M be a closed n-dimensional manifold and let N ⊂ T ∗M be a
closed n-dimensional C1 submanifold with no conjugate points that is invariant by
some Tonelli flow (ϕt). We assume that for a dense subset D ⊂ N :

∀x ∈ D, ∀v ∈ TxN,min{lim inf
t→+∞

‖Dϕtv‖, lim inf
t→−∞

‖Dϕtv‖} < +∞.

Then N is a Lagrangian submanifold of T ∗M that is a graph.

Remark 5. Two kinds of general flows of N satisfy these hypotheses: the gradient
flows and the flows coming from the action of a compact Lie group. We give two
examples of corollaries.

Corollary 4. Let M be a closed n-dimensional manifold and let N ⊂ T ∗M be a
closed n-dimensional C1 submanifold with no conjugate points that is invariant by
some Tonelli flow (ϕt). We assume that there exists a compact C1 Lie group G
that acts on N and that contains the diffeomorphisms ϕt|N for t ∈ R. Then N is a
Lagrangian submanifold of T ∗M that is a graph.

If we just ask that the manifold is Lipschitz, then the statement is false as
explained by the following example.
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Example 2. We consider the following Tonelli Hamiltonian defined on T ∗T3 =
T3 × R3.

H(θ1, θ2, θ3; r) =
1

2
‖r‖2 + cos(4πθ3).

We check easily that the set:

N = T× T× {(θ3,±
√
2
√

1− cos(4πθ3)); θ3 ∈ [0,
1

2
]} × {0} × {0}

is invariant by the Hamiltonian flow, with no conjugate points, Lipschitz Lagrangian,
such that every point x of N :

∀v ∈ TxN,min{lim inf
t→+∞

‖Dϕtv‖, lim inf
t→−∞

‖Dϕtv‖} < +∞,

but N is not a graph. . . Let us notice that N is not homotopic to the zero section.

Corollary 5. Let M be a closed n-dimensional manifold and let N ⊂ T ∗M be a
closed n-dimensional C1 submanifold with no conjugate points that is invariant by
some Tonelli flow (ϕt). We assume that (ϕt|N ) is such that:

• the non-wandering set for (ϕt|N ) is a finite union of periodic orbits or critical
points;

• all the periodic orbits of (ϕt|N ) are non-degenerate in the following sense: if
τ is the period of such a period point, the multiplicity of 1 as an eigenvalue of
Dϕτ |TN is one and −1 is not an eigenvalue; for the critical points, we assume
the Hamiltonian is Morse at the critical points contained in N .

Then N is a Lagrangian submanifold of T ∗M that is a graph.

1.1. Structure of the article. Section 2 contain the proof of the results that are
in the spirit of Herman’s question: proposition 1 and corollaries 1 and 2.

In section 3, we prove that with some hypotheses on the restricted dynamics,
some Lipschitz manifolds that are invariant by a Tonelli Hamiltonian flow are in
fact C1, Lagrangian and graphs.

In section 4, we prove similar results with a less restrictive dynamical hypothesis
but by assuming that the invariant manifold is C1 .

2. Proof of proposition 1 and corollaries 1 and 2.

2.1. Proof of corollary 1. Let T be an embedded 3-dimensional torus of a 6-
dimensional exact symplectic manifold (M,ω = dα). Assume that kerω|TL defines
a 1-dimensional bundle along T and the corresponding characteristic leaves define
a locally trivial fibration in circles of T . We denote by S the quotient manifold.
Then S is a closed surface. This surface is endowed with the quotient symplectic
form Ω, then it is orientable.

Then we have a Serre fibration and the exact homotopy sequence is:

. . .→ π2(T) → π2(T
3) → π2(S) → π1(T) → π1(T

3) → π1(S) → π0(T) = {0}.
Hence π1(S) is Abelian: S is the sphere or the torus. But S cannot be the sphere
because there is no surjection from Z = π1(T) to Z3 = π1(T

3). Moreover, the
arrow π1(T) → π1(T

3) corresponds to an inclusion map and we have the exact
sequence π1(T) → π1(T

3) → π1(S) = Z2; because there is no injective morphism
from Z3 = π1(T

3) to π1(S) = Z2, the inclusion map cannot be zero and then the
fiber of the bundle is not homotopic to a point.

We can then build a section of this bundle. To do that, we use a vectofieldX of T3

whose flow (ϕt) is 1-periodic and whose orbits are the leaves of the previous bundle.
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Such a vector field exists because the orientation of T3 and of S give an orientation
of the leaves. We lift (ϕt) into the flow (ϕ̃t) of R

3. As the leaves of the bundle are
not homotopic to a point, there exists v ∈ Z3\{0} such that ϕ̃1 − Id = v. Using an
isomorphism of Z3, we can assume that v = λe1 where e1 is the first vector of the

canonical base. We define a function u : R3 → R by: u(x) =
∫ 1

0 < ϕ̃t(x), e1 > dt.
Then:

du(x).X(x) =
d

dt

∫ 1

0

< ϕ̃s+t(x), e1 > ds

=
d

dt

∫ 1+t

t

< ϕ̃s(x), e1 > ds =< ϕ̃1(x)− x, e1 >= |λ|

We deduce that H = {u = 0} is a surface that meets every orbit of (ϕ̃t) at exactly
one point. Moreover, if h = (h1, h2, h3) ∈ Z3, then: u(x+ h) = u(x) + h1. Then H
is a retract of R3 and is then connected. Moreover, if u([0, 1]3) = [m,M ], then for
every x ∈ R3 such that u(x) = 0, we can write (here [x] denote the vector whose
components are the integer parts of the components of x) 0 = u(x) = u(x−[x])+[x1]
and deduce [x1] ∈ [−M,−m]. This fact and the fact that H is invariant by the
translations with vector in {0} × Z2 implies that the projection of H on T3 is a
compact surface. It is then a section of the bundle.

2.2. Proof of corollary 2. We assume that T ⊂ M is a 3-dimensional C2 sub-
manifold such that:

• T is not Lagrangian;
• T is a C2-embedded 3-dimensional torus;
• T is invariant by a C1 symplectic diffeomorphism f ;
• there exists a C1-embedded characteristic loop j : T → T in T , i.e. such that:

∀t ∈ T, γ′(t) ∈ kerω|Tγ(t)T .

Let us assume that f :M →M is a symplectic diffeomorphism such that f(T ) = T ,
(fn

|T )n∈N is equilipschitz and such that f|T is minimal. We have then noticed that

p = dim(kerω|TxT ) is constant along T and such that n − p is even. As T is not
Lagrangian, then p = 1:

∀x ∈ T , dim
(

kerω|TxT

)

= 1.

We choose an orientation on T . We denote by P0(x) ⊂ TxT a 2-plane that is
transverse to kerω|TxT (it may be the orthogonal subspace to kerω|TxT for some
fixed Riemannian metric) and that continuously depends on x ∈ T . Let us now
choose u(x), v(x) ∈ P0(x) such that ω(u(x), v(x)) > 0, and let us complete it with
X(x) ∈ kerω|TxT such that (u(x), v(x), X(x)) is oriented and ‖X(x)‖ = 1 (for some
fixed Riemannian metric). Clearly, kerω|TxT and X continuously depend on x (even
if u(x) and v(x) may depend on x in a non-continuous way). In fact, the dependence
is C1 if T is C2. Hence we can define the flow (ϕt) of X .

As f is symplectic, there exists a C1 map λ : T → R∗ such that: ∀x ∈
T , DfX(x) = λ(f(x))X(f(x)). We have: DfnX(x) = λ(f(x)).λ(f2(x)) . . .
λ(fn(x))X(fn(x)). As (fk

|T )k∈Z is uniformly Lipschitz, we deduce that there exist

two positive constants C > c > 0 such that:

∀x ∈ T , ∀n ∈ N, c ≤ |λ(f(x)).λ(f2(x)) . . . λ(fn(x))| ≤ C.

Let us recall that: ∀t ∈ T, γ′(t) ∈ kerω|Tγ(t)T . If we reparametrize γ and change

its domain of definition, we have: γ′(t) = X(γ(t)), hence γ is a periodic orbit of X
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with fixed period T > 0; if we use the notation x0 = γ(0), we have ϕT (x0) = x0.
Then for every n ∈ N, fn(x0) is a periodic orbit for X whose period T ′ satisfies:
T
C

≤ T ′ ≤ T
c
. Hence every point of the dense subset {fnx0;n ∈ Z}, is a periodic

point for X whose period is between T
C

and T
c
. We deduce that all the points of T

are periodic for (ϕt) and they have a period between T
C

and T
c
(this period is not

necessarily the minimal one).

Lemma 2.1. T acts smoothly and freely on T via a reparametrization of X.

Proof of lemma 2.1. Let us notice that the fact that all the points of L are periodic
for X with an upper bound for the period does not imply that a reparametrization
of the flow defines a smooth and free action of T: you can have a period doubling
close to a fixed periodic point. The argument that will give the result is the fact
that f is minimal.

Let us denote by τ(x) the minimal period of x ∈ T for X . As X has no zero
and T is compact, τ is bounded from below by some positive constant. Hence there
exist 0 < a < b = T

c
such that ∀x ∈ T , a ≤ τ(x) ≤ b. Moreover, τ is lower semi-

continuous. Let us assume that τ is not continuous at some x0 ∈ T . Then there
exists a sequence (yn) ∈ T such that lim

n→∞
yn = x0 and lim

n→∞
τ(yn) > τ(x0). Every

period of x0 being a multiple of τ(x0), we have then: lim
n→∞

τ(yn) ≥ 2τ(x0).

Let us notice that the set of such points of discontinuity of τ is invariant by
f : the fact that lim sup

y→x0

τ(y) ≥ 2τ(x0) means that if you choose a small surface of

section N at x0 for X , then there exists close to x0 periodic points for the first
return map whose period is at least 2.

Because f is minimal and τ is lower semi-continuous, there exists an increas-
ing sequence (kn) ∈ N such that lim

n→∞
fkn(x0) = x0 and lim

n→∞
τ(fkn(x0)) ≥ 2τ(x0).

Using this and the fact that the set of the points of discontinuity of τ is invariant
by f , we build an increasing sequence (mn) of integers such that: τ(fmn+1(x0)) ≥
3
2τ(f

mn(x0)). This contradicts the fact that all the minimal periods are between a
and b.

Hence the minimal period τ continuously depends on the considered point. A
classical result (implicit function theorem) then implies that τ is C1.

We will denote the reparametrization of (ϕt) that describes a free and smooth
action of T by (ψt) and the corresponding vector field by Y .

We consider the equivalence relation R defined on L by (ϕt): xRy if for some
t ∈ R, we have y = ϕt(x). Then P : T → L/R is a fiber bundle whose base space is
a 2-dimensional closed manifold denoted by S and whose fiber is T. In other words,
we can apply corollary 1 to conclude.

2.3. Proof of proposition 1. We consider the embedding j : T3 → T3 × R3 that
is defined by:

j(θ1, θ2, θ3) = (θ1, θ2, θ3; cos(2πθ3), sin(2πθ3), 0).

The submanifold L = j(T3) is invariant by the Hamiltonian flow of H(θ; r) =
1
2 (r

2
1 + r22 + r23) that is the geodesic flow for the flat metric. For the flat metric, all

the orbits have no conjugate points, hence L has no conjugate points.
Let us fix θ ∈ T3. The tangent subspace Tj(θ)L is generated by e1, e3, e3 where

e1 = (1, 0, 0; 0, 0, 0), e2 = (0, 1, 0; 0, 0, 0), e3 = (0, 0, 1;−2π sin(2πθ3), 2π cos(2πθ3),
0). We have: ω(e1, e2) = 0 and ω(ae1 + be2, e3) = 2π(b cos(2πθ3) − a sin(2πθ3)).
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Hence the kernel of the restriction of ω to Tj(θ)L is the line D(θ) generated by
the characteristic field X(j(θ)) = (cos(2πθ3), sin(2πθ3), 0; 0, 0, 0) that is too the
Hamiltonian vector field of H .

We can integrate this vectorfield X along L, its flow (ψt) is defined by:

ψt(j(θ1, θ2, θ3)) = j(θ1 + t cos(2πθ3), θ2 + t sin(2πθ3), θ3)

and then is conjugated (via j) to the flow gt of T3 defined by : gt(θ1, θ2, θ3) =
(θ1 + t cos(2πθ3), θ2 + t sin(2πθ3), θ3). The foliation of T3 by the 2-dimensional tori
Tθ3 = T2 × {θ3} is invariant by (gt).

Moreover, there are two cases:

• either tan(2πθ3) ∈ Q ∪ {∞} and the orbit of every point of Tθ3 is periodic;
• or tan(2πθ3) /∈ Q ∪ {∞} and the orbit of every point of Tθ3 is dense in Tθ3 .

Let us assume that f : T3×R3 → T3×R3 is a symplectic diffeomorphism such that
f(L) = L. Then Df(RX(j(θ))) = RX(f ◦ j(θ)) because f is symplectic. Hence the
image by f of every orbit for (gt) is another orbit for (gt), and even the image of a
periodic orbit is a periodic orbit, the image of a non-periodic orbit is a non-periodic
orbit. Hence the image of an irrational leaf (that is the closure of a non-periodic
orbit of (ψt)) is an irrational leaf, and by using a limit, the image of a rational leaf
is a rational leaf. Hence there exists an homeomorphism h : T → T such that:

∀θ3 ∈ T, f(Lθ3) = Lh(θ3).

and then there exists a continuous family (fθ3)θ3∈T of diffeomorphisms fθ3 : T2 → T2

such that:

∀(θ1, θ2, θ3) ∈ T3, f(j(θ1, θ2, θ3)) = j(fθ3(θ1, θ2), h(θ3)).

In other terms, f|L is conjugated to F : T3 → T3 defined by

F (θ1, θ2, θ3) = (fθ3(θ1, θ2), h(θ3)).

Then (fθ3)θ3∈T is an isotopy, hence the action of fθ3 on H1(T2,R) is independent of
θ3, and can be represented by a matrix A ∈ SL(2,Z). Let us consider the rational
leaf L0. Then T0 is foliated by periodic orbits for (gt) and their homology class is
(

1
0

)

. Then Thn(0) = Fn(T0) is foliated by periodic orbits whose homology class is

An

(

1
0

)

.

There are two cases:

• either the sequence

(

An

(

1
0

))

n∈N

is bounded. Because all these homology

classes are in the lattice Z2, there are only a finite number of possible values for

the terms of this sequence, hence there existsN ≥ 1 such thatAN

(

1
0

)

=

(

1
0

)

.

Then FN (T0) is foliated by periodic orbits for (gt) whose homology class is
(

1
0

)

, and then FN (T0) = T0: this implies that F , and then f cannot be

minimal;
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• or the sequence

(

An

(

1
0

))

n∈N

is unbounded. As A ∈ SL(2,Z), this implies

that A is parabolic or hyperbolic and that lim
n→+∞

∥

∥

∥

∥

An

(

1
0

)∥

∥

∥

∥

= +∞. More-

over, the sequence

(

An

(

1
0

))

n∈N

converges in the projective sense. Let

±
(

cos 2πα
sin 2πα

)

be the two vectors with norm 1 that represent this projective

limit (they are eigenvectors for A). As An

(

1
0

)

is a multiple of
(

cos(2πhn(0))
sin(2πhn(0))

)

, we deduce that the sequence (hn(0))n∈N has at most two

limit points: α and α + 1
2 . This implies that F , and then f cannot be mini-

mal.

The manifold that we built just before is a graph. Changing the embedding j,
we obtain a new submanifolf L = j(T3) that is invariant by the geodesic flow of the
flat metric, such that the new characteristic flow (ψt) is conjugated to the old one.
Hence by a similar argument to the previous one, we obtain that the new manifolds
satisfies the conclusions of proposition 1.

Let us explain how we build the new L. Let η : T → T be a smooth map with
degree 1 that is not an homeomorphim. We define:

j(θ1, θ2, θ3) = (θ1, θ2, η(θ3); cos(2πθ3), sin(2πθ3), 0).

Then in this case L = j(T3) is homotopic to the zero section but is not a graph.
If we choose for η : T → T a smooth map with degree 0, then L = j(T3) is non

homotopic to the zero section.

3. Proof of theorem 1.3 and corollary 3. We assume that H is a Tonelli
Hamiltonian defined on T ∗M , that L is an invariant d-dimensional submanifold
with no conjugate points, and that there exists two sequences (tn) and (sn) tending
to +∞ such that the families (ϕtn|L)n∈N and (ϕ−sn|L)n∈N are equilipschitz. This
happens for example when ϕT is Lipschitz conjugated to some rotation of the torus
or the sphere for some T 6= 0.

3.1. The Green bundles. Let us recall some facts concerning the orbits with no
conjugate vectors that are proved in [1].

Along every locally minimizing orbit, there exists two (non continuous) invariant
Lagrangian bundles in T ∗M , that are transverse to the vertical bundle. They are
called the Green bundles and denoted by G− and G+. They satisfy the following
properties.

If K ⊂ T ∗M is a compact subset with no conjugate points, then the distance
between G± and the vertical bundle on K is bounded from below by a strictly
positive constant.

Assume that the orbit of x ∈ T ∗M is locally minimizing; let v ∈ Tx(T
∗M);

• if lim inf
t→+∞

‖Dϕtv‖ < +∞ then v ∈ G−;

• if lim inf
t→−∞

‖Dϕtv‖ < +∞ then v ∈ G+.

At every point where G−(x) = G+(x), then G− and G+ are continuous.
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3.2. A Lagrangian covering. Let us fix a point x ∈ L. We define Bouligand
contingent cone to L at x.

Definition 3.1. We write the definition in coordinates, but the definition is inde-
pendent of the chosen chart. The contingent cone to L at x is the cone of Tx(T

∗M)
denoted by CxL whose elements are the limits :

v = lim
n→∞

xn − x

tn

where (xn) is a sequence of elements of L converging to x and (tn) is a sequence of
elements of R∗

+ converging to 0.

Because the (ϕtn) are equilipschitz, then for every v ∈ CL, the sequence (Dϕtnv)
is bounded and then v ∈ G−. Using the sequence (−sn) in a similar way we
obtain: ∀x ∈ L, CxL ⊂ G−(x)∩G+(x). Moreover, as L is a d-dimensional Lipschitz
submanifold, the projection of CxL on some d-plane is onto. Because G−(x) and
G+(x) are d-dimensional, we deduce: CxL = G−(x) = G+(x).

Hence L is differentiable at x, its tangent subspace at x is G−(x) and then L is
Lagrangian. Moreover, as G− = G+ on L, G− is continuous on L and then L is C1.

As TL = G− is transverse to the vertical, we finally deduce that π is a local
diffeomorphism at every point of L. Moreover, as L is closed, π(L) is a compact
and connected submanifold of M that has same dimension as M . Because M is
compact and connected, we have then π(L) = M . Hence π|L is a covering map of
M .

3.3. A theorem due to Arnol’d. Let us recall Arnol’d following result:

Proposition 2. Let N ⊂ T ∗Td be a closed Lagrangian submanifold such that π|N
is a covering map; then π|N is a diffeomorphism.

A proof of it is provided in [12]. It is well-known that the result is true if you
replace Td by any closed manifold. To be complete, we give a proof of:

Proposition 3. Let N ⊂ T ∗M be a closed Lagrangian submanifold such that π|N
is a covering map; then π|N is a diffeomorphism.

Proof of proposition 3.

Lemma 3.2. There exists a closed one form Λ on M such that if F : T ∗M → T ∗M
is the symplectic diffeomorphism defined by F (q, p) = (q, p − Λ(q)), then F (N) is
exact Lagrangian.

Proof of lemma 3.2. As π|N is a m-fold covering map, we can find for every q ∈M
m sections s1, . . . , sm of π|N defined in a neighborhood U of q. Then we define Λ in

U by: Λ =
1

m

m
∑

i=1

s∗i (ν) where ν is the 1-form of Liouville. Then Λ does not depend

on the chart we choose and is closed. We define F as in the lemma and prove now
that F (N) is exact Lagrangian. Let γ1 : T → N be a closed loop in N and let
us denote the projected loop by Γ = π ◦ γ1. Let γ1, . . . , γm be the p lifted loops
of Γ. Then every γi is the image of γ1 by some Deck transform Di : N → N of
the covering map. But such a Deck transformation being fiber preserving satisfies
above each q0 ∈ M (with the same notation as at the beginning of the proof):
Di(q, s1(q)) = (q, si(q)) and then D∗

i ν = ν. We deduce:
∫

γi

ν =

∫

γ1

ν;
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and then:
∫

Γ

Λ =
1

m

m
∑

i=1

∫

γi

ν =

∫

γ1

ν;

this gives the lemma.

Then we can assume that N is exact Lagrangian. The proposition is then a
consequence of:

Lemma 3.3. Let N ⊂ T ∗M be a closed exact Lagrangian submanifold such that
π|N is a covering map; then π|N is a diffeomorphism.

Proof of lemma 3.3. As N is exact symplectic, the Liouville 1-form ν admits a
primitive S : N → R along N that is a C2 function. Then we define for every q in
M : m(q) = inf{S(x);x ∈ N, π(x) = q} and M(q) = sup{S(x);x ∈ N, π(x) = q}.

Then m is semi-concave and M is semi-convex (see for example the appendix of
[4] for then definitions and properties of semi-concave functions). Let q0 be a point
where M − m is maximal. Then M and m are differentiable at q0 and have the
same derivative D.

Let us assume that π|N is m-fold with m ≥ 2. There is a neighborhood U of q0
in Mand m sections s1, . . . , sm above U that define N ∩π−1(U). Hence there exists
i 6= j such that M(q0) = S(sj(q0)) and m(q0) = S(si(q0)); let us notice that we
have by definition of S: d(S ◦ si)(q0) = si(q0) 6= sj(q0) = d(S ◦ sj)(q0).

We have then: S(sj(q0)) = M(q0) and ∀q ∈ U, S(sj(q)) ≤ M(q). The two
functions being differentiable at q0, we deduce: d(S ◦ sj)(q0) = dM(q0) = D. By
a similar argument, we obtain: d(S ◦ si)(q0) = dm(q0) = D. This contradicts
d(S ◦ sj)(q0) 6= d(S ◦ si)(q0).

4. Proof of theorem 1.4, corollaries 4 and 5.

4.1. Proof of theorem 1.4 and corollary 4.

4.1.1. Proof of theorem 1.4. Let M be a closed n-dimensional manifold and let
N ⊂ T ∗M be a closed n-dimensional C1 submanifold with no conjugate points that
is invariant by some Tonelli flow (ϕt). We assume that for a dense subset D ⊂ N
then:

∀x ∈ D, ∀v ∈ TxN,min{lim inf
t→+∞

‖Dϕtv‖, lim inf
t→−∞

‖Dϕtv‖} < +∞.

By the dynamical criterion that we recalled in subsection 3.1, this implies that for
every x ∈ D, we have: TxN ⊂ G−(x) ∪ G+(x) and then that TxN ⊂ G−(x) or
TxN ⊂ G+(x) because TxN is a linear space. Hence for every x in D, TxN is
Lagrangian and the distance between TxN and the vertical at x is bounded from
below by a constant that does not depend on x ∈ D. As TxN continuously depend
on x, we deduce that TxN is Lagrangian and transverse to the vertical bundle at
every point of N . We then conclude as in section 3.

4.1.2. Proof of corollary 4. Let M be a closed n-dimensional manifold and let N ⊂
T ∗M be a closed n-dimensional C1 submanifold with no conjugate points that is
invariant by some Tonelli flow (ϕt). We assume that there exists a compact C1

Lie group G that acts on N and that contains the diffeomorphisms ϕt|N for t ∈ R.
Then for every x ∈ N , the set {Dϕt(x)|N ; t ∈ R} is compact and we can apply
theorem 1.4.
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4.2. Proof of corollary 5. Let M be a closed n-dimensional manifold and let
N ⊂ T ∗M be a closed n-dimensional C1 submanifold with no conjugate points that
is invariant by some Tonelli flow (ϕt). We assume that (ϕt|N ) is such that:

• the non-wandering set for (ϕt|N ) is a finite union of periodic orbits or critical
points;

• all the periodic orbits of (ϕt|N ) are non-degenerate in the following sense: if
τ is the period of such a period point, the multiplicity of 1 as an eigenvalue of
Dϕτ |TN is one and −1 is not an eigenvalue; for the critical points, we assume
the Hamiltonian is Morse at the critical points contained in N .

Let us study the periodic orbits. If x is a periodic orbit with period τ > 0, we
know that −1 is not an eigenvalue of Dϕτ (x) and that 1 is a simple eigenvalue,
that corresponds to the flow direction. Let us prove that Dϕτ (x) has no eigenvalue
with modulus 1 except 1. If eiθ is such an eigenvalue, then the exists a 2-plane
P in Tx(T

∗M) that is invariant by Dϕτ (x) and such that Dϕτ (x)|P is symplectic
and conjugated to a rotation. By the dynamical criterion (see subsection 3.1), this
implies that P ⊂ G−(x). Because the restriction of the symplectic form to P is
non-zero, this contradicts the fact that G−(x) is Lagrangian. Hence the periodic
orbits that are in N are hyperbolic. A similar argument implies that the critical
points are hyperbolic. We denote by O1, . . . ,Om the periodic orbits (eventually
critical) that are contained in N and by Wu(Oi, (ϕt|N )) and W s(Oi, (ϕt|N )) their
stable and unstable manifolds.

Because the non-wandering set of (ϕt|N ) is O1 ∪ · · · ∪ Om, then

N =
⋃

1≤i,j≤n

W s(Oj , (ϕt|N )) ∩Wu(Oi, (ϕt|N )).

If Oi is not an attractive orbit for(ϕt|N ) thenW s(xi, (ϕt|N ) is an immersed manifold
whose dimension is less that n and then has zero Lebesgue measure. We deduce
that there is a dense set D in N such that for all x ∈ D, ϕt(x) tends to a repulsive
periodic orbit when t tends to −∞ and tends to an attractive periodic orbit when
t tends to +∞.

Let us consider x ∈ D.
We assume that (ϕtx) tends to a critical attractive fixed point x0 when t tends

to +∞. We can choose k ∈]0, 1[ and a Riemannian metric such that in a neighbor-
hood V of x0: ‖Dϕ1|N (y)‖ ≤ k. If t ≥ T is great enough, ϕtx belongs to V and
‖Dϕ1(ϕtx)‖ ≤ k. We deduce:

∀n ∈ N, ‖DϕT+n(x)‖ ≤ ‖DϕT (x)‖
n−1
∏

i=0

‖Dϕ1|N (ϕT+ix)‖ ≤ ‖DϕT |N (ϕT (x))‖kn;

hence the sequence (DϕT+n(x))n∈N is bounded.
If (ϕtx) tends to a true attractive periodic orbit O, then O is a normally hy-

perbolic (attractive) submanifold for (ϕt|N ). Then there exist x0 ∈ O such that
x ∈ W s(x0) (see for example [14]). Any vector of TxN can be written as the sum of
λX(x) where X is the Hamiltonian vector field and a vector tangent v to W s(x0).
Then Dϕt(x)X(x) = X(ϕtx) is bounded and Dϕt(x)v tends to 0 when t tends to
+∞. Finally, the family (Dϕt(x))t>0 is bounded.

We have then proved that we can apply theorem 1.4.

5. Appendix. We will prove the more or less classical result that we mentioned
in the introduction:
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Proposition 4. Let L ⊂ M be a closed Lagrangian submanifold of a compact
symplectic manifold (M,ω). Let f : L → L be a C1 diffeomorphism that is isotopic
to identity. Then there exists a symplectic C1 diffeomorphism F : M → M such
that F|L = f .

Proof of proposition 4 Because f is isotopic to identity, we may write f =
fn ◦ fn−1 ◦ · · · ◦ f1 where the fn are diffeomorphisms that are C1-close to identity.
Hence we just need to prove proposition 4 for f C1-close to IdL.

By [15], there exist a neighborhood U of L in M , a neighborhood V of L in T ∗L
and a symplectic diffeomorphism Φ : U → V such that φ|L = IdL.

Let q0 ∈ L be any point of L. We can choose a symplectic chart (Vq0 , φq0 = (q, p))
at q0 in V such that Vq0 ⊂ V and L ∩ Vq0 = {p = 0}. From now, we work in
this chart and then when we write f(q) this means “f(q) in chart”. Moreover,

we can extend f to Rd into f̃ that is C1 close to identity in a smooth way. We
introduce the following notations: Fp(q) = F (q, p) = f̃(q).p for every (q, p) ∈
Rd ×Rd and α : R → R+ is an even function whose support is contained in [−1, 1],
constant in a neighborhood of 0 and such that

∫

α = 1. We too use the notations:

∀(u1, . . . , ud) ∈ Rd, ηt(u) =

d
∏

i=1

1

|t|α(
ui
t
) and η = η1.

We define then a function A : Vq0 → R in coordinates in the following way; if
(q, p) ∈ Vq0 , then

• A(q, 0) = 0;
• if p 6= 0, then A(q, p) = (η‖p‖ ∗ Fp)(q) =

∫

Rd η‖p‖(q − u)Fp(u)du.

Lemma 5.1. The function A is C2 and ∀q, ∂A
∂q

(q, 0) = 0, ∂A
∂p

(q, 0) = f̃(q),
∂2A

∂pi∂pj
(q, 0) = ∂2A

∂q2
j

(q, 0) = 0 and ∂2A
∂pj∂qi

(q, 0) =
∂fj
∂qi

(q).

Proof of lemma 5.1. If p 6= 0, observe that:

A(q, p) =
1

‖p‖d
∫

Rd

η

(

q − u

‖p‖

)

(f̃(u).p)du =

∫

Rd

η(v)(f̃ (q − ‖p‖v).p)dv.

Hence: lim
p→0,q→q0

A(q, p) = 0 = A(q, 0).

Moreover, if p 6= 0:

∂A

∂q
(q, p).δq =

∫

Rd

η(v)(Df̃ (q − ‖p‖v)δq).pdv;

∂A

∂p
(q, p) =

∫

Rd

η(v)f̃ (q − ‖p‖v)dv −
∫

Rd

η(v)
(

(Df̃(q − ‖p‖v)v).p
) p

‖p‖dv;

hence lim
p→0,q→q0

∂A

∂q
(q, p) = 0 and lim

p→0,q→q0

∂A

∂p
(q, p) = f̃(q0); we deduce that A is

C1 and ∂A
∂p

(q, 0) = f̃(q) and ∂A
∂q

(q, 0) = 0.

For p 6= 0, we can write too:

∂A

∂qi
(q, p) =

∫

Rd

1

‖p‖d+1

∂η

∂qi
(
q − u

‖p‖ )(f̃(u).p)du =

(
∫

Rd

∂η

∂qi
(v)f̃(q − ‖p‖v)dv

)

p

‖p‖ ;

and then:
∂2A

∂qj∂qi
(q, p) =

(

∫

Rd

∂η

∂qi
(v)

∂f̃

∂qj
(q − ‖p‖v)dv

)

p

‖p‖

admits a continuous extension at (q, 0) in: ∂2A
∂qj∂qi

(q, 0) = 0.



INVARIANT SUBMANIFOLDS OF SYMPLECTIC DYNAMICS 15

Moreover: ∂2A
∂pj∂qi

(q, p) =

1

‖p‖

∫

Rd

∂η

∂qi
(v)f̃j(q − ‖p‖v)dv −

∫

Rd

∂η

∂qi
(v)(Df̃ (q − ‖p‖v).v)dv pjp‖p‖2

−
∫

Rd

∂η

∂qi
(v)f̃ (q − ‖p‖v)dv pjp‖p‖3 ;

Let us recall that
∫

Rd

∂η
∂qi

(v)vjdv = 0 for every j 6= i and that
∫

Rd

∂η
∂qi

(v)vidv = −1.

Let us now study the different terms of this sum:

1.
1

‖p‖

∫

Rd

∂η

∂qi
(v)f̃j(q − ‖p‖v)dv =

∫

Rd

∂η

∂qi
(v)

f̃j(q − ‖p‖v)− f̃j(q)

‖p‖ dv is equal to:

−
∫

Rd

∂η

∂qi
(v)
(

Df̃j(q).v + εq(‖p‖v)
)

dv where εq designates a function that

uniformly (in q) tends to 0 at 0. We have then:

lim
‖p‖→0

1

‖p‖

∫

Rd

∂η

∂qi
(v)f̃j(q − ‖p‖v)dv = −

∫

Rd

∂η

∂qi
(v)Df̃j(q).vdv =

∂f̃j
∂qi

(q).

2. −
∫

Rd

∂η

∂qi
(v)(Df̃ (q − ‖p‖v).v)dv pjp‖p‖2

= −
∫

Rd

∂η

∂qi
(v)
(

(Df̃(q).v) + βp(‖p‖v)
)

dv
pjp

‖p‖2 where βq designates a func-

tion that uniformly (in q) tends to 0 at 0.

3. −
∫

Rd

∂η

∂qi
(v)f̃(q − ‖p‖v)dv pjp‖p‖3 =

∫

Rd

∂η

∂qi
(v)(Df̃ (q)v + αq(‖p‖v))dv

pjp

‖p‖2
where αq designates a function that uniformly (in q) tends to 0 at 0.

We have finally proved that:

lim
p→0

∂2A

∂pj∂qi
(q, p) =

∂f̃j
∂qi

(q).

In a similar way, we can rewrite the derivatives with respect to p: ∂A
∂pj

(q, p) =

−
∫

Rd

(

d.η

(

q − u

‖p‖

)

+Dη

(

q − u

‖p‖

)

q − u

‖p‖

)

(f̃(u).
pjp

‖p‖d+2
)du

+
1

‖p‖d
∫

Rd

η(
q − u

‖p‖ )f̃j(u)du

that is equal to:

−
∫

Rd

(d.η(v) +Dη(v).v) (f̃(q − ‖p‖v). pjp‖p‖2 )dv +
∫

Rd

η(v)f̃j(q − ‖p‖v)dv.

Let us recall that d.
∫

Rd η(v)dv = −
∫

Rd Dη(v)vdv = d.We have: ∂2A
∂qipj

(q, p) =

−
∫

Rd

(d.η(v) +Dη(v).v) (
∂f̃

∂qi
(q − ‖p‖v). pjp‖p‖2 )dv +

∫

Rd

η(v)
∂f̃j
∂qi

(q − ‖p‖v)dv;

Using the fact that

−
∫

Rd

(d.η(v) +Dη(v).v)
∂f̃

∂qi
(q)dv = 0,

we deduce that lim
p→0

∂2A

∂qi∂pj
(q, p) =

∂f̃j
∂qi

(q).
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Moreover,

∂2A

∂p2j
(q, p) =−

∫

Rd

η(v)(Df̃j(q − ‖p‖v).v) pj‖p‖dv

+

∫

Rd

(d.η(v) +Dη(v).v)(f̃ (q − ‖p‖v)
(2p2j − ‖p‖2)p

‖p‖4

+ (Df̃(q − ‖p‖v).v)
p2jp

‖p‖3 − f̃j(q − ‖p‖v) pj
‖p‖2 )dv.

The integral −
∫

Rd η(v)(Df̃j(q−‖p‖v).v)dv has for limit −
∫

Rd η(v)(Df̃j(q).v)dv = 0
then the limit of the first integral in the sum is zero. For the second integral,
we use the fact that f̃(q − ‖p‖v) − f̃(q) = −(Df̃(q)‖p‖v + ‖p‖‖v‖εq(‖p‖v) and

Df̃(q−‖p‖v) = Df̃(q) +αq(‖p‖v) where εq and αq tend (uniformly in q) to 0 at 0.
We then obtain:

lim
p→0

∂2A

∂p2j
(q, p) = 0.

In a similar way, we obtain: lim
p→0

∂2A

∂pj∂pi
(q, p) = 0.

Finally, A is C2.

We have finally built an function A that is, in some neighbourhood of q0, C
2-close to

the function (q, p) 7→ p.q (because f is close to identity). Using a smooth partition
of unity, it is easy to build a C2 function A whose support is in V , that is C2-close
to (p, q) 7→ 0 in the considered charts and such that ∂A

∂q
(q, 0) = 0 and ∂A

∂p
(q, 0) =

(f(q) − q). Then A is the generating function of a C1-symplectic diffeomrphism
F of T ∗L that is identity outside V and is defined in V by: F (q, p) = (Q,P ) if
and only if Q − q = ∂A

∂P
(q, P ) and p − P = ∂A

∂q
(q, P ). Using Φ and the fact that

F|(Rd×Rd)\V = IdV , we built G :M →M symplectic that coincides with Φ−1 ◦F ◦Φ
in U and Id in M\U . Then we have G|L = f .
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