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Abstract. We present a generalization of the Euclidean and Riemannian gradient operators to a
vector bundle, a geometric structure generalizing the concept of manifold. One of the key ideas is to
replace the standard differentiation of a function by the covariant differentiation of a section. Dealing
with covariant derivatives satisfying the property of compatibility with vector bundle metrics, we
construct generalizations of existing mathematical models for image regularization that involve the
Euclidean gradient operator, namely the linear scale-space and the Rudin-Osher-Fatemi denoising
model. For well-chosen covariant derivatives, we show that our denoising model outperforms state-
of-the-art (local) variational denoising methods both in terms of PSNR and Q-index [32].

1. Introduction.

1.1. A short overview on variational methods for image regularization.
Many image processing tasks are based on the definition and the modification of the
variations of an image. Decreasing the variations is related with regularizing tasks
such as denoising or scale-space computation, whereas increasing the variations is
more related with enhancement tasks, e.g. contrast enhancement. Regarding the
problem of regularization, the seminal techniques used norms of the Euclidean gradi-
ent operator as definitions of the variations of an image. More precisely, the L2 norm
is related with the linear scale-space (see e.g.[22]) and the L1 norm (also called Total
Variation and denoted by TV) is used in the Rudin-Osher-Fatemi (ROF) denoising
model [28]. However, it is well-known that these techniques provide some undesirable
effects. Indeed, the linear scale-space does not preserve the edges of the initial con-
dition and the ROF model tends to produce stair-casing effects, over-smoothing and
the numerical scheme in [28] does not converge towards the solution of the variational
problem. Since then, many techniques have been developed in order to overcome
these issues.

In [10], Chambolle extended the ROF denoising model by extending the TV of
differentiable functions to functions of bounded variations (BV), and obtained an al-
gorithm for reaching the unique solution of the original ROF model. We refer to
Chambolle et al. [11] for a complete introduction to TV and its applications in image
analysis. Since then, the approach of Chambolle has been extended in several ways.
Bresson and Chan [8] make use of the Vectorial Total Variation (VTV) introduced
in [1] to extend Chambolle’s algorithm for color image denoising. Based on geomet-
ric measure theory, Goldluecke et al. [15] proposed an alternative extension of TV
to vector-valued functions. Let us also mention that a Total Generalized Variation
(TGV) that involves higher order derivatives of the image has been defined by Bredies
et al. [7] in order to take more into account the local geometry of the image in the
denoising process.

Many regularization techniques involve spatial adaptivity in their definition of
variations of an image in order to take into account its contours and textures. Some
of these techniques make use of the structure tensor of the image (see for instance
[27],[29],[31] for anisotropic diffusion and [21],[26] for denoising). In particular, the
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approaches in [26],[29] are based on a generalization of the gradient operator to Rie-
mannian manifolds. Let us also cite the recent work of Lenzen et al. [20] who in-
troduced spatial adaptativity in the TGV for denoising purposes. Another denoising
method based on second order derivatives of the image is the approach of Zhu and
Chan [33] where the TV in the ROF denoising model is replaced by the absolute value
of the Mean Curvature of the image surface.

Some recent techniques perform image denoising through the denoising of a field
attached to the image. For instance, Lysaker et al. [23] first denoise the directions
field of the (Euclidean) gradient of the image, and then obtain the denoised image
as an image whose directions field of the gradient match with the smoothed direc-
tions. Such an approach motivated the Bregman iterations-based denoising algorithm
of Osher et al. [16],[24]. More recently, Bertalmı́o and Levine [6] adopted a similar
approach but dealing with the curvature of the level-lines.

Since the seminal works of Awate and Whitaker [2], and Buades et al. [9], non
local techniques for image denoising have been developed and turn out to provide
much better results than those of state-of-the-art local methods. A non local varia-
tional approach for denoising has been proposed by Gilboa and Osher [14], defining a
non local gradient operator and the corresponding non local ROF denoising model. A
non local extension of the TV based on measure theory has also been proposed more
recently by Jin et al. [17].

1.2. Previous work and contribution. In the aforementioned denoising meth-
ods that use spatial adaptivity or a field attached to the image, the data involved were
directions and strengths of edges, curvature of level-lines, or Gaussian curvature of
the image surface. In order to be able to carry more information, we introduced in
[5] a generalization of the Euclidean and Riemannian gradient operators. This new
gradient operator acts on a section of a vector bundle and is determined by three
geometric data: a Riemannian metric on the base manifold, a covariant derivative
and a definite positive metric on the vector bundle. In particular, we showed that if
the covariant derivative satisfies the property of compatibility with the metric, then
the gradient descent flow related with the L2 norm minimization of the gradient cor-
responds to the heat equation of some generalized Laplacian. We also proposed a
vector bundle extension of the ROF denoising model based on the regularized L1
norm of such gradients, where the solution can be reached through a gradient descent
algorithm. For a well-chosen generalized gradient of color images, we showed that
the denoising model outperforms the split Bregman algorithm [13], both in terms of
PSNR and Q-index measures [32].

In this paper, we extend the results in [5] in several ways.
1. From a theoretical viewpoint, we establish more results upon heat equations of

generalized Laplacians. Moreover, we introduce a Vector Bundle-valued Total Varia-
tion (VBTV) that generalizes the TV and VTV to sections of a vector bundle, from
which we derive a non regularized ROF denoising model on a vector bundle. We
provide the expression of the solutions of this variational problem by showing that
the analysis of Chambolle in [10] extends in a straightforward way to a vector bundle
provided that the covariant derivative is compatible with the metric. We also intro-
duce an algorithm for reaching the solutions of this denoising model.

2. In [5], we tested a denoising model where the gradient was related with the
metric tensor of a well-chosen Riemannian manifold. In this paper we construct a
new gradient based on the Ricci tensor of the same manifold, the motivation being to
involve derivatives of the image of higher order in the denoising model.
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3. New and extensive quantitative experiments show that the denoising models
associated with the two gradients mentioned outperform state-of-the-art (local) vari-
ational denoising methods for color images. An interesting point is that the model
based on the Ricci tensor provides (slightly) better results than the one based on the
metric tensor.

This paper is organized as follows. In Sect. 2, we first review the main properties of
covariant derivatives compatible with the metric. Then, we establish a link between
the corresponding parallel sections and harmonic maps. Sect. 3 is devoted to the
theoretical study of the vector bundle extensions of the linear scale-space and ROF
denoising model. In particular, we give expressions of the solutions. Finally, in Sect. 4,
we provide experiments of our denoising model on both grey-level and color images
for two particular covariant derivatives.

2. On covariant derivatives compatibles with the metric.

2.1. On the concept of covariant derivatives on a vector bundle.

2.1.1. Definitions and examples. In this Section, we give the definitions and
some examples of the concepts of differential geometry we will use throughout this
paper. We refer for instance to [30] for more details on differential geometry of vector
bundles.

Definition 2.1. A smooth vector bundle of rank n is a triplet (E, π,M)
where M and E are two C∞ manifolds, and π : E −→ M is a surjective map such
that the preimage π−1(x) of x ∈ M is endowed with a structure of vector space of
dimension n. M is called the base manifold and E the total space of the vector
bundle. The set π−1(x) is called the fiber over x, and is denoted by Ex.

The vector bundle is said to be locally trivial if the following conditions hold:
for each x ∈M , there is a neighborhood U of x and a diffeomorphism φ : U ×Rn −→
π−1(U) satisfying π ◦ φ(x, f) = x ∀f ∈ Rn, and such that the map φx : Rn −→ Ex is
a vector space isomorphism. The couple (U, φ) is called a local trivialization.

The vector bundle is said to be trivial if there exists a diffeomorphism Φ: M ×
Rn −→ E satisfying π ◦ Φ(x, f) = x ∀f ∈ Rn, and such that the map Φx : Rn −→ Ex
is a vector space isomorphism.

Example 1. Let M be a C∞ manifold of dimension m. The disjoint union of
tangent spaces TM :=

⊔
TxM , for x ∈ M , is the total space of a vector bundle

(TM, π,M) of rank m called the tangent bundle of M .

Definition 2.2. A metric h on a vector bundle is the assigment of a scalar
product hx on each fiber π−1(x).

Example 2. A Riemannian metric on a manifold is a positive definite metric on
its tangent bundle.

Definition 2.3. A section of a smooth vector bundle (E, π,M) is a differen-
tiable map S : M −→ E such that π ◦ S = IdM .

Let (f1, · · · , fn) be a basis of Rn. In a local trivialization (U, φ) of (E, π,M),
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any section may be written

S(x) =
n∑
i=1

si(x)φ(x, fi)

for some functions si ∈ C∞(U).
The set {φ(·, f1), · · · , φ(·, fn)} is called a local frame of (E, π,M).

In this paper, we will denote by Γ(E) the set of smooth sections of (E, π,M).

Example 3. The tangent vector fields on M are the sections of the tangent bundle
(TM, π,M).

Definition 2.4. A covariant derivative (or connection) on (E, π,M) is a
map ∇E : Γ(TM)× Γ(M) −→ Γ(M) satisfying the following axioms:

−∇EX(ϕ+ ψ) = ∇EXϕ+∇EXψ
−∇EX fϕ = dXf ϕ+ f∇EXϕ
−∇EX+Y ϕ = ∇Xϕ+∇Y ϕ
−∇EfXϕ = f∇EXϕ

∀X,Y ∈ Γ(TM), f, g ∈ C∞(M), ϕ, ψ ∈ Γ(E).

It follows from the axioms above that ∇E can also written as

(2.1) ∇EXϕ = dXϕ+ ωE(X)ϕ

where d stands for the differential operator acting on the components of the sections
and ωE ∈ Γ(T ∗M ⊗ End(E)) is called a connection 1-form.

Hence, a covariant derivative is completely determined by a connection 1-form.

Example 4 (trivial covariant derivative). The set of smooth functions C∞(M) on
a manifold M can be viewed as a (trivial) vector bundle of rank 1 over M . Then, the
covariant derivative determined by the connection 1-form ωE ≡ 0 corresponds to the
standard differential operator d, that is also called trivial covariant derivative.

Example 5 (Levi-Civita connection). Let (M, g) be a Riemannian manifold. The
Levi-Civita connection is the covariant derivative on its tangent bundle defined by the
following connection 1-form

ωEjk(∂/∂xi) : =
1

2
gkl(∂jgli + ∂iglj − ∂lgij), i, j, k = 1, · · · ,dimM

2.1.2. Covariant derivative and gradient operator. The duality between
the trivial covariant derivative and the gradient operator of functions on a Riemannian
manifold (and Euclidean space in particular) can be used to construct a new class of
regularizers based on covariant derivatives.

The vector bundle T ∗M of differential 1-forms on a Riemannian manifold (M, g)
of dimension m is naturally equipped with the Riemannian metric g−1. The musical
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isomorphism ] : T ∗M 7−→ TM maps df onto the Riemannian gradient ∇f of f , of
components gij ∂f/∂xi in the frame {∂/∂xj}. Moreover the norm of df coincides with
the norm of ∇f since we have

(2.2) ‖df‖g−1 :=
»
〈df, df〉

g−1
=

Ã
m∑

i,j=1

gij
∂f

∂xi

∂f

∂xj
= ‖∇f‖g

As a consequence, the standard regularizers of the form

(2.3)

∫
M

Φ(‖∇ϕ‖pg) dM,

for ϕ ∈ C∞(M), Φ: R −→ R+ and p > 0, can be replaced by∫
M

Φ(‖dϕ‖pg−1) dM.

Let E be a vector bundle over a Riemannian manifold (M, g) of dimension m
equipped with a covariant derivative ∇E and a definite positive metric h. The metrics
g on TM and h on E induce the definite positive metric g−1 ⊗ h on T ∗M ⊗ E. In
particular, for ϕ,ψ ∈ Γ(E), we have

(2.4) 〈∇Eϕ,∇Eψ〉g−1⊗h =
m∑

i,j=1

gij 〈∇E∂/∂xi ϕ,∇
E
∂/∂xj

ψ〉h

It follows a generalization of the standard regularizers (2.3) given by

(2.5)

∫
M

Φ(‖∇Eϕ‖pg−1⊗h) dM

2.2. Properties of covariant derivatives compatibles with the metric.

2.2.1. Definition and examples. Let E be a vector bundle over a Riemannian
manifold (M, g) equipped with a definite positive metric h.

Definition 2.5. A covariant derivative ∇E on E is compatible with the metric
h if it satisfies

(2.6) d h(ϕ,ψ) = h(∇Eϕ,ψ) + h(ϕ,∇Eψ)

for any ϕ,ψ ∈ Γ(E).

Example 6. Assuming that E is the vector bundle of smooth functions on (M, g)
and h is nothing but the scalar multiplication in the fibers, the trivial covariant deriva-
tive d is compatible with the metric h.

Example 7. Assuming that E is the tangent bundle of (M, g), the Levi-Civita
connection on E is compatible with the Riemannian metric g.

Proposition 2.6. There is a one-one correspondence between connection 1-
forms ωE that are so(h)-valued i.e. ωE ∈ Γ(T ∗M ⊗ so(h)) and covariant derivatives
∇E that are compatible with the metric.

We refer to Lawson and Michelson [19, Prop. 4.4 p.103] for a proof.
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2.2.2. Adjoint and Laplacian operators. Let ∇T∗M⊗E be the covariant
derivative on T ∗M ⊗ E defined by

∇T
∗M⊗E(ξ ⊗ ϕ) = ∇T

∗Mξ ⊗ ϕ+ ξ ⊗∇Eϕ

where ∇T∗M is the covariant derivative on T ∗M induced by the Levi-Civita covari-
ant derivative on (TM, g) and ∇E is a covariant derivative on E compatible with a
definite positive metric h. The adjoint ∇E∗ : Γ(T ∗M ⊗E) −→ Γ(E) of the operator
∇E : Γ(E) −→ Γ(T ∗M ⊗ E) is the operator

(2.7) ∇E∗ = −Tr∇T
∗M⊗E

where Tr denotes the contraction with respect to the metric g. In others words, the
following equality is satisfied

(2.8)

∫
M

〈ϕ,∇E∗η〉h dM =

∫
M

〈∇Eϕ, η〉g−1⊗h dM

assuming that one of ϕ or η has compact support.

Example 8. On the vector bundle of smooth functions on a Riemannian mani-
fold (M, g), the adjoint d∗ : Γ(T ∗M) −→ C∞(M) of the trivial covariant derivative
d : C∞(M) −→ Γ(T ∗M) is the operator

d∗η = −
∑
i,j

(
gij∂xiη(∂/∂xj)−

∑
k

Γkij η(∂/∂xk)

)

where Γkij are the Christoffel symbols of the Levi-Civita connection of (M, g).
Assuming that g is Euclidean and under the identification between 1-forms and

vector fields, we obtain the divergence operator (up to a sign).

Definition 2.7. The connection Laplacian ∆E associated to the covariant
derivative ∇E is the second order differential operator defined by ∆E = ∇E∗∇E.

In the frame (∂/∂x1, · · · , ∂/∂xm) of (TM, g), we have

(2.9) ∆E = −
∑
ij

gij

(
∇E∂/∂xi∇

E
∂/∂xj

−
∑
k

Γkij∇E∂/∂xk

)

Example 9. The Laplace-Beltrami operator ∆g is the connection Laplacian
(up to a sign) associated to the trivial covariant derivative d on the vector bundle of
smooth functions on a Riemannian manifold (M, g), i.e.

∆g =
∑
ij

gij

(
∂xi∂xj −

∑
k

Γkij ∂xk

)

2.2.3. On the corresponding parallel sections. The aim of this Section is
to establish a relation between the geometric framework we introduce in this paper
and the Beltrami framework of Sochen et al. [29] which deals with harmonic mapping
between Riemannian manifolds.
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Construction of parallel sections. Given a covariant derivative ∇E (not neces-
sarily compatible with the metric) on a vector bundle E, the sections ϕ satisfying
∇Eϕ ≡ 0 are called parallel.

In the following Proposition, we show that, under the assumption that the co-
variant derivative is compatible with the metric, parallel sections can be constructed
from heat equations of connection Laplacians.

Proposition 2.8. Let E be a vector bundle over a compact Riemannian mani-
fold (M, g) equipped with a definite positive metric h and a covariant derivative ∇E
compatible with h. The gradient descent algorithm for reaching a solution of the vari-
ational problem

(2.10) arg min
ϕ∈Γ(E)

J(ϕ) : =

∫
M

‖∇Eϕ‖2g−1⊗h dM

is the Euler scheme associated to the (generalized) heat equation

(2.11)
∂ϕ

∂t
+ ∆Eϕ = 0

Proof. Let ψ be a smooth section with compact support. We have

d

dt
J(ϕ+ tψ)|t=0 =

∫
M

〈∇Eϕ,∇Eψ〉g−1⊗h dM

Then, as ∇E is compatible with the metric, we have

(2.12)

∫
M

〈∇Eϕ,∇Eψ〉g−1⊗h dM =

∫
M

〈∆Eϕ,ψ〉h dM

See for instance [19, Prop. 8.1 p.154] for a proof of (2.12).
Hence, we have

d

dt
J(ϕ+ tψ)|t=0 = 0 =⇒

∫
M

〈∆Eϕ,ψ〉h dM = 0

Finally, from a straightforward generalization of the Euclidean case∫
M

∆f g dM = 0 =⇒ ∆f ≡ 0

where ∆ is the Euclidean Laplacian, f ∈ C∞(M) and g ∈ C∞c (M), we deduce that

d

dt
J(ϕ+ tψ)|t=0 = 0 =⇒ ∆Eϕ ≡ 0

Finally, as the functional J is convex, the gradient descent associated to the variational
problem (2.10)

ϕt+dt = ϕt − dt∆Eϕt

converges towards a global minimum.

As the parallel sections are the solutions of the variational problem (2.10), we
deduce that the solutions of the heat equation (2.11) converge towards parallel sec-
tions when t→ +∞.
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Parallel sections and harmonic maps. Let (M, g) and (N,Q) be two smooth Rie-
mannian manifolds. The Dirichlet energy of a map σ : (M, g) −→ (N,Q) is defined
by

(2.13) E(σ) =

∫
M

‖dσ‖2g−1⊗Q dM

The critical points of (2.13) are called harmonic maps.

Definition 2.9 (Sasaki metric). Let E be a vector bundle over a compact Rie-
mannian manifold (M, g) equipped with a metric h and a covariant derivative ∇E
compatible with h. Let H : TM −→ TE and V : E −→ TE be respectively the hori-
zontal and vertical lift maps induced by ∇E, and K : TE −→ E be the map defined
by

K(XH) = 0 K(ϕV ) = ϕ, ∀X ∈ Γ(TM), ϕ ∈ Γ(E)

The Sasaki metric h̃ is the Riemannian metric on E defined by

h̃(X,Y ) = g(π∗X,π∗Y ) + h(KX , KY )

Taking the Sasaki metric h̃ on E induced (h,∇E , g), the Dirichlet energy (2.13)
of ϕ ∈ Γ(E), seen as a map ϕ : (M, g) −→ (E, h̃), is

E(ϕ) =
n

2
V ol(M) +

1

2

∫
M

‖∇Eϕ‖2g−1⊗h dM

It follows the theorem that relates harmonic maps and parallel sections

Theorem 2.10 (Konderak [18]). Let E be a vector bundle over a compact Rie-
mannian manifold (M, g) equipped with a metric h and a covariant derivative ∇E
compatible with h. Let h̃ be the Sasaki metric on E associated to (h,∇E , g). Then
ϕ ∈ Γ(E) is a harmonic map ϕ : (M, g) −→ (E, h̃) if and only if it is parallel, i.e.
∇Eϕ ≡ 0.

3. Vector bundle extension of image regularization methods.

3.1. Functional spaces on vector bundles. Let E be a smooth vector bundle
over a compact Riemannian manifold (M, g), equipped with a definite positive metric
h and a covariant derivative ∇E . Let ‖ ‖pk be the norm defined for ϕ ∈ Γ(E) by

(3.1) ‖ϕ‖pk : =
k∑
j=0

∫
M

‖∇E∇E · · · ∇E︸ ︷︷ ︸
j times

ϕ‖p
g−1 ⊗ · · · ⊗ g−1︸ ︷︷ ︸

j times

⊗h
dM

The equivalence class of this norm is independent of the choice of the connection
∇E and metrics g, h.

Definition 3.1. The completion of Γ(E) in this norm is the Sobolev space
W k,p(E). We denote by Lp(E) the spaces W 0,p(E).
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Definition 3.2. The Vector Bundle-valued Total Variation (VBTV) of
ϕ ∈ L1

loc(E) is
(3.2)

V BTV (ϕ) : = sup

Å∫
M

〈ϕ,∇E∗η〉h dM ; η ∈ Γc(T
∗M ⊗ E), ‖η(x)‖g−1⊗h ≤ 1 ∀x ∈M

ã
Definition 3.3 (Bounded variations section). A section ϕ ∈ L1

loc(E) is said to
have a Bounded Variation if V BTV (ϕ) < +∞. We denote by BV (E) the space
of sections having a bounded variation.

Proposition 3.4. Let us assume that ∇E compatible with h. If ϕ ∈ W 1,1(E),
we have

(3.3) V BTV (ϕ) =

∫
M

‖∇Eϕ‖g−1⊗hdM

Proof. As ∇E is compatible with the metric and η ∈ Γc(T
∗M ⊗ E), we have∫

M

〈ϕ,∇E∗η〉h dM =

∫
M

〈∇Eϕ, η〉g−1⊗h dM

See for instance [19, Prop. 8.1 p.154] for a proof of the equality.
Then, as the metric g−1 ⊗ h is definite positive,∫

M

〈∇Eϕ, η〉g−1⊗h dM ≤
∫
M

‖∇Eϕ‖g−1⊗h‖η‖g−1⊗h dM

Moreover, we get∫
M

‖∇Eϕ‖g−1⊗h‖η‖g−1⊗h dM ≤
∫
M

‖∇Eϕ‖g−1⊗h dM

since ‖η‖g−1⊗h ≤ 1∀x ∈M . Hence
(3.4)

sup

Å∫
M

〈ϕ,∇E∗η〉h dM ; η ∈ Γc(T
∗M ⊗ E), ‖η(x)‖g−1⊗h ≤ 1 ∀x ∈M

ã
≤
∫
M

‖∇Eϕ‖g−1⊗hdM

Let

(3.5) η̃ : =


∇Eϕ

‖∇Eϕ‖g−1⊗h
if ∇Eϕ 6= 0

0 otherwise

and (ηε) ∈ Γ1
c(T
∗M ⊗ E), ‖ηε(x)‖g−1⊗h ≤ 1 ∀x ∈ M such that ηε −→

ε→0
η̃. We claim

that such a sequence can be constructed using generalizations of the Lusin’s theorem
and mollification technique to vector-valued measurable functions.

Then we have

lim
ε→0

∫
M

〈ϕ,∇E∗ηε〉h dM = lim
ε→0

∫
M

〈∇Eϕ, ηε〉g−1⊗h dM =

∫
M

〈∇Eϕ, η̃〉g−1⊗h dM
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=

∫
{∇Eϕ6=0}

≠
∇Eϕ, ∇Eϕ

‖∇Eϕ‖g−1⊗h

∑
g−1⊗h

dM =

∫
M

‖∇Eϕ‖g−1⊗h dM

Hence, we have constructed a sequence
∫
M
〈ϕ,∇E∗ηε〉h dM converging towards∫

M
‖∇Eϕ‖g−1⊗h dM . Moreover∫

M

〈ϕ,∇E∗ηε〉h dM ≤
∫
M

‖∇Eϕ‖g−1⊗h dM ∀ε

since ‖ηε(x)‖g−1⊗h ≤ 1 ∀x ∈M . Together with (3.4), it shows that

sup

Å∫
M

〈ϕ,∇E∗η〉h dM ; η ∈ Γc(T
∗M ⊗ E), ‖η(x)‖g−1⊗h ≤ 1 ∀x ∈M

ã
=

∫
M

‖∇Eϕ‖g−1⊗hdM

3.2. Scale-space on vector bundles. In this Section, we show that some prop-
erties of the Euclidean scale-space extend in a straightforward way to vector bundles.

Let us first note that a differential operator H : Γ(E) −→ Γ(E) of order m extends to
a bounded linear map H : W p

k −→W p
k−m for all k ≥ m.

Proposition 3.5. Let E be a vector bundle over a compact Riemannian mani-
fold (M, g) equipped with a definite positive metric h and a covariant derivative ∇E

compatible with h. The solution e−t∆
E

ϕ0 of the heat equation

(3.6)
∂ϕ

∂t
+ ∆Eϕ = 0, ϕ|t=0 = ϕ0

is

(3.7) e−t∆
E

ϕ0 =
∑
k

e−λkt PEλkϕ0

where P denotes the L2 projection operator and Eλk is the space of eigensections
of ∆E for its kth smallest eigenvalue λk.

Proof. The covariant derivative ∇E being compatible with the metric of the
vector bundle, the elliptic operator ∆E is positive and self-adjoint. As a conse-
quence, the eigenvalues λk of ∆E are real, the corresponding eigenspaces Eλk are
finite-dimensional and furnish a complete orthonormal system for L2(E), i.e. there is
a Hilbert space direct sum decomposition

L2(E) = ⊕λkEλk
(see [19, Cor.5.9 p.198]). Given a complete orthonormal basis {ukj}∞k=1 of L2(E)
consisting of eigensections of ∆E with ∆Eukj = λkukj , it is easy to see that the
solution of (3.6) is given by

e−t∆
E

ϕ0(x) =

∫
M

Kt(x, y)ϕ0(y) dy

where Kt is called the heat kernel of the connection Laplacian ∆E and is given by

Kt(x, y) =
∑
k

dimEk∑
j=1

e−λktukj(x)⊗ u∗kj(y)
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where v∗ ∈ E∗y denotes the element such that v∗(u) = 〈u, v〉hy for all u ∈ Ey.

Hence

e−t∆
E

ϕ0 (x) =
∑
k

e−λkt
∫
M

dimEλk∑
j=1

ukj(x)⊗ ukj∗(y)ϕ0(y) dy

=
∑
k

e−λkt
∫
M

dimEλk∑
j=1

〈ϕ0(y), ukj(y)〉hyukj(x) dy

=
∑
k

e−λkt
dimEk∑
j=1

〈ϕ0, ukj〉L2(E)ukj(x)

=
∑
k

e−λktPEλkϕ0(x)

Note that we showed in Sect. 2.2.3 that the sequence (e−t∆
E

ϕ0)t≥0 converges
towards a parallel section.

The following result shows that heat equations of connections Laplacians where
the covariant derivative is compatible with the metric satisfy some kind of maximum
principle.

Corollary 3.6. The sequence ‖ e−t∆E

ϕ0 ‖L2(E), t ≥ 0 is strictly decreasing.

Proof.

‖e−t∆
E

ϕ0‖L2(E) : =
»
〈e−t∆Eϕ0, e−t∆

Eϕ0〉L2(E)

=

Õ∞∑
k

dimEλk∑
j=1

e−λkt〈ϕ0, ukj〉L2(E)ukj ,
∑
i

dimEλi∑
l=1

e−λit〈ϕ0, uil〉L2(E)uil

∫
L2(E)

Then, as the {ukj} and {uil} form orthonormal systems, we deduce that

‖e−t∆
E

ϕ0‖L2(E) =

Ã∑
k

dimEk∑
j=1

e−2λkt〈ϕ0, ukj〉2L2(E)

which is clearly strictly decreasing.



12 T. BATARD AND M. BERTALMÍO

3.3. ROF denoising model on vector bundles. Let E be a vector bundle
over a compact Riemannian manifold (M, g) equipped with a definite positive metric
h and a covariant derivative ∇E compatible with h.

Proposition 3.7. Let f ∈ L2(E) and λ ∈ R. The unique solution of

(3.8) arg min
ϕ∈BV ∩L2(E)

1

2λ
‖ϕ− f‖L2(E) + V BTV (ϕ),

is defined by

(3.9) ϕ = f − PλKf

where PλK denotes the orthogonal projection on λK for K being the closure of the set

{∇E∗η; η ∈ Γc(T
∗M ⊗ E), ‖η(x)‖g−1⊗h ≤ 1 ∀x ∈M}

Moreover, if we define the iterative sequence

(3.10) ξn+1 =
ξn + τ∇E(∇E∗ξn − f/λ)

1 + τ‖∇E(∇E∗ξn − f/λ)‖g−1⊗h

then the sequence λ∇E∗ ξn converges to PλK(f) as n → ∞ assuming that the time
step τ ≤ 1

‖∇E∗‖ .

Proof. The proof is straightforward since the Proposition is a particular case of
the Generalized Projection Algorithm of Chambolle (see e.g. [8, Th. 3.4] for more
details).

3.4. Geometric triplets that lead to existing regularization methods.
The scale-space and denoising model on vector bundles we have presented in the pre-
vious Sections are completely determined by three geometric data:

- a definite positive metric h on a vector bundle (E, π,M)
- a covariant derivative ∇E on E compatible with h
- a Riemannian metric g on the base manifold M .

In this Section, we show that we obtain some existing regularization methods
for some particular choice of h,∇E , g.

3.4.1. Batard and Sochen’s model. Let E be a trivial vector bundle of rank
3 over the domain Ω ⊂ R2 of a color image I = (I1, I2, I3), and equipped with the
metric h acting as the Euclidean scalar product in the fibers. In [3], Batard and
Sochen constructed an optimal covariant derivative compatible with h as solution of
a minimization problem.

It is given by the following connection 1-form ωE ∈ Γ(T ∗Ω× so(3))

ωE12 = −
2∑
k=1

λκ
(

(be−dc)(I2
xl
I3−I3

xl
I2)+(bc−ae)(I1

xl
I3−I3

xl
I1)+(ad−b2)(I1

xl
I2−I2

xl
I1)
)
dxl

ωE13 = −
2∑
k=1

λκ
(

(ce−fb)(I2
xl
I3−I3

xl
I2)+(af−c2)(I1

xl
I3−I3

xl
I1)+(bc−ae)(I1

xl
I2−I2

xl
I1)
)
dxl
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ωE23 = −
2∑
k=1

λκ
(

(fd−e2)(I2
xl
I3−I3

xl
I2)+(ce−fb)(I1

xl
I3−I3

xl
I1)+(be−dc)(I1

xl
I2−I2

xl
I1)
)
dxl

where

a = δ + κ(I22
+ I32

) b = κI1I2 c = −κI1I3

d = δ + κ(I12
+ I32

) e = κI2I3 f = δ + κ(I12
+ I22

)

and

λ =
1

2cbe+ fad− ae2 − fb2 − c2d
for some κ, δ > 0.

Then, taking g as

(3.11) g =

Ñ
1 + κ

∑3
k=1(Ikx1

)2 κ
∑3
k=1 I

k
x1
Ikx2

κ
∑3
k=1 I

k
x1
Ikx2

1 + κ
∑3
k=1(Ikx2

)2

é
in the frame (∂/∂x1, ∂/∂x2), they considered the heat equation of the corresponding
connection Laplacian ∆E . They obtained an anisotropic scale-space preserving more
the contours of the initial condition than the Beltrami flow [29] associated to the
metric (3.11).

3.4.2. Trivial covariant derivative. Let I0 : Ω ⊂ R2 −→ Rm be a m-channels
image. Let E be the vector bundle of Rm-valued functions over Ω equipped with a
Riemannian metric g. Let us assume that E is equipped with the metric h acting as
the Euclidean metric in the fibers and the trivial covariant derivative d.

Beltrami framework. Taking g as the m-channels extension of the tensor of struc-
ture (3.11), the heat equation of the subsequent connection Laplacian ∆g

∂I

∂t
= ∆gI, I|t=0 = I0

corresponds to the regularization method in [29].

Moreover, the denoising model

arg min
I∈BV ∩L2(E)

∫
Ω

1

2λ
‖I − I0‖2 + ‖dI‖g−1⊗‖‖2 dΩ

where the regularizing term is the L1 norm of the gradient associated to this geometric
triplet is the denoising model of Rosman et al. [26].

Bresson and Chan denoising model. Considering the VBTV associated to this ge-
ometric triplet, the denoising model of Bresson and Chan [8] on Riemannian manifolds
writes

(3.12) arg min
I∈BV ∩L2(E)

∫
Ω

1

2λ
‖I − I0‖2 dΩ + VBTV (I)

Moreover, taking g as the Euclidean metric and m = 1, we obtain the denoising
model of Chambolle [10].
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4. A new denoising model for multi-channel images.

4.1. The geometric framework. We remind the reader of the construction
introduced in [4] for edge-preserving scale-space, and also used in [5] for denoising.

Let I0 = (I1
0 , · · · , Im0 ) be a m-channel image defined on a domain Ω of R2.

We construct a surface S embedded in (Rm+2, ‖ ‖2) parametrized by

(4.1) ψ : (x1, x2) 7−→ (x1, x2, µ I
1
0 (x1, x2), · · · , µ Im0 (x1, x2)), µ > 0

and equip (Rm+2, ‖ ‖2) of an orthonormal frame (e1, · · · , em+2) such that

ψ(x1, x2) = x1e1 + x2e2 +
m∑
k=1

µ Ik0 (x1, x2) ek+2

Note that for µ = 1, we obtain the graph of the function I0.

We construct an orthonormal frame field (Z1, Z2, N1, · · · , Nm) of (Rm+2, ‖ ‖2)
over Ω, where Z1, Z2 ∈ Γ(TS), i.e. Z1, Z2 are tangent vector fields of the surface S.
It follows that N1, · · · , Nm are normal to the surface.

Fig. 4.1 illustrates the construction of a moving frame (Z1, Z2, N) associated to
the grey-level image I of size 512× 512 defined by

I(i, j) = 255−
»

(i− 512)2 + (j − 512)2

In this example, we chose Z1 as the unit vector field indicating the directions of the
gradient, Z2 the unit vector field (up to a sign) indicating the directions of the level-
lines, and N is the unit normal (up to a sign) to the graph S of I. We show how the
orthonormal frame field look like at two points x and y of S.

Denoting by P the change frame field from (e1, · · · , em+2) to (Z1, Z2, N1, · · · , Nm),
we denote by J0 = (J1

0 , · · · , Jm+2
0 ) the components of I0 in the new frame, i.e. we get

(4.2)

â
J1

0

J2
0

J3
0
...

Jm+2
0

ì
= P−1

â
0
0
I1
0
...
Im0

ì
The idea developed in [4],[5] is first to apply a regularization method on the

components (J1
0 , · · · , Jm+2

0 ) instead of the original components (I1
0 , · · · , Im0 ) of the

image, then to compute the components of the result (J1, · · · , Jm+2) in the fixed
frame (e1, · · · , em+2) through the inverse transform

(4.3)

â
I1

I2

I3

...
Im+2

ì
= P

â
J1

J2

J3

...
Jm+2

ì
The final output of the regularization method is them-channel image (I3, · · · , Im+2).
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Fig. 4.1. Orthonormal frame field (Z1, Z2, N) of (R3, ‖ ‖2) over Ω. Left: Original grey-level
image. Right: the frame at two points of the graph S of the image.

In [4], the authors performed an Euclidean heat diffusion on the function J0

(4.4)
∂J

∂t
= ∆J, J|t=0 = J0

and obtained an edge-preserving scale-space of the original image I0.

In [5], we performed a vectorial extension of the (regularized) ROF denoising
model

(4.5) arg min
J

∫
Ω

1

2λ
‖J − J0‖2 +

»
‖∇J‖22 + β dΩ, 0 < β << 1

and showed that this denoising model outperforms the Split Bregman method [16] for
color image denoising in both PSNR and Q-index [32] measures.

4.2. On the moving frame. In [4],[5], the moving frame (Z1, Z2, N1, N2, N3)
associated to a color image was constructed as follows. The vector field Z1 chosen
was ψx1

/‖ψx1
‖2 (see formula 4.1) and Z2 was consequently the unique orthonormal

(up to a sign) of Z1 in TS. The normal vectors N1, N2, N3 were then constructed
from the Gram-Schmidt orthonormalization process.

There exist actually more relevant choices for the tangent vector fields Z1 and
Z2, as explained in the following two paragraphs.

Metric tensor. A straightforward computation shows that the eigenvector fields
of the first fundamental form g of the surface S parametrized by ψ, defined for a
m-channel image I, by

(4.6) g =

Ñ
1 + µ2∑m

k=1(Ikx1
)2 µ2∑m

k=1 I
k
x1
Ikx2

µ2∑m
k=1 I

k
x1
Ikx2

1 + µ2∑m
k=1(Ikx2

)2

é
in the frame (∂/∂x1, ∂/∂x2) coincide with the eigenvectors fields of the structure ten-
sor of the image µI, these latters indicating the directions of the highest and lowest
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variations of the image at each point. Hence, a natural choice for Z1 and Z2 is the
unit eigenvectors fields of (4.6).

Ricci tensor. Whereas the metric tensor (4.6) only involves first-order derivatives
of the image, the Ricci tensor of the Riemannian manifold (S, g) involves up to third
order derivatives of the image. Indeed, it is a (0,2) symmetric tensor

(4.7) R =

Ñ
R11 R21

R12 R22

é
defined by

R11 = −(Γ2
21)x1 + (Γ2

11)x2 − Γ2
11Γ1

21 + Γ2
12Γ1

11 − (Γ2
12)2 + Γ2

22Γ2
11

R12 = R21 = (Γ1
21)x1

− (Γ1
11)x2

+ Γ1
12Γ2

21 − Γ1
22Γ2

11

R22 = (Γ1
22)x1

− (Γ1
12)x2

+ Γ1
11Γ1

22 − (Γ1
12)2 + Γ1

12Γ2
22 − Γ1

22Γ2
12

where the Γkij ’s are the symbols of the Levi-Civita connection associated to the Rie-
mannian metric g.

When S is a hypersurface of R3 (this occurs when I is a grey-level image), it
turns out that the eigenvector fields of (4.7) indicate the principal directions of the
curvature of the surface. This makes the Ricci tensor be a natural extension of the
second fundamental form (also called Weingarten endomorphism) to higher dimen-
sions. Hence, a second natural choice for Z1 and Z2 in any dimension is the unit
eigenvector fields of (4.7).

4.3. The proposed algorithm. Our proposal is to replace the regularized de-
noising model (4.5) by its non-regularized counterpart. We end up with the variational
problem

(4.8) arg min
J∈BV ∩L2(Ω,Rm+2)

∫
Ω

1

2λ
‖J − J0‖2 dΩ + V TV (J)

where J0 is defined by formula (4.2) and V TV is the Vectorial Total Variation defined
by

(4.9) V TV (J) = sup

Å∫
Ω

〈J,∇∗ ξ〉2, ξ ∈ C∞c (Ω,R2(m+2)) s.t. ‖ξ(x)‖2 ≤ 1 ∀x ∈ Ω

ã
where ∇∗ξ = (div ξ1, · · · , div ξm).

Note that the variational problem (4.8) is the restriction to functions defined on
Euclidean spaces of the denoising model (3.12). Then, according to [8], the solution
of (4.8) is given by

J = J0 − PλKJ0

where PλK is the orthogonal projection onto the convex set λK, K being the closure
of the set

{∇∗ξ : ξ ∈ C1
c (Ω,R2(m+2)), ‖ξ(x)‖2 ≤ 1 ∀x ∈ Ω},
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and the algorithm

(4.10) ξn+1 =
ξn + dt∇(∇∗ξn − J0/λ)

1 + dt‖∇(∇∗ξn − J0/λ‖2

converges towards ξopt such that λ∇∗ξopt = PλKJ0.

In the following Section we will show that the variational problem (4.8) is equiv-
alent to the following denoising model of the original function I0 = (0, 0, I1

0 , · · · , Im0 )

(4.11) arg min
I∈BV ∩L2(E)

∫
Ω

1

2λ
‖I − I0‖2 dΩ + VBTV (I)

for some VBTV (3.2) on a well-chosen vector bundle E.

4.4. The corresponding geometric triplet. Let E be the vector bundle of
Rm+2-valued functions over Ω. We deduce from Sect. 4.3 that the geometric triplet
leading to our denoising model is given, in the frames (Z1, Z2, N1, · · · , Nm) of E and
(∂/∂x1, ∂/∂x2) of TΩ, by

- h is the Euclidean metric in the fibers
- ∇E is the trivial covariant derivative d
- g is the Euclidean metric

In the frame (e1, · · · , em+2) of E, the expression of ∇E is modified since the
corresponding connection 1-form ωE writes

(4.12) ωE = P dP−1

The covariant derivative ∇E is also compatible with the metric h is the frame
(e1, · · · , em+2) since ωE is so(n)-valued according to formula (4.12) and Prop.2.6.
Hence, the geometric triplet leading to our denoising model (4.11) is the following

- h is the Euclidean metric in the fibers
- ∇E is associated to the connection 1-form (4.12)
- g is the Euclidean metric

Note that the attached data term in (4.11) is invariant under the change frame
P . Indeed, since the moving frame (Z1, Z2, N1, · · · , Nm) is orthonormal, we have

‖I − I0‖2 : = ‖PJ − PJ0‖2 = ‖J − J0‖2

Remark 1. The scale-space (4.4) writes

∂I

∂t
= ∆EI, I|t=0 = I0

in the frames (e1, · · · , em+2) of E and (∂/∂x1, ∂/∂x2) of TΩ, where ∆E is the con-
nection Laplacian (2.9) induced by the geometric triplet given above.

4.5. Experiments. We test our denoising model (4.11) on the Kodak database
(http://r0k.us/graphics/kodak/) to which we have added different levels of Gaus-
sian noise. For the sake of clarity, we remind the reader of the different steps com-
posing our denoising method in the case of a m-channel image I0 = (I1

0 , · · · , Im0 ):
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1. Consider the (discrete) surface S parametrized by

ψ : (i, j) 7−→ (i, j, µ I1
0 (i, j), · · · , µ Im0 (i, j)), µ > 0

2. Construct an orthonormal moving frame (Z1, Z2, N1, · · · , Nm) where Z1, Z2 are
chosen according to Sect. 4.2, and (N1, · · · , Nm) are constructed using a Gram-
Schmidt process. Then, denote by P the change frame field from (e1, · · · , em+2)
to (Z1, Z2, N1, · · · , Nm).
3. Embed I0 into the canonical frame (e1, · · · , em+2): (I1

0 , · · · , Im0 ) −→ (0, 0, I1
0 , · · · , Im0 ).

4. Compute the components of I0 in the frame (Z1, Z2, N1, · · · , Nm):
(J1

0 , · · · , Jm+2
0 )T := P−1(0, 0, I1

0 , · · · , Im0 )T .
5. Perform the algorithm (4.10) on (J1

0 , · · · , Jm+2
0 )T with stopping criteria

| ‖ξn+1‖L2
− ‖ξn‖L2

| < 0.1

6. Compute the components of the result J in the canonical frame (e1, · · · , em+2):
(I1, · · · , Im+2)T = P (J1, · · · , Jm+2)T , and return the function (I3, · · · , Im+2).

In the following experiments, the values for the scalar µ are chosen in a such
a way that the subsequent denoising models provide optimal scores in terms of PSNR
and Q-index [32], this latter being an image quality measure having higher perceptual
correlation than PSNR and SNR-based metrics [25]. We test different noise levels
with standard deviation σ = 5, 10, 15, 20, 25.

As our denoising method belongs to the category of local variational methods,
we compare our results with state-of-the-art denoising methods in the same category.
More precisely, we compute and compare the means over the whole database of both
increases of PSNR and Q-index between the noisy and denoised images.

Dealing with grey-level images, the values we take for µ are 0.006, 0.005, 0.004, 0.004,
0.0035 corresponding respectively to σ = 5, 10, 15, 20, 25, and the scalar λ in (4.11)
was considered as a Lagrange multiplier, updated at each iteration by

(4.13) λ =

√
|Ω|σ

‖∇∗ξn‖L2

as suggested in [10].
We compare our method with the curvature-based denoising method of Bertalmı́o

and Levine applied to the ROF model [6], Bregman iterations [24], and Chambolle
algorithm [10]. Results are available in Table 4.1 (increase of PSNR) and Table 4.2
(increase of Q-index). The results for the curvature-based and Bregman iterations
methods we insert in the tables are the ones provided in [6]. We obtained the results
for the Chambolle algorithm using the demo available in IPOL [12]. Results show
that our method performs well compared with these methods. We also observe that
the model based on the Ricci tensor provides slightly better results than the one based
on the metric tensor.

Dealing with color images, the values we take for µ are 0.0075, 0.005, 0.0045, 0.004,
0.004 corresponding respectively to σ = 5, 10, 15, 20, 25, and the scalar λ in (4.11) was
considered as a Lagrange multiplier, updated at each iteration by

λ =

√
3 |Ω|σ

‖∇∗ξn‖L2
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Table 4.1
Increase of PSNR: the grey-level case

Denoising method σ = 5 σ = 10 σ = 15 σ = 20 σ = 25
Chambolle’s algorithm 1.28 3.30 4.77 5.88 6.80

Bregman iterations 1.76 3.37 4.68 5.52 6.40
Curvature-based 2.40 4.04 5.27 6.21 6.98

VBTV (metric tensor) 2.17 4.02 5.31 6.33 7.12
VBTV (Ricci Tensor) 2.26 4.06 5.34 6.34 7.09

Table 4.2
Increase of Q-Index (in %): the grey-level case

Denoising method σ = 5 σ = 10 σ = 15 σ = 20 σ = 25
Chambolle’s algorithm 9.43 18.70 28.90 38.86 49.93

Bregman iterations 11.32 21.77 31.35 40.03 50.17
Curvature-based 10.79 21.84 35.02 47.34 60.43

VBTV (metric tensor) 10.85 22.44 34.30 46.02 57.25
VBTV (Ricci Tensor) 10.86 22.47 34.57 46.33 57.27

following the grey-level case in formula (4.13).
We compare our method with two generalizations of Chambolle’s algorithm that

use vectorial extensions of the Total Variation: the Vectorial Total Variation of Bres-
son and Chan [8] using the demo available in IPOL [12], and the Geometric Total
Variation of Goldluecke et al. [15] whose code is available at www.sourceforge.net/
p/cocolib. The method of Goldluecke et al. [15] is parametrized by the scalar λ (not
used as a Lagrange multiplier) and the number of iterations. Fixing the number of
iterations at 100, we tested several values for λ in order to provide the best results
in terms of PSNR and Q-index. We ended up with λ = 0.02, 0.04, 0.06, 0.09, 0.11 cor-
responding respectively to σ = 5, 10, 15, 20, 25. We also compare our method with a
color extension of the Split Bregman algorithm [16] using the demo available in IPOL
[13]. Note that the curvature-based denoising method in [6] that we compared with
in the case of grey-level images does not have (so far) extensions to multi-channel
images.

Results are available in Table 4.3 (increase of PSNR) and Table 4.4 (increase of
Q-index). We observe that our method outperforms the other methods in both PSNR
and Q-index measures for any noise level. Once again, we see that the model based
on the Ricci tensor provides (slightly) better results that the one based on the metric
tensor, especially regarding Q-index increase on Table 4.4.

Fig. 4.2 illustrates our denoising method on two images of the Kodak database.
The original images were corrupted by additive Gaussian noise of standard deviation
25. We observe that our method fulfills the requirements expected for an efficient
denoising method since it preserves the contours while reducing the noise.

On Fig. 4.3, we compare visually our denoising method with two of the three
methods listed in Tables 4.2 and 4.3, namely Bresson and Chan’s method, and Split
Bregman. We have avoided comparing with the method of Goldluecke et al. since we
do not use the same noisy images (their algorithm automatically generates a noisy im-
age from the input clean image). We compare the methods on a homogeneous region
(top row), and regions containing both contours and textures (middle and bottom
row). Whereas the other methods tend to produce over-smoothed results, we observe
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Table 4.3
Increase of PSNR: the color case

Denoising method σ = 5 σ = 10 σ = 15 σ = 20 σ = 25
Split Bregman 1.52 4.14 5.73 6.82 7.65

Vectorial Total Variation 2.11 4.17 5.73 6.77 7.58
Geometric Total Variation 2.34 4.47 5.85 6.95 7.76

VBTV (metric tensor) 2.87 4.95 6.30 7.30 8.02
VBTV (Ricci tensor) 2.87 4.97 6.30 7.31 8.02

Table 4.4
Increase of Q-Index (in %): the color case

Denoising method σ = 5 σ = 10 σ = 15 σ = 20 σ = 25
Split Bregman 2.59 17.56 31.36 43.42 54.61

Vectorial Total Variation 8.27 20.83 34.08 44.60 54.36
Geometric Total Variation 10.94 26.71 41.65 57.08 72.34

VBTV (metric tensor) 12.70 29.45 44.93 58.87 71.65
VBTV (Ricci tensor) 12.82 29.86 45.48 59.71 72.65

that our method recovers quite well the contours and textures of the original clean
images. However, we see that our method does not smooth enough on the homo-
geneous region, meaning that there is still room for improvement. The key idea of
our denoising model is to involve the local geometry of the images by considering the
metric or Ricci tensors of the initial conditions. Hence, the closer the local geometries
of the noisy and the original clean images are, the better our denoising method is.
We claim that our method works quite well on contours and textures because the
noise does not affect very much the local geometry of the clean image in such regions,
unlike on homogeneous regions.

5. Conclusion. We have introduced a generalization of the gradient operator
on vector bundles, from which we derived a generalization of the Rudin-Osher-Fatemi
(ROF) denoising model by extending the Total Variation to vector bundles. Assuming
that the vector bundle is equipped with a definite positive metric and a covariant
derivative compatible with the metric, we showed that Chambolle’s algorithm for
reaching the solution of the original ROF model can be extended to our denoising
model.

For some particular covariant derivatives, we showed that our denoising model
was equivalent to applying Bresson and Chan’s [8] denoising model on the projection
of the noisy image onto some orthonormal moving frames. Experiments showed that
this approach outperforms state-of-the-art local denoising methods for color images.
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Fig. 4.2. Illustration of our denoising method. Top row: original images of the Kodak database.
Middle row: Top row images corrupted by additive Gaussian noise of standard deviation 25. Bottom
row: result of our denoising model parametrized by the Ricci tensor.
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