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Abstract— This paper presents a viable quaternion-based
Adaptive Kalman Filter (q-AKF) that is designed for rigid body
attitude estimation. This approach is an alternative to overcome
the limitations of the classical Kalman filter. The q-AKF
processes data from a small inertial/magnetic sensor module
containing triaxial gyroscopes, accelerometers, and magnetome-
ters. The proposed approach addresses two challenges. The
first one concerns attitude estimation during various dynamic
conditions, in which external acceleration occurs. Although
external acceleration is one of the main source of loss of
performance in attitude estimation methods, this problem has
not been sufficiently addressed in the literature. An adaptive
algorithm compensating external acceleration from the residual
in the accelerometer is proposed. At each step, the covariance
matrix associated with the external acceleration is estimated to
adaptively tune the filter gain. The second challenge is focused
on the energy consumption issue of gyroscopes for long-term
battery life of Inertial Measurement Units. We study the way
to reduce the gyro measurement acquisition while maintaining
acceptable attitude estimation. Through numerical simulations,
under external acceleration and parsimonious gyroscope’s use,
the efficiency of the proposed q-AKF is illustrated.

I. INTRODUCTION

Attitude determination, i.e. the determination of the three

dimensional orientation of a rigid body, from non-ideal

strap-down sensors, is a fundamental task and a crucial

problem in a wide range of applications including ambulatory

applications such as detection of unconstrained walking [1],

pedestrian localization [2], [3], indoor navigation [4], and

human body trackers [5], [6]. Extensive research on atti-

tude estimation using compact MEMS-IMU (micro-electro-

mechanical systems-inertial measurement units) has been

performed since several decades. MEMS-IMU are princi-

pally composed of a triaxial gyroscope (to measure the

angular velocity), a triaxial accelerometer (to measure the

sum of the external acceleration and the gravity), and a

triaxial magnetic sensor (to measure the Earth’s magnetic

field). Each of these sensors can be used separately to

infer the attitude with relatively low precision. So, how to

overcome the drawbacks that appear when each sensor is

used separately and how to pertinently combine inertial and

magnetic sensor measurements, are the key questions to be

solved when devising an attitude estimation method.

According to the number of the involved sensors, attitude

estimation methods in the literature can be cast into two
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groups. The first group makes use of two sensors, typically a

magnetometer and an accelerometer, and includes determin-

istic methods. To find the attitude matrix, a classical least

squares approach to the problem, as introduced by Wahba

in [7], is in general considered [8], [9]. Those methods are

devised with the reductive assumption that all movements

are static or quasi-static; assumption that is not valid in

all dynamic situations where external accelerations can be

observed. In such cases, it becomes difficult to retrieve

the attitude with high accuracy since it is not straightfor-

ward to dissociate external accelerations and the gravity.

The second group of methods, which combines gyroscopes,

accelerometers, and magnetometers, consists of classical

filtering methods using either Kalman filters (KFs) [10],

extended Kalman filters (EKFs) [11], or nonlinear observers

[12]. The attitude estimation in these works is affected also

by errors in dynamic situation, characterized by external

acceleration.

Recently, some approaches consider the impact of external

acceleration on the performance of attitude estimation [13].

An Adaptive Kalman Filter (AKF) can be adopted to fix

such a problem. An adaptive EKF with an additive function

noise in the measurement noise covariance matrix has been

proposed in [13], [14]. However, it could not reflect the

influence of accelerations on the observation covariance

matrix accurately. In addition, those approaches require the

setting of thresholds according to the system dynamics which

is very tricky in practice. The authors of [15] addressed the

combined estimation problem of the attitude and external

acceleration by using an acceleration model-based approach.

The proposed algorithm was capable of estimating accurate

attitudes and external accelerations for short accelerated

periods. Contrariwise, when the testing condition involved

prolonged high external accelerations, the proposed algo-

rithm exhibited gradually increasing errors. Recently, a novel

quaternion Kalman filter (QKF) has been introduced by

Choukroun et al. [16] where a detailed covariance analysis

of the state-dependent noises has been developed. However,

severe losses of performance are observed when using an

accelerometer in its quaternion measurement model during

dynamic motion cases. Therefore, how to consider more

precisely the impact of external acceleration sensed by an

accelerometer on the performance of the attitude estimation

is still an open issue.

Using gyroscope measurements seems to be crucial to

overcome limitation of accelerometers. However, gyroscopes

are much more power consuming than accelerometers. As

an example, the three-axis gyroscope L3GD20 of STMicro-



electronics consumes 6.1 mA [17] while the consumption

of the three-axis accelerometer LIS3DH is around 11µA

[18]. For battery-operated applications using IMUs in at-

titude estimation, such as Pedestrian Navigation Systems,

Smartphones, and monitoring systems for elderly or visually

impaired persons, the energy consumption of gyroscopes

is clearly a crucial issue. To the best to our knowledge,

there is no work dealing with this issue in connection with

attitude estimation performance. Nowadays, new generation

of gyroscopes can be switched to operate in a low power

mode where its outputs are turned-off, providing significant

reduction of operating current (consumption around 1.5 mA)

[17]. Hence, it seems interesting to study how to decrease the

use of gyro measurements by switching periodically or not to

a low power mode without a significant loss of performance

in the attitude estimation process.

To overcome the aforementioned difficulties, in this paper

we propose:

• A quaternion-based adaptive Kalman Filter (q-AKF)

compensating the external acceleration effect. The main

advantage of the proposed method is that the observa-

tion covariance matrix is adaptively tuned according to

the filter residual.

• A parsimonious use of gyroscope measurements during

motion is added to the q-AKF by turning-off period-

ically the sensor and tuning accordingly the process

covariance matrix.

This paper is organized as follows: In Section II, basic

equations of the physical process and sensors are given. In

Section III, the system’s kinematic and observation models

are presented, followed by the q-AKF under parsimonious

use of gyroscopes. Simulation results are presented in Sec-

tion IV. Eventually, Section V provides some conclusions

and future works.

II. BACKGROUND

Let us consider a body-fixed frame B(XB,YB,ZB) which

has its origin at the triad of sensors and an Earth-fixed frame

N(XN ,YN ,ZN) (navigation frame or local level frame). XB,

YB, and ZB axes point along each of the triad of sensors.

The X-axis points to the North. The Z-axis points towards

the interior of the Earth, perpendicularly to the reference

ellipsoid. The Y -axis completes the right-handed coordinate

system, pointing East (NED: North, East, Down). The atti-

tude of a rigid body can be represented using a quaternion

q = [q0 ~qT ]T = [q0 q1 q2 q3]
T ∈ R

4, with ||q|| = 1.

According to [19], the dynamic of the system is described

by the following equation:

q̇ =
1

2
q⊗ ω̄, (1)

where ω̄ = [0 ωT ]T is the quaternion representation of

the angular velocity ω = [ωx ωy ωz]
T expressed in B

and ⊗ denotes the quaternion product. For two unit-norm

quaternions qa = [qa0 ~qa
T ]T and qb = [qb0 ~qb

T ]T , the

quaternion product is defined by:

qa ⊗qb =

[

qa0 −~qa
T

~qa qa0I3×3 +[~qa
×]

][

qb0

~qb

]

, (2)

where I3×3 ∈R
3×3 stands for the identity matrix while [~qa

×]
represents the skew-symmetric matrix defined as:

[~qa
×] =





qa,1

qa,2

qa,3





×

=





0 −qa,3 qa,2

qa,3 0 −qa,1

−qa,2 qa,1 0



 (3)

More details about quaternion can be found in [20].

The available MEMS sensors configuration in attitude es-

timation consists of a three-axis gyroscope, a three-axis

accelerometer, and a three-axis magnetometer [21]. Their

outputs yg, ya and ym ∈ R
3 are respectively given by:

yg = ω +δg, (4)

ya = C(q)G+ap +δa, (5)

ym = C(q)m+δm, (6)

where ap ∈R
3 denotes the external acceleration vector of the

body, G = [0 0 g]T is the gravity vector (g = 9.81m/s2),

m = [mx my mz]
T = [||m||cosθ 0 ||m||sinθ ]T repre-

sents the Earth’s magnetic field vector measured in N. The

theoretical model of magnetic field vector nearest to reality

is given in [22] and considers a magnetic field with an

inclinaison angle θ = 60◦ and a vector norm ||m|| = 0.5
Gauss. yg can be often corrupted with a small bias. C(q)
is the rotation matrix, rotating a vector ~n in N to B, defined

as:

C(q) =





2q2
0 +2q2

1 −1 2q1q2 +2q0q3 2q1q3 −2q0q2

2q1q2 −2q0q3 2q2
0 +2q2

2 −1 2q2q3 +2q0q1

2q1q3 +2q0q2 2q2q3 −2q0q1 2q2
0 +2q2

3 −1





(7)

Sensor noises δg, δa, and δm are assumed to be zero-

mean white Gaussian noises mutually uncorrelated with the

following covariance matrices RgI3×3, RaI3×3, and RmI3×3,

respectively.

III. QUATERNION ADAPTIVE KALMAN FILTER WITH

PARSIMONIOUS GYRO DATA

A. The process model

Equation (1) describes the time rate of attitude variation

as a result of rigid body angular rates measured by the gy-

roscope. The discrete-time process of the attitude kinematics

which corresponds to (1) is given by [16]:

qk+1 = Φkqk +wk, (8)

where qk is the quaternion representing the attitude, Φk is

the matrix containing the angular velocity vector yg,k:

Φk = exp(Ωk∆t), (9)

Ωk =
1

2

[

0 −yT
g,k

yg,k −[y×g,k]

]

, (10)



∆t is the sampling period and wk:N (0,Qk) is the process

noise defined as:

wk =−
∆t

2
Ξkδg,k, (11)

Ξk =

[

−~qk
T

[~qk
×]+q0,kI3×3

]

. (12)

As mentioned in Section I, the filter is elaborated with parsi-

monious use of gyro measurements. The approach consists in

shutting-down the gyroscope over a fixed number of samples

and keeping the last angular velocity value in the process

model, periodically. Then, for more convenience, the process

model (8) is modified as follows:

qk+1 = γkΦkqk +(1− γk)Φ
last
k qk + γkwk +(1− γk)w̄k, (13)

where γk can take two values: If gyroscope measurements

are available then γk = 1 else γk = 0, and Φlast
k contains the

last value of angular velocity ylast
g,k taken at the sample before

shutting-down the gyroscope:

Φlast
k = exp(Ωlast

k ∆t), (14)

and

Ωlast
k =

1

2

[

0 −(ylast
g,k )

T

ylast
g,k −[ylast×

g,k ]

]

. (15)

w̄k:N (0, Q̂k) is the process noise vector when angular

velocity measurements are absent. In this case, we impose

an exponential variation to the covariance matrix Q̂k during

missing data periods:

Q̂k = Qlast
k exp(αk∆t) (16)

with α is a constant that should be suitably ajusted and Qlast
k

is the covariance matrix corresponding to the last angular

velocity value taken at the sample before shutting-down the

gyroscope.

B. Observation model

Let us consider the quaternion vectors Ya = [0 yT
a ]

T ,

Ḡ = [0 GT ]T , Ym = [0 yT
m]

T and m̄ = [0 mT ]T associated

respectively with ya, G, ym, and m.

It is well known that Ya and Ym, in discrete time, are related

by the quaternion of rotation qk as follows:

Ya,k = q−1
k ⊗ Ḡ⊗qk (17)

Ym,k = q−1
k ⊗ m̄⊗qk (18)

where q−1
k = [q0,k −q1,k −q2,k −q3,k]

T is the comple-

mentary quaternion. Left multiply qk on both sides of (17)

and (18) and do the difference between both sides in each

obtained equation, lead to the following quaternion pseudo-

observation model [16]:

04×1 = Hkqk + vk, (19)

where

Hk =

(

H1,k

H2,k

)

, (20)

with

H1,k =

(

0 −(ya,k −G)T

(ya,k −G) −[(ya,k +G)×]

)

, (21)

H2,k =

(

0 −(ym,k −m)T

(ym,k −m) −[(ym,k +m)×]

)

, (22)

and

vk =

(

w
q
acc,k

w
q
mg,k

)

=−
1

2
Ξ(qk)

(

ap,k +δa,k

δm,k

)

. (23)

One can note that quaternion-dependent noise, related

to magnetometer w
q
mg,k:N (0,Rmg,k), is known. However,

w
q
acc,k:N (rk,Racc,k), related to accelerometer is unknown

when external acceleration are detected. Therefore, rk and

Racc,k will be adaptively estimated in the filter.

C. Filter design

Once the process and observation models are defined as

the above, the procedure of the proposed q-AKF can be

summarized as follows:

1) Initialize the state estimate q̂0/0 and the error covari-

ance matrix P0/0.

2) Compute the a priori state estimate

q̂k/k−1 = [γkΦk +(1− γk)Φ
last
k ]q̂k−1/k−1. (24)

3) Compute the a priori error covariance estimate

Pk/k−1 =[γkΦk +(1− γk)Φ
last
k ]Pk−1/k−1

[γkΦk +(1− γk)Φ
last
k ]T +[γkQk +(1− γk)Q̂k],

(25)

where

Qk =
∆t2

4
Ξ(qk)RgΞ(qk)

T , (26)

and Q̂k is given in (16).

4) Compute the Kalman gain

Kk = Pk/k−1Hk(HkPk/k−1HT
k +Rk)

−1, (27)

where

Rk =

(

Rmg,k

R̂acc,k

)

, (28)

and

Rmg,k =
1

4
Ξ(q̂k/k−1)RmΞ(q̂k/k−1)

T . (29)

5) Compute the a posteriori state estimate

q̂k/k = (I −KkHk)q̂k/k−1. (30)

6) Compute the a posteriori error covariance estimate

Pk/k = (I −KkHk)Pk/k−1. (31)

The estimated covariance R̂acc,k in (28) is computed using

an adaptive approach [23] to compensate the external accel-

eration.



TABLE I

CHARACTERISTICS OF THE VARIOUS NOISES FOR SENSOR

MEASUREMENTS

Sensors Parameters Standard
deviations

Units

Accelerometer δa 0.05 m/s2

Magnetometer δm 0.05 Gauss
Gyroscope δg 0.05 rad/s

Online estimation of R̂acc,k: The external acceleration ap,k

is unknown in the observation noise (23). Then, we suggest

to estimate its covariance matrix R̂acc,k from the residual

in the accelerometer measurement update rk =−H1,kq̂k/k−1.

Given N consecutive observations from k = k0 −N + 1 to

k = k0, an unbiased estimate of the mean is given by:

r̂k =
1

N

k

∑
j=k−N+1

r j. (32)

Following the method in [23], the unbiased estimation of

R̂acc,k can be obtained such as:

R̂acc,k =
1

2

k

∑
j=k−N+1

(r j − r̂k)(r j − r̂k)
T −

N −1

N
H1, jPj/ j−1HT

1, j.

(33)

IV. SIMULATION RESULTS

This section aims to illustrate the performance of the

designed q-AKF. Some numerical simulations were carried

out to estimate a rigid body attitude based on theoretical in-

ertial and magnetic measurements. We considered an attitude

variation example taken from angular velocity data over 30 s.

The following angular rate values issued from the gyroscope

are simulated:






ωx(t) = 2cos(1.5t)
ωy(t) = −2sin(0.9t)
ωz(t) = 1.5cos(1.2t)

(34)

Then, the kinematic equation (1) and angular velocity ω

given by (34) were used to generate a quaternion q used

as a reference to compare it with the estimated quaternion

from the q-AKF. Moreover, the theoretical outputs of ac-

celerometer and magnetometer are created using (5), (6),

respectively, and the rotation matrix in (7) (computed using

the theoretical quaternion). To represent the sensor imperfec-

tions, an additive random zero-mean white Gaussian noise

was considered for all sensor measurements, with the same

standard deviation (see Table I). A high external acceleration

is added to the accelerometer output. The sampling rate was

chosen as 100 Hz for all measurements.

The theoretical components of the quaternion (reference)

as well as those of the q-AKF were initialized with different

random values which were summarized in Table II. Notice

that this choice allows us to illustrate the convergence of the

filter even though it was initialized far from the actual states.

The initial estimation error covariance matrix is chosen such

as:

TABLE II

INITIAL CONDITIONS

Theoretical model q(0) = [0.3 −0.6 0.75 0.1]T

q-AKF q̂(0) = [1 0 0 0]T

0 5 10 15 20 25 30
0

0.05

0.1

0.15

0.2

Time (s)

E
q

Fig. 1. Quaternion estimation error norm

P0/0 = 0.1I4×4 (35)

Monte-Carlo simulations of 100 independent runs was

realized in all simulation cases. For online estimation of

R̂acc,k as described in (33), N was set equal to 100.

A. Adaptive filter performances with γ = 1

We consider the case where we have full gyro measure-

ments i.e. γ = 1. In order to evaluate the overall performance

of the attitude estimation, we plotted the evolution of the

quaternion estimation error using the following equation:

Eq,k = ||(q−1
k ⊗ q̂k)−1|| (36)

Fig. 1 depicts the convergence of this error towards zero

during the simulated motion. Fig. 2 shows the time history

evolution of the Euler angles (roll, pitch and yaw) estimated

by q-AKF and the QKF proposed by Choukroun et al.

[16]. We chose to express the attitude in Euler angles

representation because it is more intuitive than quaternion

for the reader. The mathematical transformation between the

quaternion and Euler angles was given in [24]. The results

show that the q-AKF can provide the best performance even

during the high external acceleration phases, for example

during the interval (23-30 s). Moreover, the filter perfor-

mance was shown quantitatively using the Root Mean Square

Error (RMSE) which can be written such as:

RMSE =

√

1

T
∑x2(t) (37)

where T is the time interval and x is the computed error.

The RMSE from the q-AKF and the QKF are given in Table

III.



0 5 10 15 20 25 30
0
1
2

 

 
Acceleration Norm (g)

0 5 10 15 20 25 30
−200

0

200

R
ol

l (
°)

 

 
Theoretical q−AKF QKF

0 5 10 15 20 25 30
−100

0

100

P
itc

h 
(°

)

 

 
Theoretical q−AKF QKF

0 5 10 15 20 25 30
−200

0

200

Time (s)

Y
aw

 (
°)

 

 
Theoretical q−AKF QKF

Fig. 2. Euler Angle Estimation

TABLE III

RMSE OF EULER ANGLES ESTIMATION (Q-AKF VS QKF)

Roll (◦) Pitch (◦) Yaw (◦)

q-AKF 12.6233 3.0214 8.9228

QKF 38.5725 10.3664 24.4625

B. Adaptive filter performances with γ = 0

In this case, we considered the scenario where the gyro-

scope is in active mode for a period of M1 = 20 samples

followed by a period of M2 = 20 samples where the sensor

is turned-off (low power mode) (see Fig. 3). This scenario is

repeated periodically during the simulation test. At the end

of M1, we use the last angular velocity value in the next

steps during M2 where the error process covariance matrix

Q̂k was computed as in (16) with α = 20. The results in Euler

angles are given in Fig. 4 and Table IV in static motion. It can

be seen that the q-AKF still robust even 50% of gyroscope

observations are lost (1500 from 3000 samples).

Fig. 3. Gyro acquisition scenario

To give some insight about reducing gyroscope’s use, we

tested the q-AKF with different parsimonious use of gyro-

scope measurements by varying the period size of M2. We

defined a scalar σ describing the variation of RMSE values

under the number of gyro acquisitions l during simulation
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Fig. 4. Euler Angles Estimation Errors

TABLE IV

ROOT MEAN SQUARE ERRORS OF EULER ANGLES

ESTIMATION IN STATIC MOTION

Roll (◦) Pitch (◦) Yaw (◦)

q-AKF with parsimonious gyro’s use 15.7020 3.2984 12.8401

q-AKF with full gyro measurements 11.3820 2.3701 7.3051

test, such as:

σ =
RMSE

l
. (38)

Fig. 5 shows the σ evolution according to various sizes

of M2. This figure represents a compromise between the

estimation accuracy of the q-AKF and the size of low power

mode period M2. We conclude that estimation performance

decreases starting from M2 = 30 samples. However, this

period is still an interesting improvement about the use of

gyroscope.

V. CONCLUSION

In this paper, we have presented the design of a q-AKF

for rigid body attitude estimation using inertial/magnetic

sensors, i.e. accelerometers, gyroscopes, and magnetometers.

The q-AKF was designed with the goal of being able to pro-

duce accurate attitude estimates under external acceleration

and parsimonious use of gyroscope measurements. The filter

was developed with two major contributions. The first one

is to improve the compensation of external acceleration. The

proposed filter does not need the setting of thresholds or

the modelling of external acceleration. Based on the filter

residual in the accelerometer, the external acceleration co-

variance matrix is estimated to adaptively tune the filter gain.

The second contribution is related to the energy consumption

issue of gyroscopes for long-term battery life of IMUs. The

q-AKF was modified to find the best way to parsimoniously

use the gyroscope measurement by turning-off and activating
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Fig. 5. Comparaison of σ of Euler angles (q-AKF with parsimonious
gyro’s use in solid line Vs q-AKF with full gyro measurements in dashed
line)

the output of the sensor alternatively, while maintaining

acceptable attitude estimation. The process noise covariance

is adaptively tuned for optimal compensation of the error.

Future works will focus on a better way for intermittently

use of gyroscope to improve the attitude estimation and on

experimental evaluation of the proposed schemes.
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