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Abstract: A simple multi-0D model of a 3-Way Catalytic Converter (3WCC) is built from
physical equations, integrating the temperature dynamics and a pollutant emission conversion
map. The validated model involves complexity and performances suitable to be integrated in a
high fidelity powertrain model of a gasoline-Hybrid Electric Vehicle (HEV). Next, a pollutant
constrained optimal energy management is derived from the Pontryagin Minimum Principle.
The approach allows the joint minimization of pollution and fuel consumption with only one
parameter to tune, by considering all the standardized pollutant emissions. The proposed
strategy significantly reduces pollutant emissions with only a slight fuel consumption increase.
Using a complex HEV model shows the feasibility of the pollution constraint integration in
on-line energy management.

Keywords: Hybrid vehicle, pollutant emission, catalytic converter (3WCC) modeling, energy
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1. INTRODUCTION

The electrical hybridization of a conventional car can
decrease the fuel consumption by various means: recu-
perative breaking, Stop & Start or energy management.
The energy management strategy impacts the Hybrid
Electric Vehicle (HEV) operation particularly in terms of
pollutant emissions. Thus, a strategy aiming at reducing
the fuel consumption while respecting pollutant emissions
standards has to consider the 3-Way Catalytic Converter
(3WCC). For a gasoline engine, the 3WCC temperature
dynamics plays a key role in pollutant emission.
Historically, the optimal energy management strategies
were built to ensure a minimal fuel consumption, for a trip
known a priori, most often a driving cycle. Usually this is
done by using either Dynamic Programming (DP), derived
from Bellman’s principle, Bellman (1956), or the Pontrya-
gin Minimum Principle (PMP), Pontryagin (1962), from
quasistatic HEV models. The only dynamics considered
in these off-line strategies concerns the electrical battery
State Of Charge (SOC).
More recent off-line strategies take into account additional
considerations, such as pollutant emissions.

• The first one minimizes the tradeoff between engine
pollutant emission and fuel consumption flow rates
with the PMP method, see Grondin et al. (2011)
and Millo et al. (2011) for diesel-HEV. PMP or DP
approaches were compared in Michel et al. (2012)
to solve the minimization problem for gasoline-HEV,
with similar results.

• A second idea is to minimize a mixed post-3WCC or
vehicle pollutant emissions/fuel consumption masses
with the PMP method, see Serrao et al. (2013).

• A third strategy integrates the 3WCC temperature
as a second state in the optimization problem for
the latter strategy, see Serrao et al. (2013), Chasse
et al. (2010), Tate et al. (2010) and Kum et al. (2008).
This approach is motivated by the crucial influence of
the 3WCC temperature on the conversion. In Michel
et al. (2013), we showed empirically that the second
strategy yields better results than the third.

Such off-line optimal energy management strategies are
usually set up to establish a reference, and to develop and
evaluate the on-line strategies. They must then take into
account accurately the real powertrain of cars.
The work presented here proposes a generic pollutant-
constrained energy management strategy for a gasoline
HEV modeled with a high fidelity level. A PSA Peugeot
Citroën model was used. As the pollutant constraint has
only recently been considered in energy management, this
model does not include the 3WCC. Thus, the 3WCC has
been modeled leading to a control-oriented model, which is
simultaneously accurate and computationally inexpensive.
The first minor contribution of the present study is the use
of a multi-0D 3WCC model instead of a 0D model as in
the third strategy cited above. The major contribution is
the introduction of one-parameter performance index in
the optimization method ensuring a simple minimization
of all the pollutant species defined in the standards.
The rest of the paper is organized as follows. The next
section proposes a multi-0D 3WCC model, which is ac-



curate but sufficiently simple to be included in the HEV
model. In section 3, the model is identified and validated
from test bench experiments. Then, section 4 describes the
energy management strategy optimizing both the fuel con-
sumption and pollutant emissions. This optimal strategy
includes the 3WCC temperature dynamics and the one-
parameter performance index. The results are presented
in section 5, before giving some conclusions.

2. 3WCC MODEL

The 3WCC model is a multi-0D model based on the
physical equations. Basically, the physical phenomena are
described by partial differential equations involving the
three space dimensions. These equations are simplified by
considering only the longitudinal dimension and discretiz-
ing this variable. Thus the model includes several zones
that exchange heat with one another. A zone represents a
radial slice of the 3WCC monolith which is assumed to be
cylindrical. The zones are numbered in increasing order,
with index x, from the entry zone 1.
The model is based on the following assumptions:

• the heat transfers between the solids and the ambient
air are negligible compared with the other transfers,
• the same gas flow rate goes through the 3WCC and

its zones, the exhaust gas flow rate ṁg.

The model equations are first presented, before summariz-
ing the variables and parameters and their type.

2.1 0D modeling

A monolith zone is considered as a solid mass containing
exhaust gas. From the heat equation, the evolution for the
current zone x of the solid Ts x and gas Tg x temperatures
can be deduced as:

∆Ts x =

∑
∆Q(s)(g)

ms xCp
(1)

and

∆Tg x =

∑
∆Q(s)(g)

mg xCv
, (2)

where Q(s)(g) are the heat transfers, and, respectively for
the solid and gas, ms x and mg x are the masses and Cp

and Cv are the specific heat capacities. Assuming that the
gas is ideal, the mass mg x can be given by:

mg x =
ρVg x

Tg xT0
, (3)

where ρ is the air density at 0◦C, Vg x the gas volume in
the zone and T0 is 273◦C.
Different types of heat transfer Q(s)(g) influence the evo-
lution of the temperatures:

• convection between solid and gas inside the zone x:

Qsg x = Ssgcconv(Tg x − Ts x), (4)

where Ssg is the surface between solid and gas and
cconv the convective coefficient,
• conduction between the solids of two successive zones:

Qs x,x+1 =
Sx,x+1λ

dx,x+1
(Ts x+1 − Ts x), (5)

where Sx,x+1 and dx,x+1 are respectively the surface
and the distance between the centers of the solids of

the zones x and x+1 and λ is the monolith conductive
coefficient,

• gas mass transfer between two zones:

Qg x,x+1 = ṁgCv(Tg x+1 − Tg x). (6)

2.2 Conversion of pollutant emissions

The solids of the zones can receive heat from the exother-
mic chemical reactions of pollutant emission conversion.
For each zone x and each pollutant species i∈{CO,HC,NOX},
the conversion reaction heat is given by:

Qx i = ai ṁx in i ηT i(Ts x) ηq(tr x), (7)

where ai is the conversion heat coefficient, ηT i and ηq
are the conversion efficiency functions with respect to the
temperature and residence time tr x =

mg x

ṁg
, and ṁx in i

the entering pollutant flow rate (with, for the first zone,
ṁ1 in i = ṁexh i).
As represented on Fig. 1, the hotter the 3WCC is, the
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Fig. 1. Conversion efficiency functions with respect to
temperature (top) and residence time (bottom)

better the conversion efficiencies are. And at low residence
times (high exhaust gas flow rate), the conversion falls.
The flow rate of pollutant i leaving zone x, ṁx out i, can
be computed according to ηT i and ηq with:

ṁx out i = ṁx in i(1− ηT i(Ts x))(1− ηq(tr x)). (8)

But this modeling is not sufficient because of the complex-
ity of the chemical conversion mechanisms and the flow
rate/monolith temperature crossing effects on conversion.
To overcome this problem, global 3WCC conversion effi-
ciencies η3WCC i are mapped with respect to the monolith
temperature at the center of the 3WCC, TsX , and the
exhaust gas flow rate, ṁg, from test bench experiments.
Fig. 2 shows the CO conversion efficiency map, where
the inputs have been normalized for confidentiality. This
conversion map is more precise than the two functions
ηT CO and ηq used in (8), represented in Fig. 1.
Then the flow rate at the 3WCC exit for pollutant i,
ṁ3WCC i, can be estimated by:

ṁ3WCC i = ṁexh i(1− η3WCC i(TsX , ṁg)). (9)

Note that (7) and (8) are used to determine the evolution
of the 3WCC temperatures Ts x, particularly TsX , which
in turn is used in (9) to compute the 3WCC conversion
efficiencies.
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Fig. 2. Test bench experiments-based CO conversion effi-
ciency map

2.3 Variables and parameters

We now summarize the variables and parameters involved
in the 3WCC model presented above, the rest of the
variables being internal states:

• model inputs: engine exhaust gas temperature Tg, gas
flow rate ṁg, and pollutant flow rates ṁexh i,
• model output: 3WCC exit pollutant flow rates
ṁ3WCC i,
• model parameters deduced from the 3WCC physical

characteristics: ms x, Vg x, Ssg, Sx x+1, dx x+1,
• experiment-based maps: global efficiencies of the

3WCC conversion η3WCC i,
• two groups of model parameters which are to be iden-

tified from different experiments: on one hand, the
thermal coefficients, i.e. the specific heat capacities
Cv, Cp, convective coefficient cconv, monolith conduc-
tive coefficient λ; on the other hand, the conversion
heat coefficients ai.

3. IDENTIFICATION AND VALIDATION

The test bench is based on a 3-cylinder gasoline engine
with its associated 3WCC. The monolith is a one-block
ceramic substrate; other main characteristics are confiden-
tial. The most important measured variables are: engine
exhaust gas temperature Tg, fuel consumption and Air-
fuel Ratio (AFR) allowing estimation of the engine gas
flow rate ṁg, engine pollutant flow rates ṁexh i, 3WCC
exit pollutant flow rates ṁ3WCC i, and 3WCC monolith
temperatures at different points.
Two types of experiments were carried out:

• cooling phases applied on the hot 3WCC to identify
the thermal coefficients,
• driving cycle-like phases to identify the conversion

heat coefficients ai and to validate the model.

3.1 Thermal behavior identification

The cooling phases are applied when, after regular opera-
tion, the engine is operating without combustion. The hot
3WCC is crossed by a cold air flow rate without pollutant

emissions to convert (Qx i = 0 in (7)). Thermocouples
are regularly positioned along the longitudinal axis of the
3WCC, at the center of the radial zones. Other zones are
considered between the thermocouple locations to simulate
the monolith thermal dynamics. Fig. 3 shows the measured
and estimated temperatures during a cooling phase with
3 thermocouples and 3 corresponding zones. This experi-
ment shows that a 3WCC multi-0D modeling is sufficient
to obtain the main monolith thermal dynamics.
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Fig. 3. Measured and estimated temperatures during a
cooling phase with 3 thermocouples

The identified parameters, obtained by minimizing the
Sum of Squared Errors between measured and estimated
temperatures, are given in table 1.

Table 1. Identified thermal coefficients

Coefficient Value

Cv 1000 J/m3.K
Cp 1070 J/kg.K
cconv 4000 W.2/k
λ 1 W.m/k

3.2 Conversion heat coefficients

In this experiment, the 3WCC is crossed by the engine
exhaust gas of a vehicle following a Worldwide harmonized
Light vehicles Test Cycle (WLTC). A five-zones model
was chosen as a compromise between model simplicity
and accuracy of the results. The identified heat conversion
coefficients are given in table 2.

Table 2. Pollutant conversion heat coefficients

Coefficient Value

aCO 10.000 kJ/kg
aHC 12.000 kJ/kg
aNOX

40.000 kJ/kg

The results in table 3 give the relative errors in % between
the estimated and measured pollutant emissions, cumu-
lated over the cycle.

Fig. 4 shows the measured TsX and simulated T̂sX mono-
lith temperatures at the center of the 3WCC, and the cu-
mulative pollutant emissions, expressed in relative values.



Table 3. Pollutant emission relative errors (%)

Pollutant Relative error (%)
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Fig. 4. Engine exhaust gas temperature Tg, measured

TsX and simulated T̂sX temperatures (top) and cu-
mulative pollutant emissions relative values (bottom)
during a WLTC

The corresponding Root Mean Square Error (RMSE) for
the main temperature TsX is 63oC. The model gives esti-
mated pollutant emissions smaller than the measured ones,
particularly at the beginning of the simulation. This is due
to the estimation of the temperature TsX . As T̂sX > TsX
at the beginning, the conversion efficiency is better (see
Fig. 1), so the pollutant emissions are reduced. Neverthe-
less, the main trends are reproduced by the model.

Other WLTC-like phases (Valid.1 and Valid.2) were car-
ried out to validate the model. Results are given in table
4. Globally the model can accurately predict the pollu-
tant emissions. Again, the biggest relative value, in table
4, is due to the strong impact of TsX estimation dur-
ing the first seconds, where a small deviation can lead
to a large conversion efficiency deviation at low 3WCC
temperatures. These model pollution deviations are not
problematic because the model will be used to compare
different energy management strategies with a reference
and to evaluate the potential pollution reduction of the
pollution constraint.

Table 4. Validation results

CO HC NOX TsX
rel.val. (%) RMSE in oC

Valid.1 0 43 3 67
Valid.2 -10 6 -30 80

4. OPTIMAL ENERGY MANAGEMENT

Next the multi-0D five-zones 3WCC model is integrated
in the high fidelity gasoline HEV powertrain model which
is able to generate the 3WCC model inputs. The HEV
is a parallel mild-hybrid vehicle with the electrical ma-
chine connected to the engine by a belt (Fig. 5). This

Fig. 5. Mild-hyrbid architecture

architecture allows regenerative braking, hybrid and zero-
emissions vehicle (ZEV) modes. Due to architecture during
the ZEV mode, the engine injection is cut off and the
electrical machine produces power, keeping the engine
rotating. Then during the ZEV phases the gas flow rate
entering in the 3WCC is positive and cools the monolith.

4.1 Torque split control

The driver tracks the driving cycle speed by the accelerator
and brake pedals. The requested torque T0(t) at the input
of the gear-box can be deduced from these requests, by
taking into account different gear-box and transmission
ratios and efficiencies. In this work, the gear-box ratios
are imposed and not optimized. This requested torque can
be supplied by the engine or by the electrical machine:

T0(t) = Telec(t) + Teng(t), (10)

where Telec(t) and Teng(t) are respectively the electrical
and engine torques expressed in the crankshaft referential.
So, the energy management strategies use a torque split
variable u(t) representing the electrical part of the trac-
tion:

u(t) =
Telec(t)

T0(t)
. (11)

Depending on the values of the torque split u(t) and
requested torque T0(t), the vehicle is operated in different
modes: electrical traction (Zero Emissions Vehicle), boost,
pure thermal traction, and recharging mode.
The goal of the energy management strategy is to deter-
mine the control variable u(t) firstly by minimizing the
fuel consumption, secondly with a pollutant constraint.

4.2 Fuel consumption minimization

The HEV model is simplified by considering a simple
internal resistance model of the battery SOC dynamics:

˙SOC(t) = f(SOC(t), u(t)). (12)

The off-line strategy has to minimize the performance
index:

Jfuel(SOC(t), u(t)) = φ(SOC(tf ), tf )

+

∫ tf

t0

ṁfuel(u(t), t)dt,
(13)

where ṁfuel(u(t), t) is the fuel consumption, given from a
map, and φ(SOC(tf ), tf ) is a final battery State Of Charge
(SOC) sustaining constraint:

φ(SOC(tf ), tf ) =

{
0 if SOC(tf ) = SOC(t0),
∞ else.

(14)



The Hamiltonian
H(SOC(t), u(t), λ1(t), t) = ṁfuel(u(t), t)

+λ1(t) ˙SOC(t)
(15)

is introduced, where λ1(t) is the co-state associated to the
SOC state, respecting

λ̇T1 (t) = −∂H(SOC(t), u(t), λ1(t), t)

∂SOC
. (16)

According to the Pontryagin Minimum Principle (PMP),
the optimal control u∗(t) minimizing (13) is found as

u∗(t) = argmin
u∈E

H(SOC(t), u(t), λ1(t), t), (17)

where E is the admissible control space taking into account
the constraints on the HEV components.
In the case of an HEV, and for a given driving cycle, the
assumption:

λ̇T1 (t) = 0, (18)

has very little influence on the fuel consumption since
the state dynamics ˙SOC(t) does not depend on the state
SOC(t). In this case, λ1 is taken constant and a simple
binary search can yield the value that minimizes HEV fuel
consumption and ensures charge sustaining.

4.3 Pollution consideration

To consider pollution, we define an augmented perfor-
mance index:

Jmixed(SOC(t), TsX(t), u(t)) = φ(SOC(tf ), tf )

+

∫ tf

t0

ṁmixed(u(t), TsX(t), t)dt,
(19)

where ṁmixed is a mixed pollution/fuel consumption flow
rate defined by:

ṁmixed(u(t), TsX(t), t) = ṁfuel(u(t), t)

+α
∑
i

ṁ3WCC i(u(t), TsX(t), t)

stdi
,

(20)

where the ṁ3WCC i are defined in (9) with i∈{CO,HC,NOX}
and the stdi are the acceptable pollution limits of the Euro
V standard.
To minimize (19), the 3WCC temperature dynamics:

ṪsX(t) = g(TsX(t), u(t)) (21)

is considered in the PMP resolution. TsX(t) is the monolith
center temperature used in (9) to find the pollutant flow
rate at the 3WCC exit. The 3WCC temperature dynamics
can be analytically calculated from (1), (2), (3) and (9) but
in this study, because of computation time considerations,
a simplified form is chosen to define the Hamiltonian:

H(SOC(t), TsX(t), u(t), λ1(t), λ2(t), t)

= ṁmixed(u(t), t) + λ1(t) ˙SOC(t) + λ2(t)ṪsX(t).
(22)

As previously, λ1(t), taken constant, is determined by
binary search to ensure charge sustaining. The second co-
state λ2(t) evolves as:

λ̇T2 (t) = −∂H(SOC(t), TsX(t), u(t), λ(t), t)

∂TsX
, (23)

according to the PMP, giving a closed form:

λ2(t) = λ20 expA(t), (24)

where A(t) is a function deduced from (23) with:

A(t) = at− b(u(t)) (25)

where a is a constant and b a function deduced from the
simplified form chosen to approximate (21). Finally, the
optimal control u∗(t) minimizing (19) can be found by
minimizing (22):

u∗(t) = argmin
u∈E

H(SOC(t), TsX(t), u(t), λ1(t), λ2(t), t).

(26)
with λ2(t) computed with (24).

The tuning of the strategy is possible with 2 parameters: α
defined in (20) and λ20 defined in (24). In [Michel et al.
(2014)] it was proven that tuning α with λ20 = 0 gives
better results than tuning λ20. Choosing λ2(t) = 0 implies
constraining pollution, without any constraints on the
3WCC temperature TsX . All results presented below were
obtained with λ20 = 0 which corresponds to the second
strategy described in the introduction.

5. RESULTS

The fuel consumption minimization strategy was imple-
mented in the HEV model supervisory control and the
corresponding optimal control u∗(t) (17) was applied to
the HEV model. Next variations of α in (20) make it
possible to explore trade-offs between pollution and fuel
consumption when applying u∗(t) (26) to the HEV.
The simulation results are charge sustaining constrained,
with a binary search of the constant λ1. Table 5 gives,
for different fuel consumption/pollution compromises α,
the relative variations in % of the fuel consumption and
pollutant emissions, cumulated on a WLTC, w.r.t the
reference, where only the fuel consumption is minimized.
This table shows good results of the pollution constrained
optimal energy management strategy. As the constraint
parameter α increases, the pollution decreases with little
impact on fuel consumption..

Table 5. Relative variations in % (WLTC)

Fuel Cons. CO HC NOX

α = 0.2 0.06 -7.7 -1.4 -3.2
α = 0.4 0.17 -11.4 -3.2 -9.4
α = 0.5 0.18 -11.8 -4.1 -10.3
α = 0.6 0.25 -12.1 -5.6 -10.8

Fig. 6 shows simulation trajectories of the SOC(t) and
TsX(t) states for the reference, α = 0.2 and α = 0.6 com-
promises. α = 0.6 is the largest admissible value. Greater
values drain the battery and cross the health boundary
by the SOC. In Fig. 6, it can be seen that the larger the
compromise parameter α is, the more slowly the 3WCC
is heated. This can be expressed as smart heating : at the
beginning of the driving cycle, to produce less pollution
when heating the 3WCC, the electrical machine (Telec > 0)
helps the engine to produce the requested torque T0(t).
The effect is lower pollutant emissions during the 3WCC
heating as seen in Fig. 7. The electrical machine uses the
decrease in the battery SOC(t) which is caught up later
during recharging phases. Larger engine exhaust emissions
are produced but the 3WCC conversion efficiencies are
faster close to 100%, reducing the 3WCC-vehicle emis-
sions. From these observations, online heuristic strategies
will be surely derived.
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6. CONCLUSION

A simple 3WCC multi-0D model has been built from
physical equations, integrating the 3WCC temperature
dynamics and a pollutant emission conversion map. Ther-
mal parameters were identified from hot 3WCC cool-
ing experiments and chemical parameters from WLTC-
like phases. The validated model involves complexity and
performances suitable to be integrated in a high fidelity
gasoline-HEV powertrain model.

Next, a pollutant constrained optimal energy management
was derived from the Pontryagin Minimum Principle. A
second state variable, the 3WCC temperature, was intro-
duced in the optimization problem. The approach allows
the joint minimization of pollution and fuel consumption
with only one parameter to tune, by considering all the
standardized pollutant emissions.
The proposed strategy reduces the CO and NOX emis-
sions by around 10% and the HC emissions by around 5%
with a minor fuel consumption increase of 0.25%.
Using a complex HEV model shows the feasibility of in-
tegrating a pollution constraint in on-line energy man-
agement. For the future more stringent standards, the
pollution constrained energy management strategy will be
a costless way to take pollution into account.
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