
HAL Id: hal-01064965
https://hal.science/hal-01064965

Submitted on 17 Sep 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

On symmetrically growing bodies
Reuven Segev

To cite this version:
Reuven Segev. On symmetrically growing bodies. Extracta Mathematicae, 1997, 12 (3), pp.261-272.
�hal-01064965�

https://hal.science/hal-01064965
https://hal.archives-ouvertes.fr




      

2 REUVEN SEGEV

The basic framework used in the formulation of the theories is the construction
of an infinite dimensional manifold structure for the configuration space of a me-
chanical system (as in [8]), and then defining generalized velocities and generalized
forces as elements of the tangent and cotangent bundles, respectively. In both theo-
ries, the configuration spaces have structures of fiber bundles. The base manifold in
the case of growing bodies is the collection of contents. For symmetrically growing
bodies, the base manifold is the collection of shapes of the growing body and its
manifold structure is given by [5], [6], [1], [2] and [7]. The fiber over a particular
content or a shape is the collection of the configurations of the image of the content
or the shape, respectively, in the physical space. In both cases, material velocity
fields provide connections on the respective fiber bundles.

This basic framework implies that forces are Schwartz distributions. Stress the-
ory is obtained by requiring these distributions to be of order one and representing
them by measures—the stress measures. Densities representing these measures, if
they exist, are the stress fields. Forces associated with the growth of the body are
analogous to Gurtin’s configurational forces (see [4]). The stresses associated with
the growth of the body are analogous to the Eshelby tensor, [3].

2. Review of Growing Bodies

The notion of a growing body is introduced in order to model a situation in
which the material structure of a body is not fixed so material points are added
and removed from the body. While the material structure is allowed to vary, a
growing body has additional structure that allows one to identify its elements—
the growing body points—throughout the growth of the body. Thus we make the
following definitions.

Definition 2.1. A growing body, B, is a compact three dimensional submanifold
with a boundary of a three dimensional Euclidean space.

Definition 2.2. The material manifold is a three dimensional Euclidean space M
with tangent space V.

Definition 2.3. A content of the growing body B is a smooth embedding c : B →
M .

The material manifold represents the collection of material points, and as such,
the image of the growing body under a content is a simple body of continuum
mechanics. The collection of all contents of the growing body, the content space, is
Emb(B,M). In the following, the physical space will be modeled by �3.

Definition 2.4. A configuration κ of the growing body is a smooth embedding
κ : c{B} → �3, for some content c.

Since c{B} is a simple body, Qc{B} = Emb(c{B},�3) is the collection of its
configurations in space. The configuration space of the growing body is therefore

QB =
⋃
c

Qc{B}, c ∈ Emb(B,M).

The mapping π : QB → Emb(B,M) such that π(κ) = c if κ ∈ Qc{B} will be referred
to as the configuration space projection. The following proposition is an application
of a standard result (e.g., [7]) on spaces of embeddings.
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Proposition 2.1. The content space is an open subset of C∞(B,M), and as such,
it is a Frechet manifold whose tangent space at any content may be identified with
C

∞(B,V). Similarly, Qc{B} is open in C
∞(c{B},�3) so Qc{B} is a Frechet manifold

whose tangent space at any configuration can be identified with C
∞(c{B},�3).

Proposition 2.2. The configuration space of the growing body has the structure
of a trivializable fiber bundle whose typical fiber is Emb(B,�3).

Proof. A natural global fiber bundle chart

Φ : QB → Emb(B,M) × Emb(B,�3)

is defined on QB by Φ(κ) = (π(κ), κ ◦ π(κ)).

For a configuration κ of the growing body, the second component e = κ ◦ π(κ)
of Φ(κ) will be referred to as the extent corresponding to κ.

Definition 2.5. A generalized velocity is an element κ̇ of the tangent bundle TQB.

Using the global chart Φ, a generalized velocity may be represented by (ċ, ė) ∈
C

∞(B,V) × C
∞(B,�3) to which we will refer as the growth rate and extent rate,

respectively.

Definition 2.6. A material velocity field v is an element of the vertical subbundle
V QB ⊂ TQB, i.e., v ∈ TκQc{B}, c = π(κ) for some κ ∈ QB.

The term “material velocity field” is used because an element of TκQc{B}, rep-
resents a generalized velocity of the simple body c{B} at its configuration κ in
space.

Proposition 2.3. There is a natural connection on TQB such that the vertical
component associated with a generalized velocity κ̇ ∈ TκQB is given by

v(X) = ė ◦ c−1(X) − Dκ(X)
(
ċ ◦ c−1(X)

)
,

where, (ċ, ė) are the representatives of κ̇ in the global chart Φ and D is the differ-
entiation operator.

Proof. Consider the following diagram.

TκQc{B}
�Inclusion

�
∆

TκQB
�Tπ

�
Γ

TcEmb(B,M)

TcEmb(B,M) × TeEmb(B,�3)
�

�
���

∆̂

�
�

���
pr1

�
�

���
Γ̂

�
TκΦ

	
TκΦ

−1

Here,

Γ̂ : TcEmb(B,M) = C
∞
(B,V) → C

∞
(B,V ×�3) = TκΦ{TκQB}

is defined by Γ̂ (ċ) = (1 ,Dκ ◦ c)(ċ), i.e., Γ̂ (ċ)(ζ) = (ċ(ζ),Dκc(ζ)(ċ(ζ))) and

∆̂: TcEmb(B,M) × TeEmb(B,�3) → TeEmb(B,�3)

is defined by ∆̂ = c−1∗ ◦ pr2 ◦ (1 − Γ̂ ◦ pr1), where asterisks denote pullbacks, e.g.,
c∗(v) := v ◦ c and c−1∗(ċ) := ċ ◦ c−1∗. Hence, specifically,

∆̂(ċ, ė) = ė ◦ c−1 − Dκ(ċ ◦ c−1).
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From the definitions it follows that pr1◦Γ̂ = 1 , and (1−Γ̂ ◦pr1)(ċ, ė) = (0, ė−(Dκ◦
c)(ċ)). The mappings Γ and ∆ are defined so as to make the diagram commutative.

Generalized forces are elements of the cotangent bundle of the corresponding con-
figuration space. In the sequel we denote dual spaces and cotangent bundles by
asterisks. In particular, we have the following definitions.

Definition 2.7. A content force fc at the content c of the growing body is an
element of T ∗

c Emb(B,M) = C
∞(B,V)∗. An extent force fe at the extent e is an

element of T ∗
e Emb(B,�3) = C

∞(B,�3)∗. A simple body force on the simple body B
at the configuration κ : B → �3 is an element fm of T ∗Emb(B,�3) = C

∞(B,�3)∗.
A growing body force fB at the configuration κ is an element of T ∗

κQB.

We can use the global chart Φ in order to represent growing body forces by means
of content and extent forces. Thus,

T ∗
κΦ : T ∗

c Emb(B,M) × T ∗
e Emb(B,�3) → T ∗

κQB, e = κ ◦ c
gives the representation

fB(κ̇) = T ∗
κΦ(fc, fe)(κ̇) = fc(ċ) + fe(ė),

where (ċ, ė) are the representatives of the generalized velocity κ̇ under the chart Φ.
Similarly, the decomposition (Tπ,∆), provided by the connection, induces the

mapping
(Tπ,∆)∗ : (Tπ(κ)Emb(B,M) × TκQc{B})∗ → T ∗

κQB

that gives a representation of fB by means of a force fa ∈ T ∗
c Emb(B,M) and a

simple body force fm in the form

fB(κ̇) = [(Tπ,∆)∗(fa, fe)](κ̇) = fa(ċ) + fm(v), ċ = Tπ(κ̇), v = ∆(κ̇).

The situation is illustrated in the following diagram.

T ∗
κQc{B}

�Inclusion∗

�
∆∗ T ∗

κQB
�T∗π

�
Γ∗ T ∗

c Emb(B,M)

T ∗
c Emb(B,M) × T ∗

e Emb(B,�3)

�
�

��


∆̂∗ �
�

���

pr1
∗

�
�

���
Γ̂∗

	
T∗
κΦ

�
T∗
κΦ−1

The relation between the various components representing a growing body force
are given by

fc = fa − fm ◦ (Dκ ◦ c−1) ◦ c−1∗

fe = fm ◦ c−1∗,

whose inverse relations are

fa = fc + fe ◦ (Dκ ◦ c)
fm = fe ◦ c∗.

First order stress theory is obtained if one assumes, as we do for the rest of this
section, that forces are distributions of order one. Such forces are represented by
stress measures (see [8] and [10]). For the sake of simplicity we assume that the
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various stress measures are given in terms of smooth densities with respect to the
volume measures on the various regions. (See [9] for a general presentation.) The
representation using the stress densities is of the form

fB(κ̇) =
∫

B

ċ · sc dVB +
∫

B

Dċ · Sc dVB +
∫

B

ė · se dVB +
∫

B

Dė · Se dVB.

Here, the first two terms on the right represent fc, the last two represent fe, the
vector fields sc and se are the ambient force fields and the tensor fields Sc and Se

are stress tensor fields. Using the Gauss theorem one can rewrite the last equation
in terms of body force fields bc, be and surface force fields tc, te, satisfying,

tc = Sc(n), te = Se(n), on ∂B,
bc = sc − DivSc, be = se − DivSe, on B,

in the form

fB(κ̇) =
∫

∂B

(ċ · tc + ė · te) dAB +
∫

B

(ċ · bc + ė · be) dVB.

Similarly, it is possible to use stress fields for the representation of the components
fa and fm to obtain

fB(κ̇) =
∫

B

(ċ ◦ c−1) · sa dV +
∫

B

D(ċ ◦ c−1) · Sa dV

+
∫

B

v · sm dV +
∫

B

Dv · Sm dV.

Here, B = c{B} and V is the volume on B. The representation by force fields is of
the form

fB(κ̇) =
∫

∂B

(ċ · ta + v · tm) dA +
∫

B

(ċ · ba + v · bm) dV,

where,

ta = Sa(n), tm = Sm(n), on ∂B,

ba = sa − DivSa, bm = sm − DivSm, on B,

and A is the area measure on ∂B.

3. Kinematics of Symmetrically Growing Bodies

The foregoing discussion assumed that points in the growing body kept their
identities though the various content mappings. The physical motivation behind
this assumption is that the various points in the growing body have properties that
vary smoothly over the body. These measurable (in the physical sense) properties
are used in order to identify these points.

The present section abandons this assumption and we consider a growing body
that is homogeneous in the sense that it is not possible to distinguish between the
growing body and its image under a diffeomorphism. Consider the action Ψ of the
group of diffeomorphisms of B, Diff(B), on the content space Emb(B,M), given by

Ψ : Emb(B,M) × Diff(B) → Emb(B,M), Ψ(c, g) = c ◦ g, g ∈ Diff(B).
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If c2 = c1 ◦ g for some diffeomorphism g then their images, the simple bodies c2{B}
and c1{B}, are identical. Hence, Qc2{B} = Qc1{B}, i.e., the fibers of QB over them
are identical. If the body is homogeneous so that the distribution of the properties
in the growing body is not affected by diffeomorphisms of B, the physical motivation
for our ability to identify the elements of the growing body is no longer valid and
one has to identify two contents c1, c2 satisfying c2 = c1 ◦ g. Thus, we have an
equivalence relation � on Emb(B,M).

Definition 3.1. The space of shapes of a symmetrically growing body is the quo-
tient set S = Emb(B,M)/�. An element χ ∈ S will be referred to as a shape (see
[5], [7], [1] and [2]).

Thus, for a symmetrically growing body the role of the contents is assumed by
shapes. As we have seen above, an equivalence class χ ∈ S can be identified with
the image of any of its members—a simple body. In the following we will use this
identification and, for example, we write Qχ for the collection of configurations
in space of the simple body χ. It seems to us that the notion of a shape of a
symmetrically growing body is similar to the notion of a control volume used by
Gurtin [4].

In order to formulate mechanics in this situation, one has to provide S with a
differentiable structure. This has been done in a general situation by [1], [2], [5],
[6] and [7].

Proposition 3.1. The collection S is a Frechet manifold. A chart on S is con-
structed as follows. Let χ0 be a shape and let η : ∂χ0 ×� → W ⊂ M be a tubular
neighborhood of ∂χ0 in M . There is a neighborhood U ⊂ C

∞(∂χ0) (C∞(∂χ0) is the
space of smooth functions on ∂χ0) such that Φ : U → S, Φ(u) = {η

(
X,u(X)

)
|X ∈

∂χ0} is a chart on S.

Since M has a Euclidean metric, we can use tubular neighborhoods that are
normal to the boundary ∂χ. The tangent space TχS can be identified with the
space of smooth sections of the normal bundle ν : N → ∂χ to the boundary of
χ. In other words, just as we have taken equivalence classes of embeddings under
the action of the group of diffeomorphisms to construct S from Emb(B,M) the
tangent space TχS can be obtained by taking equivalence classes in C

∞(B,V), the
tangent space to Emb(B,M), under the action of infinitesimal diffeomorphisms—
vector fields on B that are tangent to its boundary. The resulting equivalence classes
are the sections of the normal bundle. In the sequel we will identify an element
χ̇ ∈ TχS with the single component, a C

∞ function, that the corresponding normal
vector field has with respect to the outward unit normal n to ∂χ.

Definition 3.2. The configuration space of a symmetrically growing body is

Q =
⋃
χ∈S

Qχ.

Charts on Q are constructed by extending artificially normal vector fields on
∂χ to χ in order to generate diffeomorphisms of χ with the images of neighboring
shapes. This is done using the “dragging of the domain” of [5] defined as follows.

Definition 3.3. Let η : ∂χ0 × � → W ⊂ M be a tubular neighborhood of
∂χ0 in M . A dragging of the domain χ0 along η is a differentiable mapping
δ : U → Diff

∞
(M), with U ⊂ C

∞(∂χ0) a domain of a chart Φ : U → S, Φ(u) =
{η

(
X,u(X)

)
|X ∈ ∂χ0} containing ∂χ0, that satisfies:
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(i) δ(u)(X) = η
(
X,u(X)

)
for all X ∈ ∂χ0,

(ii) δ(0) = 1M ,
(iii) δ(u)(X) �= X only in a neighborhood of ∂χ0 contained in W .

It is possible to show (see [5]) that such a dragging of the domain can always
be constructed. Once a dragging of the domain is given, one can construct a local
trivialization in a neighborhood of χ0. If χ = Φ(u) = {η

(
X,u(X)

)
|X ∈ ∂χ0},

u ∈ U the diffeomorphism Qχ0 → Qχ is given by κ0 �→ κ0 ◦ δ(u)−1.

Proposition 3.2. The configuration space Q is a bundle πS : Q → S whose fiber
at χ is Qχ = Emb(χ,�3). The fibers are isomorphic to Emb(B,�3)—the space of
extents.

Unlike the case where the symmetry requirement was not imposed, there is no
natural identification of Qχ with Emb(B,�3) because χ is not a unique embedding
but an equivalence class.

We recall that the tangent space TκQB was identified with

C
∞
(B, T (M ×�3)) = C

∞
(B,V ×�3).

Using charts, an element κ̇ ∈ TκQ can be identified with a pair

(χ̇, ė) ∈ C
∞
(ν) × C

∞
(B,�3),

containing a section of the normal bundle and an extent rate.
Consider an

X ∈ Interior(χ) ⊂ M

and a motion κ(t) in Q such that κ(0) ∈ Qχ. Then, X is in the interior of the
images of χ(t) = πs(κ(t)) for t in a neighborhood of zero. Thus, the value κ(t)(X)
is well defined for all t in that neighborhood of the zero and the derivative, the
material velocity field,

v(X) =
d

dt
κ(t)(X)

∣∣∣
t=0

,

can be calculated. It can be shown that v is well defined even on the boundary of
χ and in fact v is C

k−1 if κ is C
k (see [11]). As in Section 2 we use ∆ to denote the

mapping κ̇ �→ v.

Proposition 3.3. The mapping ∆ is the vertical projection of a connection on Q.

4. Forces on Symmetrically Growing Bodies

In accordance with the general setting we make the following definition.

Definition 4.1. A force on a symmetrically growing body at the configuration
κ ∈ Q is an element of T ∗

κQ.

The decomposition (Tπ,∆): TκQ → Tπ(κ)S ×C
∞(χ,�3) generates a decomposi-

tion of forces. Thus, a force on a symmetrically growing body may be represented
in the form

f(κ̇) = fS (Tπ(κ̇)) + fm(∆(κ̇)) = fS (χ̇) + fm(v).
The force fm and its representation by stresses were considered in Section 2. Note
that since shapes are invariant with respect to diffeomorphisms of B, one cannot
use a shape to pull back fields defined on χ onto B as was done in section 2. For
this reason we must use the representation by fields defined on the identifiable χ,
i.e., by fm as in section 2. Forces in T ∗

χS have been considered in [12].
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Definition 4.2. A shape force fS at the shape χ is an element of T ∗
χS that is

continuous with respect to the C
1 norm when TχS is identified with the space of

C
∞ sections of the normal bundle.

Proposition 4.1. A force fS can be represented in the form

fS (χ̇) =
∫

∂χ

χ̇ dσS +
∫

∂χ

Dχ̇ · dΣS ,

where σS is a real valued measure over ∂χ and ΣS is a measure over ∂χ valued in
T∂χ.

The measures representing the shape force (accretive force in the terminology of
[12]) are the corresponding stress measures. If stress measures that represent the
shape force are given, the force may be restricted to a two dimensional submanifold
P of ∂χ by

fS P
(χ̇) =

∫

P

χ̇ dσS +
∫

P

Dχ̇ · dΣS

Since ∂χ has no boundary, the stress measures can be approximated by smooth
densities with respect to the area measure on ∂χ. Thus we have the following.

Proposition 4.2. Every shape force fS may be approximated with arbitrary ac-
curacy by the smooth real function sS over ∂χ and a smooth vector field tangent
to ∂χ in the form

fS (χ̇) ≈
∫

∂χ

(χ̇ sS + Dχ̇ · SS ) dA.

If sS and SS are given, then, the force fS P
for a two dimensional submanifold with

boundary P of ∂χ is given by

fS (χ̇) =
∫

P

χ̇ bS dA +
∫

∂P

χ̇ · tS dL,

where DivSS + bS = sS on P and SS ·λ = tS on ∂P . Here, λ is the unit normal on
∂χ to ∂P . The field bS is the shape body force and the field tS is the shape surface
force.

Clearly, when we consider the whole of χ, ∂(∂χ) = 0 and the second integral
vanishes.

The representation of a symmetrically growing force by smooth stress fields is
therefore in the form

f(κ̇) =
∫

∂χ

(χ̇ sS + Dχ̇ · SS ) dA +
∫
χ

(v · sm + Dv · Sm) dV,

and the representation in terms of body forces and surface forces is

f(κ̇) =
∫

∂χ

χ̇ bS dA +
∫

∂χ

v · tm dA +
∫
χ

v · bm dV.
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