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"Restons ce que nous avons toujours été : des gens libres.
C’est devenu suffisamment rare pour qu’on s’accroche ne serait-ce qu’à l’idée."

Enki Bilal

À Céline
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1 Introduction

"Le véritable voyage de découverte ne consiste pas à chercher de nouveaux paysages,
mais à avoir de nouveaux yeux"

Marcel Proust

Since 50 years, biology is undergoing a revolution. Driven by technological progress, the pos-
sibility to investigate the functioning of biological processes at the cellular level are expanding at
an ever-increasing pace. Over the second half of the last century, the expansion of molecular and
cellular biology has been stunning. It is now possible to sequence whole genomes for a few thou-
sands of dollars [81], to get access to the mRNA content of cells in a routine manner [64], to get
access to the protein content of whole tissues [58]. One can also observe protein and mRNA levels
and locations in single cells for extended durations [54, 70]. Besides observing biological processes,
one can also manipulate them with unprecedented capabilities. One can construct and integrate
large genetic circuits [43, 56], synthesize entire genomes [40], hijack metabolism to efficiently pro-
duce biomolecules [69]. These techniques offer enormous opportunities [52]. In biotechnology major
research efforts are invested for the production of biofuel or of high-value biomolecules, and for
the development of biosensors or of bioremediation systems. In medicine, virus-based or cell-based
therapies are envisioned using reprogrammed biological systems that exploit and expand their nat-
ural capabilities to create artificial tissues or even organs. The development of biosensors for drug
screening and design is another application of high interest.

The technological push in modern biology is so strong that it has cleaved the historical domains
of biology, ranging from biochemistry to physiology, into two broad areas: small-scale and large-scale
biology [16]. In a nutshell, small-scale biology -also known as bottom-up systems biology- focuses on
gathering detailed information on the specific components of a particular dynamical process. Data
is often acquired with high temporal resolution and at the single cell or even single molecule level.
Large-scale biology -also known as top-down systems biology- aims at getting a snapshot of the state
of the cell for all biological processes. Because not everything can be observed at the same time,
one distinguishes genomics, transcriptomics, proteomics, metabolomics, etc, according to the focus
on the particular method employed [98, 45]. One of the main issues of large-scale approaches is that
they often offer extensive but disconnected views of biological processes. The integration of these
different views is often extremely challenging at such a scale [98, 45]. Actually, rather than bringing
an increased understanding, these methods have revealed that the complexity of the functioning of
cellular systems was even greater than originally assumed. This currently limits the usefulness of
the "omics" approach. On the contrary, small-scale biology has been more successful in providing
explanations on the functioning of biological processes thanks to a more integrated view [82, 65].
Naturally, it lacks extent. The integration of individual processes in the context of the functioning of
the whole cell is still drastically missing. Therefore, it appears that any form of "mid-scale" biology
that offers a better compromise in depth and breadth of information than existing methods has a
significant potential to contribute to systems and synthetic biology.

Extending the depth/breadth frontier is precisely what modeling can do. Indeed, constructing a
model that involves observed inputs and outputs, and unobserved variables is precisely a way to test
assumptions on unobserved quantities. A striking example is the work of Suter and colleagues in which
promoter properties are deduced from the observation of protein levels [90]. The main conclusion
of the paper is that mammalian genes are transcribed with widely different bursting kinetics, yet
transcription is never directly observed. In this case, modeling and carefully crafted experimental
design were the critical elements that enabled linking an observed quantity, protein levels, with other,
unobserved quantities, transcription rate and promoter bursting. A second example is the work of
Spencer et al [86]. Here the authors relate observed variability in protein concentrations and in time
of cell death via modeling apoptotic pathways and conclude that the naturally occurring differences
in the levels of proteins regulating receptor-mediated apoptosis are the primary causes of cell-to-cell
variability in the timing of death. Here again, the joint use of an appropriate model and of question-
driven experiments has been instrumental to draw the proposed conclusions. Because models can
push the depth/breadth frontier beyong what is currently possible by direct observation, modeling
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has a potentially critical role in biology. One should note however, that genuine contributions of
modeling to biology are still rare. One possible explanation is that it necessitates the combination of
a well-defined biological question, of a question-driven experimental approach, and of the use of an
appropriate modeling framework. Although this seems obvious, in practice, putting together these
three aspects so that they fit perfectly together is an exquisitely delicate work.

Even if it is still rarely the case that modeling can provide solid evidence to draw new conclusions, it
is often the case that modeling is effective to detect inconsistencies between existing data and current
understanding. For example data has been accumulated for many years on bacterial adaptation to
a variety of environmental stresses. Many papers explained adaptation to nutritional stress and the
subsequent changes in expression of many genes by the combined effects of positive and negative
transcription regulators. Yet, careful modeling of the various genetic regulatory interactions that
were assumed to underlie the observed global response lead to inconsistencies and motivated the
systematic analysis of the expression levels of all key genes involved in the nutritional stress response.
This work lead to the striking conclusion that the large majority of expression changes were due
to global changes of the gene expression machinery, rather than to specific control by transcription
factors [15]. Therefore models have a significant role to play in testing the consistency of current
understanding with actual experimental data. it is a critical tool to ensure that novel information can
be aggregated with previous ones on a solid ground.

I started my PhD in 2002 and since then my research deals with computational systems biology.
I addressed a number of diverse problems, ranging from model validation, hypothesis testing, robust-
ness assessment, system design, optimization and control. My contributions include the development
of novel mathematical methods, their implementation in publicly-available tools, the application of
advanced modeling techniques, developed by myself or others, and the joint development of experi-
mental plans and computational procedures to obtain a good integration of wet lab and dry lab data.
Even if the overall objective of my work is to better understand the functioning of cellular processes,
there is a marked trend towards problems that allow for a tight integration between experiment and
modeling. In a sense my research has followed over the years the global trend of systems biology
of being more and more quantitative. But more specifically, I focused on problems that enabled a
good match between modeling predictions and experimental data. If modeling is expected to play an
important role, the experimental setup and the computational framework should be jointly selected
by the wet lab and dry lab biologists.

A second evolution of my research is to gradually evolve from method-driven research to problem-
driven research. In the first case, the object of the research is a methodological tool, such as a
theorem that applies to a particular class of dynamical systems, that is then applied to the most
promising problems. In the second case, the object of the research is a particular biological process
that one wants to understand, hijack for application purposes or control. This problem is solved
using any methods that are appropriate. Naturally, both type of research are of value and both
directions should be pursued. In my experiment, the second direction is superior on a critical aspect:
it guarantees biological relevance of the work. Its potential drawback is that it does not guarantee
the generality of the solution. On a personal level, I found that the first aspect is more important
than the second. Both aspects can of course be combined and it could be argued that the main task
of the person in charge of directing research is to select the most interesting problems, namely those
that originate from a genuine biological question and whose resolution can be generalized to other
related problems. Those problems are probably the most challenging to solve, but also will guarantee
that the research will be original and innovative. They also require broad expertise to appreciate the
specific difficulties on all aspects. On the biological side, the most critical domains of expertise are
molecular and cellular biology. A good knowledge of existing experimental methods is required as
well. On the methodological side, the important domains of expertise are dynamical systems and
control, and computer science. One of the main objective of my research work was to gain some
expertise in these various domains, that strengthen and complement my initial background in biology
and computer science.

In the remainder of this manuscript, I will present and discuss a selection of my works that I
consider representative of my contribution to the domain of computational systems biology and of
my research path. As it will appear I started by considering rather abstract models of gene networks,
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adapted to the level of information that is generally available in systems biology (Chapter 2), then
considered better characterized systems such as synthetic gene networks and extended the previous
framework to a more quantitative setting (Chapter 3). When one assumes that an even more
complete knowledge is available, one can work with distributions of parameters and investigate the
robustness of various properties (Chapter 4). In all the previous works, the work was done in tight
collaboration with biologists, but the biological relevance of the work was assessed based on existing
biological data. The application of modeling to practical control problems offered me the opportunity
to co-supervise, in collaboration with Pascal Hersen (MSC lab CNRS/Paris 7) interdisciplinary work
combining wet and dry lab biology (Chapter 5). I am now importantly involved in the continuation of
this work in several directions and in two other collaborative projects with the Weiss lab for synthetic
biology (MIT) and with the Drasdo group on multicellular system modeling (Bang, INRIA). In the
near future, I plan to continue the development of these research directions that combine modeling
and experiment in an intricate manner (Chapter 6).
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2 Testing the consistency of regulatory interactions in medium-
scale gene networks

"All models are wrong but some are useful"
George Edward Pelham Box

2.1 Qualitative models of large gene networks

During my PhD I worked on a method developed for the modeling of relatively large genetic reg-
ulatory networks (up to 10-15 genes). These networks are made of genes coding for proteins, mostly
transcription factors, and of regulatory influences of the proteins on gene expression. This framework
is appropriate to describe a number of processes that mostly rely on intricate gene regulations. A
number of developmental processes falls into this realm. On can notably mention the responses to
environmental changes, like the sporulation decision in B. subtilis [26] or the adaptation to nutri-
tional stress in E. coli [78] (Figure 1(a)), developmental processes, like flower morphogenesis [61] or
drosophila development [79], and oscillatory behaviors, like cell cycle [35, 25].

For such complex cell processes, the information needed to develop quantitative models is seldom
available. This seriously challenges the biological relevance of the standard quantitative framework
used to model such networks: Hill-type models. These models are differential equation models where
sigmoidal functions (Hill functions) are used to describe regulatory influences of proteins on gene
expression, and more precisely on promoter activity. In particular, when genes are regulated by several
transcription factors, obtaining a quantitative description of the regulation function is particularly
challenging [80]. In most cases however, qualitative information is available on the "logic" of gene
regulation.
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Figure 1: Gene regulatory networks and PADE models. Network of key genes, proteins, and
regulatory interactions involved in the nutritional stress network in E. coli [78]. (b) Piecewise affine
differential equation and parameter inequality constraints for one protein in the network, the topoi-
somerase TopA. This model uses step functions s+.

2.2 Reasoning with qualitative constraints on parameters

Several modeling frameworks have been proposed to deal with this problem, most notably logical
regulatory models [91] and qualitative piecewise-affine differential equations (PADE) systems [28]
(Figure 1(b)). The key idea of PADE system modeling is to abstract Hill functions appearing in
Hill-type models by step functions. Step functions do capture the non-linearity and the saturating
aspects of Hill functions, which are two critical features of Hill functions for biological relevance.
However, the specific shape of the regulatory function, which is generally not known, is abstracted
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away. This framework leads to switched affine systems. In each region of the switched system the
dynamics can be described and solved very easily. More precisely, transitions from one region to
another region can be inferred from qualitative information on parameters. Stated differently, the
globally complex problem is recast in a set of locally simple problems. The analysis of such systems
relies on the computation of a state transition graph that represents the dynamics of the system in
the state space. States represent a partition of the state space into a set of hyperrectangular regions
and transitions represent local reachability between regions.

One of the main issues with this and related formalisms arises from the simplifications that are
employed. The dynamics of the system changes when protein concentrations cross threshold con-
centrations. Within threshold hyperplanes the dynamics is not defined. Even if the set of all regions
that are in one or more threshold hyperplanes, called singular regions, is of measure zero in the whole
state space, these regions cannot be neglected because they often contain attractors of the dynam-
ics. Several attempts to define the dynamics in these regions have been made in PADE and related
formalisms [62, 73]. A mathematically satisfying solution has been proposed by Gouzé and Sari us-
ing Filippov regularizations [42]. In short, the dynamics is defined in singular regions as the convex
combination of the dynamics in neighboring regular regions. This extension leads to differential in-
clusions, defined everywhere, instead of differential equations, defined only almost everywhere [42].
Unfortunately, the analysis of this class of systems necessitated quantitative information on param-
eters. Gouzé and de Jong found that using rectangular combinations in place of Filippov’s convex
combinations makes it possible to compute the state transition graph representing in an abstract
manner the dynamics solely by reasoning with the relative order of the model parameters [28]. This
is critical to solve the original problem in a mathematically well grounded manner with qualitative
reasoning only.

2.3 Model validation

This qualitative framework is ideally suited to test the consistency of our understanding of the
functioning of complex biological processes and on the often heterogeneous and qualitative available
experimental information. Indeed, because one reasons for large sets of parameter values, simply
defined in terms of ordering relations, the predictions obtained by this method are by essence very
robust. Therefore, if an observed behavior is not accounted for by a qualitative model, it seriously
calls for model revision. Developing an approach for testing the validity of qualitative models of
genetic regulatory networks was precisely the topic of my PhD work. The objective is to encode
the observed property in some formal framework and test whether the model satisfies this property
in an automated and efficient manner. This is precisely the objective of model checking [23]. Over
the years, the formal verification community has developed extremely efficient methods for testing
whether discrete transition systems are satisfying dynamical properties, often encoded in temporal
logic [22, 17]. Temporal logics are flexible languages able to express a broad range of dynamical
properties [72]. Therefore this framework is well suited for our problem. However, because the
available information is almost exclusively available in arbitrary units, it is important to be able to
exploit the information on the direction of the variations. Stated differently, although the exact
value of the measures we have is generally meaningless, the information on their change in time
contains valuable information. Unfortunately, the level of abstraction of the classical analysis made
on PADE models, and the one used by similar formalisms, are too coarse to develop discriminant
model validation approaches: often, the sign of the derivative of the variables is unknown, and so
could be matched with any observation. The main technical contribution of my thesis is therefore to
show that with the existing information on parameters, one can make a finer-grained analysis that
leads to a more detailed representation of the dynamics in which derivative signs are known. This lead
me to reimplement the core of the qualitative simulator Genetic Network Analyzer 1 (GNA) developed
by the Helix (now Ibis) group at INRIA [27, 8]. This approach has been applied to the validation of
two models of bacterial stress adaptation responses: sporulation in B. subtilis [26] and nutritional
stress response in E. coli [78]. In the first case, the comparison with experimental data [71] revealed

1. GNA is freely available for academic research at the address: http://ibis.inrialpes.fr/article122.html
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that the observed expression pattern of a protein, Hpr, is incompatible with the model. Further
analysis showed that this observation is also in contradiction with the role generally assumed for
Hpr [89], calling for the experimental validation of Hpr expression pattern. In the second case, we
obtained different discrepancies between model and observations during the entry of E. coli cells into
stationary phase [73]. This motivated the group to initiate an ambitious research program that lead
to the finding that the global regulation of gene expression, neglected in our model as in the vast
majority of the experimental studies, has a major role in the adaptation to nutritional stress [15].
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Figure 2: Model validation. Temporal evolution of the concentration of proteins in the nutritional
stress response network during the transition to stationary phase. (a) Predictions for Fis and CRP
in a path in the state transition graph generated by qualitative simulation. (b) Observation of Fis
concentration (open circles) during the growth-phase transition, as indicated by cell density (closed
circles) [4].

2.4 Scaling up

The proposed approach is based on the automated analysis of a class of differential inclusion
systems obtained by regularizing the dynamics of differential equation systems with discontinuities.
Recently, we found that huge computational gains are possible by using extended step functions [11].
Stated simply, the idea is to define the system directly using differential inclusions, instead of defining
the dynamics with differential equations and regularizing it afterwards. Although, this comes at the
price of a second (modest) over-approximation, it greatly simplifies the presentation of the approach
and, most importantly, the computations to be done. This step has been critical to propose a fully
symbolic representation of the dynamics that enabled the use of highly-efficient symbolic analysis
tools [21]. The computational gains have been obtained this way significantly extended the class of
problems that are solvable via this approach [11]. As often with theory, it takes a lot of efforts to
find a simple solution to a complex problem. But then, thanks to its simplicity, or more precisely to
its high regularity, this solution then offers key advantage for the resolution of the problem.

To illustrate the effectiveness of the approach, we considered the problem of parameter search for
qualitative models (Figure 3(a)-(b)). By considering all possible parameter orderings, it is possible
to explore exhaustively the parameter space. The challenge naturally comes from the combinatorial
explosion of the number of parameter orderings -that is of models to analyze- with the increase of
the size of the system, that is with the number of genes. The efficiency of the approach has been
demonstrated on the redesign of one of the largest synthetic genetic regulatory network constructed
so far [18] (Figure 3(c)-(d)). We have been able to find among thousands of possible qualitative
parametrizations a handful of parameter orderings that guarantee (in theory!) the robust control of
the behavior of the synthetic system.

2.5 Significance and perspectives

Proposed in 2003, the formal verification approach I developed during my PhD was one of the very
first work proposing the application of model checking to systems biology problems [9, 10]. Since
then model checking approaches for systems biology problems became quite popular (for reviews,
see e.g. [30, 46, 36]). To the best of my knowledge, the approach I developed during my PhD

12



(a) (b)

(c) (d)

Figure 3: Network optimization. (a) Representation of the dynamics of a simple gene network,
represented in the state space, for different parameter orderings. (b) Abstract representation of the
dynamics of the system, represented by a state transition graph, for different parameter orderings.
(c) The IRMA network in yeast: a network for in vivo assessment of reverse-engineering and modeling
approaches [18]. (d) Representation in temporal logic formulas of the experimentally-observed gene
expression profiles in IRMA.

for the validation of genetic regulatory network models is still the sole approach able to generate a
fine grained representation of the dynamics adapted to model validation against real-life experimental
data. In retrospect, I explain this by the fact that the approach aiming at defining the problem
at the continuous level, solving the various issues that arise at this level, and then abstracting is
more effective for solving the issues raised by the discretization of the dynamics than those aiming
at defining the dynamics directly at the abstract level. This approach is still lacking the capability
to reason in a compositional manner, so as to exploit the modularity in biological systems, as done
in [60].

Even if the proposed approach is still one of the most attractive approach to make value of
the (essentially qualitative) data that has been produced so far on biological networks, it is not in
phase with a strong global trend in molecular and cellular biology: being more and more quantitative.
Even if the biological relevance of quantitative precision offered by the novel experimental methods
is still often largely questionable (lack of reproductibility, imperfect experimental designs, . . . ), in
terms of perspective it is of high interest to develop approaches that can account for all the available
information. In this respect, synthetic biology can be considered as a niche for developing model-
ing approaches for quantitative systems biology since systems are constructed to be manipulated,
observed and optimized. Therefore, during my postdoctoral stay at Boston University I worked on
adapting the idea of PADE system analysis to the quantitative problems found in synthetic biology.
This line of research is described in the following chapter.

Validation of qualitative models of genetic regulatory networks by model checking: Analysis
of the nutritional stress response in E. coli (2005)
G. Batt, D. Ropers, H. de Jong, J. Geiselmann, R. Mateescu, M. Page and D. Schneider
Bioinformatics, 21(Suppl 1):i19-i28
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The modeling and simulation of genetic regulatory networks have created the need for tools for

model validation. The main challenges of model validation are the achievement of a match between

the precision of model predictions and experimental data, as well as the efficient and reliable

comparison of the predictions and observations. We present an approach towards the validation of

models of genetic regulatory networks addressing the above challenges. It combines a method for

qualitative modeling and simulation with techniques for model checking, and is supported by a new

version of the computer tool Genetic Network Analyzer (GNA). The model-validation approach has

been applied to the analysis of the network controlling the nutritional stress response in Escherichia

coli.

Efficient parameter search for qualitative models of regulatory networks using symbolic model
checking (2010)
G. Batt, M. Page, I. Cantone, G. Goessler, P. Monteiro and H. de Jong
Bioinformatics, 26(18):i603-i610

Investigating the relation between the structure and behavior of complex biological networks often

involves posing the question if the hypothesized structure of a regulatory network is consistent

with the observed behavior, or if a proposed structure can generate a desired behavior. The

above questions can be cast into a parameter search problem for qualitative models of regulatory

networks. We develop a method based on symbolic model checking that avoids enumerating all

possible parametrizations, and show that this method performs well on real biological problems,

using the IRMA synthetic network and benchmark datasets. We test the consistency between

IRMA and time-series expression profiles, and search for parameter modifications that would make

the external control of the system behavior more robust.
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3 Optimization of simple synthetic genetic circuits

"It doesn’t matter how beautiful your theory is, it doesn’t matter how smart you are.
If it doesn’t agree with experiment, it’s wrong."

Richard P. Feynman

3.1 Quantitative yet robust analysis of synthetic genetic circuits

The number of biological processes that have been quantitatively studied with an accuracy that
enables the development of biologically relevant quantitative models is still limited. Nevertheless
their number is steadily increasing and it is likely that this trend will become a major direction in
systems biology in the coming years. This is particularly true in the field of synthetic biology. The
objective of synthetic biology is to develop methods that facilitates the engineering of biological
systems implementing useful functions [3, 84]. Important potential application domains include the
production or biofuels or of other types of biomolecules of technological or medical interest [69], or
the development of novel therapeutic strategies like cell or tissue based therapies [38].

The correct functioning of such systems often involves quantitative aspects, constraining for
example the minimal output amplitude or the maximal response time of synthetic systems. Therefore
the qualitative approaches presented in the previous chapter are not appropriate for such applications.
However, because of the intrinsic noisiness of the functioning of biological systems and the fact
that they should accomplish their functions despite fluctuating environments, traditional quantitative
engineering methods, based on numerical simulation of ordinary differential equation systems, are
not appropriate either. One should design systems that behave robustly for sets of parameters or
perturbations.

3.2 Reasoning with quantitative constraints on parameters

This objective can be met by using an extension of the previously-presented PADE method. In
PADE systems the nonlinear responses of promoter activity, often represented via Hill functions, is
abstracted by step functions. The idea here is to use a less drastic abstraction and use instead so-
called ramp functions, a class of piecewise affine function. By using many segments, Hill functions
can be approximated to any degree of accuracy. As previously, regulation functions describing the
promoter activity as a function of the concentrations of its regulators are constructed by combining
these elementary functions. This leads to a class of piecewise multiaffine (PWMA) models [6, 13].
This class of models has a nice mathematical property: in entire regions of the state and parameter
space, the flow of the system is a convex combination of the flow at extreme points (vertices) of
the region [14, 44]. Therefore, it is easy to identify that the flow is monotonic in some regions: the
flow at all vertices point in the same direction. A more quantitative version of this intuition states
that, given an appropriate partition of the state and parameter spaces, the derivative everywhere
in each region is included in the convex hull of the derivatives at the vertices of this region. It is
then possible to use the same idea as with qualitative PADE models: defining the state transition
graph in which states represent regions of the partition and transitions represent the possibility for
the system to go from one region to another. This graph can again be efficiently analyzed by model
checking. This allows to identify parameter sets for which one can guarantee that a given behavior
is necessarily present or impossible. Because of the approximations that are made, the approach is
conservative. When parameter sets are identified as valid, one has the guarantee that this holds. But
valid parameters might be missed. This happens when because of the approximations, the approach
cannot prove their validity.

To improve the efficiency of the (exhaustive) exploration of the parameter space, one can extend
the approach previously sketched as follows. Instead of fully partitioning the parameter space and
testing each parameter region, one can partition the parameter space in a dynamic manner. Parameter
constraints are added only when needed, leading to a hierarchical approach in which parameter space
partitioning and model verification alternate. This approach has been shown to be much more
efficient [6]. However, it necessitated to work with parameter sets that are not equivalence classes
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(but are unions of equivalent classes) and non-trivial theoretical extensions have been needed [12].
This approach has been implemented in the tool RoVerGeNe (standing for robust verification of gene
newtorks) 2.

(a)
TetR LacI EYFPCI

tetR cI eyfp

aTc

lacI

(b)

ẋtetR = κtetR − γtetR xtetR,

ẋlacI = κlacI ,0 + κlacI (rlacI ,1(xtetR) + rlacI ,2(uaTc)− rlacI ,1(xtetR) rlacI ,2(uaTc))− γlacI xlacI ,

ẋcI = κcI ,0 + κcI rcI (xlacI )− γcI xcI ,

ẋeyfp = κeyfp,0 + κeyfp reyfp(xcI )− γeyfp xeyfp ,

u̇aTc = 0.

Figure 4: (a) Synthetic transcriptional cascade constructed and characterized in the Weiss lab [48].
(b) Piecewise-multiaffine model of the cascade in (a). This model uses so-called ramp functions r.

3.3 Optimization of synthetic circuits: in silico studies

This approach has been applied to the analysis of a genetic circuit made of a cascade of repressing
transcriptional factors [48] (Figure 4). We first generated constraints on protein synthesis parameters
so as to optimize the input/output response of the circuit. We found a set of constraints on protein
production parameters (Figure 5(a)), suggesting biological modifications of the network, such as
tuning ribosome binding sites. Then, we tested the robustness of the newly parametrized system
with respect to variations of all its parameters. We found that the systems is guaranteed to satisfy
the desired behavior for a relatively large set of parameters: the expected property is satisfied by the
system for any parameter fluctuations in ±10% ranges around their nominal values.
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Figure 5: (a) Valid parameters in the parameter space as identified by RoVerGeNe (rectangular
regions) or by brute-force sampling (dots). κlacI , κcI , and κeyfp are production rate parameters for
three proteins of the transcriptional cascade. (b) Steady-state input/output behavior of the cascade
for extreme parameter values in the valid parameter sets represented (a) showing that relevant
parameter constraints have been identified by the approach. The output is expected to remain
between the bounds represented by dotted lines.

2. RoVerGeNe is freely available for academic research. It can be downloaded from the address:
http://iasi.bu.edu/∼batt/rovergene/rovergene.htm
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The property of interest stated that at steady state the output of the system should remain
between given bounds, these bounds depending on the input (Figure 5(b)). Therefore, to express
this property in temporal logic, one typically states that eventually some constraints hold and that
they will then remain always true. To test whether a property eventually hold, one should consider
trajectories of the system where the time diverges (ie is unbounded). Because time is abstracted
away in the state transition graph that is analyzed by model checking, a specific analysis of the
divergence of time in the regions where the attractors lie need to be done before model checking [7].
An extension to capture more quantitative constraints on the time spent in regions of the state
space has been carried out subsequently using timed automata and timed logics instead of discrete
transitions systems and temporal logics [59].

3.4 Significance and perspectives

One should insist here on the computational difficulty of the problem. Indeed one tries to prove
that a global dynamical property holds for a 4 dimensional nonlinear system and for all parameters
in an 11 dimensional parameter space. We have demonstrated that the approach is computationally
feasible for systems of reasonable complexity as typically encountered in the field (the typical size of
synthetic gene network is 2 to 6 genes). Yet, scalability to larger systems would be an issue, since
the complexity of the approach scales exponentially with the dimensionality of the system.

However, the main drawback of this and the previous approach on PADE models is that the
discrete abstractions suffer from the well-known transitivity problem. In short, the problem is en-
countered when solutions can go from a region A to a region B, and from a region B to a region C,
but no solution traverses the A, B, and C regions. Such information will be lost in the abstractions in
which transitions from A to B and from B to C will exists. There is no information to infer that the
sequence of transition A→B →C is not valid. As a consequence, one might not be able to prove that
some property hold based on the state transition graph. For large classes of properties of interest
the conservativeness of the approach might prevent from performing informative analyses. This is
an intrinsic limitation of any approaches using discrete abstractions. A second limitation comes from
the treatment of parameter uncertainties. In our models, parameters are assumed to lie in sets,
however, they can in principle vary in a unbounded manner in these sets across time. While it is true
that parameters are likely to fluctuate in time, assuming that all temporal variations are admissible
within the given bounds leads to overly conservative results. An alternative approach is to work
with parameter distributions. That is, instead of set-valued uncertainties we consider probabilistic
uncertainties. This second approach is employed in the next chapter.

Robustness analysis and tuning of synthetic gene networks (2007)
G. Batt, B. Yordanov, C. Belta and R. Weiss
Bioinformatics, 3(18):2415-2422

The goal of synthetic biology is to design and construct biological systems that present a desired

behavior. The construction of synthetic gene networks implementing simple functions has demon-

strated the feasibility of this approach. However, the design of these networks is difficult, notably

because existing techniques and tools are not adapted to deal with uncertainties on molecular con-

centrations and parameter values. We propose an approach for the analysis of a class of uncertain

piecewise-multiaffine differential equation models. This modeling framework is well adapted to the

experimental data currently available. Moreover, these models present interesting mathematical

properties that allow the development of efficient algorithms for solving robustness analyses and

tuning problems. These algorithms are implemented in the tool RoVerGeNe, and their practical

applicability and biological relevance are demonstrated on the analysis of the tuning of a synthetic

transcriptional cascade built in Escherichia coli.
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4 Investigating dynamical properties of complex networks

"Un état dangereux : croire comprendre"
Paul Valéry

4.1 Quantitative analysis of large biological networks

In my previous works, I considered methods that enabled to reason for sets of parameters. The
preeminent advantage of these approaches is that they provide robust predictions of the possible
behaviors of the biomolecular system under study. Given the usually high level of uncertainty on
precise mechanisms of biomolecular reactions, initial conditions and parameter values, this aspect is
of utmost importance for systems and synthetic biology applications. By using highly efficient tools
from formal methods, one can exhaustively test dynamical properties of interest in the whole state
and parameter spaces. The exhaustiveness of the search is important for model (in)validation. We
have been able to identify that a previously-proposed qualitative model of nutritional stress response in
E. coli cannot account for the observed protein variations during and after the transition to stationary
phase or to propose robust network modifications to improve the all-or-none response of a synthetic
transcriptional cascade in E. coli.

However, these approaches suffer from discrete abstraction problems. In both cases, the idea is
to partition the state space, compute local reachability properties (ie reachability between regions of
the partition), and define a state transition graph where nodes are regions and transitions represent
the possibility to go from one region to another. Therefore this state transition graph is an abstract
representation of the dynamics: to each trajectory of the original system corresponds a path in the
graph. The problem comes from the fact that the converse does not necessarily hold: some paths in
the graphs correspond to no real trajectory. The fact that one trajectory can reach region B from A
and that another con reach region C from B will result in the presence of a path reaching C from A
in the graph irrespectively of the existence of trajectories of the original system reaching C from A:
discrete abstraction creates spurious trajectories. They often severely limit the prediction capabilities
of discrete-abstraction-based approaches.

A well-known alternative to model parameter uncertainty is to work with the set of trajectories
that one obtains by considering dynamical systems with parameter distributions. The behavior of such
systems can then be seen as an (infinite) number of trajectories forming "tubes" of various densities in
the state space. Like discrete abstraction methods, scalability is an issue. When the size of the system
increases, the volume of the space to analyze or to sample increases exponentially. Moreover, because
biologically-relevant distributions for parameters and initial conditions have generally an unbounded
support (e.g., normal and log-normal distributions), a very broad diversity of behaviors are possible
with low probability. Therefore one is then confronted to the analysis of a large number of trajectories
to systematically investigate and visual inspection rapidly becomes impractical. The strategy we
developed is to use temporal logic to define the properties of interest and (a quantitative version of)
model checking to test whether (or more precisely how well) the trajectories satisfy the expected
properties.

4.2 Reasoning with large sets of trajectories

Typical properties that interest systems and synthetic biologists include verifying that the output
of a three-stage transcriptional cascade in E. coli has reached the desired value in at most 7 hours, or
that caspase-3 is never activated before caspase-8 during apoptosis in certain mammalian cell lines.
Then, how can one relate these biological properties with the (infinite) set of trajectories generated
by the corresponding models? Because parameter distributions are generally unbounded, asking that
such properties always hold does not make much sense. In fact, one would like to get a score on
how well trajectories satisfy the properties of interest so that statistics or optimization can be made,
typically for robustness evaluation or optimization purposes.

The solution that we proposed is to use temporal logic to encode the desired dynamical properties
and a quantitative interpretation of their satisfaction or violation. The notion of satisfaction degree

18



of a temporal logic property captures whether a specific behavior satisfies (or violates) robustly the
property. With this tool, one can then represent graphically in the space of parameters or of initial
conditions the satisfaction degree of various properties, use them to perform statistics or optimization,
or even apply global sensitivity analysis methods to identify the parameters that are most influential
for the property [76, 88].

In what follows, this idea is applied to two problems. In the first case, we propose to use temporal
logic as a property specification language and present a computational framework that enables the
computation of the robustness of many properties in a unique setting. In the second case, we show
that temporal logics can be used to encode precisely observed system behaviors and that this enable
to systematically challenge model predictions for various experimental observations and cell types.

4.3 Application to robust timing of a synthetic transcriptional cascade

In a seminal paper Kitano defined the robustness of a property a of a system s with respect to a set
of perturbations P as the average of an evaluation function Ds

a of the system over all perturbations
p ∈ P , weighted by the perturbation probabilities prob(p) [53]: Rs

a,P =
∫
p∈P

prob(p) Ds
a dp

Unfortunately, Kitano does not provide much information on how to define the so-called evaluation
function Ds

a of the system. This function should determine if the system still maintains its function
under a perturbation and to what degree. The evaluation function needs to be defined for each
specific problem in an ad-hoc manner. In [74, 75] we introduce the notion of satisfaction degree
sd(Tp, φ) of a trajectory Tp of the system under perturbation p with respect to the temporal logic
property φ and show that one can then provide a generic computational for the robustess simply by
using sd(Tp, φ) in place of Ds

a in Kitano’s definition.
In [75] we investigate whether the transcriptional cascade constructed in [48] and presented in

the previous chapter can robustly be used as a biological timer. The response of the cascade to the
addition of an inducer is characterized by a rapid increase of the fluorescence preceded by a significant
lag-phase. This system could therefore be used as a timer for synthetic biology applications, for
example for developmental programs. Unfortunately, the heterogeneity of the cell responses may
prevent its robust use as a timer. Indeed, having even a low proportion of cells sending a signal too
early or too late might compromise the correct functioning of the whole system.

To investigate the robustness of the "well-timed" behavior of the cascade, we developed a Hill-
type model and searched for parameter distributions that fitted the observed mean and variance.
Then simulation and model checking showed that the property was not fully robustly satisfied and
global optimization was used to optimize the robustness of the behavior of the cascade. Interestingly,
with the proposed parameter modifications, the variability is reduced at moments that are important
for the specification as expected, but increased at less constrained times, suggesting the existence of
a robustness/fragility trade-off.

Finally, we used global sensitivity analysis to study how parameter changes affect the robustness
of the property. Our analysis suggested that heterogeneities in growth rates have a strong influence
on the robustness of the property and that the performance of the cascade is limited by the fact that
one repressor is not fully able to robustly repress its target gene.

4.4 Application to the comparison of different apoptotic responses in different
cell types

In higher eukaryotic cells, a given environmental signal is processed in different manners in different
cell types. Although the identification of the exact origins of such differences is still an open problem
of major importance, experimental evidence indicates that subtle differences in the concentrations
of signal transduction proteins may have an important impact. In [1], Sorger and colleagues provide
detailed experimental data on extrinsic apoptosis in three cell types and propose a model of this
pathway for these three different cell types. In agreement with the current understanding, cell
type models have the same set of reactions but different initial protein concentration distributions.
However, in [1] model predictions have not been systematically compared with the produced data.
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In [88], we encode in temporal logic a set of observation dealing with the relative order of caspases
activation, the necessity of mitochondria outer membrane permeabilization (MOMP) for effector
caspase activation, and the survival of cell lines overexpressing Bcl2. All these properties deal with
the role of mitochondria in cell death and are interchangeably used to classify cell lines in two types:
type I (mitochondria independent death) and type II (mitochondria dependent death). Then, using
simulation and model checking, we systematically tested the consistency of all observed behaviors
with respect to all cell lines. This systematic procedure illustrated that these three properties are not
equivalent and therefore result in inconsistent type I/II cell line classifications.

Figure 6: Property-based model analysis framework. Heterogeneous observations on the system are
formalized as STL properties. Consistency between model and experimental observations is tested
via STL diagrams and population data. Inconsistencies can be resolved via property-guided model
revision. In contrast to the DLE-based approach proposed by Aldridge and colleagues [1], STL
properties explicitly encode specific aspects of cell’s response, in our case, of the role of mitochondria
in type I/II apoptosis.

4.5 Significance and perspectives

The analysis of large ODE models is challenging. To obtain a reasonable picture of the dynamics,
one needs to simulate many trajectories for many different initial conditions and parameter values.
Visual inspection of the resulting set of trajectory then becomes impractical.

Temporal logics are property specification languages. They allow to express a broad class of
observed or expected behaviors in a precise manner. Moreover recent theoretical developments
introduced the notions of satisfaction degree for temporal logic formula evaluated on numerical traces.
This is a significant contribution since the usual tools for the analysis of high dimensional systems
(global sensitivity analysis, global optimization, etc) operate on real-valued quantities. Using the
natural Boolean interpretation of temporal logic formulas would be inappropriate. A last advantage
of temporal logics is their simplicity. A number of interesting properties can be expressed in an intuitive
manner. On the negative side, the apparent simplicity to express properties can be misleading. It is
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sometimes difficult to identify that what one has written is not exactly what one intended to write.
Still, one should hope that these formal methods will be widely adopted by computational biologists
working in systems and synthetic biology communities.

In comparison to the set-based approached presented in the previous chapters, deterministic
models with parameter distributions adopt an other extreme view on parameter values. As seen
previously, in set-based approaches, parameters can vary in an arbitrary manner across time within
given bounds. That is, the model does not exclude behaviors in which parameters would jump at
each time instant between two extreme values. This is obviously not realistic. In the probabilistic
models that we presented here, parameters are initially sampled according to distributions, but then
keep their values in time. Given that the physiology of the cell necessarily changes in time, let alone
because it ages, this assumption is certainly not valid either. Therefore efforts should be made to
develop a modeling framework in which parameters could slowly change in time. Experimental efforts
should accompany these modeling developments to provide data to constrain the novel parameter
fluctuation models. This will be all the more important that the duration of the experimentation
increases.

A general computational method for robustness analysis with applications to synthetic gene
networks (2009)
A. Rizk, G. Batt, F. Fages and S. Soliman
Bioinformatics, 25(12):i169-i178

Robustness is the capacity of a system to maintain a function in the face of perturbations. It is

essential for the correct functioning of natural and engineered biological systems. Robustness is

generally defined in an ad-hoc, problem-dependent manner, thus hampering the fruitful develop-

ment of a theory of biological robustness, advocated by Kitano [Mol Syst Biol, 3:137, 2007]. In

this paper, we propose a general definition of robustness that applies to any biological function

expressible in temporal logic LTL, and to broad model classes and perturbation types. Moreover,

we propose a computational approach and an implementation in BIOCHAM 2.8 for the automated

estimation of the robustness of a given behavior with respect to a given set of perturbations. The

applicability and biological relevance of our approach is demonstrated by testing and improving the

robustness of the timed behavior of a synthetic transcriptional cascade that could be used as a

biological timer for synthetic biology applications.

STL-based analysis of TRAIL-induced apoptosis challenges the notion of type I/type II cell
line classification (2013)
S. Stoma, A. Donzé, F. Bertaux, O. Maler, G. Batt
PLoS Computational Biology, 9(5):e1003056

Extrinsic apoptosis is a programmed cell death triggered by external ligands, such as the TNF-

related apoptosis inducing ligand (TRAIL). Depending on the cell line, the specific molecular

mechanisms leading to cell death may significantly differ. Precise characterization of these differ-

ences is crucial for understanding and exploiting extrinsic apoptosis. Cells show distinct behaviors

on several aspects of apoptosis, including (i) the relative order of caspases activation, (ii) the

necessity of mitochondria outer membrane permeabilization (MOMP) for effector caspase acti-

vation, and (iii) the survival of cell lines overexpressing Bcl2. These differences are attributed to

the activation of one of two pathways, leading to classification of cell lines into two groups: type

I and type II. In this work we challenge this type I/type II cell line classification. We encode the

three aforementioned distinguishing behaviors in a formal language, called signal temporal logic

(STL), and use it to extensively test the validity of a previously-proposed model of TRAIL-induced

apoptosis with respect to experimental observations made on different cell lines. After having

solved a few inconsistencies using STL-guided parameter search, we show that these three criteria

do not define consistent cell line classifications in type I or type II, and suggest mutants that are

predicted to exhibit ambivalent behaviors. In particular, this finding sheds light on the role of a

feedback loop between caspases, and reconciliates two apparently-conflicting views regarding the

importance of either upstream or downstream processes for cell-type determination.
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More generally, our work suggests that these three distinguishing behaviors should be merely

considered as type I/II features rather than cell-type defining criteria. On the methodological

side, this work illustrates the biological relevance of STL-diagrams, STL population data, and

STL-guided parameter search implemented in the tool Breach. Such tools are well-adapted to the

ever-increasing availability of heterogeneous knowledge on complex signal transduction pathways.
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5 Computer-assisted control of biocellular processes

"What I cannot control, I do not understand."
Freely adapted from Richard P. Feynman

5.1 Real-time control in systems and synthetic biology

How predictive can models be? This question is critical for quantitative systems biology. The
objective of this field is to propose explanation to observed phenomena in terms of well defined
biological processes. Adaptation to an hyper-osmotic stress in yeast results from the activation of
enzymes via a signal transduction pathway and subsequent synthesis of glycerol. To test whether our
understanding can quantitatively explain observations, models are proposed that should at the very
least account for the observations, and in the best cases, should predict new situations.

Yet, it is apparent that models have a very limited predictive power. It is rarely the case that a
model developed to account for observation made in one specific context extends easily to obser-
vations made in a slightly different context. Does it indicate that our understanding is inaccurate
or is it something that is to be expected given the importance of the cellular context for biological
processes? This is a very fundamental question at the core of systems biology research.

To address this problem, I proposed to consider real-time model predictive control (MPC) prob-
lems. Given a target temporal profile for the output and a model of the system, the problem is to
find how to play with the input so that the desired output behavior is obtained. In close collaboration
with Pascal Hersen, we developed an automated experimental platform that in real time observes the
current state of a biological process (outputs) and acts on it (inputs) based on algorithms for state
estimation, parameter inference and active control.

With this platform, one can investigate model predictive power from different perspectives. How
performance degrades when observation times are more distant in time? Answering this question will
give us valuable information on the predictive horizon of our models. Can we get better performance
with more detailed models? Answering this question enables us to compare the predictive power of
different models.

5.2 Proof of principle: controlling gene expression in yeast

To demonstrate the potential of the approach, we considered the problem of controlling gene
expression in yeast cells by using a osmoresponsive promoter and applying osmotic stresses to cells.
The platform integrates microscopy for monitoring gene expression at the cell level, microfluidics to
manipulate the cells environment, and original software for automated imaging, quantification, and
online learning or control (Figure 7). The challenges reside in the tight integration of all the platform
components and the real time constraint. In particular, the image processing step should be robust
enough to be able to track single cells over the full course of the experiment (15hrs) without human
assistance. Yet the image analysis process should not last longer than 2 to 3 minutes. All other
elements of the platform should comply with the same robustness and efficiency criteria.

An extremely simple model of the osmostress response pathway has been used. We showed that
this model alone is not able to propose temporal input profiles that lead to accurate results (Fig-
ure 8(E)-(F); open loop framework). However, when one uses observations on the current state of
the cell to adapt the control policy, good control performances are obtained (Figure 8(A)-(D)) [95].
To appreciate the difficulty of the control problems that we addressed, one should keep in mind that
the controlled system, a yeast cell, is an extremely complex and partially known dynamical system
and that the controlled process, gene expression, is intrinsically stochastic. We are currently investi-
gating the effects on control performance of decreasing the sampling rate (in the current framework,
observations are made every 6 minutes) or of using more complex models in the controller [97]. This
should provide valuable information on the current state of our understanding of the hyperosmotic
stress response pathway in yeast.
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Figure 7: A platform for real-time control of gene expression in yeast. Yeast cells grow as a monolayer in a

microfluidic device which enables to rapidly change the cells’ osmotic environment (valve, blue frame) and to

image their response. After image processing (orange frame) the measured yECitrine fluorescence, either of

a single cell or of the mean of all cells, is sent to a state estimator connected to a MPC controller. A model

(center, black frame) of pSTL1 induction is used to find the best possible series of osmotic pulses to apply

in the future so that the predicted yECitrine level follows a target profile. At the present time point (orange

disk), the system state is estimated (green) and the MPC searches for the best input profile for the next 2

hours (blue curve). The selected hyperosmotic profile is sent to the microfluidic command. This control loop

is iterated every 6 minutes.

5.3 Significance and perspectives

In addition to be a valuable tool to investigate the importance of various factors on the predictivity
of models, our real-time control platform is a unique tool for systems biologists to realize well-
controlled physiological modifications of the level of proteins in live cells. Stated differently, this
enables biologists to perturb cellular processes with an unprecedented accuracy. This can be a very
important contribution to dissect the functionning of many biological processes, since identification
theory clearly indicates, that the possibilities to understand (ie identify) a process is limited by the
possibilities to perturb it (notion of practical identifiability) [96]. This platform also offer perspectives
for synthetic biology applications. Indeed, one could separate the actual biological processes that are
of interest for the biotechnology or medical application from its control. Indeed, so far, the goal of
biologists is to engineer cells that implement a desired function in a fully automated way, meaning
that process and control were implemented within cells. However, in many cases it turned out that
implementing complex control functions in cells was challenging. Therefore, by offering the possibility
to externalize part of the problem, we might offer important solutions to synthetic biology.

Despite the fact that the importance of control theory for systems and synthetic biology has
been widely recognized for more than a decade [24, 50], the actual use of in silico feedback loops to
control intracellular processes has only been proposed recently. In 2011, we were the first to show
that the signaling activity in live yeast cells can be controlled by an in silico feedback loop [94]. Using
a proportional-integral (PI) controller we controlled the output of a signal transduction pathway by
modulating the osmotic environment of cells in real time. More recently, Toettcher et al. used
elaborate microscopy techniques and opto-genetics to control in real time and at the single cell level
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Figure 8: Real-time control of gene expression can be achieved at the population level. (A) and (B) Set-

point control experiments with different target values (red dashed line). The timeline of osmotic events is

shown at the bottom of each graph (see color code for shock durations, bottom). Shock starting times

and durations are computed in real-time. The measured mean cell fluorescence is shown as solid blue lines.

The enveloppes indicate standard deviation of the fluorescence distribution across the yeast population. (C)

and (D) Tracking control experiments. In both cases, the mean level of fluorescence successfully follows the

time-varying target profile. (E) and (F) Open-loop control experiments. Two examples of open-loop control

(the osmotic inputs were computed using our model, before starting the experiments) showing poor control

quality. Errors accumulate over time. The simulated behavior of the system is represented in violet.

the localization and activity of a signal transduction protein (PI3K) in eukaryotic cells [92]. Also using
optogenetic techniques, Milias-Argeitis et al. managed to control the expression of a yeast gene to
a constant target value over several hours [63]. Their approach is based on a chemostat culture and
is therefore better adapted to biotechnological applications than to probing biological processes for
single-cell quantitative biology applications. These works have been reviewed in Chen et al. [20].

Long-term model predictive control of gene expression at the population and single-cell levels
(2012)
J. Uhlendorf, A. Miermont, T. Delaveau, G. Charvin, F. Fages, S. Bottani, G. Batt and P. Hersen
PNAS, 109(35):14271-14276
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Gene expression plays a central role in the orchestration of cellular processes. The use of inducible

promoters to change the expression level of a gene from its physiological level has significantly

contributed to the understanding of the functioning of regulatory networks. However, from a

quantitative point of view, their use is limited to short-term, population-scale studies to average

out cell-to-cell variability and gene expression noise and limit the nonpredictable effects of internal

feedback loops that may antagonize the inducer action. Here,we showthat, by implementing an

external feedback loop, one can tightly control the expression of a gene over many cell generations

with quantitative accuracy. To reach this goal, we developed a platform for real-time, closed-loop

control of gene expression in yeast that integrates microscopy for monitoring gene expression at

the cell level, microfluidics to manipulate the cells? environment, and original software for auto-

mated imaging, quantification, and model predictive control. By using an endogenous osmostress

responsive promoter and playing with the osmolarity of the cells environment, we show that long-

term control can, indeed, be achieved for both time-constant and time-varying target profiles at

the population and even the single-cell levels. Importantly, we provide evidence that real-time

control can dynamically limit the effects of gene expression stochasticity. We anticipate that our

method will be useful to quantitatively probe the dynamic properties of cellular processes and drive

complex, synthetically engineered networks.
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6 Conclusion and future directions of research

"For success, attitude is equally as important as ability."
Walter Scott

6.1 Cells as members of a population

The investigation of the functioning of cells at the molecular level has so far mostly been addressed
at the cell population level. Standard molecular biology techniques provide population-averaged
measurements of cellular compounds and activities. Yet, recently, great progress has been been
made in single-cell measurements, revealing a significant cell-to-cell variability [66, 87]. Although
cell-to-cell variability at the molecular level does not always generate physiological differences [2],
it has been shown in a few cases at least that variability must be accounted for to explain certain
cellular processes [68, 34].

One can distinguish two different causes of "noisy" cell behaviors. The first and most obvious
cause is the stochasticity of biological processes [66, 87]. Indeed at the molecular level, biological
reactions rely on the stochastic encountering of individual molecules. The second cause is unobserved
deterministic factors. Differences in initial molecular content, in cell size, in cell age, or in local cell
density can cause heterogeneous cell responses to an homogeneous stimulation, and therefore an
apparently noisy behavior [85, 99, 49]. In any observed biological process, biological variability
originates from both sources, with one possibly dominating the other. It is important to be able
to distinguish these two types of variability, since a lot of biological knowledge can be learned by
identifying unknown deterministic causes. Modeling can help to disentangle those two types of noise.

However, from a modeling and system identification point of view distinguishing these noises
is challenging [41, 93]. Not only it necessitates appropriate high quality data but also effective
parameter estimation methods. Indeed the stochastic nature of reactions is generally captured by a
class of stochastic models based on the chemical master equation, and the unknown deterministic
influences are generally captured by models with parameter distributions. The problem of parameter
estimation of stochastic models with multidimensional parameter distributions is open. Actually,
approximate methods have been recently developed for the first extreme case, where all the variability
is assumed to exclusively originate from molecular noise, with good performances [67, 97]. However,
no efficient method has been proposed so far for the estimation of deterministic models with parameter
distribution, the other extreme case, based on single cell data. One should note that the method
used by Zechner and colleagues does support the identification of models mixing the two sources of
variability mentioned above [97]. However, no analysis has been made to evaluate the capability of
the proposed approach to appropriately proportionate the two influences on the overall variability.

The naive approach for the identification of deterministic models with parameter distributions
would be to fit a model to the mean behavior and from this fit, refit the model to single cell data.
This way, one would obtain a set of "individual-cell" parameters. One could then identify the multi-
dimensional distributions that describe the identified set of parameters. The major drawback of such
an approach is that one has no guaranty that this gives an acceptable model of the population. Indeed
if one resamples parameters in the identified distributions, and computes the simulated population
behaviors, large deviations are encountered. With the Ferari-Trecate group (Pavia Univ.), we inves-
tigate the use of mixed effect parameter identification methods to identify parameter distributions
from single cell videomicroscopy data generated in the Hersen lab (CNRS/Paris 7). Importantly mixed
effect methods capture parameter multidimensional correlations and search for distributions that fit
the behaviors of the entire population [29]. This will be critical for the identification of biologically
meaningful models.

This framework then enables to assign specific parameter values to specific cells. Therefore
this directly addresses questions related to cell individuality. How effective are single cell models
in predicting the cell behavior? For how long is the predictive power of the model better than the
one of the mean model, or stated differently how long is this individuality preserved? What are
the connections with protein mixing times as introduced by Sigal et al [83]? We investigate these
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questions in the context of long-term prediction of a cell population subjected to repeated TRAIL
applications as described in more details in the following section.

6.2 Cells within their environment

Environment matters. It is clear that growth conditions affect the cell physiology and hence all
biomolecular processes. However, how and to which degree is a specific biological process affected
by environmental changes? This question is too often neglected. In bacterial systems it has been
shown that the probability of switching from growth on glucose to growth on lactose depends on
cellular growth rate and is not purely stochastic as postulated earlier [77]. At a much larger level, it
has been shown that gene expression is globally affected by growth conditions, and that this global
influence plays a major regulatory role in the orchestration of the adaptation response [15]. This has
consequences in systems and synthetic biology applications since biological systems are often analyzed
or developed in conditions that are different from the standard, natural or operating, conditions. In
eukaryotic cells, and most notably in mammalian cells, endogenous and ectopic genes are subject to
epigenetic modifications and silencing [51]. Growth conditions, such as possible oxidative stresses,
are known factors that influence the epigenetic status of genes. But the main determinants are still
unknown. This is a major issue for the development of predictive functional systems in mammalian
synthetic biology. Similarly, the contribution of environmental changes to the orchestration of cell
responses in the human body is de facto neglected in most of the in vitro studies. This may severely
hamper our capacity to understand and interfere with cell functioning for systems or pharmaceutical
biology.

To detect the influence of environmental factors and assess their impact, quantitative approaches
are needed. To obtain a quantitative understanding of the system in its changing environment, one
needs to model the system and its environments, and to obtain the corresponding data. In what
follows, I will describe two problems and for each of those, envision the approaches that can be
developed.

The first problem that we considered is the creation of a patterning system. More precisely,
we consider engineered yeast cells derived from [19] whose growth depends on a small diffusible
molecule, IP, in a band pass manner. That is, growth is possible only when the IP concentration is
within given bounds. In effect, two "killing modules", a low threshold and a high threshold, have
been implemented to trigger cell death outside the desired IP range. Moreover, these cells have been
engineered to produce IP in an inducible manner. Therefore, in principle this system could exhibit
patterning capabilities on solid media, typically agar plates. Indeed different initial seedings will result
in different non trivial configurations of the system in time. In this project, our objective is to develop
models of the intracellular synthetic network and of cell growth in solid environments, tune these
models based on data collected independently, and test the accuracy of our predictions for the full
system. Deviations from model predictions will indicate differences in the functioning of the system.

The development of such systems is difficult. Indeed, one typically considers a dynamical system
with a dynamical structure. Indeed, unlike standard problems, the structure of the system itself (ie
cell number and cell locations) is changing with time. This cannot be neglected. Moreover, the scale
of the phenomena spans several orders of magnitude, from the cell size to the Petri dish. Therefore
one should employ multiscale methods. This work is done in collaboration with the groups of Ron
Weiss (MIT) for the synthetic biology constructions and of Dirk Drado (INRIA) for the cell-based
spatial simulations.

A second problem of interest is understand how the geometry of the cell population affects tissue
response. In most studies the cell response is characterized in monolayer conditions. This notably
gives access to single cell behaviors. However, in vivo, cells adopt more complex 3D organizations.
For example, cancer cells form spheroids at the early tumor stages. Such spheroids can be recreated
in vitro but cell observations is more difficult. This explains at least partly why drug testing and drug
treatment optimization is mostly made in vitro on monolayer [55]. However, it is unclear how those
results will transpose to spheroids or even to in vivo tumors. Indeed, the 3D structuration of the
tissue affects the physical accessibility of cells in the tissue (molecular diffusion) and possibly the cell
physiology as well (contact inhibition). Following the strategy employed in the previous project, the
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idea here is to combine a model of cell death following anti-cancerous treatment calibrated based on
monolayer cell cultures with a 3D model of spheroid growth and molecule diffusion and compare model
predictions with experimental data. Deviations from predictions will indicate important differences
between cell responses in different conditions. These findings will likely guide the development of
novel therapeutic strategies.

Existing 3D models of tumors growth have already been developed by collaborators in the Bang
research group (Dirk Drasdo Multi-cellular Systems group) [39, 32, 47]. A challenging missing piece
is a model of long term cell response to drug treatments. For example, even if TRAIL is one of the
most studied and best characterized death-inducing molecule [31], the quantitative understanding of
the effect of repeated TRAIL additions on (monolayer) cells is still missing [37]. It has been shown
that accounting for cell-to-cell variability was essential for explaining the observed variable delay in
the times of death following Trail treatment [86]. However, the solution proposed to implement
cell-to-cell variability does not allow for long term predictions: cell heterogeneity is modeled using
distributions on protein concentrations, serving as initial conditions of the simulation. Clearly, this
heterogeneity is cast into stone at the beginning and cannot be regenerated with time in the surviving
population. Therefore, we extended this model with stochastic gene expression processes generating
the same steady state distributions but able to dynamically capture protein fluctuations. Preliminary
results suggest that our extended model is able to capture the observed reversible resistance of the
population of surviving cells. Equipped with these two models one can test consistency between model
predictions and recently published data on spheroids TRAIL treatments [57]. The development and
validation of such tools will hopefully prove valuable for many therapeutic studies.

6.3 A platform for well-controlled physiological perturbations

To provide means to better control intracellular processes, we have developed a platform for real-
time control of gene expression. As described in the previous chapter this platform enables to control
the concentration of a protein in a time-varying manner at the single-cell level with unprecedented
accuracy. At the same time a few other works have been published on this problem using different
approaches and different focuses but with comparable accuracy. Collectively, these works have at-
tracted quite some attention from the community and press 3. Possible extensions can be classified
in two groups: further methodological developments and novel applications. In what follows, I briefly
present perspectives for each research direction.

Methodological developments are needed to produce data of even higher quality and develop
models that make even better use of the available data. Getting quantitative readout, devoid of
biological or optical artifacts, for each cell along the entire experiment in an automated manner
necessitates in fact non-trivial image processing techniques and tools. Excellent image segmentation,
tracking, and whenever possible, lineage reconstruction are needed is one wants to get biologically
relevant conclusions. We are working with the BioComputing group in Lille in this direction. The
use of the novel optogenetics methods in place of osmotic stresses to trigger gene expression would
also be beneficial since it would limit the influence of the input on the cell under investigation (better
orthogonality) [5].

To make better use of available data during control experiments one needs to have efficient state
reconstruction methods and control algorithms. In collaboration with Eugenio Cinquemani (IBIS
group, INRIA) and Alessandro Abate (Oxford Univ.) we develop methods for stochastic systems.
We expect that these methods will outperform their deterministic counterparts in conditions of single
cell control. This would be the first experimental demonstration that stochastic models and methods
improve our prediction capabilities at the single cell level. A second direction for improving single
cell control is to tune the parameters of deterministic models to the individual cell that is controlled
based on either mixed effect model parameter distributions or online learning methods.

The second main research direction deals with novel applications. Our publication in PNAS was a
proof of concept for real-time control in yeast. It simply showed that closed loop control was possible

3. ’Cyborg’ yeast genes run by computer appeared in BBC news and Une étape de plus vers la pleine maîtrise du

vivant appeared in l’Humanité Dimanche describing the works of Lygeros, Khammash, El Samad and colleagues, and
Hersen, Batt and colleagues, respectively
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with good accuracy in a simple eukaryotic cell. Going beyond the proof of concept and demonstrating
that real-time control can be developed for higher eukaryotic cells are two natural extensions of our
previous results.

In the context of the INRIA/INSERM "action d’envergure" project that notably aims at under-
standing the connection between the availability of the transcription machinery and the cell physiology
and growth, we will "clamp" the level of key transcriptional factors for extended duration and observe
the cellular effects. Closed loop control is motivated by the presence of endogenous feedback loops
(at the very least, the transcription machinery components need to be transcribed). Without our
control platform, the quantitative analysis of the long term effects of transcription deficiency can
hardly be investigated. This project is done in collaboration with the group of Hidde de Jong and
Hans Geiselman (INRIA Grenoble – Rhône-Alpes and CNRS/Grenoble University) who have been
working for several years on the global regulation of gene expression in E. coli.

In the context of the ANR Investissement d’Avenir project Iceberg, we investigate real-time control
of gene expression in mammalian cells. In close collaboration with the group of Pascal Hersen
(CNRS/Paris7), and with four other partners, we are developing cell lines that enable us to observe
and control gene expression in a reliable manner. One critical issue is to design and construct an
induction system that is responsive enough to get interesting dynamics at the time scale of a cell
cycle and for many cell generations. To develop this system, we will base our work on a "landing
pad" technology developed with the Weiss lab (MIT). This platform uses recombinases and enables
the efficient integration of a complex genetic construct at a unique and targeted position in the
genome [33]. All the other elements of the platform (microfluidic device and microscopy for long
term experiments, image analysis; modeling and control algorithms)need to be adapted to this new
system. Being able to control in live cells protein concentrations in mammalian cells would open a
number of interesting research directions for the pharmaceutical industry.

30



"The idea is to try to give all the information to help others to judge the value of your contribution;
not just the information that leads to judgment in one particular direction or another."

Richard P. Feynman
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ABSTRACT
Motivation: The modeling and simulation of genetic regu-
latory networks have created the need for tools for model
validation. The main challenges of model validation are the
achievement of a match between the precision of model pre-
dictions and experimental data, as well as the efficient and
reliable comparison of the predictions and observations.
Results: We present an approach towards the validation of
models of genetic regulatory networks addressing the above
challenges. It combines a method for qualitative modeling and
simulation with techniques for model checking, and is suppor-
ted by a new version of the computer tool Genetic Network
Analyzer (GNA). The model-validation approach has been
applied to the analysis of the network controlling the nutritional
stress response in Escherichia coli.
Availability: GNA and the model of the stress response
network are available at http://www-helix.inrialpes.fr/gna
Contact: Hidde.de-Jong@inrialpes.fr

1 INTRODUCTION
The functioning and development of living organisms is con-
trolled by large and complex networks of genes, proteins,
small molecules and their mutual interactions, the so-called
genetic regulatory networks. In order to gain an understanding
of how the behavior of an organism, e.g. the response of a bac-
terial cell to a physiological or genetic perturbation, emerges
from such a network of interactions, we need mathematical
and computational tools for modeling and simulation (de Jong,
2002). The predictions obtained through the application of
these tools have to be confronted with experimental data.
This gives rise to the problem of model validation, the assess-
ment of the adequacy of a model by comparing its predictions

∗To whom correspondence should be addressed.

with observations, either already available in the literature or
obtained through novel experiments suggested by the model.

The main challenges of model validation are twofold. First
of all, the precision of the model predictions and the exper-
imental data need to be brought in agreement. At present,
quantitative information on kinetic parameters is usually
absent, thus making traditional numerical models and ana-
lysis techniques difficult to apply. In addition, numerical
predictions on the dynamics of the system are difficult to
verify, because available data are mostly qualitative in nature.
A second challenge is to ensure that the comparison of
model predictions with experimental data is efficient and reli-
able. Models of genetic regulatory networks of biological
interest may become quite large, as they include many genes
and proteins, thus making manual verification of dynamical
properties error-prone or even practically infeasible.

In this paper, we propose an approach towards model val-
idation addressing the above two challenges. The approach
extends our previous work on a method for the qualitative
modeling and simulation of genetic regulatory networks, sup-
ported by the computer tool Genetic Network Analyzer (GNA)
(de Jong et al., 2003, 2004). This method is based on a class
of piecewise-linear (PL) differential equations that permits a
coarse-grained, qualitative analysis of the network dynamics
to be carried out. Instead of numerical values for the paramet-
ers, the method uses inequality constraints that can be inferred
from the experimental literature. It yields predictions on the
possible ways in which the sign pattern of the derivatives of
the protein concentrations can evolve, a level of precision
that is well-adapted to currently-available data. The novelty
of the model-validation approach is that it integrates qualitat-
ive modeling and simulation with model-checking techniques
(Clarke et al., 1999) to verify whether the predictions of
the system behavior are consistent with experimental data.
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In particular, the measured evolution of the derivative sign
pattern or other experimental observations can be formal-
ized as properties in temporal logic, while model-checking
techniques verify whether the predictions account for these
properties. If they do not, then the model is inconsistent with
the experimental data and may need to be revised or exten-
ded. The combination of qualitative modeling and simulation
and model-checking allows large and complex networks to be
verified, with the guarantee that no model is falsely ruled out.

Model-checking or other formal verification techniques
have been used before in systems biology for analyzing
genetic, metabolic, signal-transduction and cell-cycle net-
works. Most approaches start from discrete models, such
as Petri nets (Koch et al., 2005), process algebras (Regev
et al., 2001), concurrent transition systems (Chabrier-Rivier
et al., 2004), rewriting logic (Eker et al., 2002), and Boolean
networks and their generalizations (Bernot et al., 2004). In
this paper we show that model-checking techniques can also
be used for more conventional continuous models, in par-
ticular differential equation models, when using qualitative
abstractions to discretize the dynamics of the system. In com-
parison with ideas along the same line (Antoniotti et al., 2004;
Ghosh et al., 2003; Shults and Kuipers, 1997), our approach is
adapted to a particular class of PL differential equations with
favorable mathematical properties, allowing the development
of tailored algorithms that scale up well to models of large
and complex genetic regulatory networks.

The model validation approach proposed in this paper has
been applied to the analysis of the network controlling the
nutritional stress response in Escherichia coli. In case of
nutritional stress, an E.coli population abandons exponential
growth and enters a non-growth state called stationary phase
(Huisman et al., 1996). At the molecular level, this growth
phase transition is controlled by a complex genetic regulat-
ory network (Hengge-Aronis, 2000). We have constructed a
model including key proteins and their interactions involved
in the carbon starvation response, and validated this model
by comparing the predicted temporal evolution of the protein
concentrations with available experimental data, both during
the transition from exponential to stationary phase, and dur-
ing the reentry into exponential phase after a nutrient upshift.
Although some of the predictions have thus been confirmed,
one prediction has been refuted, suggesting model revisions.
Another prediction concerns a surprising phenomenon that
has not been experimentally investigated yet.

In the next section of the paper, we briefly outline the
qualitative modeling and simulation method used to pre-
dict the behavior of genetic regulatory networks. Section 3
describes the model-checking approach towards model valid-
ation in some detail, as well as its computer implementation
in GNA. The initial results of the validation of our model
of the E.coli nutritional stress response are summarized in
Section 4, followed by a discussion of the achievements in
the final section.

2 QUALITATIVE SIMULATION
The method for the qualitative modeling and simulation of
genetic regulatory networks that we use in this paper is a
refinement of the method that we previously presented (de
Jong et al., 2003, 2004). It is based on a qualitative abstraction
that preserves stronger properties of the network dynamics, in
particular the sign patterns of the derivatives of the concentra-
tion variables. This information is critical for the experimental
validation of models of genetic regulatory networks, since
experimental measurements of the system dynamics by means
of quantitative RT–PCR, reporter genes and DNA microar-
rays usually result in observations of changes in the sign of
the derivatives. We will provide an intuitive overview of the
method, using a simple example. For technical details, the
reader is referred to Batt et al. (2005).

Figure 1a shows a network consisting of two genes. When a
gene (a or b) is expressed, the corresponding protein (A or B) is
synthesized. Proteins A and B regulate the expression of genes
a and b. More specifically, protein B inhibits the expression
of gene a above a certain threshold concentration, whereas
protein A inhibits the expression of gene b above a threshold
concentration, and the expression of its own gene above a
second, higher threshold concentration. The degradation of
the proteins is not regulated.

The dynamics of genetic regulatory networks can be
modeled by a class of piecewise-linear (PL) differential equa-
tion models originally introduced by Glass and Kauffman
(1973). The example network gives rise to the following
model:

ẋa = κa s−(xa , θ2
a ) s−(xb, θb) − γa xa , (1)

ẋb = κb s−(xa , θ1
a ) − γb xb, (2)

where xa and xb denote the concentrations of proteins A and
B, ẋa and ẋb their time derivatives, θ1

a , θ2
a and θb threshold

concentrations, κa and κb synthesis parameters, and γa and γb

degradation parameters. The step function s−(x, θ) evaluates
to 1, if x < θ , and to 0, if x > θ . Step functions are approx-
imations of the steep sigmoid functions often characterizing
gene regulation, preserving their non-linear, switch-like char-
acter. As a consequence, PL models are coarse-grained models
that abstract from the fine aspects of gene regulation, such as
stochasticity, but have been shown adequate for a wide range
of applications (see de Jong et al., 2004, for references).

Equations (1) and (2) describe the rate of change of the
protein concentrations. Equation (2) states that protein B is
produced (at a rate κb), if and only if s−(xa , θ1

a ) = 1, that is, if
and only if xa < θ1

a . This captures the inhibition of the expres-
sion of gene b by protein A. Equation (1) states that protein
A is produced (at a rate κa), if and only if neither xa > θ2

a nor
xb > θb. Both proteins are degraded at a rate proportional to
their own concentration.

Mathematical analysis of this model reveals that mere know-
ledge of the relative order of the threshold parameter(s) and
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(a) (b) (c)

Fig. 1. (a) Simple genetic regulatory network consisting of two genes. (b) Sketch of the dynamics in the phase space of the two-gene network.
The system has three equilibrium points, represented by dots. (c) Domain partition of the phase space.

the quotient of the synthesis and degradation parameter, for
each of the two variables, is sufficient to sketch the flow in
the phase space. This result has been shown to be generaliz-
able to the whole class of PL models considered here. More
particularly, assuming that

0 < θ1
a < θ2

a <
κa

γa

< maxa , (3)

0 < θb <
κb

γb

< maxb, (4)

the phase space can be partitioned into hyperrectangular
boxes, called domains, in which the flow is qualitatively
identical, in the sense that either all solutions of the system
traverse a domain instantaneously (instantaneous domain) or
they have the same derivative sign pattern while remaining in
the domain (persistent domain). Figures 1b and c represent
the flow in the phase space and the domain partition of the
phase space for the two-gene example. D2.2 is an instant-
aneous domain, while D1.1, D4.2 and D4.1 are persistent.
Moreover, the latter domain coincides with an equilibrium
point of the system. The domain partition is finer grained than
the one used in our earlier work, for which the property that
all solutions in a domain have the same derivative sign pattern
does not generally hold.1

Using the domain partition of the phase space, together
with the qualitative characterization of the dynamics in each
of the domains, we can discretize the continuous dynamics.
In the resulting abstract description, the state of the system is
represented by a domain and its associated dynamical prop-
erties. There exists a transition from a domain D to another
domain D′, if and only if there exists a solution reaching
D′ from D, without leaving D ∪ D′. This naturally leads to
the introduction of a so-called qualitative transition system,
consisting of the set of all domains, the set of all transitions
between the domains and a labeling function that associates

1In this simple presentation of the method, we omit the problems raised by the
discontinuities in the right-hand side of the PL differential equations, whose
treatment goes beyond the scope of this article. See de Jong et al. (2004) and
Gouzé and Sari (2002) for a detailed description.

to every domain the sign of the derivatives of the concen-
tration variables and an indication of whether the domain is
persistent or instantaneous. The graph representation of the
qualitative transition system is called a state transition graph
and the domains are also called qualitative states (or qualit-
ative equilibrium states, if the domains consist in equilibrium
points). Figure 2 shows the qualitative transition system of the
two-gene model.

A sequence of qualitative states in the state transition
graph is called a path. A path qualitatively describes a pos-
sible behavior of the system. In our two-gene example,
(D1.1, D2.2, D3.2, D4.2, D4.1) is a path leading to a qualitative
equilibrium state (Fig. 2c). The qualitative transition system
is defined such that it provides a conservative approximation
of the dynamics of the original PL system, in the sense that
to every solution of the model corresponds a path in the state
transition graph. Note that the converse is not true: some paths
may not correspond to any solution, and therefore represent
spurious behaviors. The state transition graph has been shown
to be invariant for all values of the parameters satisfying the
parameter inequality constraints.

Simple rules have been formulated for the symbolic com-
putation of the qualitative transition system from a PL model
of the network. These rules exploit the favorable analytical
properties of the class of PL models, thus allowing the qualit-
ative states, the transitions between qualitative states, and the
labeling function to be inferred from the parameter inequality
constraints. The implementation of these rules has resulted
in a new version of the computer tool GNA (de Jong et al.,
2003). The new version of GNA, available at http://www-
helix.inrialpes.fr/gna, has also been equipped with a strongly
improved graphical user interface.

The paths in the state transition graph correspond to
predicted qualitative behaviors of the system and can be
compared with experimental data. The resulting model-
validation problem is easy to solve for the simple two-gene
example. For instance, the observation shown in Figure 3
is consistent with predictions, since there exists a path,
(D1.1, D2.2, D3.2, D4.2, D4.1), verifying the observed deriv-
ative sign pattern (Fig. 2c). However, the analysis of real-
istic models leads to large state transition graphs, which
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(a) (b) (c)

Fig. 2. Qualitative transition system of the two-gene model, with (a) the state transition graph and (b) the properties of some of the qualitative
states in the graph. The following abbreviations have been used: pers, persistent state; inst, instantaneous state; eq, equilibrium state; dsign,
derivative sign. The numbers −1, 0 and 1 denote the sign of the derivative of the protein concentrations. In instantaneous domains, the
derivatives are not defined (Batt et al., 2005), indicated by a dash. The equilibrium states are D4.1, D7.1 and D11.3, while dots next to states
represent self-transitions. (c) Temporal evolution of the concentrations of proteins A and B in the path (D1.1, D2.2, D3.2, D4.2, D4.1). Arrows
indicate the sign of the derivatives for persistent states (up arrow for 1, down arrow for −1 and open circle for 0).

Fig. 3. Hypothetical experimental observation of the temporal
evolution of the concentrations of proteins A and B.

make manual verification of dynamical properties error-
prone or even practically infeasible. This has motivated the
development of an automated, efficient method for model
validation.

3 MODEL VALIDATION BY
MODEL-CHECKING

Our model-validation approach combines the qualitative
modeling and simulation method outlined above with tech-
niques for model checking (Clarke et al., 1999). These
techniques allow for the verification of properties of the beha-
vior of discrete transition systems, expressed as formulas
in some temporal logic. Using suitable model-checking
algorithms and tools, it is possible to automatically and
efficiently test whether the system satisfies the property.
Model checking has been successfully applied to the veri-
fication of software, telecommunication systems, elec-
tronic circuits and other complex systems (for examples,
see http://www.inrialpes.fr/vasy/cadp/case-studies/ and http://
nusmv.irst.itc.it/).

Various model-checking frameworks exist, differing by
their expressiveness, user-friendliness and computational
efficiency. For the sake of simplicity, we focus here on

one particular framework, in which the discrete transition
system takes the form of a Kripke structure, and the beha-
vioral properties are expressed in Computation Tree Logic
(CTL) (Clarke et al., 1999). We describe the relation between
qualitative simulation and model checking at the conceptual
level, and briefly present an extension of GNA that connects
the qualitative simulator with the model checker NuSMV.
However, we emphasize that our approach is not restricted
to CTL model-checking, and allows other more expressive
temporal logics to be used as well (Section 3.3).

3.1 Translate qualitative transition system into
Kripke structure

As a preliminary step, we introduce a set of atomic pro-
positions to describe the state of the system. To be more
precise, the set of atomic propositions we use consists of
simple expressions describing the range of a protein concen-
tration (e.g. value_xa < θ1

a ), the sign of the derivative of a
protein concentration (e.g. dsign_xa = 1) or the type of a state
(e.g. type = pers). That is, in the example of Figure 2, the set
of atomic propositions AP is given by

AP = {value_xa = 0, value_xa > 0, value_xa < θ1
a , . . . ,

dsign_xa = − 1, dsign_xa = 0, dsign_xa = 1, . . . ,

type = pers, type = inst, type = eq}.
In general, a Kripke structure over a set of atomic propos-

itions AP is a triple 〈S, R, L〉, where S is a set of states,
R ⊆ S × S a total transition relation between the states,
and L:S → 2AP a labeling function that associates to each
state, the set of atomic propositions true in that state (Clarke
et al., 1999). The qualitative transition systems introduced in
Section 2 are Kripke structures. As an illustration, the qualit-
ative transition system of the two-gene network, graphically
represented in Figure 2, can be alternatively represented as
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the triple 〈S, R, L〉, where,

S = {D1.1, D2.1, D2.2, . . . , D15.1},
R = {(D1.1, D2.2), (D1.1, D6.2), . . . , (D15.1, D14.1)},

L :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

L(D1.1) = {value_xa ≥ 0, value_xa < θ1
a , . . . ,

value_xb ≥ 0, value_xb < θb, . . . ,
dsign_xa = 1, dsign_xb = 1,
type = pers},

L(D2.1) = {value_xa = θ1
a , . . . , type = inst},

. . .

L(D15.1) = {value_xa > θ2
a , . . . , type = pers}.

3.2 Express dynamical properties in temporal
logic

A CTL formula is built upon atomic propositions. The usual
operators from propositional logic, such as negation (¬),
logical or (∨), logical and (∧), and implication (→), can also
be used. In addition, CTL provides two types of operators:
path quantifiers, E and A, and temporal operators, such as F
and G. Path quantifiers are used to specify that a property p

is satisfied by some (Ep) or every (Ap) path starting from a
given state. Temporal operators are used to specify that, given
a state and a path starting from that state, a property p holds
for some (Fp) or for every (Gp) state of the path. Each path
quantifier must be paired with a temporal operator.2

Informally speaking, path quantifiers are used to quantify
over the possible behaviors of the system, since Ap means
that p must hold for every behavior, and Ep means that p

must hold for at least one behavior. Temporal operators are
used to specify, given a behavior, temporal constraints on the
state of the system, since Fp and Gp can be interpreted as
meaning that for some future state and for every future state,
respectively, p must hold.

How can the properties of interest for model validation be
expressed as CTL formulas? This can be illustrated by means
of the hypothetical experimental observation in Figure 3. The
observation allows us to infer that the system reaches a state
in which the concentrations of proteins A and B are both
increasing, and from that state onwards, a second state in
which the concentration of protein A is increasing and that
of B decreasing. The property can be formalized by the CTL
formula

EF(dsign_xa = 1 ∧ dsign_xb = 1 ∧
EF(dsign_xa = 1 ∧ dsign_xb = − 1)). (5)

The expression EFp means that there exists at least one
path (E) leading to a future state (F) where p holds, thus
expressing the reachability of that state. More generally, any
time-series measurement of gene expression can be given as

2For the formal syntax and semantics of CTL, see Clarke et al. (1999).

a combination of EF operators with conjunctions of atomic
propositions describing the derivative sign patterns.

When understood in a broader sense, model validation does
not just amount to the comparison of model predictions with
time-series measurements of protein concentrations, but also
involves the testing of other biologically meaningful proper-
ties (Bernot et al., 2004; Chabrier-Rivier et al., 2004). Suppose
that we are interested in knowing whether every behavior of
the system will eventually satisfy some property, for example,
reach a specific state. We can investigate this by means of for-
mulas using AF operators, which express the inevitability of
a behavior. The following CTL formula expresses the con-
jecture that the two-gene network of Figure 1 will inevitably
reach the equilibrium state D11.3:

AF(type = eq ∧ value_xa = 0). (6)

As a second example, CTL can be used to express the suf-
ficiency of certain conditions to cause the system to behave
in a particular way. For example, one could ask, given that
protein B is the only regulator of gene a, whether a high con-
centration of protein B guarantees the eventual disappearance
of protein A. This response property can be expressed by the
CTL formula

AG(value_xb > θb → AFvalue_xa = 0), (7)

where AGp specifies that the property p must hold for every
state.

3.3 Check if model satisfies dynamical properties
In order to test whether a discrete transition system satisfies
a given temporal-logic formula, highly efficient algorithms
have been developed and implemented in a range of model
checkers. In addition to a yes/no answer, these tools return
a diagnostic, either a witness or a counterexample, depend-
ing on whether the property holds or not. The diagnostic
often provides valuable information for understanding why
the property is satisfied or not.

In order to combine our qualitative simulator with model-
checking tools, we have integrated export functionalities
in the new version of GNA, allowing the user to generate
text files describing the qualitative transition system in the
format accepted by two widely used model checkers, NuSMV
(Cimatti et al., 2002) and Evaluator, a component of the
CADP toolbox (Mateescu and Sighireanu, 2003). NuSMV is
an efficient, state-of-the-art model checker for CTL, whereas
Evaluator is an on-the-fly model checker for the alternation-
free μ-calculus, a temporal logic based on regular expressions.
The text files generated by GNA can be imported in the model
checkers, after which the verification of the properties of
interest continues in the environment of the latter tools.

In this paper, we focus on the relation between GNA and
NuSMV. Given a description of the Kripke structure, an initial
state and a CTL formula, it is possible to check whether the
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(a)

(b)

Fig. 4. (a) Network of key genes, proteins and regulatory interactions involved in the nutritional stress network in E.coli. The contents of
the boxes labeled ‘Activation’ and ‘Supercoiling’ are detailed in Ropers et al. (2004). (b) PL differential equation and parameter inequality
constraints for the topoisomerase TopA.

qualitative transition system in Figure 2 satisfies the property
described by the formula. Provided that D1.1 is the initial state,
property (5) holds, and the path (D1.1, D2.2, D3.2, D4.2, D4.1),
shown in Figure 2c, is returned as a witness. Also, NuSMV
shows that neither of the properties (6) and (7) hold.

Suppose that an experimentally-observed behavior does not
correspond to any path in the state transition graph. Does this
imply that the model must be rejected? Since the qualitat-
ive simulation method produces a conservative approximation
of the dynamics of the original PL system (Section 2), one
can be sure that a path corresponding to the experimentally-
observed behavior must be present in the state transition
graph, unless the model is invalid. As a consequence, the
model can be safely rejected in the above case. On the other
hand, if a path in the state transition graph corresponds to
an experimentally-observed behavior, then the model is not
necessarily corroborated by the observation, because the path
may be a spurious behavior.

4 ANALYSIS OF NUTRITIONAL STRESS
RESPONSE IN E.COLI

4.1 Model of nutritional stress response
In case of nutritional stress, an E.coli population abandons
exponential growth and enters a non-growth state called sta-
tionary phase. This growth-phase transition is accompanied
by numerous physiological changes in the bacteria, concern-
ing among other things the morphology and the metabolism
of the cells, as well as gene expression (Huisman et al.,
1996). At the molecular level, the transition from exponen-
tial phase to stationary phase is controlled by a complex
genetic regulatory network integrating various environmental
signals.

Understanding the molecular basis of this essential devel-
opmental decision has been the focus of extensive studies for

decades (Hengge-Aronis, 2000). However, notwithstanding
the enormous amount of information accumulated on the
genes, proteins and other molecules known to be involved
in the stress adaptation process, there is currently no global
understanding of how the response of the cell emerges from
the network of molecular interactions. Moreover, with some
exceptions, numerical values for the parameters character-
izing the interactions and the molecular concentrations are
absent from the literature, which makes it difficult to apply
traditional methods for the dynamical modeling of genetic
regulatory networks.

The above circumstances have motivated the qualitative
analysis of the nutritional stress response network in E.coli
by means of the method presented in this paper (Ropers et al.,
2004). On the basis of literature data, we have decided to
focus, as a first step, on a network of six genes that are believed
to play a key role in the response of the cell to carbon starva-
tion (Figure 4). The network includes genes involved in the
transduction of the carbon starvation signal (the global reg-
ulator crp and the adenylate cyclase cya), metabolism (the
global regulator fis), cellular growth (the rrn genes coding for
stable RNAs) and DNA supercoiling, an important modulator
of gene expression (the topoisomerase topA and the gyrase
gyrAB).

Based on data in the experimental literature, a PL model
of seven variables has been constructed, one protein con-
centration variable for each of the six genes and one input
variable representing the presence or absence of the carbon
starvation signal (Ropers et al., 2004). Seven differential
equations, one for each variable, and forty inequality con-
straints describe the dynamics of the system. As an illustration,
the differential equation and the parameter inequality con-
straints for the state variable xtopA are given in Figure 4b.
For instance, the constraints 0 < κ1

topA/γtopA < θ1
topA express

that without stimulation of the topA promoter, the TopA
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(a) (b)

Fig. 5. Temporal evolution of the concentration of the proteins in the nutritional stress response network during the transition from exponential
to stationary phase. (a) Predictions for Fis and CRP in a path in the state transition graph generated by qualitative simulation. (b) Observation
for Fis (open circles) during the growth-phase transition, as indicated by cell density (closed circles) (Ali Azam et al., 1999).

concentration decreases towards a background level, below
the threshold θ1

topA.
Using the new version of the computer tool GNA, described

in the previous sections, we have simulated two phenomena,
namely the transition from exponential to stationary phase,
and the reentry into exponential phase after a nutrient upshift.
In order to validate the model, the simulation results have
been compared with the available experimental data, using the
export functionalities of GNA and the model checker NuSMV.

4.2 Validation of nutritional stress response
model

In the absence of the carbon starvation signal, the system
reaches a single qualitative equilibrium state that corres-
ponds to the physiological conditions found in exponentially-
growing E.coli cells. Starting from this equilibrium state, we
perturb the system by switching on the carbon starvation sig-
nal and simulate the transition from exponential to stationary
phase. This gives rise to a state transition graph of 66 states
(27 of which are persistent), computed in less than one second
on a PC (800 MHz, 256 MB). The graph contains a single
equilibrium state corresponding to stationary-phase condi-
tions. Figure 5 represents the temporal evolution of two of
the protein concentrations in a path in the state transition
graph. It shows that the concentration of Fis monotonically
decreases to 0 and that of CRP monotonically increases to
(κ1

crp + κ2
crp + κ3

crp)/γcrp.
Are the predictions obtained from the model verified by the

experimental data? Figure 5b shows the measured evolution of
the Fis concentration (Ali Azam et al., 1999). Towards the end
of the exponential phase, the concentration of Fis decreases
and then becomes steady in stationary phase, which is charac-
terized by a low concentration of stable RNAs xrrn, that is, a
concentration below the threshold θrrn. This observation can
be translated into the following CTL formula:

EF(dsign_xfis = − 1∧
EF(dsign_xfis = 0 ∧ value_xrrn < θrrn)). (8)

The qualitative transition system has been exported to the
model checker, in order to verify the property. Verification

takes a fraction of a second to complete and shows that
the observed temporal evolution of the Fis concentration is
reproduced by the model, i.e. there exists a path in the state
transition graph satisfying the property (8).

Figure 5b suggests that we could be even more precise
in our temporal-logic formulation of the experimental data.
Not only dsign_xfis = 0 in stationary phase, but in addition it
would seem that value_xfis = 0. However, since the precision
of the measurements is limited, there may remain some small
amount of Fis in the cell in stationary phase. The description
value_xfis = 0 is therefore too strong and might falsely rule
out the model. Also, in this and similar examples, we use
the temporal operator F instead of G, which would allow us
to express that a property holds all of the time. The use of
G is compromised by the fact that the usually low sampling
frequency may cause us to miss phenomena predicted by sim-
ulation (e.g. a transient increase in a protein concentration)
and thus, falsely rule out the model.

It would be interesting to put the predictions of the nutri-
tional stress response model to more severe experimental
tests. Unfortunately, time-series measurements of the evol-
ution of the concentration of the other proteins in the network
in Figure 4 during the transition from exponential to station-
ary phase are currently not available. However, even from the
weak data that are available today, some interesting conclu-
sions for model validation can be drawn. For instance, from
the data in Balke and Gralla (1987) it can be inferred that the
level of DNA supercoiling decreases during and after the trans-
ition to stationary phase. Since the level of DNA supercoiling
is determined by the ratio of the concentration of GyrAB
(which introduces supercoils into the DNA molecule) and
the concentration of TopA (which removes supercoils from
the DNA molecule) (Drlica, 1990), we require the following
property to be satisfied by our model:

EF((dsign_xgyrAB = − 1 ∨ dsign_xtopA = 1)

∧ value_xrrn < θrrn ). (9)

That is, during stationary phase, the concentration of GyrAB
must decrease or the concentration of TopA must increase.
Interestingly, the model does not satisfy the property (9),
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as revealed by model checking: in all paths in the state
transition graph, the TopA concentration remains constant,
while the GyrAB concentration increases! The inconsistency
between the model and the observed level of DNA supercoil-
ing indicates a flaw in the model. It demonstrates that our
picture of the nutritional stress response is incomplete, in the
sense that the network of Figure 4 may need to be extended
with interactions not yet identified or with regulators not yet
considered. In Ropers et al. (2004) we propose experiments
and model extensions to further investigate these possibilities.

In addition to simulating the transition from exponential
to stationary phase, we have also studied the reentry into
exponential phase after a nutrient upshift, i.e. when cells in
stationary phase have been put into fresh medium. Using the
same model as above, but starting the simulation from the
qualitative state characterizing stationary-phase conditions
and with the carbon starvation signal switched off, qualitative
simulation results in a state transition graph of 1143 states (202
of which are persistent), generated in 1.7 s. The graph is more
complex than that generated for the transition from exponen-
tial to stationary phase, in the sense that it contains several
cyclic paths. From all states in the graph, one of these cyclic
paths can be reached, which we have shown to be attractive.
To be more precise, the qualitative transition system satisfies
the property

AG(statesInCycle → AGstatesInCycle), (10)

where the predicate statesInCycle is satisfied by all and only
states in the cyclic path. That is, if the system has reached this
path, it always remains in the path (testing this property takes
NuSMV 9.1 s). Further mathematical analysis has revealed
that the cyclic path arises from solutions spiraling inwards to
an equilibrium point (Ropers et al., 2004). In other words,
during the reentry into stationary phase, the concentrations
of some of the proteins oscillate towards a new equilibrium
level. This is a surprising result, which has not been sub-
ject to investigation so far. We are currently carrying out
experiments in our laboratory to measure the temporal evol-
ution of the protein concentrations in the nutritional stress
response network, directly after a nutrient upshift, in order
to verify this prediction and continue the validation of our
model.

5 DISCUSSION
We have presented an approach for the validation of mod-
els of genetic regulatory networks, which combines a method
for qualitative modeling and simulation with techniques for
model checking. The qualitative modeling and simulation
method, exploiting favorable mathematical properties of a
class of coarse-grained models of genetic regulations, is a
refinement of our previous work (de Jong et al., 2003). The
method yields predictions on the derivative sign patterns of

the concentration variables that are particularly well adapted
to the currently available experimental methods. The method-
ological novelty of this paper is that we use model-checking
techniques to deal with the problem that the state transition
graphs generated by qualitative simulation may become
prohibitively large for biologically-interesting networks. They
permit observed dynamical properties of the system to be reli-
ably and efficiently verified. Moreover, due the fact that the
state transition graphs are conservative approximations of the
dynamics of the underlying PL models, the latter are guaran-
teed not to be ruled out falsely. The model-validation approach
is supported by a new version of the computer tool GNA.

The applicability of our model-validation approach has been
illustrated by the analysis of the complex regulatory network
underlying the nutritional stress response of E.coli. We have
constructed a model of a part of this network, consisting of
key proteins and their interactions involved in the carbon star-
vation response, and validated this model by the available
experimental data in the literature. Although most predictions
on the entry into stationary phase are consistent with the obser-
vations, in one case they contradict the experimental data, i.e.
the observed decrease of the DNA supercoiling level, and
necessitate revisions of the model. In addition, we have used
model checking to further analyze the surprising prediction
of the model that some of the protein concentrations oscillate
after a nutrient upshift. This involves verifications that would
be difficult to achieve by visual inspection.

Several applications of model checking and other formal
verification techniques for the analysis and validation of bio-
chemical network models have been proposed recently. Most
approaches apply to discrete models, such as Petri nets (Koch
et al., 2005), process algebras (Regev et al., 2001), concurrent
transition systems (Chabrier-Rivier et al., 2004), rewriting
logic (Eker et al., 2002) and Boolean networks and their gen-
eralizations (Bernot et al., 2004). For instance, in Bernot
et al. (2004), a logical modeling approach is used in combin-
ation with CTL model checking to analyze models of mucus
production in Pseudomonas aeruginosa, while the valida-
tion of a Petri net model of the sucrose breakdown pathway
is investigated in Koch et al. (2005). The work presented
in this paper shows that model checking can also be used
for more conventional continuous models, like differential
equation models. However, this requires a preliminary dis-
cretization of the dynamics of the system using abstractions.
Several other approaches taking this direction can be men-
tioned (Antoniotti et al., 2004; Ghosh et al., 2003; Shults and
Kuipers, 1997), based on qualitative differential equations
(Shults and Kuipers, 1997) or hybrid automata (Antoniotti
et al., 2004; Ghosh et al., 2003). However, contrary to our
approach, these methods either do not result in a conservative
approximation of the dynamics of the underlying continu-
ous models (Antoniotti et al., 2004) or they are based on
general purpose analysis techniques (Ghosh et al., 2003;
Shults and Kuipers, 1997). The conservative approximation
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that we obtain is critical for preventing that models are unne-
cessarily rejected. The particular mathematical form of the
PL models allows simple, tailor-made algorithms to be used,
which promote the upscalability of our approach to large and
complex networks, but at the same time limits its generality.

The model-validation approach of this paper has been illus-
trated in the context of CTL model checking. While CTL
allows a variety of biologically meaningful properties to be
expressed, some properties fall outside its scope. For instance,
in Section 4.2 we would have liked to express the occur-
rence of oscillations in some of the protein concentrations
after a nutrient upshift. That is, we would have liked to state
that there exists a path in the qualitative transition system,
such that from a state satisfying p it is always possible to
reach a state satisfying ¬p, and from a state satisfying ¬p,
it is always possible to reach a state satisfying p, where p

might express that the concentration of some protein is above
a threshold and ¬p that it is below this threshold. The for-
mula EG(p → F¬p ∧¬p → Fp) expresses this property, but
unfortunately it is not a CTL formula (because F is not paired
with a path quantifier) and it does not admit any CTL equi-
valent (Clarke and Draghicescu, 1988). However, the above
property can be expressed in the μ-calculus and evaluated
using XTL, a component of the CADP toolbox (Mateescu
and Garavel, 1998). The capability of GNA to generate export
files for different model checkers, allows one to take advantage
from the specific strengths of each of them.

A problem encountered in the validation of our model is
that time-series measurements of the concentrations of the
proteins in the model are currently rare and usually have a
low sampling frequency. In addition, the measurements for
different proteins are difficult to combine, because they have
been carried out under different conditions (using different
strains, different culture media, etc.). This has the prac-
tical consequence that many interesting predictions obtained
through qualitative simulation cannot currently be tested. In
order to validate the model more rigorously, we are cur-
rently working on fine-grained measurements of gene expres-
sion in wild-type and mutant strains during growth-phase
transitions. More generally, as systems biology takes hold,
we expect such model-driven experiments to become more
prominent.
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ABSTRACT

Motivation: Investigating the relation between the structure and
behavior of complex biological networks often involves posing the
question if the hypothesized structure of a regulatory network is
consistent with the observed behavior, or if a proposed structure
can generate a desired behavior.
Results: The above questions can be cast into a parameter search
problem for qualitative models of regulatory networks. We develop a
method based on symbolic model checking that avoids enumerating
all possible parametrizations, and show that this method performs
well on real biological problems, using the IRMA synthetic network
and benchmark datasets. We test the consistency between IRMA
and time-series expression profiles, and search for parameter
modifications that would make the external control of the system
behavior more robust.
Availability: GNA and the IRMA model are available at
http://ibis.inrialpes.fr/
Contact: gregory.batt@inria.fr
Supplementary information: Supplementary data are available at
Bioinformatics online.

1 INTRODUCTION
A central problem in the analysis of biological regulatory networks
concerns the relation between their structure and dynamics. This
problem can be narrowed down to the following two questions:
(a) Is a hypothesized structure of the network consistent with the
observed behavior? (b) Can a proposed structure generate a desired
behavior?

Qualitative models of regulatory networks, such as (synchronous
or asynchronous) Boolean models and piecewise-affine differential
equation (PADE) models, have been proven useful for addressing
the above questions. The models are coarse-grained, in the sense
that they do not explicitly specify the biochemical mechanisms.
However, they include the logic of gene regulation and allow
different expression levels of the genes to be distinguished. They are
interesting in their own right, as a way to capture in a simple manner
the complex dynamics of a large regulatory network (Chaves et al.,
2009; Fauré et al., 2006; Monteiro et al., 2008; Saez-Rodriguez
et al., 2009). They can also be used as a first step to orient the
development of more detailed quantitative ODE models.

Qualitative models bring specific advantages when studying
the relation between structure and dynamics. In order to answer

∗To whom correspondence should be addressed.

questions (a) and (b), one has to search the parameter space to check
if for some parameter values the network is consistent with the data
or can attain a desired control objective. In qualitative models, the
number of different parametrizations is finite and the number of
possible values for each parameter is usually rather low. This makes
parameter search easier to handle than in quantitative models, where
exhaustive search of the continuous parameter space is in general
not feasible. Moreover, qualitative models are concerned with trends
rather than with precise quantitative values, which corresponds to
the nature of much of the available biological data (Cantone et al.,
2009).

Nevertheless, the parametrization of qualitative models remains
a complex problem. For most models of networks of biological
interest the state and parameter spaces are too large to exhaustively
test all combinations of parameter values. The aim of this article is
to address this search problem for PADE models by treating it in the
context of formal verification and symbolic model checking (Clarke
et al., 1999; Fisher and Henzinger, 2007).

Our contributions are twofold. On the methodological side, we
develop a method that in comparison with our previous work
(Batt et al., 2005) makes it possible to efficiently analyze large
and possibly incompletely parametrized PADE models. This is
achieved by a symbolic encoding of the model structure, constraints
on parameter values and transition rules describing the qualitative
dynamics of the system.We can thus take full advantage of symbolic
model checkers for testing the consistency of the network structure
with dynamic properties expressed in temporal logics. The computer
tool GNA has been extended to export the symbolic encoding of
PADE models in the NuSMV language (Cimatti et al., 2002). In
comparison with related work (Barnat et al., 2009; Bernot et al.,
2004; Corblin et al., 2009; Fromentin et al., 2007), our method
applies to incompletely instead of fully parametrized models,
provides more precise results and the encoding is efficient without
(strongly) simplifying the PADE dynamics.

On the application side, we show that the method performs
well on real problems, by means of the IRMA synthetic network
and benchmark experimental datasets (Cantone et al., 2009). More
precisely, we are able to find parameter values for which the network
satisfies temporal-logic properties describing observed expression
profiles, both on the level of individual and averaged time series.
The method is selective in the sense that only a small part of the
parameter space is found to be compatible with the observations.
Analysis of these parameter values reveals that biologically relevant
constraints have been identified. Moreover, we make suggestions to
improve the robustness of the external control of the IRMAbehavior
by proposing a rewiring of the network.

© The Author(s) 2010. Published by Oxford University Press.
This is an Open Access article distributed under the terms of the Creative Commons Attribution Non-Commercial License (http://creativecommons.org/licenses/
by-nc/2.5), which permits unrestricted non-commercial use, distribution, and reproduction in any medium, provided the original work is properly cited.
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(a) (b)

Fig. 1. Synthetic IRMA network in yeast. (a) Schematic representation of the network constructed in Cantone et al. (2009). The green and blue boxes are
promoter and genes, and the yellow and red ovals are proteins and metabolites. (b) PADE model of IRMA, with state variables x, protein synthesis constants
κ, decay constants γ and thresholds θ. The input variable ugal refers to the presence of galactose (u̇gal =0). The subscripts Gal4, Swi5 , Ash1, Cbf1, Gal80 refer to
the proteins.

2 QUALITATIVE MODEL OF IRMA NETWORK

2.1 IRMA network
IRMA is a synthetic network constructed in yeast and proposed as
a benchmark for modeling and identification approaches (Cantone
et al., 2009). The network consists of five well-characterized genes
that have been chosen such that different kinds of interactions
are included, notably transcription regulation and protein–protein
interactions. The endogenous copies of the genes were deleted to
reduce crosstalk of IRMA with the regulatory networks of the host
cell. In order to further isolate the synthetic network from its cellular
environment, the genes belong to distinct, non-redundant pathways.
The structure of the IRMA network is shown in Figure 1a. The

expression of theCBF1 gene is under the control of theHO promoter,
which is positively regulated by Swi5 and negatively regulated by
Ash1. CBF1 encodes the transcription factor Cbf1 that activates
expression of the GAL4 gene. The GAL10 promoter is activated by
Gal4, but only in the absence ofGal80 or in the presence of galactose.
Gal80 binds to the Gal4 activation domain, but galactose releases
this inhibition of transcription. The GAL10 promoter controls the
expression of SWI5, whose product not only activates the above-
mentioned HO promoter, but also the ASH1 promoter controlling
the expression of the GAL80 and ASH1 genes.
The network contains one positive (Swi5/Cbf1/Gal4/Swi5)

and two negative (Swi5/Gal80/Swi5; Swi5/Ash1/Cbf1/Gal4/Swi5)
feedback loops. Negative feedback loops are a necessary condition
for the occurrence of oscillations (Thomas and d’Ari, 1990),
while the addition of positive feedback is believed to increase the
robustness of the oscillations (Tsai et al., 2008). Consequently,
for suitable parameter values IRMA might function as a synthetic
oscillator.

2.2 Measurements of IRMA dynamics
The behavior of the network has been monitored in response to
two different perturbations (Cantone et al., 2009): shifting cells
from glucose to galactose medium (switch-on experiments), and
from galactose to glucose medium (switch-off experiments). The
terms ‘switch-on’ (‘switch-off’) refer to the activation (inhibition)
of SWI5 expression during growth on galactose (glucose). For these
two perturbations, the temporal evolution of the expression of all the
genes in the network was monitored by qRT-PCR with good time
resolution.

Figure 2a represents the expression of all genes, averaged over
five (switch-on) or four (switch-off) independent experiments. In
the switch-off experiments (galactose to glucose), the transcription
of all genes is shut off. In the switch-on experiments, a seemingly
oscillatory behavior is present with Swi5 peaks at 40 and 180min,
and Swi5, Cbf1 and Ash1 expressed at moderate to high levels
(Cantone et al., 2009).
The analysis of the individual time series reveals that in some

cases the gene expression profiles are indeed similar, at least
qualitatively, whereas in other cases notable differences exist (e.g.
the oscillatory behavior is not present in all switch-on time series,
see Fig. 2c). In the latter case, averaged expression levels may be a
misleading representation of the network behavior.

2.3 PADE model of IRMA network
We built a qualitative model of the IRMA dynamics using PADE
models of genetic regulatory networks. PADE models, originally
introduced in Glass and Kauffman (1973), provide a coarse-grained
picture of the network dynamics. They have the following general
form:

ẋi = fi(x)�
∑
l∈Li

κl
i bl

i(x)−γi xi, i∈[1,n] (1)

where x∈�⊂R
n≥0 represents a vector of n protein (or RNA)

concentrations. The synthesis rate is composed of a sum of synthesis
constants κl

i , each modulated by a regulation function bl
i(x)∈{0,1},

with l in an index set Li. A regulation function is an algebraic
expression of step functions s+(xj,θj) or s−(xj,θj) which formalizes
the regulatory logic of gene expression. θj is a so-called threshold
for the concentration xj . The step function s+(xj,θj) evaluates to 1
if xj >θj , and to 0 if xj <θj , thus capturing the switch-like character
of gene regulation (s−(xj,θj)=1−s+(xj,θj)). The degradation of a
gene product is a first-order term, with a degradation constant γi.

In the case of IRMA, we define five variables, each corresponding
to the total concentration of a protein, and an input variable denoting
the concentration of galactose. Notice that the measurements of the
network dynamics concernmRNAand not protein levels.We assume
that the variations in mRNA and protein levels are the same, even
though this may not always be the case. A similar approximation is
made in Cantone et al. (2009), where protein and mRNA levels are
assumed to be proportional.
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(a) (c)

(b)

Fig. 2. Dynamic behavior of the IRMA network in response to medium shift perturbations. (a) Temporal profiles of averaged gene expression measured
with qRT-PCR during switch-off (left) and switch-on (right) experiments (data from Cantone et al., 2009). (b) Temporal logic encoding of the switch-off and
switch-on behaviors. The operator EFφ expresses the possibility to reach a future state satisfying φ, whereas the operator EXφ is used to require the existence
of an initial state satisfying φ. ugal low and ugal high denote the absence and presence of galactose, respectively. See Clarke et al. (1999) for more details on
the temporal logic CTL. Only changes greater than 5×10−3 units are considered significant. (c) Temporal gene expression profile in an individual switch-on
experiment showing a switch-off-like behavior.

The PADE model of the IRMA network is shown in Figure 1b.
Consider the equation for the protein Gal4. κ0Gal4 is its basal

synthesis rate, and κ0Gal4 +κGal4 its maximal synthesis rate when the
GAL4 activator Cbf1 is present (i.e. xCbf1 >θCbf1). Swi5 is regulated
in a more complex way. The expression of its gene is activated by
Gal4, but only when not both Gal80 is present and galactose absent
(which would lead to Gal4 inactivation by Gal80). The step-function
expression in Figure 1bmathematically describes this condition. The
IRMA PADE model is described in more detail in Section 1 of the
Supplementary Material.
The model resembles the ODE model in Cantone et al. (2009),

but notably approximates the Hill-type kinetic rate laws by step
functions. It thus makes the implicit assumption that important
qualitative dynamical properties of the network are intimately
connected with the network structure and the regulatory logic,
independently from the details of the kineticmechanisms and precise
parameter values. Several studies have shown this assumption to be
valid in a number of model systems (Chaves et al., 2009; Davidich
and Bornholdt, 2008), although care should be exercised in deciding
exactly when modeling approximations are valid (Polynikis et al.,
2009).
To investigate for the possible existence of unknown interactions

between the synthetic network and the host, we would like to test by
means of the PADEmodel if the network structure and the regulatory
logic alone can fully account for the trends in the gene expression
profiles observed in Cantone et al. (2009). Because the addition of
galactose does not always lead to an effective activation of the IRMA
genes, we also search for parameter modifications that would render
the network response to galactose more robust.

3 SEARCH OF PARAMETER SPACE USING
SYMBOLIC MODEL CHECKING

3.1 Qualitative analysis of PADE models
The advantage of PADE models is that the qualitative dynamics
of high-dimensional systems are relatively easy to analyze, using

only the total order on parameter values rather than exact numerical
values (Batt et al., 2008; Edwards and Glass, 2006). The main
difficulty lies in treating the discontinuities in the right-hand side
of the differential equations, at the threshold values of the step
functions. Following Gouzé and Sari (2002), the use of differential
inclusions based on Filippov solutions has been proposed in Batt
et al. (2008) and implemented in the computer tool GNA(Batt et al.,
2005). Here, we recast this analysis in a form that underlies the
symbolic encoding of the dynamics below.
The key to our reformulation of the qualitative analysis of the

PADE dynamics is the extension of step functions s+ to interval-
valued functions S+, where

S+(xj,θj)=
⎧⎨
⎩

[0,0] if xj <θj
[0,1] if xj =θj
[1,1] if xj >θj

(2)

Because the step functions are not defined at their thresholds, we
conservatively assume that they can take any value between 0 and 1
[see Chaves et al. (2009) for a similar idea]. When replacing the
step functions by their extensions, the regulation functions bl

i(x)

become interval-valued functions Bl
i : Rn≥0→{[0,0],[0,1],[1,1]},

and Equation (1) generalizes to the following differential inclusion
using interval arithmetic (Moore, 1979):

ẋi ∈Fi(x)�
∑
l∈Li

κl
i Bl

i(x)−γi xi, i∈[1,n] (3)

The solutions of (3) are for practical purposes the same as the
solutions of the differential inclusions defined in Batt et al. (2008)
(see Section 2 of the Supplementary Material).
The starting point for our qualitative analysis is the introduction

of a rectangular partition D of the state space �. This partition is

a rectangular grid defined by the threshold parameters �i ={θj
i | j∈

Ji}, where Ji is an index set, and the so-called focal parameters
�i ={∑l∈Bκl

i/γi |B⊆Li}, i∈[1,n]. Focal parameters are steady-
state concentrations towards which the system locally converges
in a monotonic way (Glass and Kauffman, 1973). For Gal4,
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we have �Gal4 ={θGal4} and �Gal4 ={0,κ0Gal4/γGal4,(κ0Gal4 +
κGal4)/γGal4}.
Interestingly, the partition has the property that in each domain

D∈D, the protein production rates are identical: for all x,y∈D, it
holds that Bl

i(x)=Bl
i(y)�Bl

i(D). As a consequence, the derivatives
of the concentration variables have a unique sign pattern: for all
x,y∈D, it holds that sign(Fi(x))=sign(Fi(y))⊆{−1,0,1}, where
sign(A)� {sign(a) |a∈A} denotes the signs of the elements inA (Batt
et al., 2008). Notice that this property is not obtained for less fine-
grained partitions used in related work (Barnat et al., 2009; Bernot
et al., 2004; Chaves et al., 2009; Corblin et al., 2009; Fauré et al.,
2006; Fromentin et al., 2007). It will be found critical for the search
of parametrized models of IRMA that satisfy the time-series data.
The above considerations motivate a discrete abstraction,

resulting in a state transition graph. In this graph, the states are the
domains D∈D, and there is a transition from a domain D to another
domain D′, if there exists a solution of the differential inclusion (3)
that starts in D and reaches D′, without leaving D∪D′. The state
transition graph defines the qualitative dynamics of the system, in
the sense that paths in this graph describe how the qualitative state
of the system evolves over time (Batt et al., 2008).

In Batt et al. (2008), three different types of transitions are
defined: internal, from a domain D to itself; dimension-increasing,
from a domain D to another, higher dimensional domain D′
(D⊆∂D′); and dimension-decreasing, from a domain D to a
lower dimensional domain D′ (D′ ⊆∂D), where ∂D denotes the
boundary of D in its supporting hyperplane. We reformulate
here the transition rules using the interval extensions of the
regulation functions. We introduce an interval-valued function Fi :
D×D→2R, where Fi(D,D′)=∑

l∈Li
κl

i Bl
i(D)−γi D

′
i, for D,D′ ∈

D. Fi(D,D′) represents the flow in D infinitely close to D′. In
order to evaluate Fi(D,D′), we use interval arithmetic (Moore,
1979). For instance, in a domain in which xSwi5 >θc

Swi5 and xAsh1 =
θAsh1, we have S+(xSwi5,θc

Swi5)=[1,1] and S−(xAsh1,θAsh1)=
[0,1], so that the differential inclusion for xCbf1 becomes [κ1Cbf1 −
γCbf1 xCbf1, κ1Cbf1 +κ2Cbf1 −γCbf1 xCbf1]. We obtain the following
transition rule:

Proposition 1 (Dimension-increasing transition). Let D,D′ ∈D and
D⊆∂D′, that is, D lies in the boundary of D′. D→D′ is a dimension-
increasing transition iff

(1) ∀i∈[1,n], such that Di and D′
i coincide with a value in �i ∪

�i, it holds that 0∈Fi(D′,D), and

(2) ∀i∈[1,n], such that Di �=D′
i, it holds that ∃α>0 such that

α∈Fi(D′,D)(D′
i −Di)

Condition 1 guarantees that solutions can remain in domains
located in threshold and focal planes, while Condition 2 expresses
that the direction of the flow in the domains (Fi(D′,D)) agrees
with their relative position (D′

i −Di). The proof of the rule and the
rules for other types of transition can be found in Section 3 of the
Supplementary Material.

It can be shown that exact parameter values are not needed for the
analysis of the qualitative dynamics of a PADEmodel: it is sufficient
to know the ordering of the threshold and focal parameters (Batt
et al., 2008). This comes from the fact that the sign of Fi, and hence
the transitions and the state transition graph, are invariant for regions

of the parameter space defined by a total order on �i ∪�i. We call
each such total order a parametrization of the PADE model.

3.2 A model-checking approach for parameter search
For large graphs like that obtained for IRMA (which has about
50 000 states), verifying the compatibility of the network structure
with an observed or desired behavioral property is impossible to
do by hand. This has motivated the use of model-checking tools
(e.g. Barnat et al., 2009; Batt et al., 2005; Bernot et al., 2004;
Fisher and Henzinger, 2007). For PADE models, each state in
the graph is described by atomic propositions whose truth values
are preserved under the discrete abstraction, such as the above-
mentioned derivative sign patterns. The atomic propositions are used
to formulate properties in a temporal-logic formula φ and model
checkers automatically test if the state transition graph T satisfies
the formula (T |=φ).

Because the number of possible parametrizations and the size of
state transition graphs rapidly grow with the number of genes, the
naive approach consisting in enumerating all parametrizations of a
PADE model, and for each of these generating the state transition
graph and testing T |=φ, is only feasible for the simplest networks.
We therefore propose an alternative approach, based on the
symbolic encoding of the above search problem, without explicitly
generating the possible parametrizations of the PADE models and
the corresponding state transition graphs. This enables one to exploit
the capability of symbolic model checkers to efficiently manipulate
implicit descriptions of the state and parameter space.

3.3 Symbolic encoding of PADE model and dynamics
We summarize the main features of the encoding. We particularly
focus on the discretization of the state space, which connects the
symbolic encoding to the mathematical analysis of PADE models,
and the use of the discretization for the computation of Fi(D′,D),
which is essential for determining state transitions.
We call C a discretization function that maps D∈D to a

set of unique integer coordinates, and C(D)=C(D1)×···×C(Dn).
Let mi be the number of non-zero parameters in �i ∪�i, i∈
[1,n]. Then C(Di)∈{0,1,...,2mi +1}, andmore specifically, C(Di)∈
{0,2,...,2mi} if Di coincides with a threshold or focal plane, and
C(Di)∈{1,3,...,2mi +1} otherwise. More generally, C(S)={C(D) |
D⊆S}, for any set of domains S. Obviously, C can also be used
for the discretization of parameter values. Given the following
total order on the threshold and focal parameters of variable xGal4,
0<κ0Gal4/γGal4 <θGal4 < (κ0Gal4 +κGal4)/γGal4, we find C(0)=0

(by definition), C(κ0Gal4/γGal4)=2, C(θGal4)=4 and C(κ0Gal4 +
κGal4)/γGal4)=6.
The above discretization motivates the introduction of symbolic

variables D̂i, D̂′
i, θ̂

j
i , λ̂

j
i encoding C(Di), C(D′

i), C(θj
i ), C(λj

i),

respectively, with θ
j
i ∈�i and λ

j
i ∈�i. The different conditions

in Proposition 1 can be expressed in terms of these variables.
For instance, sign(D′

i −Di) becomes sign(D̂′
i −D̂i). In the case of

Fi(D′,D), multiplication by 1/γi does not change the sign, but gives
the more convenient expression

Fi(D,D′)/γi =
∑
l∈Li

(κl
i/γi)Bl

i(D)−D′
i (4)
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The first term in the right-hand side is simply an interval whose
upper and lower bounds are focal parameters, determined by the
regulation functions Bl

i(D). By redefining the step functions in terms
of the symbolic variables:

S+(Dj,θj)=
⎧⎨
⎩

[0,0] iff D̂j <θ̂j
[0,1] iff D̂j = θ̂j
[1,1] iff D̂j >θ̂j

(5)

each Bl
i(D) can be simply computed using interval arithmetic. This

allows the interval bounds of
∑

l∈Li
(κl

i/γi)Bl
i(D) to be computed,

which are simply given by variables λ̂
j
i . Subtracting D̂′

i allows the
sign of Fi(D′,D) and thus the conditions for a transition D→D′ to
be evaluated.
The specification of transitions in a symbolic way is the main

stumble block for the efficient encoding of the PADE dynamics,
especially when D is located on a threshold plane. In our previous
work (Batt et al., 2008), the computation of transitions required the
enumeration of an exponential number of domains surrounding D
(Barnat et al., 2009). The interval-based formulation proposed here
allows (the sign of) Fi(D,D′) to be computed in one stroke.
The implementation in a model checker such as NuSMV (Cimatti

et al., 2002) is straightforward with the above encoding. We
apply invariant constraints on the symbolic variables to exclude

all valuations of D̂i, D̂′
i, θ̂

j
i , λ̂

j
i that do not correspond to a valid

transition from D to D′. We apply three types of invariants. The
first ones constrain parameters to remain constant. The second ones
constrain D and D′ to be neighbors in the state space (e.g. D⊆∂D′
for dimension-increasing transitions). The last ones constrain the
relative position of Di and D′

i and the parameter order as stated
in the transitions conditions. For comparison with experimental
data, we also need to know the variations of concentrations of
gene products in each state. These correspond to the derivative sign
pattern, sign(Fi(D,D′)).
The initial states of our symbolic description include each possible

parametrization, that is, all possible values for θ̂
j
i and λ̂

j
i , and

transition towards all states D. In CTL, a temporal logic property
φ holds if all initial states satisfy φ. Therefore, by testing whether
¬φ holds, we verify the absence of a parametrization satisfying φ. A
counterexample to ¬φ thus directly returns a valid parametrization.
The current version 8 of GNA has been extended with export
functionalities to generate the symbolic encoding of PADE models
in the NuSMV language.

4 VALIDATION: CONSISTENCY OF IRMA
NETWORK WITH EXPERIMENTAL DATA

4.1 Temporal-logic encoding of observations
Even when genetic constructs are tested separately and assembled
with care, it is not obvious that a synthetic network will function in
its cellular context as initially planned. Here, we test the consistency
between the IRMAnetwork and the experimental data by expressing
that for each condition, switch-on and switch-off, there must exist
an initial state of the system and a path starting from this state
along which the gene expression changes correspond to the observed
time-series data. For example, for the switch-off time-series we
encode that there exists an initial state where in absence of galactose
the expression of SWI5, CBF1, GAL4 and ASH1 decreases (in

the interval [0,10] min), and from which a state can be reached
where the expression of SWI5 decreases and the expression of
CBF1 increases (in the interval [10,20] min), etc. The generation of
this property φ1 from the experimental data leads to the temporal-
logic formula shown in Figure 2b. To disregard small fluctuations
due to biological and experimental noise, we considered changes
of magnitude less than 5×10−3 units not significant. Moreover,
we ignore in our specification the very first measurements (in the
interval [−10,0]), just before shifting cells to a new medium, as
they probably reflect network-independent effects (Cantone et al.,
2009).
The data presented in Cantone et al. (2009) for switch-on

and switch-off conditions are the average of 5 and 4 individual
experiments, respectively. As noticed in Section 2.2, considering
the averaged gene expression profile may be misleading. Asking for
consistency between our model and the result of each individual
experiment might therefore be more appropriate. This leads us to
define a second property φ2 similar to φ1 but requiring the existence
of nine paths in the graph, one for each of the observed behaviors
in the nine individual experiments. Although the information we
extract from the experimental data only concerns trends in gene
product levels, the accumulation of these simple observations leads
to fairly complex constraints. Property φ2 involves nearly 160
constraints on derivative signs.

4.2 Testing consistency of network with observations
We use our symbolic encoding of the PADE dynamics to test ¬φ1.
NuSMV returns false, meaning that a parametrization satisfying
the averaged time-series data exists (Section 3.3). The result was
obtained in 49 s on a laptop (PC, 2.2GHz, 1 core, 2GB RAM),
with an additional 100 s to provide the counterexample (Table 1).
When analyzing the corresponding parametrization, the thresholds
are mostly greater than the focal parameter for basal expression and
smaller than the focal parameter for upregulated expression, e.g.
κ0Ash1/γAsh1 <θAsh1 < (κ0Ash1 +κAsh1)/γAsh1. This is not surprising
as the focal parameters correspond to the lowest and highest possible
expression levels. The threshold at which Ash1 controls CBF1
expression is expected to lie between the two extremes. The only
exception is Gal80, for which it holds (κ0Gal80 +κGal80)/γGal80 <

θGal80 . According to this constraint, Gal80 plays no role in the
system, since it cannot exceed the threshold concentration above
which it inhibits Swi5. This is interesting because it suggests that
the switch-off behavior may occur even without any inhibition by
Gal80, and consequently, in a galactose-independent manner.
The dynamic properties of the PADE model can be analyzed

in more detail by means of GNA. This shows the existence of
an asymptotically stable steady state corresponding to switch-
off conditions, with low Swi5, Gal4, Cbf1, Ash1 and Gal80
concentrations. In addition, GNA finds strongly connected
components (SCCs) consistent with the observed damped
oscillations in galactose media. However, the attractors co-exist
irrespectively of the presence or absence of galactose, revealing that
galactose does not necessarily drive the system to a single attractor
for this particular parametrization.
We also tested whether the above parametrization is consistent

with time-series data from the individual experiments. The model
checker shows that it does not satisfy the more constraining property
φ2. However, we do find another parametrization for which φ2 holds.
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Table 1. Summary of parametrizations found by checking the consistency of the IRMA structure with the observed and desired behaviors, expressed as
temporal-logic properties φ1, φ2 and φ3. The table shows the parametrization returned when testing the truth value of the property on the symbolically
encoded PADE model and gene expression profiles (left) and summarizes all parametrizations satisfying the properties (right).

Symbolic state space and symbolic parameter space Symbolic state space and fully parametrized models

Property Existence of Parametrizationa Number of Parametrizationa

parametrization parametrizations

φ1: averaged Yes
κ0Swi5
γSwi5

<θ
g
Swi5 <θc

Swi5 <θa
Swi5 <

κ0Swi5+κSwi5
γSwi5

64 See Section 4 of Supplementary Material

time-series (49 s) ∧ κ0Gal80
γGal80

<
κ0Gal80+κGal80

γGal80
<θGal80 (885 s)

φ2: individual Yes
κ0Swi5
γSwi5

<θc
Swi5 <θa

Swi5 <θ
g
Swi5 <

κ0Swi5+κSwi5
γSwi5

4
κ0Swi5
γSwi5

<θc
Swi5 < (θa

Swi5,θ
g
Swi5)<

κ0Swi5+κSwi5
γSwi5

time-series (131 s) ∧ κ0Gal80
γGal80

<θGal80 <
κ0Gal80+κGal80

γGal80
(2021 s) ∧ (

κ0Gal80
γGal80

,θGal80)<
κ0Gal80+κGal80

γGal80

φ3: single Yes θc
Swi5 <

κ0Swi5
γSwi5

<θ
g
Swi5 <θa

Swi5 <
κ0Swi5+κSwi5

γSwi5
7 θc

Swi5 <
κ0Swi5
γSwi5

<θa
Swi5 <

κ0Swi5+κSwi5
γSwi5

attractor (126 s) ∧ θGal80 <
κ0Gal80
γGal80

<
κ0Gal80+κGal80

γGal80
(1300 s) ∧ θGal80 <

κ0Gal80+κGal80
γGal80

∧ (θg
Swi5 <

κ0Swi5
γSwi5

∨θGal80 <
κ0Gal80
γGal80

)

aAll parametrizations shown additionally include [κ1Cbf1/γCbf1 < θCbf1 < (κ1Cbf1 +κ2Cbf1)/γCbf1] ∧ [κ0Gal4/γGal4 < θGal4 < (κ0Gal4 +κGal4)/γGal4] ∧ [κ0Ash1/γAsh1 < θAsh1 <

(κ0Ash1 +κAsh1)/γAsh1].

In this case, all thresholds are situated between the basal and
upregulated focal parameters.

4.3 Detailed analysis of valid parameter set
Our consistency tests only confirm that a parametrization exists for
which the structure of the network is consistent with the observed
behavior. However, it does not say if this is trivially the case (for
most parametrizations) or if the properties are selective (for only a
few parametrizations). To investigate this we exhaustively generated
all parametrizations, and tested for each of them properties φ1 and
φ2. Although the total number of parameter orderings is fairly large,
the exhaustive analysis is still manageable for networks of this size.

Out of the 4860 completely parametrized PADE models, we
found that only a surprisingly small subset is consistent with the
observations. For the averaged time series, only 64 parametrizations
are consistent, while for the individual time series this subset is
further reduced to 4 (Table 1). The properties extracted from the
data are thus quite selective.
The results for individual time series indicate that to be consistent

with the experimental data, the activation threshold of CBF1 by
Swi5 (θc

Swi5), must be smaller than the activation thresholds ofASH1

and GAL80 by Swi5 (θa
Swi5 and θ

g
Swi5). Interestingly, this result is

corroborated by independent measurements of promoter activities,
which show that the activation threshold for the ASH1 promoter,
controlling ASH1 and GAL80 expression, is nearly twice as high as
the one for the HO promoter controlling CBF1 expression (Table S1
of Cantone et al., 2009).
A second finding is that the dynamics of the system is consistent

with the experimental data even if θGal80 <κ0Gal80/γGal80 , that
is when GAL80 is constitutively expressed above its inhibition
threshold. This indicates that an effective regulation of GAL80
expression by Swi5 is of little importance for the functioning of the
network. Indeed, it was found that GAL80 is not much responsive to

changes in Swi5 availability: Cantone et al. observed that a 6-fold
increase of SWI5 expression leads to only a negligible (1.08-fold)
increase in GAL80 expression levels (Fig. 4A in Cantone et al.,
2009).

5 RE-ENGINEERING: IMPROVING EXTERNAL
CONTROL BY GALACTOSE

In one experiment at least, the addition of galactose does
not significantly change the system’s behavior: a switch-off-like
response is observed in switch-on conditions. To obtain a more
robust external control of the system, we would like to ensure that
the addition of galactose drives the system out of the low-Swi5 state.

5.1 Temporal-logic specification of design objective
We start by specifying that in switch-off conditions the Swi5
concentration must eventually remain low, that is, equal to its
basal expression level κ0Swi5/γSwi5. This is expressed in CTL as
AFAG xSwi5 low. In switch-on conditions, an oscillatory behavior
in the concentration of Swi5 is expected. It can be formulated by
means of the formula AGAF(xSwi5 inc ∧AF xSwi5 dec), requiring
that an increase in xSwi5 is observed infinitely often and necessarily
followed by a decrease in xSwi5. In addition to these two
basic requirements, we impose that in presence of galactose,
the Swi5 concentration cannot indefinitely stay low: ugal high→
AF¬xSwi5 low. We prefix these specifications so as to express the
possibility (EX) to reach the appropriate attractor from at least one
initial state, and the necessity (AX) to leave the switch-off steady
state for all initial states in switch-on conditions:

φ3� EX(ugal high ∧AGAF(xSwi5 inc∧AF xSwi5 dec))
∧EX(ugal low∧AFAG xSwi5 low)
∧AX(ugal high→AF¬xSwi5 low)
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Parameter search for qualitative models using symbolic model checking

5.2 Parametrizations consistent with design objective
Using symbolic model checking, we test the feasibility of φ3. In
about 2min, we find a valid parametrization (Table 1). For this
parametrization, in the presence of galactoseGNAfinds two terminal
SCCs attracting the major part of the state space, and notably the
switch-off state. In the absence of galactose, although SCCs are
present, they are non-terminal and one can show that a unique
stable steady state with all genes off (i.e. corresponding to switch-off
conditions) is eventually always reached.

Recall that one of the time series in the switch-on conditions
contradicts our specification. It is consequently not surprising that
none of the parametrizations consistent with the experimental data
satisfies φ3. We searched for all valid parametrizations and found
that only 7 out of 4860 are consistent with our specification (Table 1).
A first surprising feature is that θc

Swi5 <κ0Swi5/γSwi5: Swi5 must
always activate CBF1. Stated differently, this constraint simply
suggests to remove the regulation of CBF1 by Swi5. This can be
explained by a qualitative analysis of the system dynamics. In the
presence of galactose, we expect oscillations for Swi5. However, the
presence of Swi5 is required for the expression of CBF1 since the
HO promoter functions like an AND gate: HO is on if and only if
Swi5 is present and Ash1 is absent. So, if Swi5 is not permanently
present, Cbf1 and then Gal4 might disappear, causing the system to
converge to the switch-off state.
A second surprising feature is that the regulation of GAL80

by Swi5 should not be effective. Indeed θ
g
Swi5 <κ0Swi5/γSwi5 or

θGal80 <κ0Gal80/γGal80 means that either the GAL80 promoter
is always activated, or that the Gal80 concentration is always
sufficient to repress SWI5. As above, this suggests to remove an
interaction, namely the regulation of GAL80 by Swi5. Interestingly,
the demand for increased external control of the system leads us to
a simplified design in which two out of the three feedback loops
(Swi5/Cbf1/Gal4/Swi5 and Swi5/Gal80/Swi5) are removed.

6 DISCUSSION
We propose a method for efficient search of the parameter space of
qualitative models of regulatory networks, to investigate the relation
between structural and behavioral properties of these systems.

On the methodological side, the main novelty is that we develop
a symbolic encoding of the dynamics of PADE models, enabling
the use of highly efficient model-checking tools for analyzing
incompletely parametrized models. The symbolic encoding avoids
explicit state space generation and the enumeration of possible
parametrizations.We demonstrate that the proposed approach scales
up to relatively complex synthetic networks.Although developed for
PADE models, the main ideas underlying the approach carry over
to logical models (Thomas and d’Ari, 1990).

On the biological side, we show the practical relevance
of the approach by means of an application to the IRMA
network. The parameter constraints we obtained are precise,
have a clear biological interpretation, and are consistent with
independent experimental observations. Even when considering
complex dynamical properties, the search of the parameter space
takes at most a fewminutes. Our results seem to confirm the intended
separation of IRMAfrom the host network, and suggest that to obtain
a more robust response to the addition of galactose, an effective
rewiring of the network would be needed.

In comparison with traditional quantitative approaches, the results
we obtain are quite general, since they do not depend on specific
molecular mechanisms or parameter values. Moreover, the analysis
is exhaustive in the sense that the entire parameter space is scanned.
These two features are particularly interesting for ‘negative results’,
such as showing that a given design is not likely to show a desired
behavior. In contrast, quantitative ODEmodels like those developed
in Cantone et al. (2009) do not predict a range of possible behaviors
but rather single out one likely behavior with quantitative precision.
Qualitative and quantitative approaches provide complementary
information on system dynamics.

In comparison with other analysis and verification methods
developed for similar modeling formalisms (Barnat et al., 2009;
Bernot et al., 2004; Corblin et al., 2009; Fromentin et al., 2007),
our approach is original in two respects. First, it applies to
incompletely parametrized models and can handle any dynamical
property expressible in temporal logics supported by the model
checker. Second, we reason at a finer abstraction level, in that we take
into account dynamics on the thresholds and work with a partition of
the state space preserving derivative sign patterns. The latter feature
is particularly well-suited for the comparison of model predictions
with time-series data in IRMA.
An interesting direction for further research is to consider more

general problems in which not only parameters but also regulation
functions are incompletely specified. This would make a connection
with work on the reverse engineering of Boolean models (Martin
et al., 2007; Perkins et al., 2004).

ACKNOWLEDGEMENTS
We would like to thank Delphine Ropers, Maria Pia Cosma and
Diego di Bernardo for helpful discussions and contributions.

Funding: The European Commission COBIOS FP6-2005-NEST-
PATH-COM/043379; the French ANR Calamar ANR-08-SYSC-
003.

Conflict of Interest: none declared.

REFERENCES
Barnat,J. et al. (2009) On algorithmic analysis of transcriptional regulation by LTL

model checking. Theor. Comput. Sci., 410, 3128–3148.
Batt,G. et al. (2008) Symbolic reachability analysis of genetic regulatory networks using

discrete abstractions. Automatica, 44, 982–989.
Batt,G. et al. (2005) Validation of qualitative models of genetic regulatory networks by

model checking. Bioinformatics, 21 (Suppl. 1), i19–i28.
Bernot,G. et al. (2004)Application of formal methods to biological regulatory networks.

J. Theor. Biol., 229, 339–348.
Cantone,I. et al. (2009) A yeast synthetic network for in vivo assessment of reverse-

engineering and modeling approaches. Cell, 137, 172–181.
Chaves,M. et al. (2009) Geometry and topology of parameter space: investigating

measures of robustness in regulatory networks. J. Math. Biol., 59, 315–358.
Cimatti,A. et al. (2002) NuSMV2: an opensource tool for symbolic model checking. In

CAV’02, Vol. 2404 of LNCS. Springer, pp. 359–364.
Clarke,E.M. et al. (1999) Model Checking. MIT Press, Cambridge, USA.
Corblin,F. et al. (2009) A declarative constraint-based method for analyzing discrete

genetic regulatory networks. Biosystems, 98, 91–104.
Davidich,M. and Bornholdt,S. (2008) The transition from differential equations to

Boolean networks: a case study in simplifying a regulatory network model. J. Theor.
Biol., 255, 269–277.

Edwards,R. and Glass,L. (2006) A calculus for relating the dynamics and structure
of complex biological networks. In Berry,R.S. and Jortner,J. (eds) Adventures in
Chemical Physics, Vol. 132. Wiley, Hobeken, USA, pp. 151–178.

i609

 at IN
R

IA
 Paris on M

arch 3, 2014
http://bioinform

atics.oxfordjournals.org/
D

ow
nloaded from

 



G.Batt et al.

Fauré,A. et al. (2006) Dynamical analysis of a generic Boolean model for the control
of the mammalian cell cycle. Bioinformatics, 22, e124–e131.

Fisher,J. and Henzinger,T.A. (2007) Executable cell biology. Nat. Biotechnol., 25,
1239–1250.

Fromentin,J. et al. (2007) Analysing gene regulatory networks by both constraint
programming and model-checking. In IEEE EMBC07, pp. 4595–4598.

Glass,L. and Kauffman,S.A. (1973) The logical analysis of continuous non-linear
biochemical control networks. J. Theor. Biol., 39, 103–129.

Gouzé,J.-L. and Sari,T. (2002) A class of piecewise linear differential equations arising
in biological models. Dyn. Syst., 17, 299–316.

Martin,S. et al. (2007) Boolean dynamics of genetic regulatory networks inferred from
microarray time series data. Bioinformatics, 23, 866–874.

Monteiro,P.T. et al. (2008) Temporal logic patterns for querying dynamic models of
cellular interaction networks. Bioinformatics, 24, i227–i233.

Moore,R.E. (1979) Methods and Applications of Interval Analysis. SIAM, Philadelphia,
USA.

Perkins,T.J. et al. (2004) Inferring models of gene expression dynamics. J.Theor. Biol.,
230, 289–299.

Polynikis,A. et al. (2009) Comparing different ODE modelling approaches for gene
regulatory networks. J. Theor. Biol., 261, 511–530.

Saez-Rodriguez,J. et al. (2009) Discrete logic modelling as a means to link protein
signalling networks with functional analysis of mammalian signal transduction.
Mol. Syst. Biol., 5, 331.

Thomas,R. and d’Ari,R. (1990) Biological Feedback. CRC Press, Boca Raton, USA.
Tsai,T.Y.-C. et al. (2008) Robust, tunable biological oscillations from interlinked

positive and negative feedback loops. Science, 321, 126–129.

i610

 at IN
R

IA
 Paris on M

arch 3, 2014
http://bioinform

atics.oxfordjournals.org/
D

ow
nloaded from

 



Vol. 23 no. 18 2007, pages 2415–2422
BIOINFORMATICS ORIGINAL PAPER doi:10.1093/bioinformatics/btm362

Systems Biology

Robustness analysis and tuning of synthetic gene networks
Grégory Batt1,*, Boyan Yordanov2, Ron Weiss3 and Calin Belta1
1Centers for Information and Systems Engineering and for BioDynamics, 2Department of Biomedical Engineering,
Boston University, Boston, MA and 3Departments of Electrical Engineering and Molecular Biology, Princeton
University, Princeton, NJ, USA

Received on March 17, 2007; revised on June 8, 2007; accepted on July 8, 2007

Advance Access publication July 27, 2007

Associate Editor: Chris Stoeckert

ABSTRACT

Motivation: The goal of synthetic biology is to design and construct

biological systems that present a desired behavior. The construction

of synthetic gene networks implementing simple functions has

demonstrated the feasibility of this approach. However, the design of

these networks is difficult, notably because existing techniques and

tools are not adapted to deal with uncertainties on molecular

concentrations and parameter values.

Results: We propose an approach for the analysis of a class of

uncertain piecewise-multiaffine differential equation models. This

modeling framework is well adapted to the experimental data

currently available. Moreover, these models present interesting

mathematical properties that allow the development of efficient

algorithms for solving robustness analyses and tuning problems.

These algorithms are implemented in the tool RoVerGeNe, and their

practical applicability and biological relevance are demonstrated on

the analysis of the tuning of a synthetic transcriptional cascade built

in Escherichia coli.

Availability: RoVerGeNe and the transcriptional cascade model are

available at http://iasi.bu.edu/%7Ebatt/rovergene/rovergene.htm

Contact: gregory.batt@imag.fr

1 INTRODUCTION

The main goal of the nascent field of synthetic biology is to

design and construct biological systems that present a desired

behavior (Andrianantoandro et al., 2006; Endy, 2005). Synthetic

biology is foreseen to have important applications in biotech-

nology and medicine, and to contribute significantly to a better
understanding of the functioning of complex biological systems

(McDaniel and Weiss, 2005). The construction of networks of

interregulating genes, so-called genetic regulatory networks, has

demonstrated the feasibility of this approach (e.g. Gardner et al.,

2000). Still, the development of gene networks is difficult: most

newly created networks are non-functioning and need tuning.
One important reason is that the lack of precise knowledge

on molecular concentrations and on parameter values hampers

the design of synthetic networks. These uncertainties are the

consequence of current technological limitations and also of the

fluctuations of intra- and extracellular environments.
Existing solutions for the analysis of dynamical properties

of gene networks consist essentially either in qualitative
simulation of coarse-grained models or in extensive numerical

simulations of nonlinear differential equation models or

stochastic versions thereof (de Jong, 2002; Szallasi et al., 2006).

For applications in synthetic biology, these approaches are not

satisfying. For qualitative models, the predictions obtained are

generally too coarse for answering the—often quantitative—

questions of interest. For uncertain quantitative models, a

common approach is to perform many numerical simulations so

as to ‘sample’ the state and parameter spaces, often in conjunc-

tion with local sensitivity analyses. This approach provides only

a partial description of all the possible behaviors of a network. In

particular, it cannot provide the guaranty that a network

behaves as expected for all initial conditions and parameters in

given ranges.Moreover, obtaining a ‘reasonably dense’ coverage

of the state and parameter spaces quickly becomes computa-

tionally intractable when the size of the networks grows.
In this work, we demonstrate the biological relevance of

amethod specifically developed to support the design of synthetic

gene networks. This method allows to analyze dynamical

properties of uncertain, yet quantitative models of gene net-

works. More precisely, we consider piecewise-multiaffine

differential equation models in which uncertain initial condi-

tions and parameters are given by intervals. These models

capture essential aspects of genetic regulations and still allow for

efficient analyses by tailored formal verification techniques.

Dynamical properties of the network are given by temporal logic

formulas that specify temporal constraints on the state of the

system, that is, on protein concentrations. Temporal logics are

specification languages that allow to express a variety of

properties on the behavior of dynamical systems (Emerson,

1990). Then, the proposed approach allows to check automati-

cally that a network satisfies a given dynamical property for all

initial conditions and all parameter values in the given intervals.

This provides us a means to assess the robustness of the expected

behavior of a network with respect to parameter variations. In

particular, our technique does not rely on numerical simulations.

Additionally, the proposed approach has the capability to

generate constraints on parameters, and can consequently be

extended to search for parameter sets for which a given property

is satisfied. This feature allows to solve network tuning problems

by suggesting modifications of biological parameters. These

techniques are implemented in a publicly available tool called

RoVerGeNe (for Robust Verification of Gene Networks) and

their applicability and biological relevance is demonstrated on

the analysis of the tuning of a synthetic transcriptional cascade.*To whom correspondence should be addressed.

� The Author 2007. Published by Oxford University Press. All rights reserved. For Permissions, please email: journals.permissions@oxfordjournals.org 2415
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The remainder of this article is organized as follows. In the
next section, we provide a brief description of the proposed

method and of its implementation in the computer tool
RoVerGeNe. In Section 3, we detail the application of our

method to the tuning of a synthetic transcriptional cascade built
inEscherichia coli. The results are summarized in the last section.

We refer the reader to (Batt et al., 2007a, b) for a detailed
presentation of themethod and for computational results using a

preliminary version of the transcriptional cascade model.

2 ANALYSIS OF PIECEWISE-MULTIAFFINE
MODELS WITH PARAMETER UNCERTAINTY

In this section, we provide an intuitive overview of the
proposed approach by means of a simple example.

2.1 Piecewise-multiaffine models and LTL properties

Consider the cross-inhibition network represented in Figure 1.

The network is made of two genes, a and b, that code for two
repressor proteins, A and B. More specifically, protein B

represses the expression of gene a, whereas protein A represses
the expression of gene b, and at a higher concentration, the

expression of its own gene. Protein degradations are not
regulated.

This system can be modeled by differential equations as
follows.

_xa ¼ �a ra1ðxbÞ ra2ðxaÞ � �a xa, ð1Þ
_xb ¼ �b rbðxaÞ � �b xb, ð2Þ

with x ¼ ðxa, xbÞ 2 X ¼ ½0, maxa� � ½0, maxb�. The state
variables xa and xb denote the concentrations of protein

A and B. x is the vector of state variables and X is the state
space. maxa and maxb denote a maximal concentration for

proteins A and B. �’s and �’s are respectively production and
degradation rate parameters, and r’s are regulation functions.

The latter capture the regulatory effect of an effector protein
on gene expression. In contrast to most nonlinear models in

which the regulation functions are smooth sigmoidal functions
(e.g. Hill functions) (de Jong, 2002), we assume that regulation

functions are piecewise-affine (Fig. 2). These functions are

uniquely defined by their values at breakpoints, denoted by �’s.
For our example model, we used the simplest piecewise-affine

functions approximating sigmoidal curves: ramp functions.
These functions have only four break points (including

0 and maxi). The ordered set of all breakpoints associated
with the variable xi is denoted by �i. For example, we have

�a ¼ f0, �a1, �a2, �a3, �a4, maxag and �b ¼ f0, �b1, �b2, maxbg.
Products of regulation functions (involving different state

variables) can be used to capture complex genetic regulations. In
Equation (1), for example, the product of regulation functions

captures the hypothesis that in order to have a maximal
expression of gene a both proteins must be present in low

concentration (i.e. below �a3 and �b1). Because products of
piecewise-affine functions are allowed, the resulting models are

in general piecewise-multiaffine. We recall that a multiaffine
function is a polynomial with the property that the degree in any

of its variable is atmost 1 (Belta andHabets, 2006). In particular,
products of different variables are allowed. A motivation

for considering piecewise-affine regulation functions is that

piecewise-affine functions have universal approximation proper-

ties (Lin andUnbehauen, 1992), whichmeans that any nonlinear

function can be approximated by a piecewise-affine function

with arbitrary accuracy (Fig. 3). Moreover, while the analysis of

general nonlinear systems (e.g. Hill-type models) is notoriously

difficult, efficient approaches have been recently developed for

multiaffine systems (Belta and Habets, 2006).
Some parameters might be uncertain. Their values are

then given by intervals. We assume that production and/

or degradation rate parameters can be uncertain (i.e. �’s and

�’s), but that regulation functions are precisely known.

We denote by p the vector of uncertain parameters and by

P the parameter space. For the cross-inhibition network,

we assume that parameters satisfy �a 2 ½0, 30�, �b 2 ½0, 40�,
�a ¼ 1, and �b ¼ 2. So, we have p ¼ ð�a, �bÞ 2 P ¼ ½0, 30�
�½0, 40�. More generally, the models that we consider are

piecewise-multiaffine (PMA) systems � of the general form

_x ¼ f ðx, pÞ, x 2 X , p 2 P ð3Þ
where f is a piecewise-multiaffine function of the state variables

x and an affine function of the uncertain parameters p.
A number of different formalisms has been proposed to

describe gene networks (de Jong, 2002). The use of piecewise-

multiaffine models for gene networks was first proposed

by Belta et al. (2002) (see Mestl et al., 1995 for a related,

piecewise-continuous approach). The class of piecewise-

multiaffine models that we consider is also related to the class

0
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1
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maxa
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128
maxb

20

xa xb

rb(xa)

ra2(xb) ra1(xb)
(a) (b)

Fig. 2. Regulation functions in Equations (1) and (2) for the cross-

inhibition network.
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Fig. 3. Approximation of sigmoidal functions by piecewise-affine

functions. Better approximations can be obtained by using more

breakpoints.
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Fig. 1. Cross-inhibition network.
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of piecewise-affine (PA) differential equation models proposed

by Glass and Kauffman (1973). Even if multiaffine models

do not present the monotonicity properties that make the

qualitative, symbolic analysis of PA models attractive (de Jong

et al., 2004; Ghosh and Tomlin, 2004; see also Kauffman, 1969;

Thomas et al., 1995, for alternative, discrete formalisms), the

use of piecewise-affine functions to represent genetic regula-

tions (instead of step functions for PA models) allows to

develop finer-grained models, better adapted to quantitative

analyses. In particular, PMA models capture the graded

response of gene expression to continuous changes in effector

(activator or repressor) concentrations.
We use Linear Temporal Logic (LTL) to express dynamical

properties of gene networks. Temporal logics have been

developed to specify the behavior of (usually discrete) dynamical

systems (Emerson, 1990). Typical properties include reachability

(the system can reach a given state), inevitability (the system will

necessarily reach a given state), invariance (a property is always

true), response (an event necessarily triggers a specific behavior)

and infinite occurrences (such as oscillations). Illustrative

examples of the expressiveness of temporal logics in systems

biology can be found inAntoniotti et al. (2003), Batt et al. (2005),

Bernot et al. (2004) and Fages et al. (2004). LTL formulas are

built using atomic propositions and LTL operators. In our

approach, atomic propositions express simple constraints

on protein concentrations and are of type ‘xi < �’ or ‘xi > �’ .1

LTL operators include the usual logical operators, such as

negation (:), logical and (^), logical or (_), and implication (!),

and specific temporal operators, such as future (F ), globally ðGÞ
and until (U ). F p, G p and pU q respectively mean that a pro-

perty p holds at some future time, holds for all future times, or

holds continuously until an other property q holds. These opera-

tors can be combined to express complex dynamical properties.

The cross-inhibition network is known to be bistable.

If the system is in a state in which the concentration of protein

A is low and the concentration of protein B is high, then it will

remain in such a state for all time. A symmetrical property

holds with the concentrations of A and B being high and low,

respectively. This property can be expressed in LTL by the

formula �1, where, for example, the first part of the property

expresses that if the concentrations of protein A and B

are respectively low (xa < �a1) and high (xb > �b2), then the

system will always (G) remain in such a state.

�1 ¼ ðxa<�a1 ^ xb>�b2 ! G ðxa<�a1 ^ xb>�b2ÞÞ
^ ðxb<�b1 ^ xa>�a3 ! G ðxb<�b1 ^ xa>�a3ÞÞ

ð4Þ

The semantics of LTL formulas is defined over executions of

transition systems (Emerson, 1990). Transition systems consist

of a (finite or infinite) set of states and of a set of transitions

between states. Transition systems define a set of executions,

which are sequences of states for which there exists a transition

from each state to its successor. So, in order to define what

it means that a PMA system � satisfies an LTL property � for a

given parameter p 2 P, we introduce an embedding transition

system, denoted by TX ðpÞ, in which the states are the points

x in X , and the transitions between two points correspond to

the existence of a solution of the differential equation (3) going
from one point to the other. Consequently, executions of TXðpÞ
correspond to solution trajectories of (3). Then, a PMA system
� satisfies an LTL property � for a given parameter p if every

execution of the associated embedding transition system TXðpÞ
satisfies the property �, denoted by TXð pÞ � �. We say that the

parameter p is valid for �. Finally, a parameter set P is valid for

� if every parameter in P is valid for �. In this work,
we consider the following two problems.

Problem Let � be a PMA system, P an hyperrectangular

parameter space, and � an LTL formula.
Problem 1. Robustness analysis: Check whether P is valid for �.
Problem 2. Tuning: Find a set P � P such that P is valid for �.

The state space associated with our two-gene example is

shown in Figure 4a. The flow and a solution trajectory passing

through three points, x1, x2 and x3, are also represented for a
given parameter p̂ ¼ ð26, 34Þ. In TX ðp̂Þ, there is for example

a transition from x1 to x2, and from x2 to x3. The solution
trajectory represented in Figure 4a can be associated with the

execution ðx1, x2, x3, . . .Þ.

2.2 Analysis of uncertain PMA systems

Problems 1 and 2 amount to prove that a given property is

satisfied for sets of initial conditions and for sets of parameters.
Consequently, these problems cannot be solved by numerical

integration, since it would require to check whether the
property holds for an infinite number of solution trajectories.

Instead, we use a combination of techniques developed for the

verification of continuous, and more generally hybrid (i.e.
continuous and discrete) dynamical systems. The principle of

the analysis is simple. Discrete abstractions (Alur et al., 2000)
are used to transpose problems defined on (infinite) continuous

state and parameter spaces into problems defined on (finite)

discrete spaces. Algorithmic analysis by model checking (Clarke
et al., 1999) is then possible.
The first step of our analysis is to define a partition of the state

space. Given the piecewise nature of the differential equation

system (3), it is natural to partition the state space into regions in
which the differential equations have a same expression. So we

consider the hyperrectangular partition defined by the break-
points in �i for every variable xi (Fig. 4a). Full-dimensional

regions of the partition are called rectangles R 2 R. For our

example network,R contains 15 rectangles:R1, . . . ,R15 (Fig. 4a).
For every parameter set P, we define the discrete abstraction

of a PMA system � as the discrete transition system TRðPÞ in
which the states are the rectangles, and the transitions between

(adjacent) rectangles correspond to the existence of solution
trajectories of (3) for some parameter in P, going from one

rectangle to the other. In Batt et al. (2007a), we have shown
that the discrete abstraction TRðPÞ captures every possible

behavior of the original system � for every parameter p 2 P.

More precisely, TRðPÞ is a conservative approximation of �, in
the sense that to every solution trajectory of (3), there exists a

corresponding execution in TRðPÞ.2 Note however, that TRðPÞ

1Note that the assumption �2�i is made without loss of generality.

2In fact, this property holds only for almost all solution trajectories of
(3). For our biological applications, this technical restriction is of no
practical importance and is disregarded in the sequel (see Batt et al.,
2007a).
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may contain spurious executions, that is, executions corre-

sponding to no solution trajectory of the original system. For

our example network, the discrete abstraction of the system

associated with the parameter set P̂¼½20, 30��½30, 40��P
is represented in Figure 4b. For parameter p̂2 P̂, there exists a

solution reaching R6 from R1, and R11 from R6 (Fig. 4a),

so there exists transitions from R1 to R6 and from R6 to R11 in

TRðP̂Þ (Fig. 4b). The solution trajectory represented in Figure 4a

corresponds to the execution ðR1,R6,R11,R11, . . .Þ in TRðP̂Þ.
Contrary to the original, infinite system, the abstract system

being finite can be analyzed by model checking techniques.

Model checking techniques are highly efficient automatic

techniques developed for the analysis of finite transition

systems. In particular, off-the-shelf tools exist to check

whether discrete transition systems satisfy given temporal

logic properties. Using these tools, we can test whether

TRðPÞ � �, and if this holds, we can conclude that the original

system � satisfies the property � for every parameter in P using

the fact that conservative approximations weakly preserve LTL

(Browne et al., 1988): if a property is true for the abstract

system, then it holds for the original system. Note, however,

that due to the possible existence of spurious executions in the

abstract system, the converse is not necessarily true. Stated

differently, we might fail to prove some properties.
It is easy to check on the discrete transition system TRðP̂Þ

represented in Figure 4b that the network satisfies the bistability

property �1 for every parameter value in P̂. If the state

x ¼ ðxa, xbÞ of the system satisfies xa<�a1 and xb>�b2, then
x 2 R11 (Fig. 4a), and because there is no transition leaving R11

in TRðP̂Þ (Fig. 4b), the system can not leave R11. By a similar

reasoning, one can check that the second half of property �1 also

holds (the system always remains in R4 or R5, where protein A
and B concentrations are respectively high and low).
We have still not provided a means to actually compute the

discrete abstraction TRðPÞ. In fact, we need to be able to decide
whether solutions starting from a rectangle can enter an
adjacent rectangle. For general, uncertain nonlinear dynamical

system, there is no known method to solve this problem.
Fortunately, we can exploit two specific properties of the class
of models that we consider. First, because the models are

piecewise-multiaffine functions of the state variables, the
existence of transitions between two adjacent rectangles only
depends on the direction of the vector field at the vertices of

the facet that separates the two rectangles. This comes from
convexity properties of multiaffine functions in hyperrectan-
gular regions (Belta and Habets, 2006). Second, because the

models are affine functions of the uncertain parameters, the
vector field at a vertex v depends affinely on the unknown
parameters. So we can show that the set of parameters for

which there exists a transition between two rectangles
corresponds to a union of polyhedral sets in the parameter
space (Batt et al., 2007a). As a consequence, the discrete

transition system TRðPÞ can be computed by means of
polyhedral operations for a hyperrectangular, or more gene-
rally, for a polyhedral parameter set P.

For the cross-inhibition network, there exists a transition
from R1 to R2 if and only if the vector field at one of the vertices
of the separating facet (of coordinates ð�a1, 0Þ0 or ð�a1, �b1Þ0)
points ‘to the right’ (i.e. is such that _xa > 0). It holds for both
vertices that _xa ¼ �a � �a �a1, which is positive for every
�a 2 ½20, 30� (�a ¼ 1 and �a1 ¼ 8). So there is a transition

from R1 to R2 in TRðP̂Þ. Conversely, one can show that there is
no transition from R2 to R1 in TRðP̂Þ.
We can now solve robustness problems (Problem 1) by the

following two-step procedure: first, compute the discrete
abstraction TRðPÞ by means of polyhedral operations, and
second, test on the discrete abstraction whether the property �
is true by model checking. If it is true, then we can conclude that
the property is true for all parameters in the parameter set, or
stated differently, that the parameter set P is valid for �. Note,

however, that if the discrete abstraction does not satisfy the
property, no conclusion can be drawn on the original system.
In order to deal with tuning problems (Problem 2), we use the

observation made previously that the existence of transitions in
the discrete abstractions depends on a set of affine constraints
on parameters. All these constraints define a polyhedral

partition P of the parameter space, represented in Figure 5
for our example network. All parameters in a same region
P 2 P are equivalent, in the sense that they are associated with

a same discrete abstraction.
Then, a naive approach to find solutions to Problem 2 is to

test the validity of every parameter equivalence class P 2 P of
the parameter space using the previous approach (i.e. for every

P 2 P, compute TRðPÞ and test whether TRðPÞ � �).
Every parameter set identified this way provides solutions to
the tuning problem, since it suggests a way to modify network

parameters such that the tuned system is guaranteed to satisfy
the expected property. Conversely, not all valid parameters
are guaranteed to be found by our approach. For our example

network, if we test the validity of the regions P1,P2, . . . ,P12

xa

xb

lb2

lb1

la1 la2 la3 la4

x3

x2

x1

R1 R2 R3 R4 R5

R11

R6 R7 R8 R9 R10

R12 R13 R14 R15

(a)

(b)

R11
R12

R2

R13

R3

R14

R4

R9R8R7

R15

R5

R10

R1

R6

Fig. 4. (a) Continuous dynamics in the state space of the cross-

inhibition network for a given parameter, p̂ ¼ ð�a, �bÞ ¼ ð26, 34Þ.
(b) Discrete abstraction TRðP̂Þ for the parameter set

P̂ ¼ ½20, 30� � ½30, 40�. Dots denote self transitions.
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represented in Figure 5, we find that P12 is a valid parameter

set. So we can conclude that the gene network is bistable

if �a > 18 and �b > 24. In fact, we have developed a more

efficient approach that allows to reason with fewer, larger

regions in parameter space, corresponding to unions of

parameter equivalence classes P 2 P (Batt et al., 2007a).

Still, computational times generally increase exponentially

with the number of genes and uncertain parameters.

Consequently, the applicability of our method is currently

limited to the analysis of networks of moderate size (i.e. having

less than a half-dozen genes) as currently encountered in most

synthetic gene networks. The analysis of future, larger synthetic

networks will require to extend our approach to exploit their

modularity (Chin, 2006).
This method has been implemented in a freely available tool

for Robust Verification of Gene Networks (RoVerGeNe),

written in Matlab on top of several other tools (MPT,

MatlabBGL, NuSMV). Additionally, RoVerGeNe supports

an extension of the method presented here, dealing with

problems specifically encountered when verifying liveness

properties (Batt et al., 2007b).

3 TUNING OF A SYNTHETIC TRANSCRIPTIONAL
CASCADE

In this section, we illustrate the practical applicability and

biological relevance of the approach presented in the previous

section for the analysis of synthetic gene networks.

3.1 Problem

We consider a cascade of transcriptional inhibitions built in

E.coli by Hooshangi et al. (2005). The network is represented in

Figure 6a. It is made of four genes: tetR, lacI, cI, and eyfp that

code respectively for three repressor proteins, TetR, LacI and CI,

and the fluorescent protein EYFP. The fluorescence of the

system, due to the protein EYFP, is the measured output.

The system can be controlled by the addition or removal of

a small diffusible molecule, aTc, in the growth media. More

precisely, aTc binds to TetR and relieves the repression of lacI.

The aTc concentration thus serves as a controllable input to the

system. It is intuitively clear that the output (i.e. the fluorescence)

of the system at steady state will be low for low inputs (i.e. aTc

concentration), and high for high inputs. Moreover, because of

the topology of the network (cascade of inhibitions), an

ultrasensitive response may be achieved: the output at steady

state undergoes a dramatic change for a moderate change of the

input in a transition region. More precisely, we would like that

the system at steady state satisfies the input/output specifications

represented in Figure 7a, in which the output of the system is

expected to remain between the two dotted lines. In particular,

this specifies that a 1000-fold increase of the output is obtained

for a 4-fold increase of the input.
Unfortunately, the actual network does not meet these

specifications (Fig. 7a). So we used our method and tool to

investigate how to tune it. In a preliminary step, we have

developed a PMA model of the network. Then, using

RoVerGeNe, we have investigated the possibility to tune the

network by modifying some of its parameters (Problem 2),

proposed parameter modifications, and evaluated computa-

tionally the robustness of the modified system (Problem 1).

Note that it is important to perform this last step before

experimentally tuning the network in order to gain confidence

that the tuned system will behave as expected despite errors

in parameter identification, incorrect parameter modifications

or environmental fluctuations.

3.2 Modeling and specification

We have developed a piecewise-multiaffine model of the

cascade, represented in Figure 6b. The notations are similar

(a)

(b)

TetR LacI EYFPCI

tetR cI eyfp

aTc

lacI

 (5)

 (6)

(7)

(8)

(9)

xtetR = ktetR − g tetR xtetR,
⋅

xlacI = klacI,0 + klacI (rlacI,1(xtetR) + rlacI,2(uaTc) − rlacI,1(xtetR) rlacI,2(uaTc)) − glacI xlacI,
⋅

xeyfp = keyfp,0 + keyfp reyfp(xcI) − geyfp xeyfp,
⋅

xcI = kcI,0 + kcI rcI (xlacI) − gcI xcI,
⋅

uaTc = 0.⋅

Fig. 6. (a) Synthetic transcriptional cascade. TetR represses lacI , LacI represses cI , and CI represses eyfp. aTc controls the repression of lacI by

TetR. The fluorescence of the protein EYFP is the output. (b) Piecewise-multiaffine model of the cascade in (a). The concentrations of protein TetR,

LacI, CI, EYFP and of aTc are denoted by xtetR, xlacI , xcI , xeyfp and uaTc, respectively. Other notations follow those introduced in Section 2.1.

P9

P5

P1 P2 P3 P4

P6 P7 P8

P10 P11 P12

18128
0

16

24

40kb

ka
30

Fig. 5. Partition of the parameter space P of the cross-inhibition

network. Valid regions are shaded.
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to those introduced in Section 2. For regulated genes,

two production terms are distinguished: a leakage term

(with subscript 0) and a regulated term. The expression in

Equation (6) for the regulation of lacI by TetR and aTc states

that the expression of lacI increases if the concentration of aTc

increases (rlacI , 2 is an increasing function since aTc is an

activator) or if the concentration of TetR decreases (rlacI , 1 is a

decreasing function since TetR is a repressor). We recall that

the function dða, bÞ ¼ aþ b� ab increases when a or b increase

and that dða, bÞ 2 ½0, 1� if a 2 ½0, 1� and b 2 ½0, 1�. It can thus

be considered as an arithmetic equivalent of the logical

or. Finally, Equation (9) states that the concentration of aTc

is constant.
Because the proteins in the cascade are relatively stable,

we neglected protein degradation and assumed that degrada-

tion rate parameters were simply equal to the dilution rate

corresponding to the observed division time of the cells (about

45 minutes). Under the assumption that the concentration at

steady state of the constitutively expressed protein TetR is

sufficient to fully repress the expression of lacI

(i.e. rlacI , 1ðx�tetRÞ ¼ 0), we deduce from our model that the

concentrations at steady state of the proteins LacI, CI

and EYFP satisfy the following relations.

x�lacI ¼ �lacI , 0=�lacI þ �lacI =�lacI rlacI , 2ðuaTcÞ ð10Þ
x�cI ¼ �cI , 0=�cI þ �cI =�cI rcI ðx�lacI Þ ð11Þ
x�eyfp ¼ �eyfp, 0=�eyfp þ �eyfp=�eyfp reyfpðx�cI Þ ð12Þ

Under the assumption that the concentration of the protein

EYFP corresponds to the fluorescence intensities measured for

this cascade, and that the concentrations of the intermediate

proteins of the cascade LacI and CI correspond to the

fluorescence intensities of other, shorter cascades (not shown

here, (Hooshangi et al., 2005)), experimental data is available to

describe these relations. More precisely, the relation between

x�lacI and uaTc is directly known from measurements, and the

relations between x�cI and x�lacI , and x�eyfp and x�cI can be

deduced from the experimentally-measured relations between

x�lacI and uaTc, x
�
cI and uaTc, and x�eyfp and uaTc. Then, existing

techniques for fitting piecewise-affine functions to data can be

used to identify the values of production rate parameters and

the piecewise-affine regulation functions appearing in

Equations (10)–(12) (Fig. 7b and c). We used an in-house

implementation of the algorithm proposed in (Ferrari-Trecate

et al., 2001) that imposes the identification of horizontal

plateaus. To obtain better fits, we interpolated the experimental

data with splines, and fitted the piecewise-affine functions to

the interpolated data.3 For TetR, no experimental data was

available. So, we have simply chosen a ramp function for

rlacI , 1ðxtetRÞ and parameter values that guarantee that at steady

state the concentration of TetR (x�tetR ¼ �tetR=�tetR) is sufficient
to fully repress the expression of lacI .
In order to assess the validity of the model, we compared

model predictions with experimental data. For various con-

centrations of aTc and for randomly chosen initial concentra-

tions, we computed the steady state of the network by

numerical simulation (Fig. 7a). Given the simplicity of the

model, we obtained a reasonably good fit between data and

predictions. Additionally, we simulated the network response

to the addition or removal of aTc and obtained a good

agreement with experimental data (data not shown).

The last step was to formalize in temporal logic the desired

behavior of the network depicted in Figure 7a. This specifica-

tion can be expressed as a conjunction of three constraints

of the type: if the aTc concentration is in a given range, then the

concentration of EYFP at steady state must be in another given

range:

�2 ¼ uaTc < 100 ! FGð2:5 102 < xeyfp < 5 102Þ
^ 100 < uaTc < 400 ! FGð2:5 102 < xeyfp < 106Þ
^ uaTc > 400 ! FGð5 105 < xeyfp < 106Þ,

where to express that a property p holds at steady state, we used

FGp, meaning ‘eventually (F), property p will always (G) hold’.

3.3 Parameter tuning

Using RoVerGene, we looked for parameter modifications that

would improve the network behavior. Stated differently, we

searched for valid parameters. We have chosen to tune

production rate parameters, since recently developed techni-

ques allow to tune promoter or ribosome binding site
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103

102
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101 102 103 104

[aTc]
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]
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[LacI]
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(a) (b) (c) (d)

Fig. 7. (a) Steady-state input/output behavior of the cascade: desired (region delimited by black dashed lines) measured (red dots) and predicted (red

line). (b and c) Relations between the concentrations of (b) LacI and aTc and (c) CI and LacI of the cascade at steady-state: experimental data (dots)

and piecewise affine fits (solid lines). Note that the curved shape of the line segments is due to the log-log representation used. (d) Valid parameters in

the parameter space as identified by RoVerGeNe (rectangular regions) or by brute-force sampling (dots). �lacI , �cI and �eyfp are production rate

parameters for protein LacI, CI and EYFP, respectively.

3In Batt et al. (2007a,b), we used the simplest piecewise-affine function
(i.e. a ramp function) to describe gene regulations. The use of more
general piecewise-affine functions allows us to obtain a more faithful
model.
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efficiencies with relative ease and precision (Hammer et al.,

2006). So, we assumed that the production rate parameters of

LacI, CI and EYFP were unconstrained, or more precisely,

were ranging in intervals spanning at least two orders of

magnitude (their original values are �lacI ¼ 875, �cI ¼ 386

and �eyfp ¼ 4048):

�lacI 2 ½70, 7000�, �cI 2 ½75, 8000� and �eyfp 2 ½30, 30000�
Using RoVerGeNe, we identified 15 valid parameter sets

(<5 h, PC, 3.4GHz processor, 1GB RAM). The analysis of

these sets, represented in the parameter space in Figure 7d,

suggests to increase by at least 50% the production rates of

LacI and CI, and to approximatively double the production

rate of EYFP. In particular, this might be achieved by tuning

ribosome-binding sites as done by Basu et al. (2004).
In order to illustrate the relevance of the constraints found,

we considered extreme parameter values in these sets

(i.e. vertices of the rectangular regions in Fig. 7d), and

computed the input/output behavior of the network at steady

state for these parameters (Fig. 8). This clearly illustrate that

relevant constraints on the parameters were found.

We recall that not all valid parameters are guaranteed to

be found by our method. So in order to evaluate the capacity

of our approach to successfully identify valid parameters,

we compared our results with those obtained by a brute-force

sampling of the parameter space using numerical simulations.

20 000 different samples were considered. For each sample, we

randomly chose parameter values and initial protein concentra-

tions. Given that possible parameter values and initial protein

concentrations span several orders of magnitude, we considered

uniform distributions in the log-transformed spaces. Then, for

four different aTc concentrations (10, 100, 400 and 20 104 nM),

we simulated the network behavior and considered that a

parameter value is valid if the concentration of EYFP at steady

state satisfies the constraints depicted in Figure 7a. Note that

‘valid’ here has not the same meaning than previously, since the

validity of a parameter is tested solely for one initial condition

and four different aTc concentrations. Out of the 20 000

different parameter values considered, we found that 2.27%

were valid (Fig. 7d). This figure should be comparedwith the fact

that the volume of the valid parameter sets found using

RoVerGeNe represents 1.8% of the volume of the (log-

transformed) parameter space. These figures indicate that

using RoVerGeNe we were able to identify a significant subset

of the set of all valid parameters.

3.4 Robustness of the tuned network

Before experimentally modifying network parameters as

suggested by the previous analysis, it is important to verify

that the modified network will robustly behave as expected.

So, we let all production and degradation rate parameters

range in �10% (or �20%) intervals centered at their reference

values and tested whether the property is robustly

satisfied for these parameter variations. Eleven parameters

were thus considered uncertain. For tuned parameters,

new references values were chosen in the valid parameter sets

found in the previous approach. More precisely, we chose

�lacI ¼ 1600, �cI ¼ 1400 and �eyfp ¼ 8100. Using RoVerGeNe,

we proved that the property �2 holds for every parameter in the

�10% parameter set, and we were not able to prove that the

same hold for the �20% set. This proves that the tuned

network presents the desired behavior for modest (�10%)

parameter variations, and suggests that it does not do so for

large (�20%) parameter variations. We recall that there are

two reasons for obtaining negative results with RoVerGeNe:

either because the property is false, or because our approach

fails to prove the property, due to excessive approximations.

In this case, a manual analysis of the output given by

RoVerGeNe (or more precisely of the counter-example

given by the model checker) revealed that for some parameters

(minimal production rates and maximal degradation rate

for EYFP) the concentration of EYFP at steady state is

below the minimal value allowed by the specifications (5 105).

So, as suggested by RoVerGeNe, the property is indeed not

robustly satisfied for �20% parameter variations. This analysis

again illustrates that relevant constraints on parameters have

been identified by our approach.
These results were obtained in less than 1h. Consequently,

our approach can be considered as rather efficient, especially

given the difficulty of the problem: verifying that a non-trivial

dynamical property holds for all initial conditions in a

5-dimensional state space and for all parameters in an

11-dimensional parameter space.

4 CONCLUSION

We have presented a method for the analysis of dynamical

properties of genetic regulatory networks with parameter

uncertainty. Given a PMA model, an LTL specification of a

dynamical property and intervals defining a set of uncertain

parameters, the proposed approach deals with two problems.

The first one is to test whether the property is satisfied for every

parameter in the parameter set. The second one is to find

subsets of the given parameter set such that the property is

satisfied for every parameter in these subsets. Both problems

are of practical importance in quantitative biology. The first

one amounts to assess the robustness of the behavior of a

network, in the sense that we show that the system presents

a given behavior despite environmental fluctuations or
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Fig. 8. Steady-state input/output behavior of the cascade for

extreme parameter values in the valid parameter sets represented

in Figure 7d.
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inaccurate parameter estimation. The second one suggests

parameter modifications to tune network behaviors and is

particularly important for network design, since most initial

attempts at constructing gene networks do not result in a

system exhibiting the desired behavior.
The motivation for considering uncertain piecewise-

multiaffine differential equation models is twofold. First, they

are well adapted tomodel genetic regulatory networks in the face

of incomplete quantitative information. This is of utmost

importance for applications in systems and synthetic biology,

since precise quantitative information are generally not avail-

able. Second, they present interesting mathematical properties

that allow the development of efficient, tailored algorithms

implementing a combination of techniques for the formal

verification of continuous dynamical systems, based on discrete

abstraction and model checking. These algorithms are imple-

mented in the publicly-available tool RoVerGeNe, and their

practical applicability and biological relevance are demonstrated

on the tuning of a synthetic network built in E.coli.
To the best of our knowledge, the approach presented here

is the first computational approach developed specifically for

tuning synthetic gene networks. In a different context, Kuepfer

et al. (2007) have recently developed an approach based on

semidefinite programming for partitioning the parameter space

of polynomial differential equation models into so-called

feasible and infeasible regions. It should be noted that in this

approach, ‘feasible’ simply refers to the existence of a steady

state of the system. In contrast, our approach allows to find

parameter sets for which the system presents a particular

behavior, expressed in the rich language of temporal logics.
Finally, the most promising direction for future applications

seems to be the use of the proposed methods to support

the modular design of large gene networks (Chin, 2006).

In this perspective, the behavior of each module (i.e. sub-

network) could be described by a temporal logic property that

holds for sets of parameters, initial conditions and inputs.

These properties could then be viewed as certificates of the

robust behavior of the modules and could be used to support

module assemblage on a sound basis. In particular, this would

pave the way for the approach advocated by Collins and

colleagues (Kobayashi et al., 2004) in which biologists use

network modules as ‘plug-and-play’ devices to build complex

synthetic systems.
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applications to synthetic gene networks
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ABSTRACT

Motivation: Robustness is the capacity of a system to maintain
a function in the face of perturbations. It is essential for the
correct functioning of natural and engineered biological systems.
Robustness is generally defined in an ad hoc, problem-dependent
manner, thus hampering the fruitful development of a theory of
biological robustness, recently advocated by Kitano.
Results: In this article, we propose a general definition of robustness
that applies to any biological function expressible in temporal
logic LTL (linear temporal logic), and to broad model classes and
perturbation types. Moreover, we propose a computational approach
and an implementation in BIOCHAM 2.8 for the automated estimation
of the robustness of a given behavior with respect to a given set
of perturbations. The applicability and biological relevance of our
approach is demonstrated by testing and improving the robustness
of the timed behavior of a synthetic transcriptional cascade that
could be used as a biological timer for synthetic biology applications.
Availability: Version 2.8 of BIOCHAM and the transcriptional
cascade model are available at http://contraintes.inria.fr/BIOCHAM/
Contact: gregory.batt@inria.fr

1 INTRODUCTION
Robustness can be defined as the capacity of a system to maintain
a function in the face of perturbations. Over the years, many
studies have demonstrated theoretically and experimentally that
robustness is a key property of numerous biological processes, and
have proposed mechanisms that promote robustness (e.g. Barkai
and Leibler, 1997; Batt et al., 2007; Chaves et al., 2007; Ciliberti
et al., 2007; Davidson and Levine, 2008; El-Samad et al., 2005;
Gonze et al., 2002; Ingolia, 2004; Shen et al., 2008; Shinar et al.,
2007; Stelling et al., 2004b; von Dassow et al., 2000). Robustness is
now regarded as one of the fundamental characteristics of biological
systems because it allows their correct functioning in presence of
molecular noise and environmental fluctuations. Excellent reviews
have surveyed the role of biological robustness, and discussed
its interesting relations with evolvability of biological systems,
modularity of biological networks and the trade-off between
robustness and fragility (e.g. Kitano, 2004; Stelling et al., 2004a;
Yi et al., 2000). In particular, in the context of synthetic biology,
these are key issues to take into account at the design level.

Intuitively, the notion of robustness seems easy to define.
One considers (i) a particular system, (ii) a particular function
and (iii) a particular set of perturbations, and one assesses how
perturbations affect (or not) the given function. However, with the
notable exception of Kitano (2007), no general formal definition of
robustness has been proposed. The precise definition of robustness is

∗To whom correspondence should be addressed.

generally highly problem-specific. This makes it difficult to discuss
and compare the robustness found in different contexts, or even
in similar contexts but computed using different formal definitions
of robustness. In Kitano (2007), the mathematical foundations of
a theory of biological robustness is proposed, with the aim of
providing a unified perspective on robustness.
Although very interesting from a theoretical point of view,

Kitano’s definition might be too general when applying it to
particular problems. Indeed the definition relies on a so-called
evaluation function, defined using an unspecified, problem-
dependent real-valued performance function. Here, we propose
to define the evaluation function using the newly introduced
notion of violation degree of temporal logic formulae (Fages and
Rizk, 2008). Intuitively, the violation degree reflects the distance
between a particular behavior of the perturbed system, given as
a numerical timed trace, and the expected reference behavior,
expressed by a temporal logic formula. Because (i) temporal
logics are expressive languages to formalize temporal behavior of
dynamical systems and (ii) the violation degree can be automatically
computed, our instantiation of Kitano’s definition is both general and
computational. Themain contribution of our work is that we propose
a computational approach for—and an implementation of—the
automatic estimation of the robustness that applies to a broad class
of dynamical properties and a large variety of possible perturbations.
We simply require that the property describing the expected behavior
can be expressed in temporal logic and that the behavior of the
system can be represented by a numerical trace (possibly obtained
by numerical simulation of deterministic or stochastic models).
A second contribution of this work is that we propose two

closely related but different notions of robustness that have
been used indiscriminately in publications, namely the absolute
robustness of a system, representing the average functionality of
the system under perturbations, and the relative robustness with
respect to a given nominal behavior of the system, quantifying the
impact of perturbations on the nominal behavior. We believe that
distinguishing these two notions will help to clarify the analysis of
robustness of biological systems. Undoubtedly, formal definitions
are useful for making this distinction.
The applicability and biological relevance of our approach is

illustrated on the analysis of the robustness of the timed response
of a synthetic transcriptional cascade built in Escherichia coli. This
system presents a high cell-to-cell variability that prevents using
it as a biological timer. We look for parameter modifications that
improve the robustness of a ‘well-timed’ behavior.
The remainder of this article is organized as follows. In the next

section, we provide a brief description of the violation degree notion
introduced in Fages and Rizk (2008). In Section 3, we present the
proposedmethod for robustness estimation and its implementation in
BIOCHAM2.8. In Section 4, we detail the application of our method
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to the analysis of the robustness of the synthetic transcriptional
cascade.

2 VIOLATION DEGREE OF TEMPORAL LOGIC
PROPERTIES

We first define the Boolean semantics of linear temporal logic
(LTL) on timed numerical traces (Section 2.1). Then, we show
how using the variable abstraction technique of Section 2.2, we can
define a continuous satisfaction degree for temporal logic formulae
(Section 2.3) better adapted to a quantitative notion of robustness.

2.1 Temporal logic semantics of numerical traces
In this article, we consider that the behavior of a biological
system is described by numerical timed traces. These traces can
be obtained either by experimentation on the actual system or
by numerical simulation of stochastic or deterministic models.
Formally, a numerical trace is a finite sequence of tuples describing
system’s evolution with time: T = (s0,s1,...,sn), with si = (ti,xi,ẋi),
(ti)i∈[0,n] being a strictly increasing sequence of time points, and
xi,ẋi ∈R

m being vectors of state variable values and of their
derivatives at time ti. In Figure 1a, a hypothetical evolution of a
protein concentration is represented. The associated trace is T =
((0,6,1.3),(2,8,0.8),...,(24,5,0)).
We use LTL to express dynamical properties of biological

systems. Temporal logics have been developed to specify the
behavior of (usually discrete) dynamical systems (Emerson, 1990).
Typical properties include reachability (the system can reach a given
state), inevitability (the system will necessarily reach a given state),
invariance (a property is always true), response (an event necessarily
triggers a specific behavior) and infinite occurrences of events
(such as oscillations). Illustrative examples of the expressiveness
of temporal logics in systems biology can be found in Antoniotti
et al. (2003); Batt et al. (2005); Bernot et al. (2004); Calzone et al.
(2006) and Chabrier and Fages (2003). LTL formulae are built using
atomic propositions and LTL operators.

In our approach, atomic propositions π express real-valued linear
constraints on time, protein concentrations and their derivatives. The
infinite set of atomic propositions is denoted by �.

LTL operators include the usual logical operators, such as
negation (¬), logical and (∧), logical or (∨) and implication (→),
and specific temporal operators, such as next (X), future (F), globally

(G) and until (U). Xφ, Fφ, Gφ and φUψ , respectively, mean that a
property φ holds at the next time, at some future time, holds for all
future times or holds continuously until another property ψ holds.
These operators can be combined to express complex dynamical
properties. For example, the trace T represented in Figure 1a
satisfies the formula φ1=F([A]>7∧F[A]<3), expressing that
at some time point, proteinA concentration exceeds 7 and later goes
below 3. Because negations can be pushed to atomic propositions
with the usual duality properties of operators, and the set of atomic
propositions is closed by negation, we consider without loss of
generality only negation-free LTL formulae.
The standard semantics of LTL formulae is generally defined with

respect to infinite executions, i.e. infinite traces. Because in our case,
the traces are finite, the usual semantics of LTL has to be adapted.
Let T = (s0,s1,...,sn) be a finite numerical trace, π ∈� be an atomic
proposition and φ, ψ be LTL formulae. Then the semantics of LTL
formulae with respect to finite traces is defined inductively as T |=φ

iff s0 |=φ, and

• si |=π iff si=(ti,xi,ẋi) satisfies π with the usual semantics,

• si |=φ∧ψ iff si |=φ and si |=ψ ,

• si |=φ∨ψ iff si |=φ or si |=ψ ,

• si |=Xφ iff i<n and si+1 |=φ, or i=n and sn |=φ,

• si |=Fφ iff ∃j∈[i,n] such that sj |=φ,

• si |=Gφ iff ∀j∈[i,n], sj |=φ,

• si |=φUψ iff ∃j∈[i,n] s. t. sj |=ψ and ∀k ∈[i,j−1], sk |=φ.

Our semantics of LTL coincides with the standard semantics used
on finite traces completed by a self-loop on the last state (Fages
and Rizk, 2008). This semantics differs from the neutral semantics
of Eisner et al. (2003) for finite traces only for the next operator,
which in their definition is always false on the last state, whereas in
our case it enjoys the duality property ¬Xφ=X¬φ and either Xφ or
X¬φ holds. In practice, the next operator beingmainly used to detect
local extrema, this difference of interpretation is not significant.

It is worth noticing that when the numerical trace corresponds
to a discrete representation of a continuous process, the discrete
time semantics that we use may cause that particular events are
‘missed’ independently of the numerical errors that can be made
by the numerical integration method. For example, the formula
F([A]≥10) interpreted on trace T of Figure 1a and expressing that
eventually [A] exceeds 10 might be found true or false depending

Fig. 1. (a) Numerical trace depicting the time evolution of a protein concentration. (b) Satisfaction domain DT ,φ(y) of QFLTL formula φ(y)=F([A]>

y1∧F[A]<y2) and trace T , and LTL formulae φ1, φ2 and φ3, represented in formula space. (c and d) Representation of satisfaction domains for three
perturbations p1, p2, and p3. Dpi denotes DTpi ,φ(y)

. In (c), the intersection of satisfaction domains (shaded) is not empty and Rsds
φ,P =3. The property

φ(ỹ)=φ(3,4)=F([A]>3∧F[A]<4) is satisfied for all perturbations. In (d), the intersection of satisfaction domains is empty and Rsds
φ,P =∞.
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on the integration step and precision. So care must be taken when
checking temporal properties on finite discrete time traces [for a
discussion, see Eisner et al. (2003); Fainekos and Pappas (2007)
and Maler et al. (2008), and references therein].

2.2 From model checking to constraint solving
The Boolean interpretation of temporal logic is not well adapted to
defining a quantitative notion of robustness. Indeed, neither of the
two formulae φ2=F([A]>12∧F[A]<3) and φ3=F([A]>14∧
F[A]<3) hold for the trace T of Figure 1a. However, intuitively
φ2 is closer to satisfaction than φ3, since it only requires that [A]
reaches 12 instead of 14.
To provide a formal definition of a continuous degree of

satisfaction of LTL formulae, we first consider quantifier-free
LTL (QFLTL) formulae with free (non-state) real-valued variables
y (Fages and Rizk, 2008). Then, the original model checking
problem is transformed into the following constraint solving
problem: for which values y does φ(y) hold on T? Accordingly,
we define for any trace T the satisfaction domain of φ(y) as the set
of values y for which φ(y) holds:

DT ,φ(y)={y∈R
q |T |=φ(y)} (1)

In the sequel, φ(y) will denote the QFLTL formula obtained by
variable abstraction from a (QF)LTL formula φ.

Interestingly, an LTL formula can be seen as an instance of a
QFLTL formula obtained by abstracting the constants appearing
in the formula by new variables y∈R

q. For example, to φ1=
F([A]>7∧F[A]<3), we associate the formula φ(y)=φ(y1,y2)=
F([A]>y1∧F[A]<y2). Then we have φ1=φ(7,3). Moreover,
one can easily check that for our example trace T , DT ,φ(y1,y2)={y1≤10∧y2≥2}, 10 and 2 being, respectively, the maximal and
minimal values of [A] in T .
More generally, this variable abstraction/instantiation process

allows us to view a LTL formula as a point in the QFLTL formula
space R

q, where q is the number of constants appearing in φ (or
the number of constants that are replaced by variables, if not all
constants are abstracted away). In Figure 1b, φ1, φ2, φ3 and DT ,φ

are represented in this formula space.
Given any trace T = (s0,s1,...,sn) and formula φ(y) we showed

in (Fages and Rizk, 2008) that the satisfaction domain DT ,φ(y) can
be computed by induction on T and the subformulae of φ(y) using
the equalities of Proposition 1.

Proposition 1 [Computation of satisfaction domains (Fages and
Rizk, 2008)].

• DT ,φ(y)=Ds0,φ(y),

• Dsi,π (y)={y∈R
q |π (y) holds with the usual semantics},

• Dsi,φ(y)∧ψ(y)=Dsi,φ(y)∩Dsi,ψ(y),

• Dsi,φ(y)∨ψ(y)=Dsi,φ(y)∪Dsi,ψ(y),

• Dsi,Xφ(y)=
{ Dsi+1,φ(y), if i<n,

Dsi,φ(y), if i=n,

• Dsi,Fφ(y)=∪j∈[i,n]Dsj,φ(y),

• Dsi,Gφ(y)=∩j∈[i,n]Dsj,φ(y),

• Dsi,φ(y)Uψ(y)=∪j∈[i,n](Dsj,ψ(y)∩∩k∈[i,j−1]Dsk,φ(y)).

The atomic propositions in φ(y) being linear constraints on free
variables y, the satisfaction domains are finite unions and inter-
sections of polytopes that can be computed with standard polyhedra
libraries. Although generally efficient, these operations require in
the worst case a time exponential in the formula space dimension.
They are, however, independent on the number of state variables.

2.3 Violation degree
To quantify how far from satisfaction a system’s behavior is, we
introduce the violation degree vd(T ,φ) of a formula φ with respect to
trace T as the distance between the actual specification and validity
domain DT ,φ(y) of the QFLTL formula φ(y) obtained by variable
abstraction:

vd(T ,φ)=dist(φ,DT ,φ(y)).

The violation degree has thus a simple interpretation, since it
quantifies by how much a given LTL formula must be changed to
hold on a given numerical trace.
Considering again our example in Figure 1b and using the

Euclidean distance, we have that vd(T ,φ1)=0, meaning that the
formula is satisfied by T , and vd(T ,φ2)=2 and vd(T ,φ3)=4,
reflecting that T is further from satisfaction of φ3 than of φ2.
Wewould like to emphasize that abstracting constants by variables

in temporal logic formulae is a means to define a metric on the
set of formulae. All set operations and distance computations are
made in the corresponding metric space, known as the formula
space. It might seem more intuitive to define distances directly
between traces. For example, Fainekos and Pappas (2006) use with
a similar aim—defining a continuous interpretation of temporal
logic formulae on traces—the distance between a given trace T
and the set of traces satisfying a formula φ. One major advantage
of our approach is that the dimensionality of the formula space
(number of abstracted constants) is generally much lower than the
dimensionality of the trace space (trace length). Performing set
operations and distance computation in low-dimensional spaces
may strongly affect the practical applicability of these methods.
In Donaldson and Gilbert (2008) a similar notion of violation
degree has been recently proposed, also based on the definition
of a satisfaction domain of temporal logic formulae. However, the
computation of the (finite) satisfaction domain is made by sampling
the formula space rather than by constraint solving. In this article, we
will use the Euclidean distance. However, many other distances can
be used (e.g. Manhattan or Chebyshev), depending on the desired
interpretation of distance and, as we will see in the next paragraph,
on the desired interpretation of robustness.
To define the robustness of a behavior, it is more convenient to

reason with a positive notion that describes how good the (possibly
perturbed) system performs, i.e. satisfies a dynamical property. To
do so, we introduce the notion of continuous satisfaction degree of
a formula with respect to a trace T :

sd(T ,φ)= 1

1+vd(T ,φ)
∈[0,1], (2)

where vd is the violation degree previously introduced. The
satisfaction degree is normalized such that it ranges between 0 and
1, with a satisfaction degree equal to 1 when the property is true
and tending toward 0 when the system is far from satisfying the
expected property. For some applications, the satisfaction degree
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might be normalized differently, using a given constant K instead
of the ones in Equation (2).

3 ROBUSTNESS DEFINITIONS AND
COMPUTATIONS

3.1 Absolute robustness
In this article, we mainly use Kitano’s general definition of
robustness. In Kitano (2007), the robustness of a property a of
a system s with respect to a set of perturbations P is defined
as the average of an evaluation function Ds

a of the system over
all perturbations p∈P, weighted by the perturbation probabilities
prob(p):

Rs
a,P =

∫
p∈P

prob(p)Ds
a dp (3)

One should emphasize that this definition is very general and can
be used in many cases. Unfortunately, Kitano does not provide much
information on how to define the so-called evaluation function Ds

a
of the system. This function should determine if the system still
maintains its function under a perturbation and to what degree. The
evaluation function needs to be defined for each specific problem in
an ad hoc manner and re-implemented for the computation of the
robustness.Acentral contribution of this article is to demonstrate that
using the notion of satisfaction degree presented previously, one can
provide a general computational framework based on temporal logic
and Kitano’s definition that can be used to evaluate the robustness
of broad types of dynamical properties and perturbations.

Formally, the robustness of the system is defined as:

Rs
φ,P =

∫
p∈P

prob(p)sd(Tp,φ)dp, (4)

where φ is the specification of the functionality in temporal logic
and Tp is the trace representing the behavior of the system under
perturbation p. This notion of robustness corresponds to a mean
functionality, that is, describes on average how the system behaves
under perturbations. To illustrate this, consider the plots 1 and 2
of Figure 2 that describe the performance Ds

a—or equivalently in
our case, the satisfaction degree—of two hypothetical systems in
the face of perturbations p. Because these two plots have the same
average, the robustness of these two systems would be equal for
evenly distributed perturbations. For example, in a bioengineering
context, if the ‘property’ reflects the quantity of some product
exported by cells, these two systems will indeed produce on average
the same quantity of the desired product.

This notion of robustness has been used in Ingolia (2004), Ma
et al. (2006) and von Dassow et al. (2000) to study the influence
of large parameter variations on the Drosophila segment polarity
pattern formation. Ma et al. (2006) used a Boolean criteria requiring
a ‘pattern penality function’ pen(x(t)) to be below a given threshold
θ∗ =0.0125 at 600 and 800min. The QFLTL formula φ(θ )=
G(time∈[600,800]→pen(x(t))≤θ ) states that the penalty function
must be below θ in the entire time interval, and the satisfaction
degree of a system’s behavior Tp and φ(θ∗) provides a quantitative
measure of the distance between Tp and the reference behavior.

3.2 Relative robustness
When comparing plots 1 and 2 of Figure 2, it appears that the
consequences of perturbations of the nominal behavior are not the
same, with T0 the nominal behavior. In System 1, perturbations
degrade the system’s performance more severely than in System 2.
So, with a different meaning of robustness, one could say that
System 2 is more robust than System 1. These two robustness
interpretations (as average behavior or as impact of perturbations on
nominal behavior) have been indiscriminately used in the literature
(see e.g. Davidson et al., 2003; von Dassow et al., 2000). To reflect
this second interpretation, let us define the relative robustness of a
systemwith respect to a nominal behavior as the system’s robustness
divided by its nominal performance, that is, by the satisfaction
degree of the reference behavior.

Rs,p∗
φ,P =Rs

φ,P/sd(Tp∗,φ), (5)

where Tp∗ denotes the unperturbed, nominal behavior of the system.
In Figure 2, one can distinguish the relative robustness of Systems 1
and 2 with respect to their nominal performance, reflecting that the
performance is more impacted by perturbations in System 1 than
in System 2. The performance function of System 3 equals half of
the performance function of System 1. Consequently, these systems
have the same relative robustness with respect to their nominal
performance, although they have different absolute robustness.

Gonze et al. (2002) studied the influence of lowmolecule numbers
on circadian oscillation periods. Stochastic simulation results are
compared with the behavior of a corresponding deterministic
model. The period is defined as the time interval separating two
successive upward crossings of the mean value of protein or mRNA
concentrations. One can study such oscillations with our approach
using, for example, the QFLTL formula F(x<m∧X(x>m)∧ time=
t1∧F(x<m∧X(x>m)∧time=t2))∧t2−t1<b, expressing that the
maximal time between two successive upwards crossing events is
less than b, with m the mean value of x, that needs to be computed
beforehand.More complex temporal behaviors, such as the existence

Fig. 2. Systems having same absolute robustness (1 and 2) or same relative robustness (1 and 3), assuming evenly distributed perturbations. Performance
functions of Systems 1 and 2 have same the average, whereas the performance function of System 3 is half of the one of System 1.
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of 13 mitotic cycles followed by G2 arrest (Calzone et al., 2007),
could be expressed similarly and subsequently analyzed using our
approach.

3.3 Robust satisfaction degree
Using the notion of satisfaction domain, we can also define the
distance from robust satisfaction of a property φ with respect to
a set of perturbations P as dist(∩pDTp

,φ). This distance reflects the
minimal change in the formula such that it holds for all perturbations.
Then, we define the robust satisfaction degree as:

Rsds
φ,P = 1

1+dist(∩pDTp,φ)
(6)

This notion allows us to distinguish whether it is possible to
relax the specification to have it satisfied for all perturbations
or not. In the case of Figure 1c, one can guarantee that the
system always presents a (possibly suboptimal) behavior. Moreover,
the closest property φ(ỹ) robustly satisfied (i.e. such that ỹ=
argminy∈∩pDTp

dist(∩pDTp
,φ)) can provide interesting hints for the

system’s design: because ỹ= (3,4), it suggests that only the first
value in φ (i.e. the maximum of [A] in T) needs to be modified.

In Batt et al. (2007), an approach is presented to check
that a (model of a) synthetic transcriptional cascade satisfies a
given input/output steady state property for sets of parameters.
More precisely, it was required for all parameters in a given
set, that if the inducer concentration is low (uaTc <100), then
at steady state the fluorescence is low (xeyfp <500), and if
the inducer concentration is high (uaTc >400), then so is the
steady state fluorescence (xeyfp >500000). When considering
the QFLTL formula φ(m,M)=uaTc<100→FG(xeyfp<m)∧uaTc>

400→FG(xeyfp>M), it is additionally possible to find the set of
properties satisfied by all parameters. This can be done by computing
the intersection of all satisfaction domains ∩pDTp,φ . The robust
satisfaction degree of the property φ(m,M) provides an indication
of how close to robust satisfaction our requirement is.

3.4 Implementation
For the computation of Rs

φ,P , Rs,p∗
φ,P and Rsds

φ,P , one needs
to distinguish whether the set of perturbations is finite (e.g.
gene knockouts) or infinite (e.g. normally distributed parameter
variations). In the first case, the values can be computed exactly,
whereas in the second case, they can be estimated by sampling the
perturbation set for sufficiently many perturbations.
The following algorithm is implemented in version 2.8 of the

freely available tool BIOCHAM, a modeling environment for the

Algorithm 1 Robustness computation
input: a model f , (QF)LTL formulae φ and φ(y), a set of perturbations
P and their probabilities, a nominal behavior p∗
output: robustness estimates Rφ,P , Rp∗

φ,P , and Rsdφ,P

1: for every perturbation p∈P∪{p∗} do
2: Tp := Compute_trace(f ,p)
3: DTp,φ(y) := Compute_sat_domain(Tp,φ(y))
4: end for
5: Rφ,P :=∑

p∈P prob(p)(1+dist(DTp,φ(y),φ))
−1

6: Rp∗
φ,P :=Rφ,P ∗(1+dist(DTp∗ ,φ(y),φ))

7: Rsdφ,P := (1+dist(∩p∈PDTp,φ(y),φ)))
−1

Fig. 3. Synthetic transcriptional cascade. (a) TetR represses lacI , LacI
represses cI and CI represses eyfp. aTc controls the repression of lacI by
TetR. The fluorescence of the protein EYFP is the output. (b) Graphical
representation of a ‘well-timed’ behavior: fluorescence remains below 103

until time t1, exceeds 105 after time t2 and switches between low and high
levels in �t time. One expects that t1>150, t2<450 and �t <150. Crosses
represent experimental data from Hooshangi et al. (2005).

analysis of biological systems (Calzone et al., 2006). Given an
ODE model f , a set P of perturbations of initial conditions or
parameters, and (QF)LTL properties φ and φ(y), the tool computes
the robustness, the relative robustness and the robust satisfaction
degree of the property with respect to the given perturbations.
The computation of the trace Tp is done by numerical integration.
The computation of the satisfaction domain DTp,φ(y) is made by
induction on the formula structure, using for each subformula
a direct implementation of the definition. Polytopes operations
are implemented in BIOCHAM using a standard polyhedral
library (Bagnara et al., 2008).

4 APPLICATION TO ROBUSTNESS ANALYSIS OF
A TRANSCRIPTIONAL CASCADE

We consider the design of a synthetic transcriptional cascade that
could be used for the temporal sequencing of events in synthetic
biology applications. This cascade has been build by Hooshangi
and colleagues (2005) and here we investigate the robustness of a
desired behavior, and the possibilities to make it more robust. To do
so, after having introduced the system, we formalize the expected
behavior, develop a model of the system taking into account the
observed variability and apply the method presented previously to
investigate the robustness of the desired property.

4.1 System description
We consider a cascade of transcriptional inhibitions built in
E. coli (Hooshangi et al., 2005). The network is represented in
Figure 3a. It is made of four genes: tetR, lacI , cI and eyfp that
code, respectively, for three repressor proteins, TetR, LacI and CI,
and the fluorescent protein EYFP. The fluorescence of the system,
due to the protein EYFP, is the measured output. The system can
be controlled by the addition or removal of a small diffusible
molecule, aTc, in the growth media. More precisely, aTc binds to
TetR and relieves the repression of lacI . The aTc concentration thus
serves as a controllable input to the system. It is intuitively clear
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Fig. 4. (a) ODE model of the transcriptional cascade. The concentrations of protein LacI, CI, EYFP and of aTc are denoted by xlacI , xcI , xeyfp and uaTc,
respectively. The concentration of the constitutively expressed protein TetR is assumed constant. (b) Reference parameter values p∗ and (c) parameter
distributions modeling system’s variability. σ is a noise intensity parameter vector.

Fig. 5. (a) Temporal evolution of the fluorescence following addition of aTc. Crosses, dotted line and solid line represent experimental data from Hooshangi
et al. (2005), predictions obtained using the ODE model with reference parameters p∗, and average of 5000 numerical simulations of the ODE model with
log-normally distributed parameters, respectively. (b) Temporal evolution of the coefficient of variation of the fluorescence following addition of aTc. Crosses
and solid line represent coefficient of variations obtained from experimental data in Hooshangi et al. (2005) and from 5000 numerical simulations of the
ODE model with log-normally distributed parameters with mean p∗, respectively. (c) Numerical simulations of the ODE model with log-normally distributed
parameters with mean p∗. (d) Distribution of satisfaction degrees for 5000 numerical traces of the perturbed transcriptional cascade model. The corresponding
robustness is R̂φ,P =0.9.

that the output (i.e. the fluorescence) of the system at steady state
will be low for low inputs (i.e. aTc concentration), and high for
high inputs. Moreover, it has been shown that the time response
of the system to an inducer addition is characterized by a rapid
increase of the fluorescence, preceded by a significant lag phase.
Unfortunately, a high cell-to-cell variability has also been observed.
The heterogeneity of the cell responses makes it difficult to use
this system as a biological timer, for example for developmental
programs as suggested in Hooshangi et al. (2005). In this context,
as for many synthetic biology applications, having even a low
proportion of cells sending a signal too early or too long might
compromise the correct functioning of the whole system. Our goal
here is to precisely investigate the possibilities to obtain a robustly
‘well-timed’system, that is to ensure that all cells will indeed change
state in a given time window.

4.2 Specifying the expected behavior
Here, we consider that the system is well-timed if the fluorescence
remains below 103 for at least 150min, then exceeds 105 after at
most 450min, and switches rapidly from low to high levels, that
is, in less than 150min. These specifications are consistent with
the experimentally observed behavior of the cell population. These
specifications are graphically represented in Figure 3b and can be
formalized in temporal logic as follows:

φ(t1,t2)= G(time< t1→[EYFP]<103)
∧ G(time> t2→[EYFP]>105)
∧ t1>150∧t2<450∧t2−t1<150

which is abstracted into

φ(t1,t2,b1,b2,b3)= G(time< t1→[EYFP]<103)
∧ G(time> t2→[EYFP]>105)
∧ t1>b1∧t2<b2∧t2−t1<b3

for the computation of validity domains and satisfaction degree in a
given trace.

4.3 Modeling the system’s variability
There are many ways to model cell variability (see for example
Manninen et al., 2006). Our goal here is to construct a simple
model such that the predicted behavior and standard deviation are
in agreement with the available experimental data. We first develop
a simple ODE model similar to Batt et al. (2007) but using Hill
functions, with parameters fitted to experimental data (Figures 4a
and b). These parameter reference values are denoted by p∗ in the
sequel. Second, we consider various ways to model cell variability,
including stochastic differential equations with either additive
or multiplicative noise and random parameter variations with
(log)normal distributions. We have obtained a good qualitative and
quantitative agreement between the predicted and observed mean
and standard deviation for log-normally distributed parameters, as
shown in Figure 5a and b. Sowe selected these log-normal parameter
distributions as our ‘perturbation model’. Using either stochastic
differential equations or normally distributed parameters, we have
not been able to find an agreement between model predictions and
experimental observations (data not shown). This could be partially

i174

 at IN
R

IA
 Paris on M

arch 3, 2014
http://bioinform

atics.oxfordjournals.org/
D

ow
nloaded from

 



A general computational method for robustness analysis

Fig. 6. Numerical simulations of the ODE model with 5000 log-normally
distributed parameters with mean p̃. (a) Temporal evolution of the
fluorescence following addition of aTc. (b) Temporal evolution of the
coefficient of variation of the fluorescence. Crosses and solid line represent
coefficient of variations obtained from experimental data in Hooshangi et al.
(2005) and from numerical simulations, respectively.

explained by the very high cell-to-cell variability. In particular, the
observed coefficient of variation reaches 1.4 at some time point,
meaning that the standard deviation is higher than the mean.

4.4 Improving robustness of the desired behavior
Having specified the ‘well-timed’behavior and found anODEmodel
and a perturbation model, we wondered whether the system is
robustly well-timed, and to what degree. When considering 5000
log-normally distributed parameter values in the 16D parameter
space, we estimated the robustness of the system as R̂φ,P =0.9:
the specification is not robustly satisfied. As expected, the property
holds for the reference parameter values p∗ (i.e. sd(Tp∗ ,φ)=
1), and consequently the robustness and absolute robustness are

equal (R̂p∗
φ,P =0.9). The distribution of the satisfaction degree is

represented in Figure 5d, showing that although the majority of
timed traces satisfies the specification, this is not always the case.
On average, each numerical simulation lasts 150ms, and each
satisfaction degree computation lasts 50ms (∼500 time points/trace;
Dual Core, 2GHz, 2GB RAM). For this application and in all our
computations, the limiting factor is numerical simulation.
As said earlier, for most synthetic biology applications, a more

robust timer would be needed. Can we find other parameters so
as to improve the robustness of the system with respect to similar
parameter perturbations? To do so, we use the state-of the-art non-
linear optimization tool CMAES that uses a covariance matrix
adaptation evolution strategy (Hansen and Ostermeier, 2001), with
the robustness as optimization criteria (i.e. as fitness function). We
found the following parameter values: p̃=(κ0,κ,γ,θ,η), with

p̃=((2.30,4.20,3.78),(1234.5,514.5,5174.3),(0.024,
0.015,0.012),(1647.2,662.8,936.4),(4.8,3.7,8.4))

The comparison between original parameters p∗ and so-called
optimized parameters p̃ reveals that the EYFP production rate and
the Hill coefficients η have been significantly increased. Given that
one wants to ensure a fast transition between the low and high states,
these parameters were obvious targets for optimizations. Because
tuning Hill coefficients is experimentally difficult, we looked for
and found parameters with unchanged Hill coefficients that ensure
a robust well-timed behavior.

Numerical integrations illustrate that the expected behavior is
indeed more robustly obtained (compare Figures 5c and 6a).

Interestingly, the coefficient of variation suggests that cell-to-cell
variability will be significantly decreased when the time constraints
hold (for time<150) and is significantly increased otherwise (for
150< time<450, see Figure 6b). It would be interesting to study
whether this feature appears systematically for parameter variations
improving the robustness of the desired behavior. This could reveal
trade-offs between robustness and fragility (Kitano, 2004).

4.5 Parameter influence on robust behavior
To obtain a more comprehensive picture of the variations of the
robustness of the expected behavior, we sample the parameter space
for large parameter variations, and for each parameter, we compute
the robustness.

More precisely, we consider grids on the parameter space centered
on the reference parameter values p∗ and corresponding to±10-fold
parameter variations of either two parameters (κeyfp and γ ; 2D

grids) or eight parameters (κ0, κ , γ , and uaTc; 8D grids). Then,
for each grid point—taken as reference value for relative robustness
computations—we estimate the robustness of the network behavior
when all 16 parameters vary. Note that we consider the initial aTc
concentration as a parameter. The γ parameter corresponds to a
scaling factor of all degradation parameters γlacI , γcI and γeyfp,
with γ ∗ =1. It is used to assess the impact of growth rate variations,
affecting similarly all protein dilution rates, and consequently, all
degradation rates. Robustness is estimated based on 50 perturbations
(i.e. parameters), or less in case of fast convergence.

For the 2D grid, results can be visually displayed. In Figure 7,
the satisfaction degree, the robustness and the relative robustness
are represented in the (κeyfp,γ ) parameter space. It appears that the
constraints on γ are much tighter than the constraints on κeyfp. Both
for the satisfaction degree and for the robustness, γ has to remain in
a narrow interval, whereas κeyfp simply has to exceed some value.
This result can be explained by the fact that high production rates of
the fluorescent protein helps the system to have a fast and marked
response, whereas variations in protein degradation rates γ have
subtle effects on the behavior, since it lowers the concentration of
the fluorescent protein and of its repressor. It seems that the nominal
behavior, and even more the average behavior, is rather fragile to
growth rate variations.
The robustness landscape appears like a blurred version of the

satisfaction degree landscape. This corresponds to the fact that
parameter variations corresponding to cell-to-cell variability used
for computing the robustness are generally smaller than parameter
perturbations considered when exploring the parameter space.
However, one should also stress that the robustness takes into
account parameter variations in all dimensions and with particular
distributions (here log-normal, with various noise intensities σ ).
Thus, Figure 7b is not merely a blurred version of Figure 7a.

In Figure 7c, it appears that the relative robustness that quantifies
how different the average behavior is from the nominal one,
efficiently identifies regions where the satisfaction degree changes
significantly. In the context of system design, this information
is of great interest. This could be compared with the sensitivity
of satisfaction degree with respect to parameter perturbations.
However, contrary to the sensitivities, the relative robustness takes
into account a given perturbation model.
The preceding analysis is naturally not possible when considering

parameter variations in higher dimensions. To carry the analysis on
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Fig. 7. (a) Satisfaction degree, (b) robustness and (c) relative robustness represented in the (κeyfp,γ ) parameter space.

Table 1. First and most significant second order sensitivity indices defined
for the robustness with respect to large parameter variations and computed
on 8D grids.

First order sensitivity indices Second order sensitivity indices

Sγ 20.2% Sκeyfp,γ 8.7%

Sκeyfp 7.4% SκcI ,γ 6.2%

SκcI 6.1% S
κ0cI ,γ

5.0%

S
κ0lacI

3.3% S
κ0cI ,κeyfp

2.8%

S
κ0cI

2.0% SκcI ,κeyfp 1.8%

SκlacI 1.5% S
κ0eyfp,γ

1.5%

S
κ0eyfp

0.9% S
κ0cI ,κcI

1.1%

SuaTc 0.4% S
κ0cI ,κlacI

0.5%

Total first order 40.7% Total second order 31.2%

8D grids, we use a variance-based global sensitivity method (Saltelli
et al., 2004).When a measure (in our case the robustness) is affected
by variations of several parameters, one can statistically assess the
importance of the variations of each parameter by computing its
sensitivity index:

Si = Var(E(R |Pi))

Var(R)
∈[0,1]

These sensitivity indices and higher order sensitivity indices
quantify how the variations of a parameter Pi or a group of
parameters contribute to the variance of R.
We consider 8D grids defined as follows. Each grid is defined

by three parameter values (p1i ,p2i and p3i ) in each dimension.
These values—or more precisely their log—are obtained by
dividing evenly the parameter domain [ln(pi/10),ln(10pi)] in three
subintervals and by choosing randomly a value in each subinterval.
The first and most significant second-order sensitivity indices are
given in Table 1. They correspond to average values obtained on
three similarly defined grids (∼20 hr per 8D grid).
The analysis of the first-order sensitivity indices corroborates our

previous finding that γ variations have a very strong impact on the
robust behavior of the cascade. The variations of this parameter alone
are responsible for 20% of the robustness variations. In contrast, aTc
variations seem to have a very low impact on the cascade behavior.
Although it might seem in contradiction with the ultrasensitivity

of the input/output behavior (Hooshangi et al., 2005), it simply
indicates that the aTc concentrations used for inducing the cascade
are high enough to make the network insensitive to even large aTc
variations.
A surprizing outcome of this analysis is the very different

importance of variation in the basal and regulated EYFP production
rates, κ0eyfp and κeyfp (Table 1). Given that the specification imposes
similar constraints on the ‘low’ and ‘high’ EYFP levels, and that
these levels are under mild approximations proportional to the ratio
κ0eyfp/γeyfp and κeyfp/γeyfp, respectively, one could have expected

similar sensitivity indices for κ0eyfp and κeyfp. In fact the low EYFP
levels also depend—and in a non-linear way—on the steady state
value of CI, itself proportional to κcI/γcI . Because κcI variations
have strong effects on robust behavior of the cascade, our results
suggest that when uninduced, the basal production of EYFP is due
to an incomplete repression of the promoter by CI, explaining the
high effect of κcI variations, rather than a constitutive leakage
of the promoter, explaining the low effect of κ0eyfp variations.
This hypothesis is also consistent with the second-order sensitivity
indices we found: SκcI ,γ >Sκ0

eyfp,γ
.

The analysis of second-order sensitivity indices indicates that joint
variations of production and degradation rates play a significant role
in robustness variations. This comes with no surprise, since as said
earlier, the ratios κi/γi largely determine the steady state levels of
the proteins.

5 DISCUSSION
We have presented a general and computational framework for the
definition of the robustness of biological functions with respect to a
set of perturbations. This framework is general because it applies
(i) to any biological function expressible in the temporal logic
LTL, an expressive language for specifying dynamical behaviors
widely used in computer science and engineering, and (ii) to
any perturbation set, provided that the behaviors of the perturbed
system can be obtained as numerical timed traces, for example by
numerical integration of ODEs. In this setting, the computation
of robustness is fully automated and is implemented in the free
software BIOCHAM (Calzone et al., 2006). When formalizing the
robustness notion, we found that several definitions can be proposed.
One can notably distinguish absolute robustness, quantifying
the average performance of a perturbed system, from relative
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robustness, quantifying performance degradation/improvement due
to perturbations.
To illustrate the applicability of our approach and demonstrate

its biological relevance, we considered the possibility to improve
the robustness of the timed response of a transcriptional cascade
to an addition of inducer. The significant cell-to-cell variability
makes it difficult to use this system as a reliable biological timer for
synthetic biology applications. We found parameter modifications
for which a desired timed behavior is robustly obtained. Moreover,
we explored the impact of possibly large parameter variations on the
robustness of the desired behavior. Using global sensitivity analysis,
we obtained several interesting results that could potentially help for
the optimization of the system.

Central to our approach is the notion of satisfaction degree
of temporal logic formulae. In systems and synthetic biology,
many computational approaches use a rather simple measure of
the performance of the system, either for parameter searching,
robustness computation or local and global sensitivity analysis.
Finding a relevant measure of the system performance limits the
applicability of the above-mentioned approaches. Examples of such
measures are the gain of a response, and the perturbation of a
steady state or of the period of oscillations (Felix and Wagner,
2008; Feng et al., 2004; Gonze et al., 2002). In contrast, using
the satisfaction degree as a performance measure allows us to take
advantage of the expressivity of temporal logics and consequently to
significantly broaden the applicability of these techniques. In Rizk
et al. (2008), we showed that using the satisfaction degree, one
can efficiently find parameter values for which complex dynamical
behaviors are observed. In this article, we show how using the
same notion, one can define and estimate the robustness of any
dynamical behavior expressible in LTL with respect to a set of
perturbations, and how one can apply global sensitivity analysis
to find the effect of parameter variations on the robustness of
any LTL specification of an expected behavior. Other approaches
have been proposed that use temporal logic to define robustness of
biological systems (Batt et al., 2007; Shen et al., 2008). However,
these approaches use a Boolean interpretation of temporal logic that
is not well-adapted to defining a quantitative notion of robustness.
The relations between robustness and evolvability, and between

robustness and modularity have been extensively studied in systems
biology (Ciliberti et al., 2007; Kitano, 2004). In synthetic biology,
however, not much work has focused on robustness analysis.
For obvious reasons, achieving a robust behavior despite cell
variability and environmental fluctuations is a central issue in
synthetic biology. Because large synthetic networks are very likely
to be modular (Chin, 2006; McDaniel and Weiss, 2005), one could
envision an approach in which each module is designed to robustly
present a given behavior such that one has some guarantee that
when included in a more complex system the module still functions
as expected. In this context, input/output robustness (Shinar et al.,
2007) and insulation (Vecchio et al., 2008) are notions of particular
interest.
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Abstract

Extrinsic apoptosis is a programmed cell death triggered by external ligands, such as the TNF-related apoptosis inducing
ligand (TRAIL). Depending on the cell line, the specific molecular mechanisms leading to cell death may significantly differ.
Precise characterization of these differences is crucial for understanding and exploiting extrinsic apoptosis. Cells show
distinct behaviors on several aspects of apoptosis, including (i) the relative order of caspases activation, (ii) the necessity of
mitochondria outer membrane permeabilization (MOMP) for effector caspase activation, and (iii) the survival of cell lines
overexpressing Bcl2. These differences are attributed to the activation of one of two pathways, leading to classification of
cell lines into two groups: type I and type II. In this work we challenge this type I/type II cell line classification. We encode
the three aforementioned distinguishing behaviors in a formal language, called signal temporal logic (STL), and use it to
extensively test the validity of a previously-proposed model of TRAIL-induced apoptosis with respect to experimental
observations made on different cell lines. After having solved a few inconsistencies using STL-guided parameter search, we
show that these three criteria do not define consistent cell line classifications in type I or type II, and suggest mutants that
are predicted to exhibit ambivalent behaviors. In particular, this finding sheds light on the role of a feedback loop between
caspases, and reconciliates two apparently-conflicting views regarding the importance of either upstream or downstream
processes for cell-type determination. More generally, our work suggests that these three distinguishing behaviors should
be merely considered as type I/II features rather than cell-type defining criteria. On the methodological side, this work
illustrates the biological relevance of STL-diagrams, STL population data, and STL-guided parameter search implemented in
the tool Breach. Such tools are well-adapted to the ever-increasing availability of heterogeneous knowledge on complex
signal transduction pathways.
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Introduction

Apoptosis, a major form of programmed cell death, plays a

crucial role in shaping organs during development and controls

homeostasis and tissue integrity throughout life [1,2]. Moreover

defective apoptosis is often involved in cancer development and

progression [3]. Apoptosis can be triggered by intrinsic or extrinsic

stimuli. Intrinsic apoptosis is triggered in case of cell damage (e.g.

stress, UV radiation) or cell malfunction (e.g. oncogene activation).

Extrinsic apoptosis is initiated by the presence of extracellular

death ligands, such as Fas ligand (FasL), Tumor Necrosis Factor

(TNF), or TRAIL [2]. Because the latter has a unique ability to

trigger apoptosis in various cancer cell lines without significant

toxicity toward normal cells, TRAIL-induced apoptosis has been

the focus of extensive studies [1].

The effects of TRAIL application can be significantly different

from one cell line to another [4–6]. The current understanding is

that cell death results from the activation of one of two parallel

pathways, leading to the classification of cell lines into two distinct

cell types. In type I cells, effector caspases are directly activated by

initiator caspases. Mitochondria outer membrane permeabiliza-

tion (MOMP) is not required to generate lethal levels of caspase

activity. In type II cells, the activation of initiator caspases triggers

MOMP that in turn triggers effector caspases activation. MOMP

is required for cell death. This necessity of mitochondrial pathway

activation to undergo apoptosis is often referred as type II phenotype,

in contrast to type I phenotype where MOMP is a side effect of

apoptosis.

Many models of apoptosis, based on different mathematical

formalisms, ranging from logical models to differential equation

systems, have been proposed so far [2,6–21]. To investigate the

molecular origins of the two above-mentioned distinct phenotypes,

Aldridge and colleagues developed a model describing key

biochemical steps in TRAIL-induced apoptosis: extrinsic apoptosis

reaction model (EARM1.4) [6]. EARM1.4 is an extension of a

model developed to capture cell-to-cell variability in apopotosis of
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HeLa cells [15,16]. In [6], the authors tested the hypothesis that

the distinct cell behaviors can be explained solely by measured

differences in protein concentrations before stimulation among

different cell lines. Cell line models share the same set of ordinary

differential equations and kinetic parameters, but possess specific

protein contents at the initial state (i.e. before TRAIL application).

These differences in the initial concentrations of a dozen of key

apoptotic proteins are consistent with quantitative immunoblotting

measurements. Then the authors use an abstract criterion that

measures the influence of changes in initial protein concentrations

on the future states of the system (i.e. divergence of trajectories):

the direct finite-time Lyapunov exponent (DLE). They show that

this criterion defines a partition of the state space that preserves

known differences between phenotypes: type I and type II cells are

associated to distinct regions in the state space [6]. The DLE-

induced partition can be graphically represented as 2D slices of the

high dimensional state space called DLE diagrams [6,22]. As

shown in [6], DLE diagrams are intuitive tools to predict the effect

of mutations on cell type. However, the connection between the

abstract DLE notion and cell phenotypes remains elusive: why

type I and type II cells correspond to two different regions

separated by a third one having high DLE values? Understanding

this relationship is important to evaluate the general applicability

of the proposed approach. Moreover in [6], the authors also

probed the functioning of the apoptotic pathways in different cell

lines and for different mutants using three different experimental

methods: clonogenic assays, microscopy imaging and flow

cytometry measurements of immunostained cells. These experi-

ments probe subtly different aspects of the interplay of different

pathway components, and most notably on the role of MOMP in

the apoptotic response: death/survival following TRAIL stimula-

tion of derived cell lines overexpressing Bcl2 (Property 1),

synchronous/sequential activation of initiator and effector cas-

pases (Property 2), and effector caspase activation prior/posterior

to MOMP (Property 3). However, the authors do not test the

consistency of EARM predictions with the detailed experimental

information they provide.

In this work we address the two above-mentioned problems by

using a formal language, signal temporal logic (STL). STL was

originally developed for monitoring purposes to specify the

expected behavior of physical systems, including notably the order

of physical events as well as the temporal distance between them

[23]. Like other temporal logics and formal verification frame-

works [24–31], it has been applied to the analysis of biomolecular

networks [32,33]. In particular, because it allows expressing in a

rigorous manner transient behaviors of dynamical systems, one

can encode as STL properties various cellular responses observed

with different experimental methods and associated to type I/II

phenotypes. Because STL properties have a quantitative interpre-

tation, describing how robustly behaviors of the system satisfy or

violate the property, STL diagrams can be constructed analo-

gously to DLE diagrams. However, since STL diagrams are each

associated to a specific STL property their interpretations do not

suffer from ambiguities. Moreover, one can benefit from the

expressive power of the STL language to encode detailed

experimental information and thoroughly test the consistency of

EARM with the various observations (Figure 1).

We report three findings. Firstly, our results highlighted that the

three experimental methods proposed in [6] to investigate the

importance of MOMP for cell death from three different

perspectives, each suggesting a type I/II distinguishing criterion,

do not lead to consistent cell line classifications. For example the

DXIAP HCT116 cell line should be classified as type II based on

Properties 1 and 2, and as type I based on Property 3. This

challenges the well-posedness of the type I/II notion. Secondly,

using our systematic approach, we found several inconsistencies

between model predictions and actual observations. Taking again

advantage of the quantitative interpretation of STL properties, we

searched for valid parameters using a cost function that is minimal

when all properties are consistent with experimental data and

state-of-the-art global optimization tools. Inconsistencies have

been resolved simply by modifying a few parameters, thus showing

that there is no need for structural changes in the model. Thirdly,

our findings reconciliate the apparently contradictory views

expressed by Scaffidi and colleagues [5] and Aldridge and

colleagues [6] about the origins of type I and II phenotypes.

Indeed, Scaffidi, Barnhart and colleagues suggest that the initiator

caspase activation capabilities are the main determinants of the

type I/II phenotype of a cell line [5,34], whereas Eissing and

colleagues, Jost and colleagues, and Aldridge and colleagues

suggest that the latter is mainly controlled by the relative

abundance of downstream proteins, most notably XIAP and

caspase-3 [4,6,7]. Our results suggest that, unlike downstream

proteins, the modification of the concentration of upstream

proteins within physiological range has a negligible effect on

cellular responses. However, the critical effects of downstream

protein concentration changes are fed back to upstream processes

and are amplified via a positive feedback loop involving caspases 3,

6, and 8, leading to the activation of initiator caspases. Finally, the

comparison of the STL and DLE diagrams showed that the DLE

criterion essentially captures the notion of cell survival or cell

death, like Property 1. This lead us to better understand why the

fairly abstract DLE criterion induced biologically-relevant parti-

tions in the work of Aldridge and colleagues [6]. A last

contribution is that we extended the functionalities of the Breach

tool [33] so that phase diagrams can be automatically computed

given any differential equation model and STL property.

Therefore, the methodology presented here can be applied to

other complex biomolecular networks.

The first three sections of the Results part deal with the detailed

analysis of three different observed phenotypes associated with

Author Summary

Apoptosis, a major form of programmed cell death, plays a
crucial role in shaping organs during development and
controls homeostasis and tissue integrity throughout life.
Defective apoptosis is often involved in cancer develop-
ment and progression. Current understanding of externally
triggered apoptosis is that death results from the
activation of one out of two parallel signal transduction
pathways. This leads to a classification of cell lines in two
main types: type I and II. In the context of chemotherapy,
understanding the cell-line-specific molecular mechanisms
of apoptosis is important since this could guide drug
usage. Biologists investigate the details of signal transduc-
tion pathways often at the single cell level and construct
models to assess their current understanding. However, no
systematic approach is employed to check the consistency
of model predictions and experimental observations on
various cell lines. Here we propose to use a formal
specification language to encode the observed properties
and a systematic approach to test whether model
predictions are consistent with expected properties. Such
property-guided model development and model revision
approaches should guarantee an optimal use of the often
heterogeneous experimental data.

STL-based Analysis of TRAIL-induced Apoptosis
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type I/II behaviors, encoded in STL, and confronted with model

predictions. In the last two sections, we study whether the EARM

model can be reconciled with all the considered observations on all

cell lines and search for the origins of cell type differences.

Results

Property 1: Type II cells survive if Bcl2 is over-expressed
STL encoding. Bcl2 over-expression is the standard experi-

mental method for distinguishing type I and type II cells [5]. Type

I cells overexpressing the anti-apoptotic protein Bcl2 die in the

presence of death ligand but type II cells survive. The

sequestration of Bax by high levels of Bcl2 prevents the formation

of pores in the mitochondrial outer membrane (Figure 2).

Therefore clonogenic survival of an OE-Bcl2 derived cell line

reveals the need for MOMP to trigger cell death in type II cells.

Clonogenic survival data is available in [6] for three cell lines,

SKW6.4 (human B lymphoma cells), HCT116 (human colon

carcinoma cells), T47D (human breast carcinoma cells), and for

the DXIAP mutant of HCT116 cells [6,35,36]. Cells were exposed

to a 50 ng/ml TRAIL treatment for 6 hours.

Here, we encode in STL the observations made in clonogenic

assays on HCT116, SKW6, and T47D cells [6]. Effector caspases

cleave essential structural proteins and inhibitors of DNase,

leading eventually to cell death. PARP is a substrate of these

effector caspases and its cleavage is often regarded as a marker of

commitment to death by cells [15,16,37]. Therefore, we consider

here that a cell is alive if less than a half of the PARP proteins is

cleaved. In STL, this translates into: alive: = cPARP/PARPtotal,0.5.

Note that although the 50% threshold used here is somewhat

arbitrary, we found that our conclusions are robust with respect to

threshold changes in the range 10%–90% (see Figure S1). Then

cell survival is simply expressed in STL as the cell is always alive:

Property1: = always[0–6h](alive). Here, always is an STL keyword (see

Methods). Its scope is limited to the first 6 hours as in experiments.

STL phase diagrams. For each initial protein concentration,

one can predict the behavior of the system after TRAIL

stimulation and assess whether this behavior satisfies a given

STL property, or more precisely, estimate the value of the STL

property given the behavior (see Methods). One can then

graphically represent the value of the property in the state space

by so-called phase diagrams (see Methods). The placement of cell

lines in the phase diagram, based on their initial protein

concentrations, indicates whether the cell line satisfies the given

property (see Methods). Since it has been shown that the ratio of

XIAP to caspase-3 concentrations plays a key role for the

determination of the apoptotic type [6], we first constructed

diagrams associated with these two variables. The corresponding

STL phase diagram associated to Property 1 is represented in

Figure 3. The death/survival property is tested in derived cell lines

where Bcl2 is overexpressed (OE-Bcl2 cells; 10-fold increase of

Bcl2 initial concentrations). The presence of two distinct regions in

Figure 1. Property-based model analysis framework. Heterogeneous observations on the system are formalized as STL properties. Consistency
between model and experimental observations is tested via STL diagrams and population data. Inconsistencies can be resolved via property-guided
model revision. In contrast to DLE, STL properties explicitly encode specific aspects of cell’s response, in our case, of the role of mitochondria in type I/
II apoptosis. Bold boxes allows distinguishing our contribution with respect to the work of Aldridge and colleagues [6]. (Images reused with
permission from Nature Publishing Group).
doi:10.1371/journal.pcbi.1003056.g001
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the diagram, one where Property 1 is satisfied (positive values,

green) corresponding to cell survival, typical of type II cells, and

one where Property 1 is falsified (negative values, red) correspond-

ing to cell death, typical of type I cells, suggests that the model

correctly predicts the importance of the XIAP/caspase-3 ratio as a

key factor to determine cell survival following TRAIL treatment.

We then positioned cell lines in the diagram based on measured

mean and standard deviations of protein concentrations (see

Methods). In agreement with the observations (Figure 2B in [6])

and the known type of these cell lines, the STL diagram predicts

that OE-Bcl2 HCT116 cells do satisfy Property 1, but OE-Bcl2

SKW6.4 cells do not. OE-Bcl2 T47D cells are located close to

separatrix and most cells satisfy Property 1. This is only in partial

agreement with the fact that only half of T47D cells were found to

survive (Figure 7C in [6]). Interestingly, as noted by Aldridge and

colleagues, one can immediately see the consequences of

mutations [6]. For example, DXIAP cell lines are shifted to the

leftmost part of the diagram (regions with low XIAP concentra-

tions) and are thus predicted to violate Property 1. That is, all OE-

Bcl2/DXIAP mutants of the HCT116, SKW6.4, and T47D cell

lines are predicted to die in clonogenic experiments. This is again

in accordance with experimental observations for HCT116 cells

(Figure 2B in [6]). A detailed comparison of the Property 1

diagrams and the DLE diagrams used in [6] shows that the

successful classification of cells provided by DLE diagrams

implicitly relies on the snap-action, all-or-none aspect of apoptosis

(Figure S2). Using the approach we propose here, the property of

interest is explicitly stated and the interpretation of the resulting

diagrams is not ambiguous. Moreover, since STL is a property

specification language, this framework can be applied to analyze

other properties of the system, not necessarily relying on snap-

action responses.

STL population data. Using STL diagrams helps in

understanding how cell behavior depends on its initial protein

content and hence suggests why cell lines exhibit different

phenotypes. However, DLE and STL diagrams suffer from some

limitations. In both cases, only two initial protein concentrations

are modified (XIAP and caspase-3 in our examples). Therefore,

they fail to capture all the differences between cell lines. In more

precise terms, DLE and STL diagrams represent the value of the

DLE or of an STL property in a 2D slice of the high-dimensional

state space, and cell line distributions are projected onto the slice.

Therefore, even if they provide insight into the behavior of cells

that are affected by changes in initial protein concentrations, DLE

and STL diagrams must be interpreted with care. The information

is exact for the cell line used to construct the diagram, called the

Figure 2. Simplified view on TRAIL-dependent apoptotic pathway. The activation of the membrane receptor by TRAIL binding promotes the
assembly of the death-inducing signaling complexes (DISC), which recruit and activate initiator (pro-) caspases, including notably caspase-8 (C8) [53].
The recruitment of initiator caspases is modulated by FLIP. Once activated, initiator caspases cleave and activate effector caspases such as caspase-3
(C3). This effect is reinforced by a feedback loop involving caspase-6 (C6). Effector caspases cleave essential structural proteins, inhibitors of DNase,
and DNA repair proteins (PARP), eventually leading to cell death. The cellular effect of effector caspase activation is regulated by factors such as the X-
linked inhibitor of apoptosis protein (XIAP), which blocks the proteolytic activity of caspase-3 by binding tightly to its active site [54] and promotes its
degradation via ubiquitination [55]. In addition to the direct activation of effector caspases, initiator caspases also activate Bid and Bax [56]. If not kept
in check by inhibitors, most notably Bcl2, activated Bax directly contributes to the formation of pores in the mitochondria outer membrane, leading
to MOMP [57]. Following MOMP, critical apoptosis regulators, such as Smac and cytochrome c (CyC), translocate into the cytoplasm. Smac binds to
and inactivates XIAP, thus relieving the inhibition of effector caspases by XIAP [58]. Cytochrome c combines with Apaf-1 to form the apoptosome that
in turn activates the initiator caspase-9 that activates effector caspases.
doi:10.1371/journal.pcbi.1003056.g002
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reference cell line, but it is only approximate for other, projected

cell lines. To investigate how the diagrams change when reference

cell line change, we constructed the Property 1 diagrams with

respect to OE-Bcl2 HCT116, OE-Bcl2 SKW6.4, and OE-Bcl2

T47D cell lines (Figure S3A–C). Although the conclusions based

on Figure 3 are indeed valid for HCT116 and SKW6.4 cell lines

(OE-Bcl2 HCT116 cells survive, OE-Bcl2 SKW6.4 cells die), they

differ for T47D cells. When using a slice of the state space based

on OE-Bcl2 T47D cells, it appears that these cells are classified as

exhibiting mixed-type behaviors (Figure S3C), as experimentally

observed, instead of mostly type I as suggested by Figure 3. This

example illustrates that problems may arise when placing different

cell lines on the same phase diagram. To obtain a less

comprehensive but more accurate view of the value of STL

properties, we propose to use STL population data in combination

with phase diagrams. Population data are statistics describing the

STL property values associated to whole cell populations (see

Methods). For Property 1, these statistics are presented in Figure 4

(and Figure S4 for all cell lines). One can first check that indeed

the mean values, distributions and satisfaction rates of Property 1

are qualitatively consistent with the predictions we obtained from

the STL diagram in Figure 3 for the OE-Bcl2 HCT116, OE-Bcl2

SKW6.4, OE-Bcl2 T47D, and OE-Bcl2/DXIAP HCT116 cells.

Moreover, the satisfaction rates in Figure 4 can be directly

compared with the experimentally-measured survival rates in

clonogenic assays (Figure 2B and Figure 7C in [6]). Strikingly, our

data shows excellent quantitative agreement with observed cell

behaviors for all but the parental T47D cell line. Like in

clonogenic assays, we predict the survival of a large majority of

OE-Bcl2 HCT116 cells, half of the OE-Bcl2 T47D cells and a

minority of HCT116 cells, the death of all DXIAP HCT116 and

SKW6.4 cells and their OE-Bcl2 variants. The sole discrepancy

concern T47D cells that are predicted to be more resistant to

apoptosis than experimentally-observed.

Property 2: Activations of initiator and effector caspases
are sequential in Type II cells

STL encoding. In addition to survival of derived cell lines

overexpressing Bcl2, Scaffidi and colleagues observed another

important difference between type I and II cell lines: the dynamics

of the activations of initiator and effector caspases by cleavage

shows marked differences [5]. These are two critical events that

can be considered as markers of the beginning and of the end of

the apoptosis decision-making process. By using Western blots,

Scaffidi and colleagues showed that in type I cells the activation of

the effector caspase caspase-3 closely follows the activation of the

initiator caspase caspase-8: caspase activations are gradual and

near synchronous. In contrast, in type II cells the activation of

initiator caspases is not closely followed by the activation of

effector caspases [5]. Similar results have been obtained with a

cellular resolution using FACS analysis (Figure 5 in [6]). The

current understanding is that effector caspase activation is delayed

until MOMP happens. Hence, the observed sequential activation

is explained by a pre-MOMP delay in type II cells. Therefore this

synchronous versus sequential activation is not only a robustly

observed pattern but also relates to mechanistic interpretation of

cell death.

We will consider that initiator and effector caspases activations

are sequential if they are separated by more than one hour, in

accordance with the low-temporal resolution of available obser-

vations in [5,6]. So to express sequential activation, we say that ‘‘at

some time point, caspase-8 is active and for at least an hour,

caspase-3 remains inactive’’. Hence, we have the following STL

formula: Property2: = eventually(Casp8active and always[0–1h] not Casp3active).

We still have to set the threshold concentration for cleaved

caspases that corresponds to a detectable activity. Since it has

been shown that caspases are highly potent proteases (a few

hundred caspases can cleave millions of substrate proteins within

hours [38,39]), we set this threshold concentration to 1% of the

total caspase concentration: Casp8active: = Casp8*/Casp8total.1%,

and Casp3active: = Casp3*/Casp3total.1% where Casp8* and Casp3*

are the sum of the concentrations of all cleaved forms of

caspase-8 and caspase-3, with the exclusion of caspase-8 bound

to Bar and of caspase-3 bound to XIAP, respectively (the

influence of the threshold is discussed in Figure S1).

STL phase diagrams and population data. Having

formalized our property in STL, one can automatically construct

the corresponding diagram (Figure 5, left). On this diagram one

can clearly see two distinct, positive and negative, regions.

HCT116 and T47D cells lie in the positive region and hence

are predicted to satisfy Property 2, whereas SKW6.4 cells lie on

the separatrix, and hence are predicted to show a mixed

phenotype with respect to Property 2. Note that in the case of

SKW6.4 cells, it is important to consider the diagram computed

with respect to this cell line to have an accurate representation

(compare S3D and E). The diagram also predicts that DXIAP

mutants violate Property 2 (i.e. lie in the negative region). The

predicted phenotypes of HCT116 and of DXIAP HCT116 cells

are consistent with observations: whereas HCT116 cells show a

clear sequential activation of caspases, this behavior is lost in

DXIAP HCT116 cells [6]. Diagram shows that EARM1.4 is also

compatible with the hypothesis that high levels of XIAP control

caspase activation and substrate cleavage, and may promote

apoptosis resistance and sublethal caspase activation in vivo [13].

However, the predicted phenotype of SKW6.4 cells is in

contradiction with the observed one (Figure S3E and Figure 5

Figure 3. Property-1 phase diagram. Each point in the diagram
represents a different initial concentration for XIAP and caspase-3
proteins, and its color represents the value of Property 1 evaluated on
cell simulated behavior starting in these initial conditions (p1: =
always[0–6h](cPARP/PARPtotal,0.5)). Other protein concentrations corre-
spond to nominal protein concentrations for HCT116 cells (Table 1).
Green regions satisfy the property (positive values). Red regions do not
(negative values). Cell lines can be positioned in this diagram, using
crosses which center and size are determined by the mean and
standard deviation of measured protein concentrations (Methods and
[6]).
doi:10.1371/journal.pcbi.1003056.g003

STL-based Analysis of TRAIL-induced Apoptosis

PLOS Computational Biology | www.ploscompbiol.org 5 May 2013 | Volume 9 | Issue 5 | e1003056



Right). As expected from type I cells, SKW6.4 cells clearly show

synchronous activations of caspases and shoud therefore violate

Property 2. The analysis of the OE-Bcl2 mutants of the HCT116,

DXIAP HCT116, and SKW6.4 cell lines shows that consistent

results are obtained in these cases (Figure 5, right). One should

note that because caspase-3 is not activated in OE-Bcl2 HCT116

cells (they survive TRAIL treatment), Property 2 holds trivially in

these cells. To investigate whether EARM1.4 can account for the

observed phenotype of SKW6.4 cells, we slightly relaxed the

timing constraint between the caspases activation times and found

that by setting a slightly longer delay (e.g. 1h30 min), the mean

value of Property 2 for the SKW6.4 cell population becomes

negative as expected, and even more, that the percentage of cells

satisfying Property 2 decreases to zero with longer delays.

Therefore we conclude that the observed discrepancy results from

EARM 1.4 limitations to capture quantitatively the elapse of time

between events, rather than from severe modeling flaws.

Property 3: MOMP precedes caspase-3 activation in Type
II cells

STL encoding. In type I and type II cells, MOMP happens

during apoptosis with comparable kinetics [5]. This is in apparent

contradiction with the very different role of MOMP in the two

Figure 4. Property 1 population statistics. Plots indicate the satisfaction of Property 1 by the nominal cell (cross, top), the distribution of the
values (middle), and the percentage of satisfaction (bottom) of Property 1 for populations of cells of different cell lines. For distributions, box
boundaries and red line indicate first and third quartiles, and median, respectively. When experimental data is available, circles in the top plot
represent the expected values. The following abbreviations are used in this and further figures: H is HCT116, HX is DXIAP HCT116, HB is OE-Bcl2
HCT116, HBX is OE-Bcl2/DXIAP HCT116, S is SKW6.4, SX is DXIAP SKW6.4, SB is OE-Bcl2 SKW6.4, SBX is OE-Bcl2/DXIAP SKW6.4, T is T47D, TX is DXIAP
T47D, TB is OE-Bcl2 T47D and TBX is OE-Bcl2/DXIAP T47D.
doi:10.1371/journal.pcbi.1003056.g004

Figure 5. Property-2 phase diagram and statistics. Left: Values of Property 2 evaluated on cell simulated behaviors and represented as a
function of the XIAP and caspase-3 initial concentrations (p2: = eventually(Casp8active and always[0–1h] not Casp3active)). Other protein concentrations
correspond to nominal protein concentrations for HCT116 cells. As in Figure 3, cell lines are positioned in this diagram according to their protein
initial concentrations. Right: distributions of the values of Property 2 across populations of cells of different cell lines. Notations are identical to those
used in Figure 4. Note the discrepancy between the predicted (cross) and expected (circle) values for Property 2 in SKW6.4 cells.
doi:10.1371/journal.pcbi.1003056.g005
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pathways, as revealed by Bcl2 overexpression experiments

(Property 1), and with the different kinetics of caspases activations

(Property 2). The current understanding is that in type I cells

MOMP is a consequence of effector caspases activation, whereas

in type II cells, MOMP is the cause of effector caspases activation

[5,34,40]. Under this assumption one should observe that in the

first case MOMP follows effector caspases activation, and in the

second case, that MOMP precedes effector caspases activation.

This question has been directly investigated by Aldridge and

colleagues by staining cells with anti-cytochrome c and anti-

cPARP antibodies [6]. The authors demonstrate that most of

HCT116 cells showing effector caspases activation also show

cytoplasmic cytochrome c localization indicating that MOMP has

happened. Stated differently, caspase-3 is not active until MOMP

happens. This is not always true for DXIAP HCT116 cells, or for

OE-Bcl2 DXIAP HCT116 cells: a significant proportion (respec-

tively 20% and 80% of the cells) shows effector caspase activation

in absence of cytoplasmic cytochrome c (Figure 3 in [6]). The same

experiment was made for T47D and OE-Bcl2 T47D cells,

showing that these cells behave like HCT116 cells: caspase-3 is

not active until MOMP happens (Figure 7 in [6]).

To test the consistency of EARM1.4 with these observations, we

express in STL the property, typical of type II behaviors, that cells

remain alive until MOMP happens. We simply write Proper-

ty3: =MOMP release alive. The release operator states that the second

property (alive) must hold until the first property holds for the first

time (MOMP). The occurrence of MOMP is detected by the

titration of Apaf-1 by the released cytochrome c to form the

apoptosome. We say that MOMP happened when more than 50%

of Apaf-1 is bound to cytochrome c:MOMP: =Apaffree/Apaftotal,0.5

(see Figure S1 for discussion of threshold).

STL phase diagrams and population data. We used

Breach to compute the STL diagram associated with Property 3

with respect to HCT116 cells, and the Property 3 population data

(Figure 6). One should note that like in the in vitro setup of [6], only

cells in which MOMP happened were taken into account: we

excluded surviving cells to compute statistics.

The diagram presented in Figure 6 is consistent with the

observation that HCT116 cells satisfy the property. However, it

suggests that the DXIAP mutant falsify the property, since

negative values are found in the region where XIAP concentra-

tion is null. This is in contradiction with the observation that

caspase-3 is active before MOMP happened in a majority (80%)

of these cells. In summary, DXIAP HCT116 cells present a type I

phenotype with respect to clonogenic survival and caspases

activation dynamics, and a type II phenotype with respect to the

need for MOMP for cell death, but the model classifies them as

type I cells for all properties. In fact, the fact that DXIAP

HCT116 cells have been observed to satisfy Property 3 but not

Property 2 imposes strong constraints on the kinetics of the

apoptosis process. In these cells, caspase-3 activation is preco-

cious, since it follows by less than one hour the activation of

caspase-8, implying that death (i.e. PARP cleavage) is rapid since

it follows shortly after caspase-3 activation. But then Property 3

implies that MOMP happened even before this time instant.

Given the efficient caspase-3 activation in EARM1.4, the model

fails to capture the need for MOMP in these cells. Lastly, one can

note that contradictions are also found with T47D, and OE-Bcl2

T47D cells (Figure 6, right).

Improving EARM 1.4: Property-guided parameter search
In summary, we found that EARM1.4 satisfies the majority of

the observed behaviors encoded in STL (Figure 7). This is

commendable for a model of this size and complexity, given that

EARM1.4 has not been tuned with respect to these properties,

even if the model and the specific observations we used to state our

STL properties have been published in the same paper [6].

However, few discrepancies were identified. It is important to test

whether the proposed model is structurally not capable of

accounting for all the observed properties. If not, this would call

for significant model revision.

We first tried to resolve inconsistencies by minor adjustments

of the thresholds we used in formulae. However, property

satisfaction values proved robust to threshold changes (Figure S1).

Figure 6. Property-3 phase diagram and statistics. The value of Property 3 (p3: =MOMP release alive) is represented as a function of the XIAP
and caspase-3 initial concentrations. Other protein concentrations correspond to nominal protein concentrations for HCT116 cells. As in Figure 3, cell
lines are positioned in this diagram according to their protein initial concentrations. Note that HCT116 cells depleted from all XIAP ([XIAP] = 0) are
predicted not to satisfy Property 3. This is in contradiction to experimental observations [6]. (Right) Distributions of the values of Property 3 across
populations of cells of different cell lines. Notations are identical to those used in Figure 4. One can note that discrepancies between predicted mean
values (crosses) and observed phenotypes (circles) exist for DXIAP HCT116, T47D and OE-Bcl2 T47D cells.
doi:10.1371/journal.pcbi.1003056.g006
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We therefore resorted to search for better parameter values

using global optimization methods [41]. We defined a cost

function that indicates for any given parameter how far the

model is from satisfying all its constraints. More precisely, the

cost function aggregates three measures: how many properties

are consistent with the observations, how robustly satisfied or

falsified they are, and how large are the deviations of the

parameters with respect to their reference values. Then, we used

the global optimization tool CMA-ES [42] to search automat-

ically for parameters minimizing this cost function (see

Methods). Here, one should note that the real-valued semantics

of STL properties is critical: continuous optimization tools take

advantage of the graded interpretation of STL properties, whose

values indicate their ‘‘distances from satisfaction’’. The sole use

of traditional Boolean-valued interpretations of temporal logic

formulae would have made this search impractical. Because of

their ambiguous phenotypes, T47D cell data were not used for

parameter search. We started with 43 parameters, that is, all

catalytic and forward reaction rates (see Method section). After

applying our optimization procedure we found that the

modification of only 2 parameters was sufficient to achieve full

agreement with experimental data. The parameters found by

the search procedure are a parameter regulating the strength of

the caspases feedback loop (2.71 fold increase) and a parameter

regulating the kinetics of PARP cleavage (55.6 fold decrease)

(Table S1). Given the usually large uncertainties in actual

parameter values, such changes can still be considered as

acceptable. New parameter values lead to satisfaction of

Property 1–3 in nominal cells corresponding to all HCT116

and SKW6.4 normal and derived cell lines. To test whether

property values are corrected at the cell population level, we

recomputed the population data with these new parameter

values. As shown in Figure S5, all inconsistencies were indeed

resolved at the cell population level for all cell types (again with

the exception of T47D cells).

Origins of type I/II behaviors: Key role of downstream
proteins and of a positive feedback loop
It is important to note that the significantly different phenotypic

responses of the different cell lines are in the model solely

explained by observed differences in the initial concentrations of a

dozen of key proteins. Therefore one can use EARM1.4 with new

parameter values (Table S1) and STL diagrams to investigate the

origins of the different behaviors shown by cell lines. One important

question is to distinguish whether the different behaviors can be

explained exclusively by differences in upstream protein concen-

trations or exclusively by differences in downstream protein

concentrations, or whether a combination of upstream and

downstream changes is needed [6]. Indeed, it has been proposed

that the main differences between type I and II behaviors are

essentially due to differences in the efficiency of initiator caspase

activation by the DISC [5,34,43]. It has also been proposed that

the main determinant is the concentration of XIAP relative to

caspase-3 [4,6]. These questions can easily be answered using STL

diagrams. Figure 8 shows the XIAP/caspase-3 and FLIP/caspase-

8 diagrams for Property 2, computed with respect to the HCT116

cell line. It is apparent that the sole change of the concentrations of

XIAP and capsase-3 from their original values to values

corresponding to SKW6.4 cells is sufficient to alter the behavior

of those cells from a type II to a type I phenotype. A similar

change but for FLIP and caspase-8 proteins has no effect: cells

remains with a type II phenotype. As illustrated in Figure S6 and

S7, this is true for all properties and both directions (i.e., modifying

protein concentrations from HCT116 to SKW6.4 values and vice-

versa). This lack of influence of any upstream protein concentra-

tion is in apparent contradiction with the markedly different

profiles for caspase-8 activation observed experimentally in [5]

between type I and type II cells, and in EARM1.4 between

HCT116 and SKW6.4 cell lines, and even more between normal

and DXIAP cells that differ only in XIAP concentration (Figure 8C

and 8D). The latter comparison suggests that differences in

downstream protein concentrations feed back on upstream protein

activities. To test this, we created feedback mutants (denoted DFB
cells) by zeroing the cleaveage rate of caspase-8 by caspase-6.

Similar activation profiles for caspase-8 in HCT116 and SKW6.4

cell lines were then obtained showing that in normal conditions

differential activation of upstream processes is the consequence of

differential downstream processes activation (Figure 8C and 8D).

So, one can reconciliate the different views expressed by Scaffidi

and colleagues and by Aldridge and colleagues [5,6]. There are

indeed functionally significant differences in upstream protein

activities (e.g. caspase-8) in type I and II cells. However, according

to EARM1.4 model, these differences do not result from

differences in upstream protein levels but rather from downstream

differences that feed their influence back on upstream processes.

The feedback loop is required to preserve synchronous initiator

and effector caspase activation in type I cells. Note that using STL

was instrumental here. Indeed, because all cells die in these

Figure 7. Summary of findings. Truth values of the three properties based on observations in [6] for the HCT116, SKW6.4, and T47D cell lines and
some mutants. N/A indicates that the experimental information is not available. Experiments showed that OE-Bcl2 T47D cells present clonogenic
survival rates close to 50%, hence their ‘‘mixed’’ behavior. Consistency or discrepancy with predictions from the original EARM 1.4 model obtained
using our approach are indicated by green or red marks. Because of their ambiguous phenotypes, T47D cell data (in grey) were not used for
parameter search.
doi:10.1371/journal.pcbi.1003056.g007
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simulations (no Bcl2 overexpression), DLE diagrams were not

offering relevant information.

Interestingly, the analysis of the FLIP/caspase-8 STL diagrams

for Property 2 and 3 reveals that moderate inhibition of caspase-8

levels (e.g., by one third) in SKW6.4 cells would transform them into

cells showing mixed type behaviors (Figure S7 D and F). Indeed the

model predicts that these cells would present a sequential activation

of caspases (Property 2 satisfied; a type II feature) and a MOMP-

independent death (Property 3 violated; a type I feature). This

mutant would show exactly the opposite behavior of DXIAP

HCT116 cells, a combination of behaviors that has not yet been

observed. Therefore, the detailed analysis of this cell line could

possibly provide valuable information on the interplay between the

two apoptotic pathways. Similarly, the partial inhibition of caspase-

3 levels in SKW6.4 cells would also lead to cells showing mixed type

behaviors (Property 1 remains false whereas Property 2 and 3

change to true; Figure S6 B, D, and F).

Discussion

In this work, we expressed in a formal language, STL, a number

of observed properties on molecular details of extrinsic apoptosis

in several mammalian cell lines, and systematically tested their

consistency with a previously-proposed model developed to

capture the same process in the same cell lines, EARM1.4. It is

important to note that even if model and experimental data have

been published in the same article [6], the model has not been

tuned to comply with the various observed properties we tested on

the different cell lines. Indeed, we found several inconsistencies

between model predictions and experimental observations. These

inconsistencies can be resolved by model reparametrization

involving a limited number of parameter changes. However, these

needed changes were affecting key processes, namely the PARP

cleavage rate and the strength of the caspases-3, -6 and -8 feedback

loop. It is remarkable that the model was able to explain a number

Figure 8. Investigating the role of upstream proteins. (A) XIAP/caspase-3 and (B) FLIP/caspase-8 Property 2 diagrams using HCT116 as
reference cell line. Changes in XIAP/caspase-3 levels in HCT116 cells to match levels found in SKW6.4 cells change the original type II phenotype into
a type I phenotype. This is not the case for FLIP/caspase-8 changes. (B) The corresponding DLE diagram does not offer intuitive interpretation. (C and
D) Temporal evolution of active caspase-8 (top) and cleaved PARP (bottom) in HCT116 cells (red circle), SKW6.4 cells (blue circle), DXIAP HCT116 cells
(red triangle), DXIAP SKW6.4 cells (blue triangle), DFB HCT116 (red star) and DFB SKW6.4 cells (blue star). The comparison of HCT116 and SKW6.4 cell
lines with their DXIAP mutant shows important differences in the caspase-8 activation profile. Downstream proteins change upstream protein
activation.
doi:10.1371/journal.pcbi.1003056.g008
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of experiments probing different aspect of apoptosis made on

different cell lines and mutants, simply by taking into account

observed differences in protein concentrations but keeping the

same model structure and reaction rates for all cell lines. This

makes it a valuable tool to investigate the origins of the two different

cell responses. Unlike in in vivo experiments, the number of factors

that could explain these differences is limited in EARM1.4. Using

STL diagrams, we showed that observed differences in the

concentrations of upstream proteins in different cell lines could not

account for the observed cell type changes. This finding is

consistent with the observation based on in vivo and in silico works

that downstream proteins, most notably XIAP and caspase-3, play

a key role [6], but is in apparent contradiction with the

observation that upstream protein activities are markedly different

in type I and II cell lines [5]. Detailed analysis showed that the

effects of downstream protein concentration differences are in fact

fed back to upstream processes and amplified via the positive

feedback loop involving caspases 3, 6, and 8. This finding

reconciliates the views expressed by Scaffidi and colleagues and by

Aldridge and colleagues [5,6].

Based on experimental observations, we defined three proper-

ties associated with type II behaviors: (1) the cell survives if Bcl2 is

over-expressed, (2) the activations of initiator and effector caspases

are sequential, and (3) MOMP precedes caspase-3 activation.

They all assess the role of mitochondria for cell death and differ

only in subtle means. However, they are not always equivalent.

For example, DXIAP HCT116 cells satisfy Property 3 but not

Property 2, leading to interpretations like DXIAP HCT116 being

type I cells while exhibiting a type II phenotype. Based on our

work, there is no evidence that one property could be considered

as a defining criterion, excepted maybe for historical or practical

reasons (cell types were originally defined based on caspase

activation kinetics whereas Bcl2 overexpression is considered as

the standard method for cell type classification). This challenges

the consensual understanding that there exists (implicitly) well-

defined type I and type II phenotypes. It should be noted that here

we go beyond the notion of mixed cell type introduced by Aldridge

and colleagues for describing T47D cells. The authors implicitly

assume that cell types are well defined but that within a population

of cells a mixture of both phenotypes can be observed, coming

from cell-to-cell variability [16,44,45]. Here we propose that these

three properties are considered as type II features. Then the DXIAP

HCT116 cells would be more consistently qualified as possessing

some type I and some type II features. With the accumulation of

more detailed characterizations of apoptosis in more cell lines, it is

likely that the use of the loosely-defined notion of cell types will

otherwise become more and more problematic.

Like the DLE diagrams introduced by Aldridge and Haller [22],

STL diagrams are a convenient and intuitive way to represent the

influence of various factors on complex dynamical properties.

However, STL diagrams are superior on several counts. Firstly,

one can benefit from the expressive power of temporal logics to

express different observed properties of the dynamics of the cell

response. It allows us to test in which respect are the cell lines

different. Secondly, although the evaluation of STL properties and

of the DLE returns continuous values, the fact that STL values are

signed – positive values indicate satisfaction and negative values

indicate falsity – allows for a more direct interpretation of the

diagrams. Moreover, it allows defining statistics over populations

of cells. Thirdly, DLE generates well-defined partitions if in some

regions a small change in the initial state has a mild effect on the

future system’s state, thus generating low DLE values, and in other

regions, similar changes have drastic effects, thus generating high

DLE values. Although this is clearly the case in cell lines

overexpressing Bcl2 since some cells die, whereas others survive

(Figure 3), this is not generally true.

DLE and STL diagrams are particularly useful to have a rapid

view of the consequences of changing a few factors, initial

concentrations in our case. This feature allows us to foresee the

consequences of mutations (e.g. DXIAP mutants in XIAP/

caspase-3 diagrams), to investigate the (lack of) influence of given

factors (e.g. FLIP changes in FLIP/caspase-8 diagrams), and to

assess the influence of cell-to-cell heterogeneity by representing

graphically the means and standard values of populations in

diagrams. However, heterogeneity in diagrams is limited to two

dimensions. Moreover, since the cell lines differ in more than two

dimensions, only one cell line can be correctly mapped in the state

space slice of the diagram. Other cell lines are projected onto it,

making their interpretations subject to caution. To solve this issue,

we introduced population property values for describing the

behavior of cell populations. These values and their statistics,

notably means, standard deviations, and percentage of satisfaction,

offer a more accurate view than phase diagrams. Indeed, even if

we found that the rapid picture offered by STL diagrams are often

consistent with population property values, a few cases illustrated

the need to compute these statistics as well (e.g. T47D cells

manifesting in silico a clear mixed-type behavior with respect to

Property 1, that is not present in the phase diagram in Figure 3).

In addition to computing diagram and population statistics,

STL properties also enable model revision based on experimental

observations. Observed properties are encoded in STL and the

continuous semantics of STL is used to search for valid parameter

values. Traditional model revision methods based on curve fitting

could not be adapted here by lack of well-defined time series data.

The non-standard use of continuous semantics for temporal logic

formula interpretation is essential to allow for an effective search

[46–48]. Using global optimization methods, we found that the

few discrepancies we had identified in earlier steps can be resolved

by modifying only a restricted set of model parameters.

Remarkably, one of the two selected parameters is regulating the

strength of the caspases feedback loop, a process that is predicted

to play an important role in the genesis of type I or type II

behaviors.

The development of experimental methods to probe quantita-

tively subtle aspects of the dynamics of biological processes has

spurred the development of large and complex quantitative models

[49,50]. However the available experimental data is seldom in the

form of time series data directly usable by standard model

validation and model calibration techniques. Therefore tools

allowing for the exploration of model properties, the comparison

between predictions and observations and the revision of models

that are adapted to the available experimental data are

increasingly needed. Temporal logics offer a flexible means to

encode for a broad range of experimentally-observed properties.

Moreover they are also formal languages that allow automating

model analysis. Because it supports STL and uses by default

distributions for parameter and initial concentrations, Breach

naturally allows the exploration of properties of cell populations.

We expect that Breach will become a valuable tool for the

computational biologists to explore model properties, and more

importantly, to get tight connections between experimental data

and model predictions [51].

Methods

Modeling extrinsic apoptosis and cell line differences
We used the model of extrinsic apoptosis proposed by

Aldridge and colleagues [6] named EARM1.4. This model is
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an extension and adaptation of a previous model, EARM1.0,

proposed in [15]. EARM1.0 has been calibrated on HeLa cells

using live and fixed cell imaging, flow cytometry of caspases

substrates and biochemical analysis. EARM1.4 has been

adapted to HCT116, SKW6.4 and T47D cells, and has been

shown to capture their capacity to die or survive in OE-Bcl2

clonogenic experiments. It is a mass-action ODE model based

on nearly 70 reactions and involving 17 native proteins, 40

modified proteins or protein complexes, and TRAIL. For each

cell line, the model assumes different nominal initial protein

concentrations. Nominal concentrations refer here to concen-

trations found in a hypothetical mean cell within the cell

population. More precisely, out of the 17 native proteins, 12

have been quantified by immunoblotting and the relative

differences between cell lines have been used to set nominal

initial protein concentrations for HCT116, SKW6.4 and T47D

cells (see Table 1). Besides initial concentrations, the 3 models

are identical. DXIAP and OE-Bcl2 mutant cell lines are defined

with respect to their parent cell line. In DXIAP cells, the XIAP

concentration is set to 0. In OE-Bcl2 cells, the initial Bcl2

concentration is 10 times higher than in the parent cell line. For

cells with modified feedback (DFB cells) we set the cleavage rate

of caspase 8 by caspase 6, k7, to 0. To represent cell-to-cell

variability within cell lines, we assumed that protein concentra-

tions are log-normally distributed. The means of protein

concentrations were the nominal values. The coefficient of

variation were either measured, for caspase-3 and XIAP [6], or

assumed to be 25% as in [16]. The complete model together

with Breach is available in Supplementary Materials as

MATLAB files (S9). The names of the variables, constants

and reactions used in the model are the same as in [6].

STL semantics and property evaluation
STL is an intuitive yet formal language for specifying the

properties of continuous dynamical systems. It allows us to

express in a (pseudo-) natural language hypothesis on the

mechanistic functioning of the system taken from available

biological knowledge in a formal way so that model consistency

can be precisely and systematically tested. Given a model of the

system, expected properties are expressed using predicates

describing constraints on protein concentrations, like

cPARP,105, traditional logical operators, like and, or and implies,

and temporal operators, like eventually[a,b], always[a,b], and until[a,b].

Time intervals [a,b] limit the scope of temporal operators. These

operators can be combined to create properties of arbitrary

complexities. For example, always[0–6h] (XIAP.103 and

cPARP,105) is a valid STL formula. The formal syntax is given

in Table S2 (top). STL properties are then interpreted with

respect to so-called signals. In this context, signals are functions

from time to the reals representing the evolution of the different

concentrations in the system. Computationaly speaking, they

often come from (discrete) time-series data obtained by numerical

simulation of the ODE model. The semantics is defined such that

it captures a notion of distance from satisfaction. For example,

the interpretation at time t of the predicate XIAP.103 is simply

the value of XIAP(t) - 103. Trivially it is positive if XIAP.103, and

negative if XIAP,103. The interpretation of XIAP.103 and

cPARP,105 at time t is the minimum of the value of the two

operands at time t. Note that it is positive if and only if both

operands have positive values. Similarly, the interpretation of

always(XIAP.103) is the minimum of the value of XIAP.103 at

all future time instants. It is positive if XIAP is always greater than

103. The interpretation of STL formulas is also illustrated on

Figure 9. More generally, the continuous interpretation of STL

properties ensures that if the value of a property is positive (resp.

negative), then the property holds (resp. is violated) in a more

usual Boolean interpretation. Moreover, it captures a notion of

‘‘distance from satisfaction’’: a large positive value indicates a

robustly satisfied property, whereas a large negative value

indicates a property that is far from satisfaction. The semantics

is formally defined in Table S2 (bottom). Note that property

values are relative to the formula, in the sense that values

obtained for different STL formulas are not directly comparable

between each other.

Computation of property diagrams
Given an STL property, the associated STL phase diagram is a

representation of the value of the property as a function of the

system’s initial configuration. More precisely diagrams represent

property values in 2D slices of a high dimensional state space.

Each point in the diagram is associated to the value of the STL

formula evaluated on the system’s trajectory starting at this point.

Boundaries were set so as to enclose the variability observed

between cell lines. Diagrams are defined with respect to a

particular cell line: with the exception of the two variables of the

diagram, all other variables assume their nominal values for the

given cell line. Other cell lines are placed on the diagram based on

the initial concentrations of the selected proteins. Unless

mentioned otherwise, the HCT116 cell line is used as a reference.

In practice, a 50650 grid of linearly-spaced points is used for the

computation of each diagram. For each point on the grid, we

computed the cell behavior predicted by the model and then the

value of the STL property associated with this behavior (see

Program S1). The ranges for caspase-3, XIAP, caspase-8 and FLIP

are [0, 106], [0, 6*104], [1200, 4500] and [0, 800], respectively.

Similarly, DLE diagrams represent the direct finite-time Lyapunov

exponent for all points in (a 2D slice of) the state space. This value

captures the sensitivity to initial conditions: DLE(t,x0)~

log lmax((
Lx(t)
Lx0

)T (
Lx(t)
Lx0

)), where lmax(M) denotes the maximum

eigenvalue of the matrixM and t is some future time instant (here 6

or 4 hours). Again, a 50650 grid of linearly-spaced points is used

for the computation of DLE diagrams.

Table 1. Initial concentrations of proteins in HCT116, SKW6.4,
and T47D cells.

Protein\Cell line HCT116 SKW6.4 T47D

FLIP 100 (0.25) 591 (0.25) 48 (0.25)

caspase-8 3500 (0.25) 3255 (0.25) 1680 (0.25)

caspase-6 10000 (0.25) 6700 (0.25) 22500 (0.25)

caspase-3 100000 (0.32) 886000 (0.31) 351000 (0.25)

XIAP 30000 (0.52) 11400 (0.42) 19200 (0.53)

PARP 1000000 (0.25) 1120000 (0.25) 1040000 (0.25)

Bid 40000 (0.25) 74800 (0.25) 53600 (0.25)

Mcl1 1000 (0.25) 1250 (0.25) 4640 (0.25)

Bax 80000 (0.25) 786400 (0.25) 113600 (0.25)

Bcl2 20000 (0.25) 400000 (0.25) 104000 (0.25)

Smac 100000 (0.25) 177000 (0.25) 139000 (0.25)

Nominal values and coefficients of variations for initial protein concentrations
that differ between cell lines (see [6] for concentrations of other proteins).
Protein concentrations are assumed log-normally distributed across the cell
populations.
doi:10.1371/journal.pcbi.1003056.t001
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Computation of STL population data
Given an STL property, the STL population data correspond to

the evaluation of this property on all the simulated individual cell

behaviors among a population of cells of a given cell line. Based on

these property values, statistics are computed. For STL population

data, 5000 different initial conditions are obtained for each cell

line by sampling around its nominal initial conditions from

lognormal distributions. Mean values, value distributions and

percentages of satisfaction of the property (i.e. the percentage of

cells in the population satisfying a given property) are then

computed.

Parameter search procedure
The search procedure has two phases. In the first phase we

search for new parameters for EARM1.4 that lead to full

agreement with experimental data (Figure 7). In the second phase,

when a solution is found, we minimize the number of modified

parameters. We use a cost function composed of three different

components: continuous, Boolean, and parameter penalties. The

continuous penalties correspond to the (negation of) the contin-

uous values of STL properties, and the Boolean penalties

correspond to their Boolean value multiplied by a (negative)

constant. These costs decrease when more properties are

consistent with observations (Bpenalty), and when they are more

robustly consistent with observations (Cpenalty). In the continuous

component, weights are used to balance the importance of all

properties, given their typical range. The last component penalizes

parameter deviations from their original values (Ppenalty). The

overall cost is the weighted sum of these three components.

cost(p) :~aPpenalty(p)zX

i[CellLines

X

p[Properties

(bBpenalty(p,i,p)zcCpenalty(p,i,p))

In the first phase, we selected 43 parameters (14 catalytic rates of

enzymatic reactions and 29 forward rates) out of approximately 80

parameters in EARM1.4. Parameter modifications were limited to

a 100-fold change. We set weights so that the Boolean, continuous,

and parameter penalties contributed to approximately 50%, 30%,

and 20% of the cost, respectively. After 10 hours of computations

(2.2 GHz processor, 8GB RAM), the search converged to a state

in which all expected properties were satisfied by the model (T47D

cells excluded).

In the second phase, we selected the parameters that changed

by more than 5 folds (there were 5 such parameters: kc9, kc25,

kc20, k7 and k24) and run the search again for each pair of these

parameters. The cost function was modified by setting the Cpenalty

parameter to 0, and the beta parameter such as the Boolean

penalty was responsible for approximately 90% of the cost. As a

result, parameter deviations were minimized while preserving the

agreement with the experimental data. We found that reparame-

trization of only one pair of parameters allowed for satisfaction of

all properties for all cell lines.

Breach tool
All the computations have been made using Breach [33,48].

This MATLAB/C++ toolbox allows for efficient numerical

simulation, for sensitivity computation, and for STL property

and DLE evaluation. In particular, DLEs can efficiently be

computed via forward sensitivity analysis [52]. Breach is partic-

ularly oriented towards the analysis of parametric systems, in the

sense that it offers efficient routines for global sensitivity analysis

and parameter search, and that the graphical user interface

facilitates the modification of parameters and initial conditions,

and the exploration of parameter spaces.

Supporting Information

Figure S1 Formula robustness. Number of matches between

predicted and observed satisfaction values for Properties 1–3 in all

HCT116 and SKW6.4 cell lines (Figure 7) as a function of the PARP-

related threshold, a, defining the alive property, of the Apaf-related

threshold, b, defining the MOMP occurrence and of the caspase-

related threshold, c, defining caspases activation when (A) a and b
vary, and c is fixed, or (B) c varies, and a and b are fixed. Thresholds

a, b, and c are defined as follows: p1: = always[0–6h](cPARP/PARPtotal,a);
p2: = eventually(Casp8active and always[0–1h] not Casp3active); p3: =Apaffree/

Apaftotal,b release (cPARP/PARPtotal,a)), where Casp8active: =Casp8*/

Casp8total.c and Casp3active: =Casp3*/Casp3total.c. Full consistency

Figure 9. Evaluation of STL properties. Temporal evolution of the ratio cPARP/PARPtotal, of the value of the property alive: = cPARP/PARPtotal,0.5,
and of Property 1: = always[0–6h]( cPARP/PARPtotal,0.5) for HCT116 and OE-Bcl2 HCT116 cells (left), and SKW6.4 and OE-Bcl2 SKW6.4 cells (right). When
the concentration of cleaved PARP increases, the value of the alive property gradually decreases from a positive value (‘‘true’’) to a negative value
(‘‘false’’). Property 1 at time t evaluates to the minimal value of alive at all future times. So, Property 1 simply captures whether at all times alive holds.
doi:10.1371/journal.pcbi.1003056.g009
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with all experimental data corresponds to 16 matches (15 in Figure 7

and, additionally, p2(SKW6.4)=True). For original properties

(a=b=50% and c=1%), we found three mismatches (Figure 7).

This number is robust with respect to changes of the PARP-related

threshold, a, and of the Apaf-related threshold, b. It is also robust to

the caspase-related threshold, c, provided that this value remains low

enough (i.e. ,2%).

(TIF)

Figure S2 Comparison between DLE and Property 1
STL diagrams. Diagrams representing the values of the DLE

computed at time T (A,C) and of the STL Property:= always[0-T]
(cPARP/PARPtotal,0.5) (B,D) for T= 6 h (A–B) and T=4 h (C–D).

Strikingly, for the two time instants the separatrix is exactly at the

same position, revealing that DLE and Property 1 capture

precisely the same behavior: the existence of two different possible

outcomes: survival or death. However, in full generality the DLE

simply measures the influence of small changes in initial protein

concentrations on the future state of the system. In fact, this

similarity comes from the snap-action aspect of apoptotic cell death,

captured by the EARM model: cell death is immediately preceded

by a sudden activation of effector caspases (all-or-none behavior)

[15]. Small changes in initial protein concentrations will result in

dramatic differences in protein concentrations at the time of death

and therefore in high DLE values. One should also note that the

interpretation of low DLE values is ambiguous, since low values

are found in regions corresponding to type I (SKW6.4) and to type

II cell types (HCT116).

(TIF)

Figure S3 XIAP/capsase-3 STL diagrams for all prop-
erties and using HCT116, SKW6.4 or T47D as reference
cell line. Diagrams representing the values of the STL properties

p1 (A–C), p2 (D–F) and p3 (G–H) computed using HCT116

(A,D,G), SKW6.4 (B,E,H), or T47D (C,F,I) nominal protein

concentrations. Bcl2 is overexpressed in Property 1 diagrams. In

most cases, for a given property the satisfaction values associated

with each cell type is similar irrespectively of the reference cell line

used to construct the diagram. However, there are exceptions, like

in the case of T47D cell line behavior (H and I). So care must be

taken when interpreting STL diagrams. The same situation holds

with DLE diagrams (not shown).

(TIF)

Figure S4 STL property values across all cell lines for
Properties 1–3 for the EARM1.4. For each property, plots

indicate the nominal cell value (top), the distribution (middle), and

the percentage of satisfaction (bottom) of the property values for

populations of cells of different cell lines. Notations are identical to

those used in Figure 4.

(TIF)

Figure S5 Population statistics for Property 1, 2 and 3,
computed with new parameter values. (see Table S1) This

data should be compared with Figure 4, 5 (right), and 6 (right).

The new parameter values allow resolving the inconsistencies

found for SKW6.4, OEBcl2 SKW6.4 cells for Property 2, and for

DXIAP HCT116 cells for Property 3. T47D cells still do not satisfy

Property 3 as expected. Notations are identical to those used in

Figure 4.

(TIF)

Figure S6 XIAP/Capsase-3 STL diagrams computed
with new parameter values for all properties and using
HCT116 or SKW6.4 as reference cell lines. Diagrams

representing the values of the STL properties p1 (A–B), p2 (C–D)

and p3 (E–F), computed using HCT116 (A,C,E) or SKW6.4

(B,D,F) nominal protein concentrations.

(TIF)

Figure S7 FLIP/Capsase-8 STL diagrams computed
with new parameter values for all properties and using
HCT116 or SKW6.4 as reference cell lines. Diagrams

representing the values of the STL properties p1 (A–B), p2 (C–D)

and p3 (E–F), computed using HCT116 (A,C,E) or SKW6.4

(B,D,F) nominal protein concentrations.

(TIF)

Program S1 Computation of STL diagrams using
Breach [33]. The archive contains the freely-distributed Matlab

tool Breach, an implementation of EARM1.4 in Breach, initial

conditions for each of 12 cell lines used in this article, and example

scripts illustrating how to generate STL phase diagrams.

(ZIP)

Table S1 Valid parameters. List of minimal parameter set

leading to Property1–3 satisfaction for all but T47D cells, together

with their new and original values, and the corresponding fold

change.

(TIF)

Table S2 Syntax and semantics of STL [48]. The syntax of
STL formulas is defined inductively. Here, w, w1, w2 are STL

formulas, m(x) is an equality of type f (x(t))w0, with f a real-valued

function on the state x, and [a,b] is a time interval. The real-valued

semantics r(w,t) of an STL formula Q at time t is interpreted on a

real-valued signal x(t) defined on a time interval [0,Tf], where Tf is

typically the end time of a simulation. One additionally defines

w1 orw2 as not(not w1 and not w2), eventually a,b½ � w asTrue until a,b½ � w
and always a,b½ � w as not eventually a,b½ � not w.
(TIF)
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Gene expression plays a central role in the orchestration of cellular
processes. The use of inducible promoters to change the expression
level of a gene from its physiological level has significantly contrib-
uted to the understanding of the functioning of regulatory networks.
However, from a quantitative point of view, their use is limited to
short-term, population-scale studies to average out cell-to-cell vari-
ability and gene expression noise and limit the nonpredictable effects
of internal feedback loops that may antagonize the inducer action.
Here, we show that, by implementing an external feedback loop, one
can tightly control the expression of a gene over many cell genera-
tions with quantitative accuracy. To reach this goal, we developed
a platform for real-time, closed-loop control of gene expression in
yeast that integrates microscopy for monitoring gene expression at
the cell level, microfluidics to manipulate the cells’ environment, and
original software for automated imaging, quantification, and model
predictive control. By using an endogenous osmostress responsive
promoter and playing with the osmolarity of the cells environment,
we show that long-term control can, indeed, be achieved for both
time-constant and time-varying target profiles at the population
and even the single-cell levels. Importantly, we provide evidence that
real-time control can dynamically limit the effects of gene expression
stochasticity. We anticipate that our method will be useful to quanti-
tatively probe the dynamic properties of cellular processes and drive
complex, synthetically engineered networks.

model based control | computational biology |
high osmolarity glycerol pathway | quantitative systems biology

Understanding the information processing abilities of bi-
ological systems is a central problem for systems and synthetic

biology (1–6). The properties of a living system are often inferred
from the observation of its response to static perturbations. Time-
varying perturbations have the potential to be much more in-
formative regarding the dynamics of cellular functions (7–12).
Currently, it is not possible to precisely perturb protein levels in an
analogous manner, even though this perturbation would be in-
strumental in our understanding of gene regulatory networks.
Indeed, despite the development of novel regulatory systems, in-
cluding various RNA-based solutions (13), transcriptional control
by means of inducible promoters is still the preferred method for
manipulating protein levels (14, 15). Unfortunately, inducible
promoters have several generic limitations. First, there is a signif-
icant delay between gene expression activation and effective
protein synthesis. Second, many cellular processes can interfere
with gene expression through internal feedback loops whose
effects are hard to predict. Third, the process of gene expression
shows significant levels of noise (16–18). Given these limitations,
novel experimental strategies are required to gain quantitative,
real-time control of gene expression in vivo.
Here, we see the problem of manipulating gene expression to

obtain given temporal profiles of protein levels as a model-based
control problem.More precisely, we investigate the effectiveness of
computerized closed-loop control strategies to control gene ex-
pression in vivo. Inmodel-based closed-loop control, amodel of the

system is used to constantly update the control strategy based on
real-time observations. We propose an experimental platform that
implements such an in silico closed loop in the budding yeast Sac-
charomyces cerevisiae. We show that gene expression can be con-
trolled by repeatedly stimulating a native endogenous promoter
overmany cell generations (>15 h) for both time-constant and time-
varying target profiles and at both the population and single-cell
levels. Recently, Milias-Argeitis et al. (19) also proposed an ap-
proach for feedback control of gene expression in yeast. In contrast
to their work, we propose amethod that is effective at the single-cell
level, for time-varying target profiles, and robust despite the pres-
ence of strong internal feedback loops. We start by describing the
gene induction system and the experimental platform before dis-
cussing its efficiency.

Results and Discussion
Controlled System. We based our approach on the well-known re-
sponse of yeast to an osmotic shock, which is mediated by the high
osmolarity glycerol (HOG) signaling cascade. Its activation leads to
the phosphorylation of the protein Hog1 (Fig. 1A), which orches-
trates cell adaptation through glycerol accumulation. Phosphory-
lated Hog1 promotes glycerol production by activating gene
expression in the nucleus as well as stimulating glycerol-producing
enzymes in the cytoplasm. After they are adapted, the cells do not
sense the hyperosmotic environment anymore, the HOG cascade is
turned off, and the transcriptional response stops (20–22). In con-
trol terms, yeast cells implement several short-term (non tran-
scriptional) and long-term (transcriptional) negative feedback loops
that ensure perfect adaptation to the osmotic stress (10, 23). Be-
cause of these adaptation mechanisms, it is a priori challenging to
control gene expression induced by osmotic stress. It is, thus, an
excellent system to show that one can robustly control protein
levels, even in the presence of internal negative feedback loops.
Several genes are up-regulated in response to a hyperosmotic stress.
These genes include the nonessential gene STL1, which codes for
a glycerol proton symporter (24, 25). We decided to use its native
promoter (pSTL1) to drive the expression of yECitrine, a fluores-
cent reporter. Applying an osmotic stress transiently activated the
HOG cascade (Fig. 1B), and yECitrine levels reached modest
values (600 fluorescence units) (Fig. 1B). Importantly, when short
but repeated stresses were applied, pSTL1 could be repeatedly
activated, and much higher levels could be reached (Fig. 1C).
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A closed-loop control of the pSTL1 activity requires the ac-
quisition and analysis of live cell images, the computation of the
input (i.e., osmolarity) to be applied in the near future, and
the ability to change the cells osmotic environment accordingly
(Fig. 1 D and E).

Experimental Platform. To observe the cells and control their
environment, we designed a versatile platform made of standard
microscopy and microfluidic parts. The microfluidic device
contained several 3.1-μm-high chambers that were connected by
both ends to large channels through which liquid media could be
perfused (Fig. 1D). Because the typical diameter of an S. cer-
evisiae cell is 4–5 μm, the cells were trapped in the chamber and
grew as a monolayer. Their motion was limited to slow lateral
displacement due to cell growth (Fig. S1). This design allowed
for long-term cell tracking (>15 h) and relatively rapid media
exchanges (∼2 min). The HOG pathway was activated by
switching between normal and sorbitol-enriched (1 M) media.

Model of pSTL1 Induction. To decide what osmotic stress to apply
at a given time, we used an elementary model of pSTL1 in-
duction. Many models have been proposed for the hyperosmotic

stress response in yeast (10, 26–30). We used a generic model of
gene expression written as a two-variable delay differential equation
system, where the first variable denotes the recent osmotic stress felt
by the cell and the second variable is the protein fluorescence level
(Fig. 1D, Materials and Methods, Table S1, and SI Materials and
Methods). Because our goal was to show robust control, despite the
presence of unmodeled feedback loops, the adaptationmechanisms
described above were purposefully neglected. The choice of this
model was also motivated by the tradeoff between its ability to
quantitatively predict the system’s behavior (favors complexity) and
the ease of solving state estimation problems (favors simplicity).
Despite its simplicity, we found a fair agreement between model
predictions and calibration data corresponding to fluorescence
profiles obtained by applying either isolated or repeated osmotic
shocks of various durations (Fig. 1C and Fig. S2).

Closing the Loop. The fluorescence intensity of a single cell arbi-
trarily chosen at the start of the experiment, or the average
fluorescence intensity of the cell population, was sent to a state
estimator (extended Kalman filter discussed in SI Materials and
Methods) connected to a model predictive controller (31). Model
Predictive Control (MPC) is an efficient framework well-adapted

Fig. 1. A platform for real-time control of gene expression in yeast. (A) A hyperosmotic stress triggers the activation and nuclear translocation of Hog1.
Short-term adaptation is mainly implemented by cytoplasmic activation of the glycerol-producing enzyme Gpd1 and closure of the aqua-glyceroporin channel
Fps1. Long-term adaptation occurs primarily through the production of Gpd1. (B) When maintained in a hyperosmotic environment (1 M sorbitol), the HOG
cascade was quickly activated, which is seen by Hog1 nuclear enrichment. This transient signaling response lasted typically <20 min. The expression level of
pSTL1-yECitrine (YFP) increased after an ∼20-min delay, peaked around 600 fluorescence units after 100 min, and then decayed. (C) In contrast, the fluo-
rescence level showed a continuous increase when stimulated periodically (T = 30 min). The increase rate was larger for longer pulses (red, 8 min; yellow,
5 min). Black curves are the expected behaviors based on our model of the pSTL1 induction. Solid lines and their envelopes are the experimental means and
SDs of the cells’ fluorescence. (D) Yeast cells grew as a monolayer in a microfluidic device that was used to rapidly change the cells’ osmotic environment (blue
frame) and image their response. Segmentation and cell tracking were done using a Hough transform (orange frame). The measured yECitrine fluorescence,
either of a single cell or of the mean of all cells, was then sent to a state estimator connected to an MPC controller. A model (black frame) of pSTL1 induction
was used to find the best possible series of osmotic pulses to apply in the future so that the predicted yECitrine level follows a target profile. (E) At the present
time point (orange circle), the system state is estimated (green), and the MPC searches for the best input (pulse duration and number of pulses) (see text and SI
Materials and Methods), which minimizes the distance of the MPC predictions (black curves) to the target profile (red dashed line) for the next 2 h. Here, the
osmotic series of pulses that corresponds to the blue curve (4) was selected and sent to the microfluidic command. This control loop is iterated every 6 min.

14272 | www.pnas.org/cgi/doi/10.1073/pnas.1206810109 Uhlendorf et al.



to constrained control problems. Schematically, given a model of
the system and desired temporal profiles for the system’s out-
puts, MPC aims at finding inputs to minimize the deviation be-
tween the outputs of the model and the desired outputs. The
control strategy is applied for a (short) period. Then, the new
state of the system is observed, and this information is used to
compute the control strategy to be applied during the next time
interval. This receding horizon strategy yields an effective feed-
back control. In practice, every 6 min, given the current estimate
of the system state, past osmotic shocks, and our model of gene
expression, the controller searched for the optimal number of
osmotic pulses to apply within the next 2 h and their optimal start
times and durations (Fig. 1E). If a shock had to be applied within
the next 6 min, then it was applied. Otherwise, the same com-
putation was reiterated 6 min later based on new observations,
thus effectively closing the feedback loop. Here, we dealt with
short-term cell adaptation by imposing a maximal stress duration
of 8 min and a 20-min relaxation period between consecutive
shocks. Under such conditions, cells stay responsive to osmotic
stress at all times (Fig. 1C). This can be explained by the fact that,
in absence of stress, the glycerol channel Fps1 opens (21, 32) and
lets the glycerol leak out of the cell, thus effectively resetting the
osmotic state of the cells (29).
Note that a proportional integral (PI) controller would have

been an attractive alternative, because it would not have re-
quired the development of a model of the system. With PI
controllers, the applied input (i.e., stress) is simply the weighted
sum of the current error (deviation between target and measured
outputs) and the integral of the (recent) past errors. Consequently,

using a PI controller to reach high levels of fluorescence would
lead to a control strategy in which high stress is maintained over
extended periods of time. This condition would trigger cell ad-
aptation and eventually lead to a stalled situation in which the
maximal stress is applied without any effect.

Closed-Loop Population Control Experiments. Our first goals were to
maintain the average fluorescence level of a cell population at a-
given constant value (set-point experiment) and force it to follow
a time-varying profile (tracking experiment). Both types of experi-
ments lasted at least 15 h, starting with a few cells and ending with
100–300 cells in the field of view (Fig. S3). The control objective
was to minimize the mean square deviations (MSDs) between the
mean fluorescence of the population of cells and the target profile.
We succeeded in maintaining the average fluorescence level at
a given constant value or forcing it to follow several given time-
varying profiles (Fig. 2 A–D, Figs. S3, S4, and S5, and Movies S1,
S2, and S3). Admissible time-varying target profiles were obviously
constrained by the intrinsic timescales of the system, such as the
maximal protein production and degradation rates. However,
within these constraints, graded responses could be obtained. In
Fig. 2C, for example, the trapeze slope is less steep than what
maximal pSTL1 induction can deliver (Fig. 2 A and B). Note that
our control strategy opened the possibility to reach higher fluo-
rescence levels than what full induction with a step shock would
allow (compare with Fig. 1B). Indeed, because of cell perfect ad-
aptation to hyperosmotic stresses, a sustained 1 M sorbitol shock
triggers only a transient gene expression and fluorescence peaks at
moderate levels (Fig. 1B). By using repeated, well-separated pulses,

Fig. 2. Real-time control of gene expression can be achieved at the population level. (A and B) Set-point control experiments with target values 1,000 and 1,500
fluorescence units (f.u.; red dashed line). This unit is the same across all graphs (no renormalization). To avoid desensitizing the HOG pathway, the controller
repeatedly applied short osmotic pulses (durations between 5 and 8 min). The timeline of osmotic events is shown at the bottom of each graph (color code along
the bottom). Shock starting times and durations were computed in real time. The measured mean cell fluorescence is shown as solid blue lines. The envelopes
indicate SD of the fluorescence distribution across the yeast population. (C and D) Tracking control experiments. In C, the target has a trapezoidal shape
(maximum at 1,500 f.u.). In D, the target is sinusoidal (average value at 1,500 f.u.). In both cases, the mean level of fluorescence successfully follows the time-
varying target profile. (E and F) Open-loop control experiments. Two examples of open-loop control (the osmotic inputs were computed using our model before
starting the experiments) showing poor control quality. Errors accumulate over time. The simulated behavior of the system is represented in violet.
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pSTL1 was iteratively activated (Fig. 1C and Movie S4). To assess
the effective control range, we performed additional control ex-
periments with target values spanning an order of magnitude (200–
2,000 fluorescence units) (Fig. S5). Despite an initial overshoot for
the lower target (200 fluorescence units), our results showed good
control accuracy over time.
Quantitative limitations of our experimental platform can orig-

inate from the model, the state estimator, the control algorithm,
and the intrinsic biological variability of gene expression. In silico
analysis showed that applying the proposed control strategy to the
(estimated state of the) system resulted in control performances
that were significantly better than those obtained experimentally
(Fig. 2 E and F and Fig. S4). Therefore, the control algorithm
performed well, and future improvements should focus on system
modeling and state estimation to better represent the experimental
state of the system. To assess the importance of biological vari-
ability and modeling limitations, we carried out open-loop control
experiments with the same objectives and the same model of the
system. A time series of osmotic pulses was computed before the
experiment and then sent to yeast cells without performing real-
time corrections. Important deviations were found, indicating clear
discrepancies between model predictions and the long-term system
behavior (Fig. 2E and F). As expected, open-loop strategies cannot
result in a quantitative, robust control of gene expression. In con-
trast, closed-loop control performs well, despite significant bi-
ological variability and/or limited model accuracy.

Closed-Loop Single-Cell Control Experiments. In a second set of
experiments, we focused on the real-time control of gene expres-
sion at the single-cell level. We tracked one single cell over at least
15 h and used its fluorescence to feed theMPC controller. As shown

in Fig. 3, we obtained results with quality that is out of reach of any
conventional gene induction system, both for constant and time-
varying target profiles (Movies S5, S6, and S7). Because of intrinsic
noise in gene expression, single-cell control was a priori more
challenging than population control. Indeed, compared with the
mean fluorescence levels in population control experiments, the
fluorescence levels of controlled cells in single-cell control experi-
ments showed larger fluctuations around the target values. How-
ever, at the cell level, the MSDs of controlled cells obtained in
single-cell control experiments were significantly smaller than the
MSDs of a cell in population control experiments (Fig. 4B, SI
Materials and Methods, Table S2, and Fig. S6). For set-point control
experiments in which fluctuations happen around a fixed reference
value, we also defined the fluorescence noise level as the standard
deviation (SD) over the mean. Again, we found that single-cell
control significantly decreased noise at the cell level (Fig. 4C, SI
Materials andMethods, Table S2, and Fig. S6). Taken together, these
results show that real-time control effectively improves control
quality and counteracts the effects of noise in gene expression when
performed at the single-cell level. Interestingly, single-cell control
experiments showed that, in few cases, the controlled cell behaved
significantly differently from the rest of thepopulation over extended
periods of time (e.g., see Fig. 3A), suggesting long-term memory
effects for gene expression spanning many cell generations. Lastly,
the fact that, for different controlled cells but the same control ob-
jective, the decisions of the closed-loop controller were markedly
different (Fig. 3E) highlights the fact that feedback control was
critical to achieve good control performance at the single-cell level.
This suggests that cell-to-cell variability and noise in gene expression
fundamentally limit the quality of any open-loop inducible system.

Fig. 3. Real-time control of gene expression can be achieved at the single-cell level. (A and B) Set-point control experiments at values 1,000 and 1,500 f.u. The
yECitrine fluorescence of the controlled cells is shown as orange lines. The blue line and its envelope indicate the mean fluorescence and the SD of the
fluorescence across the cell population. The population follows the target profile but with less accuracy than the controlled single cell. (C and D) Tracking
control experiments. In C, the target has a trapezoidal shape (maximum at 1,500 f.u.). In D, the target is sinusoidal (average at 1,500 f.u.). (E) The fluorescence
of the controlled cell in three different single-cell control experiments is represented together with the osmolarity profiles that were applied. Different
experiments are labeled with different colors, and therefore, their corresponding osmotic inputs can be identified. It appears that, for each cell, the controller
decisions were markedly different, showing that cell-to-cell variability was at play and that feedback control was critical when performing single-cell control.
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Conclusions
We showed that gene expression can be controlled in real time
with quantitative accuracy at both the population and single-cell
levels by interconnecting conventional microscopy, microfluidics,
and computational tools. Importantly, we provided evidence that
real-time control can dynamically limit the effects of gene ex-
pression stochasticity when applied at the single-cell level. This
model predictive control framework overcame the presence of
a significant delay between the environmental change and the
fluorescent protein observation and the action of strong non-
modeled endogenous negative feedback loops. The fact that
good control results can be obtained in a closed-loop setting with
a relatively coarse model of an endogenous promoter (compare
with open-loop results) suggests that extensive modeling will
not be required to transpose our approach to other endo- and
exogenous induction systems (e.g., the galactose, methionine, or
tetracycline inducible promoters). To appreciate the difficulty of
the control problems that we addressed, one should keep in mind
that the controlled system, a yeast cell, is an extremely complex
and partially known dynamical system and that the controlled
process, gene expression, is intrinsically stochastic.
Despite the fact that the importance of control theory for systems

and synthetic biology has been widely recognized for more than
a decade (33, 34), the actual use of in silico feedback loops to
control intracellular processes has only been proposed recently. In
2011, we showed that the signaling activity in live yeast cells can be
controlled by an in silico feedback loop (35). Using a PI controller,
we controlled the output of a signal transduction pathway by
modulating the osmotic environment of cells in real time. A similar
framework has been proposed by Menolascina et al. (36). More
recently, Toettcher et al. (37) used elaborate microscopy techniques
and optogenetics to control (in real time and the single-cell level)
the localization and activity of a signal transduction protein (PI3K)
in eukaryotic cells. Interestingly, they were able to buffer external
stimuli and clamp phosphatidylinositol (3,4,5)-triphosphate (PIP3)
levels for short time scales. Because these two frameworks neces-
sitate image acquisition at a high frequency, they are not suitable for
long-term experiments. Themost closely related work is the work by
Milias-Argeitis et al. (19). Using optogenetic techniques, Milias-
Argeitis et al. (19)managed to control the expression of a yeast gene
to a constant target value over a few hours. Their approach is based
on a chemostat culture and well-adapted for biotechnological
applications, such as the production of biofuels or small-molecules.
However, because it does not allow for single-cell tracking and
control, it is less adapted to probe biological processes in single-cell

quantitative biology applications. Controlling small cell populations,
or even single cells, may be needed in multicellular systems, where
cells differ by their genotype (38) or physical location (39).
Connecting living cells to computers is a promising field of re-

search both for applied and fundamental research. By maintaining
a system around specific operating points or driving it out of its
standard operating regions, our approach offers unprecedented
opportunities to investigate how gene networks process dynamical
information at the cell level. We also anticipate that our platform
will be used to complement and help the development of synthetic
biology through the creation of hybrid systems resulting from the
interconnection of in vivo and in silico computing devices.

Material and Methods
Yeast Strains and Plasmids. All experiments were performed using a pSTL1::
yECitrine-HIS5, Hog1::mCherry-hph yeast strain derived from the S288C
background. Cells were cultured overnight in synthetic complete (SC)medium
at 30 °C; 4 h before loading them into the microfluidic chip, 60 μL overnight
culture were diluted into 5 mL SC, thus obtaining an OD of ∼0.19. During the
experiment, cell growth continued, with a doubling time between 100 and
250 min (SI Materials and Methods and Movies S1, S2, S3, S4, S5, S6, and S7).

Microfluidics. Wemicrofabricated a master wafer by standard soft lithography
techniques. A microfluidic chip was made by casting polydimethylsiloxane
(PDMS) (Sylgard 184 kit; Dow Corning) on the master wafer, curing it at 65 °C
overnight, pealing it off, and bonding it to a glass coverslip after plasma acti-
vation. Cells were loaded into the imaging chamber by syringe injection. This
created a positive pressure, which let the cells enter the trap. Liquid medium
was flown by aspiration into the device using a peristaltic pump (IPC-N;
Ismatec) placed after the microfluidic device. We used a flow rate of 230 μL/
min. A computer-controlled three-way valve (LFA series; The Lee Company)
was used to select between regular medium (SC) or the same medium sup-
plemented with 1 M sorbitol. A switch of the valve state did not lead to an
instantaneous change of the cells’ environment inside the microfluidic de-
vice: a certain time (depending on the flow rate) was needed for the fluid to
pass from the valve to the channels and the imaging chamber (Fig. S1).

Microscopy and Experimental Setup. We used an automated inverted mi-
croscope (IX81; Olympus) equipped with an X-Cite 120PC fluorescent illu-
mination system (EXFO) and a QuantEM 512 SC camera (Roper Scientific). The
YFP filters used were HQ500/20× (excitation filter; Chroma), Q515LP (dichroic;
Chroma), and HQ535/30M (emission; Chroma). All these components were
driven by the open-source software μManager (40), a plug-in of ImageJ (41),
which we interfaced with Matlab using in-house–developed code. The tem-
perature of the microscope chamber, which also contained the media reser-
voirs, was constantly held at a temperature of 30 °C by a temperature control

Fig. 4. Effectiveness of closed-loop control. (A) Single-cell fluorescence time profiles in two population control experiments (thin gray lines) and three single-
cell control experiments (thick orange lines). One representative trace of a single cell in a population control experiment is shown in black. (B) Distribution of
the MSDs of individual cells in population control experiments (gray). MSDs are defined with respect to the target profiles. The orange bars (stars) show the
MSDs for the controlled cells in three single-cell control experiments. These data are compared with the mean MSD of single cells when controlling the
population (black line, circle), which shows lower control quality. As expected, the control quality of the population is better (blue line, square), because noise
in gene expression is averaged out. (C) Distribution of the noise levels defined as the ratio of the SD to the mean. Lower noise levels are observed for
controlled cells in single-cell control experiments (orange, star) than a random cell in population control experiments (black line).
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system (Life Imaging Services). Images were taken with a 100× objective (Pla-
nApo 1.4 NA; Olympus). The fluorescence exposure time was 200 ms, with
fluorescence intensity set to 50% of maximal power. The fluorescence expo-
sure time was chosen such that the fluorescent illumination did not cause
noticeable effects on cellular growth over extended periods of time. Impor-
tantly, illumination, exposure time, and camera gain were not changed be-
tween experiments, and no data renormalization was done. Therefore, the
fluorescence intensities can be directly compared across experiments.

Image Analysis. Thecellularboundarieswereidentifiedonthebright-field image
using a circular Hough transform implemented in Matlab (42). For tracking, we
compared the current image with the previous one, defined a cell-to-cell dis-
tance matrix, and used linear optimization to match pairs of cells. The tracking
process was made more robust by also considering the last but one image if
a gap was detected (caused by rare segmentation errors). The YFP fluorescence
level in each cell was defined as the mean fluorescence level taken over the cell
area after subtraction of the backgroundfluorescent level. The signaling activity
of the Hog1 cascade can be estimated by measuring the Hog1 nuclear enrich-
ment. We defined the nuclear enrichment of Hog1::mCherry as the difference
between the minimal and maximal fluorescence intensities within a cell. Maxi-
mal and minimal Hog1::mCherry intensities were computed by averaging the
fluorescence of the 15 brightest and 15 dimmest pixels, respectively.

Modeling. The controller used a two dimensional ordinary differential
equation (ODE) model to predict the behavior of the system:

_x1 = uðt − τÞ−g1x1

and

_x2 = k2x1 − g2
x2

K + x2
;

where x1 denotes the recent osmotic stress and x2 denotes the protein
fluorescence level. The osmotic input (u) is shifted by τ = 20 min to account
for the observed delay in the system. The remaining parameters have been
estimated based on several calibration experiments: g1 = 4.02 × 10−3, k2 =
0.58, g2 = 37.5, K = 750, and τ = 20 (SI Materials and Methods, Table S1, and
Fig. S2).

State Estimation. We implemented an extended Kalman filter, which esti-
mates the system state based on fluorescent observations and the model of
the system. The parameters of the filter (measurement noise R and process
noise Q) were set to R = 2,500 and Q = diag(0.37, 925).

Model Predictive Control. The controller searches for osmolarity profiles that
minimize the squared deviations between model output and target profile
within the next 120 min, while fulfilling the input constraints (pulse duration
of 5 to 8 min separated by at least 20 min). In practice, this problem is recast
into a parameter search problem, in which parameters are used for encoding
stress starting times and shock durations and solved using the global opti-
mization tool CMAES. Because image analysis and parameter searchmay take
up to 3min, the input to be applied is not immediately available at the time of
the measurement. Consequently, we apply at time t the input that was
computed at time t − 3 min.
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