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1. Introduction

Let T = (T (t))t∈R be a strongly continuous one-parameter group of bounded
operators on a Banach space X, and let A be the infinitesimal generator of T.
Such a group is said to be non-quasianalytic if it satisfies the condition∑

n∈Z

log+ ‖T (n)‖
1 + n2

< +∞.

This condition implies that the spectrum of T (t) is contained in the unit circle.
The weak spectral mapping theorem says that if the group is non-quasianalytic
we have

etσ(A) = σ(T (t)).

The weak spectral mapping theorem in this form was stated by Marschall
in 1986, [25], theorem 2.1-a, as a direct consequence of theorem 1.3 of [24] con-
cerning decomposable operators and local multipliers. In the more general context
of Banach modules and with the notion of Beurling spectrum, the weak spectral
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mapping theorem for representations of a group was stated by Baskakov in 1979,
[3], lemma 3.

The theorem has been obtained independently and published by Lyubich and
Vu in 1989 [35]. This paper is in fact a short note which shows how the theorem can
be obtained as an easy consequence of results on "separability of the spectrum"
of non-quasianalytic strongly bounded one-parameter groups proved by Lyubitch
and Matsaev in 1962 in the seminal paper [21], which was later generalized by Lyu-
bitch, Matsaev and Feldman [22], [23]. Finally, unaware of previous results, Nagel
and Huang obtained again independently the weak spectral mapping theorem in
[26]. Subsequently, Huang showed that the assumption of non-quasianalyticity is
essential by giving an example in the quasianalytic case where the spectrum of
the generator is empty [15], [16], which obviously prevents any form of spectral
mapping theorem to hold.

Similar results can be obtained for more general groups of bounded operators
on Banach spaces. Let G be a locally compact abelian group, let T : g 7→ T (g) ∈
B(X) be a representation of G on a Banach spaceX, and assume that the represen-
tation is weakly continuous in Arveson’s sense, see section 2. Set ωT(g) = ‖T (g)‖
for g ∈ G, denote byMωT

(G) the convolution algebra of all Borel measures µ on G
such that

∫
G
ωT(g)d|µ|(g) < +∞. Also denote by L1

ωT
(G) the convolution algebra

of all Haar measurable functions f on G such that
∫
G
|f(g)|ωT(g)dm(g) < +∞,

where m denotes the Haar measure on G. Then L1
ωT

(G) is an ideal of MωT
(G),

and for µ ∈MωT
(G), x ∈ X, the formula

φT(µ)x =

∫
G

T (g)xdµ(g)

defines an algebra homomorphism φT :MωT
(G)→ B(X).

Now assume that limn→+∞ ‖T (ng)‖ 1
n = 1 for every g ∈ G. Then ωT(g) ≥ 1

for g ∈ G,MωT
(G) ⊂M(G) and the Fourier transform µ 7→ µ̂,

µ̂(χ) =

∫
G

〈g, χ〉dµ(g) (χ ∈ Ĝ),

is well-defined on MωT
(G). The Arveson spectrum of T is defined by the

formula
spec(T) := {χ ∈ Ĝ : f̂(χ) = 0 ∀f ∈ ker(φT) ∩ L1

ωT
(G)}.

In section 5 we describe a well-known result, given in [10] or in proposition 3.18
of [9] in the case of bounded strongly continuous groups, which shows that if we
identify R̂ with iR then the spectrum σ(A) of the generator of a one-parameter
non-quasianalytic C0-group (T (t))t∈R equals the Arveson spectrum spec(T), and
the weak spectral mapping theorem means that the set {χ(t) : χ ∈ spec(T)} is
dense in σ(T (t)) for every t ∈ R.

The representation T is said to have the weak spectral mapping property if
the set {χ(g) : χ ∈ spec(T)} is dense in σ(T (g)) for every g ∈ G. In his celebrated
paper on classification of type III factors [5], Connes shows that this is indeed
the case for bounded representations (this result is stated in lemma 2.3.8 of [5]
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for unitary representations of locally compact abelian groups on Hilbert spaces,
but the same argument works for bounded strongly continuous representations on
general Banach spaces).

In the same direction d’Antoni, Longo and Zsidó observed in 1981 in [6] that
if T : g 7→ T (g) is a weakly continuous bounded representation of a locally compact
abelian group on a Banach space, then σ(φT(f))) = f̂(spec(T)) ∪ {0} for every
f ∈ L1

ωT
(G).

The weak spectral mapping theorem means that if δg denotes the Dirac mea-
sure associated to g ∈ G, then the set δ̂g(spec(T)) is dense in σ(φT(δg)) for g ∈ G.
Takahashi and Inoue showed in [33] that µ̂(spec(T)) is dense in σ(φT(µ)) if µ
is contained in the largest regular subalgebra M0(G) of M(G) provided T is a
weakly continuous bounded representation of a compact abelian group G, and
Seferoğlu extended this result to locally compact abelian groups in [30] (see also
his previous paper [29] for bounded one-parameter groups).

In the present paper we show in theorem 4.3 that, more generally, if T =
(T (g))g∈G is a representation of a locally compact abelian group G on B(X) which
is weakly continuous in the sense of Arveson with respect to a dual pairing (X,X∗)
(X∗ is a subspace of the dual space X ′) and satisfies the non-quasianalyticity
condition

+∞∑
n=0

log ‖T (ng)‖
1 + n2

< +∞ (g ∈ G) ,

then µ̂(spec(T)) is dense in σ(φT(µ)) for every measure µ ∈ MωT
(G) which is

contained in some closed regular subalgebra ofMωT
(G), or, equivalently, which is

contained in the largest closed regular subalgebra of MωT
(G). This result might

be seen as well-known, but we could only find a reference for this in the case of one-
parameter non-quasianalytic groups of bounded operators [31], in a slightly less
general form: the result of [31] is stated for one-parameter C0-groups (T (t))t∈R such
that ‖T (t)‖ ≤ ω(t) for some non-quasianalytic weight w, while our result is valid
for all weakly continuous group representations where the weight ωT : g 7→ ‖T (g)‖
is itself non-quasianalytic.

This paper offers also a Banach algebra approach of these spectral mapping
theorems, which is a development of the methods used by the second author in
[11], [12], [13]. In section 3 we give a general theorem concerning continuous unital
homomorphisms φ : A → B(X), where A is a commutative semisimple unital
Banach algebra. Let I be a closed ideal of A, and for χ ∈ Î (the Gelfand space)
denote by χ̃ ∈ Â the unique extension of χ to A. Assume that I is a regular
Banach algebra which satisfies spectral synthesis (see section 3 for the definition),
and that we have

inf
a∈ I
|〈φ(a)x− x, l〉| = 0 (x ∈ X, l ∈ X∗) (1.1)
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for some dual pairing (X,X∗) (see definition 2.1). We have for the hull (see section
3)

hI(ker(φ) ∩ I) = hI(ker(φ|I)) = {χ ∈ Î : χ(u) = 0 ∀u ∈ ker(φ) ∩ I} ⊂ Î.

We can summarize the spectral properties obtained in theorem 3.2 in the following
table (in this table U denotes a closed regular subalgebra of A such that I ⊂ U ,̂
is the Gelfand transform,˜ denotes the extension as above and spec(φ(a)) is the
spectrum of the operator φ(a) ∈ B(X)).

hI(ker(φ) ∩ I) compact hI(ker(φ) ∩ I) noncompact

a ∈ A spec(φ(a)) = â
(
h̃I(ker(φ) ∩ I)

)
spec(φ(a)) ⊂ â

(
h̃I(ker(φ) ∩ I)

)
3 0

a ∈ U spec(φ(a)) = â
(
h̃I(ker(φ) ∩ I)

)
spec(φ(a)) = â

(
h̃I(ker(φ) ∩ I)

)
3 0

a ∈ I spec(φ(a)) = â (hI(ker(φ) ∩ I)) spec(φ(a)) = â (hI(ker(φ) ∩ I)) ∪ 0

Theorem 4.3 concerning non-quasianalytic weakly continuous representations
of locally compact abelian groups is an application of theorem 3.2 in a concrete
situation: A :=MωT

(G), φ := φT, I := L1
ωT

(G), U := a regular closed subalgebra
of MωT

(G). Note that in this context the Arveson spectrum spec(T) is actually
hL1

ωT
(G)(ker(φT) ∩ L1

ωT
(G)).

The authors wish to thank Y. Tomilov for very valuable discussions concern-
ing the history of the weak spectral mapping theorem and for pointing to our
attention the references [22], [23], [24], [25], and to I. Kryshtal for drawing our
attention to the works of A. G. Baskakov.

2. Representations of locally compact abelian groups
Let X = (X, ‖.‖) be a Banach space. We denote by B(X) the Banach algebra of
bounded linear operators R : X → X with composition, we denote by GL(X) the
group of invertible elements of B(X) and we denote by I = IX the identity map
on X. We also denote by ‖.‖ the operator norm on B(X) associated to the given
norm on X, and we denote by ρ(R) the spectral radius of R ∈ B(X). If Y is a
subspace of the dual space X ′ of X we will denote by σ(X,Y ) the weak topology
on X associated to Y.

We will use the following notion, introduced by Arveson in [2]. Notice that
if we omit condition 2 we obtain the class of norming dual pairs used recently in
[14], [20] to study Markov semigroups.

Definition 2.1. Let X be a Banach space, and let X∗ be a subspace of the dual
space X ′. We will say that (X,X∗) is a dual pairing if the two following conditions
are satisfied:

1. ‖x‖ = sup{〈x, l〉 : l ∈ X∗, ‖l‖ ≤ 1} for every x ∈ X.
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2. The σ(X,X∗)-closed convex hull of every σ(X,X∗)-compact subset of X is
σ(X,X∗)-compact.

For example, (X,X ′) is a dual pairing. Also if X = Y ′ for some Banach space Y,
and if we identify Y with a subspace of X ′ = (Y ′)′ in the obvious way, then (X,Y )
is a dual pairing, see [2]. Notice that condition 1 means that if we set x̃(l) = 〈x, l〉
for x ∈ X, l ∈ X∗ then the map x 7→ x̃ is an isometry from X into the dual space
(X∗)

′.
Let S be a locally compact space, u : S → X. Since ‖u(s)‖ = supl∈X∗ |〈u(s), l〉|

for s ∈ S, the function ωu : s 7→ ‖u(s)‖ is lower semicontinuous on S, which allows
to compute the upper integral∫ ∗

S

‖u(s)‖d|µ|(s) := sup
f∈C+c (S)
f≤ωu

∫
S

f(s)d|µ|(s) ∈ [0,+∞]

for every regular measure µ on S, where C+
c (S) denotes the space of all nonnegative

compactly supported continuous functions on S.
Let S be a locally compact space, and let (X,X∗) be a dual pairing. A map

u : S → X is said to be weakly continuous with respect to (X,X∗) if the map
s 7→ 〈u(s), l〉 is continuous on S for every l ∈ X∗, and we will often just say that
u is weakly continuous when no confusion may occur. In this situation it follows
from the Banach-Steinhaus theorem and from condition 1 of definition 2.1 that we
have, for every compact subset K of X,

sup
s∈K
‖u(s)‖ = sup

s∈K
‖ũ(s)‖ = sup

s∈K
sup

l∈X∗,‖l‖≤1

〈u(s), l〉 < +∞. (2.1)

The following proposition is an immediate generalization of proposition 1.2 of [2].

Proposition 2.2. Let S be a locally compact space, let (X,X∗) be a dual pairing,
and let u : S → X be a weakly continuous map. Set ωu(s) = ‖u(s)‖ for s ∈ S,
and denote byMωu

(S) the set of all regular measures µ on S such that ‖µ‖ωu
:=∫ ∗

S
‖u(s)‖d|µ|(s) < +∞. Then for every µ ∈Mωu(S) there exists x ∈ X satisfying

〈x, l〉 =

∫
S

〈u(s), l〉dµ(s) (l ∈ X∗). (2.2)

Proof: Since
∫
S
|〈u(s), l〉|d|µ|(s) ≤ ‖l‖‖µ‖ωu

< +∞ for every l ∈ X∗, the
formula fµ(l) :=

∫
S
〈u(s), l〉dµ(s) for l ∈ X∗ defines an element fµ ∈ (X∗)

′, and we
have to show that fµ = x̃ for some x ∈ X. It follows from condition 1 of definition
2.1 that we have

‖fµ‖ = sup
l∈X∗,‖l‖≤1

∣∣∣∣∫
S

〈u(s), l〉dµ(s)

∣∣∣∣ ≤ ‖µ‖ωu
.

Denote by Mc(S) the space of all regular measures on S supported by some
compact subset of S. It follows from (2.1) that Mc(S) ⊂ Mωu

(S), and the fact
that property (2.2) holds for every µ ∈Mc(S) follows directly from [2], proposition
2.1. Set X̃ := {x̃ : x ∈ X}. It follows from condition 1 of definition 2.1 that X̃ is
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closed in (X∗)
′. Let µ ∈ Mωu

(S). There exists a sequence (µn)n≥1 of elements of
Mc(S) such that limn→+∞ ‖µ− µn‖ωu = 0. Hence limn→+∞ ‖fµ − fµn‖ = 0, and
fµ ∈ X̃. �

When the conditions of proposition 2.2 are satisfied, we will use the notation

x =

∫
S

u(s)dµ(s), (2.3)

where the integral is a Pettis integral computed with respect to the σ(X,X∗)
topology, which defines an element of X since (X,X∗) is a dual pairing.

Notice that since ωu is lower semicontinuous, it follows from the theory of
integration on locally compact spaces, see [4], chapter 4, thatMωu

(S) is the space
of regular measures µ such that ωu is integrable with respect to the total variation
|µ| of µ, and it follows from [4], proposition 1, that we have for µ ∈Mωu(S)

‖µ‖ωu
=

∫
S

‖u(s)‖d|µ|(s) =

∫ ∗
S

‖u(s)‖d|µ|(s) = sup
K⊂S,K compact

∫ ∗
K

‖u(s)‖d|µ|(s).

Let G be a topological group. A representation of G on a Banach space X is a
unital homomorphism T : G→ GL(X), i.e. a map g 7→ T (g) satisfying T (0G) = I
and T (g1+g2) = T (g1)T (g2) for g1, g2 ∈ G.We now introduce the notion of weakly
continuous representation.

Definition 2.3. Let G be a locally compact abelian group and let X be a Banach
space. A representation T of G on X is said to be weakly continuous with respect
to a dual pairing (X,X∗) if the map g 7→ 〈T (g)x, l〉 is continuous on G for every
x ∈ X and every l ∈ X∗.

We will often write T = (T (g))g∈G when T : g 7→ T (g) is a representation of
G on X.

Let (X,X∗) be a dual pairing, and let T = (T (g))g∈G be a weakly continuous
representation. We have, for g ∈ G,

‖T (g)‖ = sup{〈T (g)x, l〉 : x ∈ X, ‖x‖ ≤ 1, l ∈ X∗, ‖l‖ ≤ 1}

and so the weight ωT : g 7→ ‖T (g)‖ is lower semicontinuous on G. Let K be
a compact subset of G. Since supg∈K ‖T (g)x‖ < +∞ for every x ∈ X, it fol-
lows again from the Banach-Steinhaus theorem that supg∈K ‖T (g)‖ < +∞. In
this situation we can define the weighted spaceMωT

(G) consisting of all regular
measures µ on G such that the upper integral

∫ ∗
G
‖T (g)‖d|µ|(g) is finite. Since

ωT(g1 + g2) ≤ ωT(g1)ωT(g2) for g1, g2 ∈ G, it follows from [4], Chap. 8, Prop.
2 that the convolution product µ ∗ ν is well-defined and belongs to MωT

(G) for
µ, ν ∈MωT

(G) and that (MωT
(G), ‖.‖ωT

) is a Banach algebra with respect to con-
volution which contains the convolution algebra Mc(G) of compactly supported
regular measures on G as a dense subalgebra.

Denote by L1
ωT

(G) the convolution algebra of all Haar-measurable (classes of)
functions f on G such that fωT is integrable with respect to the Haar measure m
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on G, identified with the space of all measures µ ∈MωT
(G) which are absolutely

continuous with respect to the Haar measure.
The following result is an easy extension of [2], proposition 1.4.

Proposition 2.4. Let G be a locally compact abelian group, let (X,X∗) be a dual
pairing, and let T = (T (g)g∈G be a weakly continuous representation of G on X.
The formula

φT(µ)x =

∫
G

T (g)xdµ(g) (2.4)

defines for every x ∈ X and every µ ∈ MωT
(G) an element of X, φT(µ) ∈ B(X)

for every µ ∈ MωT
(G), and φT : µ 7→ φT(µ) is a norm-decreasing unital algebra

homomorphism from the convolution algebraMωT
(G) into B(X).

Moreover we have, for x ∈ X, l ∈ X∗,

inf
f∈L1

ωT
(G)
|〈φT(f)x− x, l〉| = 0.

Proof: Since ‖T (g)x‖ ≤ ‖T (g)‖‖x‖, the fact that formula (2.4) defines an
element of X for x ∈ X and µ ∈ MωT

(G) follows directly from proposition 2.2.
We have

‖φT(µ)x‖ = sup
l∈X∗,‖l‖≤1

∣∣∣∣∫
G

〈T (g)x, l〉dµ(g)

∣∣∣∣
≤ sup

l∈X∗,‖l‖≤1

∫
G

|〈T (g)x, l〉| d|µ|(g) ≤ ‖x‖‖µ‖ωT
,

and so φT(µ) ∈ B(X) for µ ∈MωT
(G) and ‖φT(µ)‖ ≤ ‖µ‖ωT

. As observed in [2],
a routine application of Fubini’s theorem shows that φT(µ ∗ ν) = φT(µ)φT(ν) for
µ, ν ∈Mc(G). SinceMc(G) is dense inMωT

(G), this shows that φT is an algebra
homomorphism.

The last assertion follows from the existence of bounded approximate iden-
tities in L1

ωT
(G), see for example [7], theorem 3.3.23 or [28], section 5.1.9, as

indicated in [2], but we give the details for the sake of completeness. Let K be
a compact neighbourhood of 0G. For every open set U ⊂ K containing 0G set
fU (g) = m(U)−1 if g ∈ U, fU (g) = 0 otherwise, so that

∫
G
fU (g)dm(g) = 1. We

have, for x ∈ X, l ∈ X∗,

|〈φT(fU )x− x, l〉| =

∣∣∣∣∫
U

〈T (g)x, l〉fU (g)dm(g)− 〈x, l〉
∫
U

fU (g)dm(g)

∣∣∣∣
≤ sup

g∈U
|〈T (g)x− T (0G)x, l〉|

∫
U

fU (g)dm(g)

= sup
g∈U
|〈T (g)x− T (0G)x, l〉| ,

and so there exists a sequence (Un)n≥1 of open subsets of K containing 0G such
that limn→+∞〈φT(fUn

)x−x, l〉 = 0, since the representation is weakly continuous.
�
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3. A general spectral mapping theorem

Let A be a Banach algebra, and let ρ(a) := limn→+∞ ‖an‖
1
n be the spectral radius

of a ∈ A, so that ρ(a) = supχ∈Â∪{0} |χ(a)| if A is commutative, where Â denotes
the space of characters of A, endowed with the Gelfand topology. A commutative
Banach algebra A is said to be radical if ρ(a) = 0 for every a ∈ A, which means
that Â = ∅. In the other direction a commutative Banach algebra A 6= {0} is
said to be semisimple if ∩χ∈Âker(χ) = {0}, which means that ρ(a) > 0 for every
a ∈ A \ {0}. It follows from Shilov’s idempotent theorem [7], theorem 2.4.33 that
if A is semisimple and Â is compact, then A is unital. If A is unital and a ∈ A,
spec(a) denotes the spectrum of a.

Let A be a commutative Banach algebra, and let S ⊂ A. The hull of S is
defined by the formula

hA(S) := {χ ∈ Â : χ(a) = 0 ∀a ∈ S},

and we have h(S) = h(I(S)), where I(S) denotes the ideal of A generated by S.
We will often write h(S) instead of hA(S) if there is no risk of confusion. If A is
not radical, the Gelfand transform â ∈ C(Â) of a ∈ A is defined by the formula

â(χ) := χ(a) (χ ∈ Â).

We now introduce the classical notions of regularity and spectral synthesis.

Definition 3.1. A non radical commutative Banach algebra A is said to be regular
if for every proper closed subset F of Â and every χ0 ∈ Â \ F there exists a ∈ A
such that χ0(a) = 1 and χ(a) = 0 for every χ ∈ F.

A commutative non unital Banach algebra A is said to satisfy spectral syn-
thesis if h(I) 6= ∅ for every proper closed ideal I of A.

We list below some standard properties of a commutative semisimple regular
Banach algebra A.
1. A is normal: for every closed subset F of Â and every compact subset K of
Â disjoint from F there exists a ∈ A such that χ(a) = 0 for every a ∈ F and
χ(a) = 1 for every χ ∈ K, see for example [7], proposition 4.1.14.

2. Let F ⊂ Â be closed and nonempty, set IF := {a ∈ A : χ(a) = 0 ∀χ ∈ F}
and denote by JF the set of all a ∈ A such that there exists an open subset
Ua ⊃ F of Â satisfying χ(a) = 0 for every χ ∈ Ua. Then h(JF ) = h(IF ) = F,
and every ideal I of A such that h(I) = F satisfies JF ⊂ I ⊂ IF , see for
example [28], proposition 3.2.6 or 7.3.2. In particular, if A is not unital and
h(I) = ∅, then a ∈ I for every a ∈ A such that â is supported by some
compact subset of Â.

3. Let (Iλ)λ∈Λ be a family of closed ideals of A. Then

∪{h (Iλ) : λ ∈ Λ} is dense in h (∩{Iλ : λ ∈ Λ}) . (3.1)
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4. Let φ be a homomorphism from A into a commutative unital Banach algebra
B of unit element eB. Set φ∗(χ) = χ ◦ φ for χ ∈ B̂. Then we have, see for
example [7], proposition 4.1.27.,

h(ker(φ)) ⊂ φ∗(B̂) ⊂ h(ker(φ)) ∪ {0}, (3.2)

â(h(ker(φ)) ⊂ specB(φ(a)) ⊂ â(h(ker(φ)) ∪ {0} (a ∈ A). (3.3)

If eB ∈ φ(A), then eB ∈ φ(A), h(ker(φ)) = φ∗(B̂) is compact, and we have

specB(φ(a)) = â(h(ker(φ)) (a ∈ A). (3.4)

Conversely if h(ker(φ)) is compact and nonempty, then φ(A) is unital.
Moreover φ∗ is a homeomorphism from B̂ onto h(ker(φ)) if φ(A) is dense

in B.
Property 3 is well-known and easy to prove: denote F the closure of ∪{h (Iλ) :

λ ∈ Λ}, so that F ⊂ h (∩{Iλ : λ ∈ Λ}) . If χ /∈ F, let U ⊂ Â be an open set such
that F ⊂ U and χ /∈ U. There exists a ∈ A such that â(χ) = 1 and â(U) = {0}.
Since h(Iλ) ⊂ U, we have a ∈ Iλ for λ ∈ Λ, and χ /∈ h (∩{Iλ : λ ∈ Λ}) .

Property 4 means that φ(A) is a "full subalgebra" of B if A is semisimple
and if φ(A), or, equivalently, A, contains the unit element of B, since in this case
inv(φ(A)) = inv(B) ∩ φ(A) (inv denotes the set of invertible elements). Since the
group G of invertible elements of a unital Banach algebra is open, and since the
map x 7→ x−1 is continuous on G, this shows that in this situation the Banach
algebra φ(A) is also a full subalgebra of B (this property also follows from the
regularity of φ(A), see [19], lemma 1).

The fact that eB ∈ φ(A) implies that eB ∈ φ(A) when A is semisimple and
regular is also standard. In this situation h(ker(φ)) is compact and nonempty. Let
U be a compact subset of Â the interior of which contains h(ker(φ)), and let u ∈ A
such that û(U) = {1}. Then a−au ∈ Jh(ker(φ)) ⊂ ker(φ) for every a ∈ A. So φ(u)
is a unit element of φ(A), and φ(u) = eB.

Notice that it may happen that eB ∈ φ(A) and that φ(A) is not unital when
φ is a homomorphism from a commutative semisimple Banach algebra A into a
commutative unital Banach algebra: for r > 0 denote by Ar the Banach algebra of
holomorphic functions on the open disc Dr := D(0, r) which admit an holomorphic
extension to the closed disc Dr. Set M1 := {f ∈ A1 : f(1) = 0}. For f ∈ M1

denote by φ(f) the restriction of f to the closed disc D1/2. Set en(z) = z−1
z−1−1/n

for |z| ≤ 1. Then en ∈M1, limn→+∞ sup|z|≤1/2 |1−en(z)| = 0, an easy verification
shows that φ(M1) is dense in the unital Banach algebra A1/2, but φ(M1) does
not contain 1 and φ(en)−1 /∈ φ(M1) for n ≥ 1.

The closed subalgebra reg(A) of a commutative Banach algebra generated by
the union of all closed regular subalgebras of A is itself a closed regular subalgebra
of A, called the maximal regular subalgebra of A. This result goes back to Albrecht
[1] in the semisimple case, see also the proof of [27] given in [7], proposition 4.1.17.
A very simple proof of this fact based on the hull-kernel topology was obtained by
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Inoue and Takahasi in [18], see [28], corollary 3.2.11. Notice that reg(A) is unital
if A has a unit element e, since Ce is regular.

We now state an abstract version of the spectral mapping theorem. We will
use below the fact that if I is a closed ideal of A not contained in the radical
of A, then every χ ∈ Î has a unique extension χ̃ to A given by the formula
χ̃(a) := χ(au), where u is any element of I such that χ(u) = 1. The map χ 7→ χ̃

is clearly an homeomorphism from Î onto Â \ h(I).

Theorem 3.2. Let A be a commutative unital Banach algebra, let X be a Banach
space, let X∗ be a subspace of X ′ such that supl∈X∗,‖l‖≤1 |〈x, l〉| = ‖x‖ for x ∈ X,
and let φ : A → B(X) be a continuous unital homomorphism. Let I be a closed
ideal of A, and for χ ∈ Î denote by χ̃ the unique extension of χ to A.

Assume that I is a semisimple regular Banach algebra which satisfies spectral
synthesis, and that we have

inf
a∈ I
|〈φ(a)x− x, l〉| = 0 (x ∈ X, l ∈ X∗). (3.5)

Then the following properties hold:
(i) The set hI(ker(φ) ∩ I) is not empty.
(ii) If hI(ker(φ) ∩ I) is compact, then I ∈ φ(I), φ(I) = φ(A), h(ker(φ)) = {χ̃ :

χ ∈ hI(ker(φ) ∩ I)}, and

spec(φ(a)) = {χ̃(a) : χ ∈ hI(ker(φ) ∩ I)} (a ∈ A).

(iii) If hI(ker(φ) ∩ I) is not compact, then the weak∗-closure of hI(ker(φ) ∩ I)

in the unit ball of the dual of I contains 0, 0 ∈ â(hI(ker(φ) ∩ I)), and
spec(φ(a)) \ {0} ⊂ â(hI(ker(φ) ∩ I)) for a ∈ I.

(iv) If U is a closed regular subalgebra of A containing I, then the set {χ̃|U :
χ ∈ hI(ker(φ) ∩ I)} is dense in hU (ker(φ) ∩ I), and the set {χ̃(φ(a)) : χ ∈
hI(ker(φ) ∩ I)} is dense in spec(φ(a)) for every a ∈ U .

Proof: (i) Let x ∈ X \ {0} and l ∈ X∗ be such that 〈x, l〉 6= 0. It follows from
(3.5) that 〈φ(a)x, l〉 6= 0 for some a ∈ I, ker(φ) ∩ I is a proper closed ideal of I
and hI(ker(φ) ∩ I) 6= ∅.

(ii) If hI(ker(φ)∩I) is compact, then φ(I) is unital and it follows from (3.5)
that I ∈ φ(I), and so φ(I) = φ(A) since φ(I) is an ideal of φ(A). Let u ∈ I such
that e−u ∈ ker(φ), where e denotes the unit element of A. Then χ(u) = χ(e) = 1
for χ ∈ h(ker(φ)), and χ /∈ h(I). Hence h(ker(φ)) = {χ̃ : χ ∈ hI(ker(φ) ∩ I)},
since χ̃ ∈ h(ker(φ)) for every χ ∈ hI(ker(φ)∩I). Let B be a maximal commutative
subalgebra of B(X) containing φ(A). Then it follows from (3.4) applied to B that
spec(φ(a)) = spec(φ(au)) = specB(φ(au)) = {χ(au) : χ ∈ hI(ker(φ) ∩ I)} =
{χ̃(a) : χ ∈ hI(ker(φ) ∩ I)}.

(iii) Now assume that hI(ker(φ) ∩ I) is not compact. Then I /∈ φ(I), 0 ∈
hI(ker(φ) ∩ I), and 0 ∈ â(hI(ker(φ) ∩ I)). The fact that spec(φ(a)) \ {0} ⊂
â(hI(ker(φ) ∩ I)) for a ∈ I follows from (3.2) applied to B.



Weak spectral theorem 11

(iv) Denote by K(Î) the set of all nonempty compact subsets of Î, and for
K ∈ K(Î) denote by IK the set of all a ∈ I such that χ(a) = 0 for every χ ∈ K.
Then IK is a closed ideal of A. Set

XK = {x ∈ X : φ(a)x = 0 ∀a ∈ IK}.

Then XK is a closed subspace of X, and φ(a)(XK) ⊂ XK for every a ∈ A. Set
φK(a) = φ(a)|XK

for a ∈ A. Then φK : A → B(XK) is a unital homomorphism.
Let χ0 ∈ Î \ K, and let u ∈ I be such that χ0(u) = 1 and χ(u) = 0 for every
χ ∈ K. Then u ∈ IK ⊂ ker(φK), and χ0 /∈ hI(ker(φK) ∩ I). This shows that
hI(ker(φK) ∩ I) ⊂ K is compact. It follows then from that h(ker(φK)) = {χ̃ :
χ ∈ h(ker(φK) ∩ I)}.

Let U be a closed regular subalgebra of A containing I. We have that
hU (ker(φK) ∩ U) = {χ̃|U : χ ∈ hI(ker(φK) ∩ I)} ⊂ {χ̃|U : χ ∈ hI(ker(φ) ∩ I)}.

Clearly, ker(φ) ⊂ ∩{ker(φK) : K ∈ K(Î)}. Conversely assume that a ∈ A
and that φK(a) = 0 for every K ∈ K(Î). Set ∆K = IÎ\K̊ , where K̊ denotes

the interior of K ∈ K(Î). Let x ∈ X, and let l ∈ X∗. Since I satisfies spectral
synthesis, ∪{∆K : K ∈ K(Î)} is dense in I, and there exists a sequence (un)n≥1 of
elements of ∪{∆K : K ∈ K(Î)} such that 〈φ(a)x, l〉 = limn→+∞〈φ(un)φ(a)x, l〉 =

limn→+∞〈φ(a)φ(un)x, l〉. Let Kn ∈ K(Î) such that un ∈ ∆Kn
. If b ∈ IKn

, then
bun ∈ ∩χ∈Îker(χ) = {0}, and so φ(un)x ∈ XKn

and φ(a)φ(un)x = 0. Hence
〈φ(a)x, l〉 = 0 and a ∈ ker(φ).

Hence ker(φ) = ∩{ker(φK) : K ∈ K(Î)}, ker(φ)∩U = ∩{ker(φK)∩U : K ∈
K(Î)}, and it follows from (3.1) that {χ̃|U : χ ∈ hI(ker(φ)∩I)} ⊃ ∪{hU (ker(φK)∩
U) : K ∈ K(Î)} is dense in hU (ker(φ) ∩ U).

It follows then from (3.4) that the set {χ̃(a) : χ ∈ hI(ker(φ) ∩ I)} is dense
in spec(φ(a)) for every a ∈ U . �

4. The weak spectral mapping theorem for representations of locally
compact abelian groups

Consider again a locally compact abelian group G. A submultiplicative locally
bounded measurable weight on G is a function ω : G → (0,+∞) which is mea-
surable with respect to the Haar measure m on G and satisfies ω(g1 + g2) ≤
ω(g1)ω(g2) for g1, g2 ∈ G and supg∈K ω(g) < +∞ for every compact subset K
of G. In this situation the space L1

ω(G) of all Haar measurable functions f on G
satisfying ‖f‖ω :=

∫
G
|f(g)|ω(g)dm(g) < +∞ is a Banach algebra with respect to

convolution. If limn→+∞ ω(ng)
1
n = 1 for every g ∈ G, then ω(g) ≥ 1 for every

g ∈ G, and the map s 7→ χs is a homeomorphism from the dual group Ĝ onto
L̂1
ω(G), where the character χs is defined by the formula
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χs(f) =

∫
G

f(g)〈g, s〉dm(g) = f̂(s) (f ∈ L1
ω(G)). (4.1)

Definition 4.1. A submultiplicative measurable locally bounded weight on G is said
to be nonquasianalytic when it satisfies the condition

+∞∑
n=1

log(ω(ng))

1 + n2
< +∞ (g ∈ G). (4.2)

Notice that if ω is any submultiplicative weight on G then we have ω(g) ≥
limn→+∞ ω(ng)

1
n for g ∈ G. Condition (4.2) implies that limn→+∞ ω(ng)

1
n ≤ 1

for every g ∈ G. Since limn→+∞ ω(ng)
1
n · limn→+∞ ω(−ng)

1
n ≥ 1, we have in fact

ω(g) ≥ limn→+∞ ω(ng)
1
n = 1 for g ∈ G if ω is nonquasianalytic. This allows to

identify the character space L̂1
ω(G) with the dual group Ĝ by using formula (4.1).

The following result goes back to Domar [8].

Theorem 4.2. [8] Let G be a locally compact abelian group, let ω be a submultiplica-
tive measurable locally bounded nonquasianalytic weight on G. Then the convolu-
tion algebra L1

ω(G) is a regular Banach algebra which satisfies spectral synthesis.

We now state a general version of the weak spectral mapping theorem.

Theorem 4.3. Let G be a locally compact abelian group, let (X,X∗) be a dual
pairing and let T = (T (g))g∈G be a representation of G on X which is weakly
continuous with respect to (X,X∗). Assume that the representation satisfies the
condition

+∞∑
n=1

log ‖T (ng)‖
1 + n2

< +∞ (g ∈ G). (4.3)

Set MωT
(G) = {µ ∈ M(G) :

∫ ∗
G
‖T (g)‖d|µ|(g) < +∞}, and let φT :MωT

(G) →
B(X) be the unital homomorphism defined by the formula

〈φT(µ)x, l〉 =

∫
G

〈T (g)x, l〉dµ(g) (µ ∈MωT
(G), x ∈ X, l ∈ X∗) .

Let
spec(T) := {s ∈ Ĝ : f̂(s) = 0 ∀f ∈ ker(φT) ∩ L1

ωT
(G)}

be the Arveson spectrum of the representation. Then the following properties hold.
(i) spec(T) is nonempty.
(ii) If spec(T) is compact, then the representation is continuous with respect

to the norm of B(X), φT(MωT
(G)) = φT(L1

ωT
(G)) and spec(φT(µ)) =

µ̂(spec(T)) for every µ ∈MωT
(G).

(iii) If µ is contained in a regular subalgebra ofMωT
(G), then the set µ̂(spec(T))

is dense in spec(φT(µ)). In particular the set {〈g, s〉 : s ∈ spec(T)} is dense
in spec(T (g)) for every g ∈ G.
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Proof: It follows from proposition 2.4 that inff∈L1
ωT

(G) |〈φT(f)x− x, l〉| = 0,

and it follows from theorem 4.2 that the convolution algebra L1
ωT

(G) is regular and
satisfies spectral synthesis. Denote by δg the Dirac measure at g ∈ G. Then T (g) =
φT(δg). Since the discrete topology onG is locally compact, the convolution algebra
l1ωT

(G) = span{δg}g∈G is also regular, and it follows from theorem 2.4 that (i),
(iii) and the last two assertions of (ii) hold. Since the map g 7→ f ∗δg is continuous
on G with respect to the norm of L1(G) and since φT is continuous, a density
argument shows that the map g 7→ φT(f)T (g) is continuous with respect to the
norm of B(X) for every f ∈ L1

ωT
(G). Hence the representation is continuous with

respect to the norm of B(X) if spec(T) is compact, since in this case I = φT(f)
for some f ∈ L1

ωT
(G). �

Notice that if τ is a locally compact group topology on G coarser than the
given one, then L1

ωT
(G,mτ ) is a regular subalgebra ofMωT

(G), and so µ̂(spec(T))

is dense in spec(φT(µ)) for µ ∈ L1
ωT

(G,mτ ) if T is non-quasianalytic. The union
of all these convolution algebras may be strictly contained in reg(MωT

(G)), see
[17].

5. Link between the Arveson spectrum and the spectrum of the
generator of a C0-group

Consider the case G = R, X∗ = X ′, T a C0-group on X with non-quasianalytic
weight. Denote by A the infinitesimal generator of T ; this is an unbounded linear
operator on X with dense domain DA. We identify Ĝ with iR and for f ∈ L1

ωT
(R)

the Fourier transform is

f̂(is) =

∫
R
f(t)eitsdt = χis(f) .

For the convenience of the reader, we give a proof of the following well-known
result (stated in a slightly less general form in corollary 4.1 of [32]).

Theorem 5.1.
spec(T) = σ(A)

Proof: For the inclusion “⊃” we use the following two poperties:

i) For f ∈ L1
ωT

(R) with φT(f) = 0 we have σap(A) ⊂ kerf̂ (σap is the approxi-
mate point spectrum of the operator).

ii) σ(A) = σap(A)

Proof of the inclusion “⊃”:

σ(A) = σap(A) ⊂
⋂

f∈L1
ωT

(R),φT(f)=0

kerf̂ = spec(T).
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Proof of i): Let λ ∈ σap(A), xn ∈ DA a sequence with ‖xn‖ = 1, λxn−Axn →
0. Then

eλtxn − T (t)xn =

∫ t

0

eλ(t−s)T (s)(λxn −Axn)ds,

and eλtxn − T (t)xn → 0. We compute

‖φT(f)‖ = sup
‖x‖=1

‖φT(f)x‖

≥ lim‖φT(f)xn‖

= lim‖
∫ ∞
−∞

(
T (t)xn − eλtxn + eλtxn

)
f(t)dt‖

≥ lim|
∫ ∞
−∞

eλtf(t)dt| ‖xn‖ − lim‖
∫ ∞
−∞

(
T (t)xn − eλtxn

)
f(t)dt‖

= |f̂(λ)|.

So φT(f) = 0 implies f̂(λ) = 0.
Proof of ii): This follows from the non-quasianalyticity of the weight, since

σ(A) ⊂ iR, and therefore σ(A) = ∂σ(A), the boundary.

For the opposite inclusion “⊂” we use the following two properties:
iii) For f ∈ L1

ωT
(R) such that f̂ has compact support and vanishes on an open

set containing σ(A) we have φT(f) = 0.
iv) L1

ωT
(R) is a regular Banach algebra.

Proof of the inclusion “⊂” : If λ ∈ iR \ σ(A), choose first a closed neighbourhood
U of σ(A) (in the euclidean topology) such that λ 6∈ U . Then, by regularity, there
exists f ∈ L1

ωT
(R) such that f̂ = 0 on U and f̂(λ) = 1, and there exists g ∈ L1

ωT
(R)

such that ĝ has compact support and ĝ(λ) = 1. Set h = f ∗g. Then by iii) we have
φT(h) = 0, with ĥ(λ) = 1. Hence λ /∈ spec(T).

Proof of iii): By Lebesgue and by inverse Fourier transform theorems we have

φT(f)x = lim
δ→0+

∫ ∞
−∞

e−δ|t|T (t)xf(t)dt, f(t) =
1

2π

∫ ∞
−∞

f̂(−is)eistds.

Furthermore, for <λ > 0 we have

(λ−A)−1x =

∫ ∞
0

e−λtT (t)xdt, (λ+A)−1x =

∫ 0

−∞
eλtT (t)xdt.

We compute, using Fubini and Lebesgue theorems:

φT(f)x =
1

2π
lim
δ→0+

∫ ∞
−∞

(∫ 0

−∞
+

∫ ∞
0

)
eiste−δ|t|T (t)xdtf̂(−is)ds

=
1

2π
lim
δ→0+

∫ ∞
−∞

(
(δ − is−A)−1x− (−δ − is−A)−1x

)
f̂(−is)ds

= 0.

Proof of iv): This follows from the non-quasianaliticity of the weight (4.3).
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The theorem is proved. �
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