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This paper addresses the controller design problem for bilateral teleoperation over unreliable networks. The
stability and tracking performance analysis are presented for a novel force-reflecting emulator control scheme.
The performance (stability, synchronization, transparency) is guaranteed by H∞ control theory and delay-
scheduled Lyapunov-Krasovskii functionals (LKF), which could improve the existing stability criterion. The
design is achieved by using Linear Matrix Inequality (LMI) optimization. For the simulation, firstly, numerical
examples are given to demonstrate the effectiveness and benefits of the delay-scheduled LKF-based stability
results; secondly, the proposed controller design solution is illustrated by various simulations and compared
with other recent approaches under different working conditions, e.g. abrupt tracking motion and wall contact.

Keywords: teleoperation system; delay-scheduled Lyapunov-Krasovskii functionals; Linear Matrix
Inequality; asymmetric time-varying delays; H∞ control; position/force tracking

1 Introduction

Teleoperation systems extend the human manipulative capabilities to a remote environment.
A typical teleoperation system is composed of the human operator, the master haptic-interface
robot, the communication medium, the slave robot and the environment. In addition to the
unilateral case (in which the motion or force information of the master robot handled by the
human operator are transmitted only from the master to the slave), bilateral teleoperation is a
closed-loop structure including the backward transmission from the slave to the master. It is a
challenging area with many traditional or potential applications, such as telesurgery, undersea
and space exploration, nuclear reactor control (Anderson and Spong 1989, Hua and Liu 2010).
Long-range or flexible communication links such as the Internet or Wireless 802.11 networks are
extremely interesting in such contexts. However, their unreliability and variations in the Quality
of Service (QoS) introduce additional, complex dynamics (Chopra et al. 2008, Zampieri 2008)
that can be represented by time-varying delays (Kruszewski et al. 2011). Because delays have
a strong influence on the system performance (Richard 2003), they must be considered at the
very stage of teleoperation control design.
Passivity-based control methods have been presented to address the stability of teleoperation

systems with variable delays (Chopra et al. 2008). The survey (Nuño et al. 2011) revisits many
passivity-based controllers for bilateral teleoperation system, including the scattering and wave
variables. Besides, based on the energy and power considerations, time domain passivity control
(Ryu et al. 2005, Ye et al. 2009) without the transformation of wave variables have been proposed
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recently. Overall, the latest passivity-based results can resolve the stabilization problem under
time-varying delays. However, the system performance (the position/force tracking) could still
be improved. Additionally, the passivity method requires the human input force and the slave
environment force to satisfy the passive condition, which introduces practical difficulties.
Various other control strategies have been proposed for a non-passive environment, in which

additional estimation (e.g. force) or transformation (e.g. impedance) becomes necessary, we can
mention several results depending on the nature of delays (the readers can refer to the survey
(Arcara and Melchiorri 2002) to obtain various control strategies):
• Constant and/or symmetric delays: in (Garcia-Valdovinos et al. 2007, Shahbazi et al. 2010),

it was proposed a control architecture based on the sliding mode approach; in (Hou et al. 2010),
a half closed-loop framework to construct the bilateral control system with force feedback; in
(Daly and Wang 2010), a position-force teleoperation algorithm based on the force estimation
to handle nonlinear teleoperation.
• Time-varying delays: in (Hua and Liu 2011), it was proposed an exponentially stable scheme

with or without the velocity signal; in (Delgado and Barreiro 2009), a 2-channel position error
architecture by Lyapunov-Krasovskii and frequencial techniques; in (Natori et al. 2010), a com-
pensation algorithm with network and communication disturbance observer (note that, contrar-
ily to other compensation approaches like predictors (Smith and Hashtrudi-Zaad 2005, Witrant
et al. 2007), this last does not require time delay models); in (Polushin et al. 2007), a force-
reflecting teleoperation to improve the system performance. However, for these approaches, the
synchronization or transparency of the teleoperation system is still hard to guarantee.
Apart from the stability of teleoperation systems under time-varying delays, there are also

two kinds of performance for bilateral teleoperation, which are still open problems for bilateral
teleoperation design (Chopra et al. 2006):
• Position tracking (or position coordination): the slave robot should follow the motion of the

master robot maneuvered by the human operator.
• Force tracking (or force coordination): the environmental force acting on the slave (when it

contacts the external environment) should be accurately transmitted in real-time to the master.
This can be achieved by the force-reflecting, in which the human operator feels haptic sensations
as if he or she is actually present at the slave side.
The present work addresses this last open problem under time-varying delays. We generalize a

previous result on a bilateral state feedback control structure (Zhang et al. 2011) to allow position
tracking under asymmetric and time-varying delays. From this result, we present a new control
structure and prove the stability of the closed-loop system by Lyapunov approaches, especially,
Lyapunov-Krasovskii functionals (LKF), which can be solved by Linear Matrix Inequalities (LMI,
see (Fridman 2006) and the references therein). However, differently from (He et al. 2007, Shao
2009), we will present delay-scheduled Lyapunov-Krasovskii functionals, which could improve
the delay-dependent stability criterion and be more convenient to the stabilization problem.
For the performance consideration, H∞ control theory will be used in order to make the

position error (from master to slave) converges to a small region (Fridman and Shaked 2001,
Xu et al. 2006, Zhang and Han 2008). Finally, the characteristic of the control law will ensure a
good force tracking (from slave to master).
This paper is organized as follows: Section 2 introduces delay-scheduled Lyapunov-Krasovskii

functionals, and several resulting stability theorems. Problems and assumptions are presented
in Section 3. In Section 4, The novel force-reflecting control structure with force feedback is
designed by using delay-scheduled LKF and H∞ control. Numerical examples to demonstrate
the effectiveness and merits of delay-scheduled LKF-based stability results are given in Section
5, and then simulation results and comparisons with other design techniques for teleoperation
are presented in Section 6. Finally we conclude our works in Section 7.
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2 Delay-scheduled LKF-based stability

Teleoperation system are systems with time varying delay. There exist a lot of results about this
class of models and one could note the ones presented in (Park et al. 2011). Despite the fact that
the results of (Park et al. 2011) are one of the less conservative for time varying delays, they
are not adapted for the teleoperation problem since they do not allow the control design. This
section if devoted to provide some conditions for the stability of linear time varying delay systems
which can be adapted to multiple delays and control design with H∞ performance guarantee.
They are based on the Lyapunov function of (Shao 2009), the free weighting matrix and the
polytopic approach for time-varying delays. For simplicity reasons, these results are presented in
the one time varying delay case. Nevertheless, the results can be easily extended. Let consider
the following model:

(Σ1)

 ẋ(t) = A0x(t) +A1x(t− τ(t)) +Bw(t),
z(t) = Cx(t),

x(t0 + θ) = ϕ(θ), ẋ(t0 + θ) = ϕ̇(θ), θ ∈ [−h2, 0].
(1)

Here, x(t) ∈ Rn, w(t) ∈ Rl is some exogenous disturbance signals, while z(t) ∈ Rq is the
objective control output. ϕ(θ) is the initial state function, and τ(t) ∈ [h1, h2], h1 > 0, is the
time-varying delay. A0, A1, B and C are constant matrices.
We consider the delay with the constraints on the derivative: τ̇(t) 6 µ, µ 6 1. The Lyapunov-

Krasovskii functional presented in (Shao 2009) is considered:

V (x(t), ẋ(t)) = x(t)TPx(t) +

∫ t

t−τ(t)

x(s)TQx(s)ds+

∫ t

t−h2

x(s)TSax(s)ds+

∫ t

t−h1

x(s)TSx(s)ds

+

∫ 0

−h1

∫ t

t+θ

ẋ(s)TRẋ(s)dsdθ +

∫ −h1

−h2

∫ t

t+θ

ẋ(s)TRaẋ(s)dsdθ.

(2)

According to H∞ control theory, the performance will be studied by checking H∞ performance
criterion J(w) < 0 for a positive scalar γ:

J(w) =

∫ ∞

0

(z(t)T z(t)− γ2w(t)Tw(t))dt < 0. (3)

Theorem 2.1 : Suppose there exist n × n symmetric matrices P > 0, Q > 0, R > 0, S > 0,
Sa > 0, Ra > 0, some matrices P2, P3, P4, Y1, Y2, Y3, N1, N2, N3, and a positive scalar γ,
such that LMI condition (4) with notations (5) is feasible. Then, the system (1) is asymptotically
stable with J(w) < 0 (3) for the time-varying delay τ(t).

Γ1 =



Γ1
11 Γ1

12 Γ1
13 −Y T

1 + 1
h1

R −NT
1 (τ(t)−h1)Y

T
1 −(h2−τ(t))NT

1 PT
2 B

> Γ1
22 Γ1

23 −Y T
2 −NT

2 (τ(t)−h1)Y
T
2 −(h2−τ(t))NT

2 PT
3 B

> > Γ1
33 −Y T

3 −NT
3 (τ(t)−h1)Y

T
3 −(h2−τ(t))NT

3 PT
4 B

> > > −S− 1
h1

R 0 0 0 0

> > > > −Sa 0 0 0
> > > > > −(τ(t)−h1)Ra 0 0
> > > > > > −(h2−τ(t))Ra 0

> > > > > > > −γ2I

 < 0, (4)

Γ1
11 = Q+ S + Sa −

1

h1
R+AT

0 P2 + PT
2 A0 + CTC, Γ1

12 = P − PT
2 +AT

0 P3,

Γ1
13 = Y T

1 +NT
1 +AT

0 P4 + PT
2 A1, Γ1

22 = −P3 − PT
3 + h1R+ (h2 − h1)Ra,

Γ1
23 = Y T

2 +NT
2 − P4 + PT

3 A1, Γ1
33 = −(1− µ)Q+ Y3 + Y T

3 +N3 +NT
3 +AT

1 P4 + PT
4 A1.

(5)

Proof Considering V (x(t), ẋ(t)) in (2) and substituting for z(t), one obtains:
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V̇ (x(t), ẋ(t)) + z(t)T z(t)− γ2w(t)Tw(t)

6 x(t)T (Q+ S + Sa + CTC)x(t) + ẋ(t)TPx(t) + x(t)TPẋ(t)

− x(t− τ(t))T (1− µ)Qx(t− τ(t))− x(t− h1)
TSx(t− h1)− x(t− h2)

TSax(t− h2)

+ ẋ(t)T [h1R+ (h2 − h1)Ra]ẋ(t)−
∫ t

t−h1

ẋ(s)TRẋ(s)ds−
∫ t−h1

t−h2

ẋ(s)TRaẋ(s)ds

− γ2w(t)Tw(t).

(6)

From (Zhang et al. 2011), we can see that, J(w) < 0 holds if (6) is negative. We apply Jensen’s
inequality (Gu et al. 2003):

−
∫ t

t−h1

ẋ(s)TRẋ(s)ds 6 −
∫ t

t−h1

ẋ(s)T ds
1

h1
R

∫ t

t−h1

ẋ(s)ds, (7)

−
∫ t−h1

t−h2

ẋ(s)TRaẋ(s)ds = −
∫ t−τ(t)

t−h2

ẋ(s)TRaẋ(s)ds−
∫ t−h1

t−τ(t)

ẋ(s)TRaẋ(s)ds

6 −(τ(t)− h1)v
T
1 (τ(t))Rav1(τ(t))− (h2 − τ(t))vT2 (τ(t))Rav2(τ(t)),

(8)

where:

v1(τ(t)) =
1

τ(t)− h1

∫ t−h1

t−τ(t)

ẋ(s)ds, v2(τ(t)) =
1

h2 − τ(t)

∫ t−τ(t)

t−h2

ẋ(s)ds, (9)

and then, we add free weighting matrices P2, P3, P4, Y1, Y2, Y3, N1, N2, N3, and the following
expressions into (6):

0 =2[x(t)TY T
1 + ẋ(t)TY T

2 + x(t− τ(t))TY T
3 ][x(t− τ(t)) + (τ(t)− h1)v1(τ(t))− x(t− h1)],

0 =2[x(t)TNT
1 + ẋ(t)TNT

2 + x(t− τ(t))TNT
3 ][x(t− τ(t))− (h2 − τ(t))v2(τ(t))− x(t− h2)],

0 =2[x(t)TPT
2 + ẋ(t)TPT

3 + x(t− τ(t))TPT
4 ][A0x(t) +Bw(t) +A1x(t− τ(t))− ẋ(t)].

(10)

In order to obtain LMI condition, the notation as:

η(t) =col{x(t), ẋ(t), x(t− τ(t)), x(t− h1), x(t− h2), v1(τ(t)), v2(τ(t)), w(t)}, (11)

leading to:

V̇ (x(t), ẋ(t)) + z(t)T z(t)− γ2w(t)Tw(t) ≤ η(t)TΓ1η(t) < 0, (12)

provides that the LMI (4) is feasible. �

Remark 1 : Because (4) is linear with regard to τ(t), Theorem 2.1 conditions can be solved
using polytopic approaches. The result lies in a set of two LMIs conditions, one at τ(t) = h1 and
another at τ(t) = h2. Indeed, in these two LMIs, rows/columns full of 0 can be discarded.

When the information of the time derivative of delay is unknown i.e. µ = 1, it is possible to
get a simplified version of Theorem 2.1.

Corollary 2.2: Suppose there exist n× n symmetric matrices P > 0, R > 0, S > 0, Sa > 0,
Ra > 0, some matrices P2, P3, Y1, Y2, and a positive scalar γ, such that LMI condition (13)
with notations (14) is feasible. Then, the system (1) is asymptotically stable with J(w) < 0 (3)
for the time-varying delay τ(t).
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Γ2 =


Γ2

11 Γ2
12 −Y T

1 + 1

h1
R+PT

2 A1 Y T
1 Γ2

15 (h2−τ(t))Y T
1 PT

2 B

> Γ2
22 −Y T

2 +PT
3 A1 Y T

2 Γ2
25 (h2−τ(t))Y T

2 PT
3 B

> > −S− 1

h1
R 0 0 0 0

> > > −Sa 0 0 0
> > > > −(τ(t)−h1)Ra 0 0
> > > > > −(h2−τ(t))Ra 0
> > > > > > −γ2I

 < 0, (13)

Γ2
11 = S + Sa −

1

h1
R+AT

0 P2 + PT
2 A0 + CTC, Γ2

12 = P − PT
2 +AT

0 P3,

Γ2
15 = (τ(t)− h1)Y

T
1 − (τ(t)− h1)P

T
2 A1,

Γ2
22 = −P3 − PT

3 + h1R+ (h2 − h1)Ra, Γ2
25 = (τ(t)− h1)Y

T
2 − (τ(t)− h1)P

T
3 A1.

(14)

Proof The proof is similar to Theorem 2.1 with some differences:
• eliminating Q in (2);
• introducing free weighting matrices and the expressions not as (10), but as follows:

0 = 2[x(t)TPT
2 + ẋ(t)TPT

3 ][A0x(t) +Bw(t) +A1x(t− h1)− (τ(t)− h1)A1v1(τ(t))− ẋ(t)],

0 = 2[x(t)TY T
1 + ẋ(t)TY T

2 ][x(t− h2) + (τ(t)− h1)v1(τ(t)) + (h2 − τ(t))v2(τ(t))− x(t− h1)];
(15)

• using notation:

η(t) =col{x(t), ẋ(t), x(t− h1), x(t− h2), v1(τ(t)), v2(τ(t)), w(t)}; (16)

Then the result follows: V̇ (x(t), ẋ(t)) + z(t)T z(t)− γ2w(t)Tw(t) ≤ η(t)TΓ2η(t) < 0. �

Remark 2 : Compared to (He et al. 2007, Shao 2009, Park et al. 2011), the Jensen’s inequality
is used only one time which could reduce the conservatism of the conditions. It is rather hard
to prove it due to the number of bounding techniques used. In order to get tractable conditions
for the control design which is not possible if we follow (Park et al. 2011), we have modified the
expressions used with the free weighting matrix techniques (see (10) and (15)).

We will also use the following corollary that considers Theorem 2.1 in the delay-free case
(without A1x(t− τ(t))):

(Σ2)

{
ẋ(t) = A0x(t) +Bw(t),
z(t) = Cx(t).

(17)

Corollary 2.3: Suppose there exist a n× n symmetric matrice P > 0, some matrices P2, P3,
and a positive scalar γ, such that LMI condition (18) with the notation (19) is feasible. Then,
the system (17) is asymptotically stable with J(w) < 0 (3).

Γ3 =

(
Γ3

11 P−PT
2 +AT

0 P3 PT
2 B

> −P3−PT
3 PT

3 B
> > −γ2I

)
< 0, (18)

Γ3
11 = AT

0 P2 + PT
2 A0 + CTC. (19)

3 Problem formulation of delayed teleoperation

Let us give a short recall of the bilateral state feedback control scheme given in (Zhang et al.
2011). Note that ignoring the details of master and slave controllers, this scheme corresponds to
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Figure 1. Bilateral state feedback control scheme.

a general teleoperation system with five entities (human operator, master robot, communication
medium, slave robot, environment). In this general scheme (Arcara and Melchiorri 2002):
• Master controller and slave controller are the global controllers we should design so to ensure

both the asymptotic stability of the whole system and the position/force tracking between the
master and the slave (in Figure 1, C1 and C2 are the global controllers that we should design).
• Fm(t) and Fs(t) are the actuated inputs of the master and of the slave.
• Fh(t) and Fe(t) are the forces of the human operator and of the environment. Note that

these forces are considered as the disturbances and the global controllers have to minimize their
effects on the output tracking error.
• τ1(t) (from the master to the slave) and τ2(t) (from the slave to the master) are the delays

(here, time-varying and asymmetric) resulting from the communication, access time, and packet
loss effects (Kruszewski et al. 2011).
• θ̇m(t)/θm(t) and θ̇s(t)/θs(t) are the velocities/positions of the master and the slave.
• The information transferred between the master and the slave can be the positions, the

velocities or the estimated forces of the human operator and environment (in Figure 1, the
velocities/positions of the master and the slave).
For state feedback controllers, the master and the slave are given by:
According to the general scheme, the following assumptions are made.

Assumption 3.1 The master and slave robots can be modeled as linear systems. It is
reasonable to consider linear model for the two sides in many teleoperation problems because
most the robots used are serial robots. These robot are easily linearized by choosing the right
controller with a linear reference model as soon as the trajectories respect the systems bound-
aries (control saturation, joints not close to a physical limits or singularities ...). The use of
the calculated torque control (for low friction) or sliding mode control (for high friction) are
examples of how it could be done. Whatever the choice made for this linearization, it will be
considered in the following that both sides are disturbed and the control will be design to get
good performances despite those disturbances. The Master and Slave dynamics are given by:

(Σm) θ̈m(t) = (Am −BmKm
0 )θ̇m(t) +Bm(Fm(t) + Fh(t)),

(Σs) θ̈s(t) = (As −BsK
s
0)θ̇s(t) +Bs(Fs(t) + Fe(t)),

(20)

where Km
0 and Ks

0 are known speed feedbacks, Am, Bm and As, Bs are the constant matrices.

Assumption 3.2 The communication delays are bounded, τ1(t), τ2(t) ∈ [h1, h2], h1 > 0,
h2 < ∞. The communication over network such as the internet are not bounded but in all
teleoperation process, a delay limit is chosen to avoid dangerous situation, if the delay goes out
of this bound, the teleoperation stops.

Assumption 3.3 Master and slave clocks are perfectly synchronized and the data pack-
ets are timestamped with the sending time. This allows the Master (Slave) to com-
pute the Slave-to-Master (Master-to-Slave) delay: τ̂1(t) = τ1(t), τ̂2(t) = τ2(t). The
clocks of both sides can be synchronized. Even if it is impossible to get perfect synchronization,
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it is possible to get a close enough result to consider as perfect. It is needed to get an error of
synchronization negligible with respect to the delay. For small networks with a low traffic, it
could be achieved using a network time protocol as in (Kruszewski et al. 2011). If the network
as a lot of nodes/high traffic the use of GPS clock could solve the problem as in (Jiang et al.
2008).

Assumption 3.4 The external forces Fh(t) and Fe(t) are accessible. The external forces can
be obtained either by using obtained sensors (strain gauge) or a unknown input observer. The
choice between the two solutions depends only on the degree of fidelity of the models. The result
obtained using Strain gauges is independent on the model fidelity but can be tricky to adapt
on the mechanical structure of the robot (especially the master which is small). The unknown
input observer technique is only suitable if the model is really good and there are not too much
friction. Usually, strain gauges are used in the slave side and observer in the master side.

4 Novel force-reflecting emulator control scheme

Figure 2. Novel force-reflecting emulator control scheme.

Let consider the force-reflecting control structure depicted in Figure 2. The two main differ-
ences with the previously presented structure are the direct force feedback Fm(t) = Fe(t − τ2)
ensuring a perfect telepresence and the presence of an estimator called “emulator” which esti-
mates the current state of the master xe(t) ≈ xm(t) i.e. without delay. Considering this structure
reduces the number of delay involved in each loop. Because LKF techniques are more conserva-
tive when more delays are involved and because delays are generally bad for closed loop systems,
this structure helps to get better guaranteed performances from the position tracking point of
view. Figure 2. The two main differences with the previously presented structure are the direct
force feedback Fm(t) = Fe(t− τ2) ensuring a perfect telepresence and the presence of an estima-
tor called “emulator” which estimates the current state of the master xe(t) ≈ xm(t) i.e. without
delay. Considering this structure reduces the number of delay involved in each loop. Because
LKF techniques are more conservative when more delays are involved and because delays are
generally bad for closed loop systems, this structure helps to get better guaranteed performances
from the position tracking point of view.

4.1 Slave controller description

The Master emulator presented in Figure 2 is a distant copy of the master dynamics. The current
Master state is estimated using an observer-like structure where θ̇e(t) and θe(t) are estimated
values of the current velocity/position of the Master θ̇m(t) and θm(t). The main goal of this
estimator is to ’remove’ the Master state delay on the Slave side. The model of the emulator is
as follow:
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(Σe) θ̈e(t) = (Am −BmKm
0 )θ̇e(t)−BmYe(t) +Bm(Fe(t− τ1(t)) + Fh(t− τ1(t))). (21)

Ye(t) = L

(
θ̇e(t−τ1(t))

θ̇m(t−τ1(t))
θe(t−τ1(t))−θm(t−τ1(t))

)
. (22)

Remark 3 : Note that the emulator has the same equation as the Master. The only difference
is the delay on th inputs and the presence to the synchronization term Ye. Instead of using the
classical Luenberger equation, the correction term Ye act as a force for this dynamical model.
This choice is made to avoid unatural estimated trajectory that an observer could generate when
synchronizing the state and the estimation.

The controller C role is to ensure the position tracking between the slave and the emulator
state (estimation of the current Master state). It is a simple state feedback with the following
equation:

Fs(t) = −K

(
θ̇s(t)

θ̇e(t)
θs(t)−θe(t)

)
. (23)

4.2 Controller design

Our objective is to provide a controller design algorithm for the emulator of master and the
controller C, to achieve the stability of the whole system with the position/force tracking. It
is done by following three steps: First the master emulator is designed to achieve a correct
estimation of the current master state, then the controller C is designed to ensure that the slave
tracks as best as possible the master emulator position. Finally a global analysis is performed
to check if the performances are good enough.

4.2.1 Master-emulator synchronization

First of all, we will design the gain L to ensure a robust estimation of the Master state by the
emulator. This is one by minimizing the H∞ gain between the external inputs, with respect to
the Master-Emulator subsystem, Fe and Fh the estimation error θe(t)−θm(t). This problem can
be represented as a stabilization problem involving the following models:

(Σme)

{
ẋme(t) = A0

mexme(t) +A1
mexme(t− τ1(t)) +Bmewme(t),

zme(t) = Cmexme(t),
(24)

where:

xme(t) =

(
θ̇e(t)

θ̇m(t)
θe(t)−θm(t)

)
, wme(t) =

(
Fe(t−τ1(t))+Fh(t−τ1(t))

Fm(t)+Fh(t)

)
, zme(t) = ( θe(t)−θm(t) ) . (25)

Then:

A0
me =

(
Am−BmKm

0 0 0
0 Am−BmKm

0 0
1 −1 0

)
, A1

me =
(−BmL1 −BmL2 −BmL3

0 0 0
0 0 0

)
,

Bme =
(

Bm 0
0 Bm
0 0

)
= (B1

me B2
me ) , Cme = ( 0 0 1 ) .

(26)

From (26) and L =
(
L1 L2 L3

)
, one has: A1

me = −B1
meL.

Design Goal 4.1 By H∞ control design, we can obtain the minimum value of γ (as γmin), and
the bound supw(∥ zme(t) ∥2/∥ wme(t) ∥2) < γmin (Tadmor 2000). Thus, the position deviation
zme(t) can be minimized under exogenous disturbance input wme(t): the smaller γmin, the better
H∞ synchronization performance.
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Thus, the following theorem is obtained by using Corollary 2.2 (Theorem 2.1 can also be
applied if the information of τ̇(t) is known).

Theorem 4.2 : Suppose there exist symmetric matrices P > 0, R > 0, S > 0, Sa > 0, Ra > 0,
some matrices P2, Y1, Y2, M , and positive scalars γ and ξ, such that LMI condition (28) with
notations (29) is feasible. Then, the system (24) is asymptotically stable with J(w) < 0 (3) for
the time-varying delay τ1(t) and the following emulator control gain:

L = MP−1
2 . (27)

Γ4 =



Γ4
11 Γ4

12 −Y T
1 + 1

h1
R−B1

meM Y T
1 Γ4

15 (h2−τ1(t))Y T
1 Bme PT

2 CT
me

> Γ4
22 −Y T

2 −ξB1
meM Y T

2 Γ4
25 (h2−τ1(t))Y T

2 ξBme 0

> > −S− 1

h1
R 0 0 0 0 0

> > > −Sa 0 0 0 0
> > > > −(τ1(t)−h1)Ra 0 0 0
> > > > > −(h2−τ1(t))Ra 0 0
> > > > > > −γ2I 0
> > > > > > > −I

 < 0, (28)

Γ4
11 = S + Sa −

1

h1
R+ PT

2 A0
me

T
+A0

meP2, Γ4
12 = P − P2 + ξPT

2 A0
me

T
,

Γ4
15 = (τ1(t)− h1)Y

T
1 + (τ1(t)− h1)B

1
meM,

Γ4
22 = −ξP2 − ξPT

2 + h1R+ (h2 − h1)Ra, Γ4
25 = (τ1(t)− h1)Y

T
2 + ξ(τ1(t)− h1)B

1
meM.

(29)

Proof We use Corollary 2.2 on system (24), a series of steps is made to deal with nonlinear
matrix terms P T

2 B1
meL and P T

3 B1
meL (see also Fridman and Shaked (2001)):

• multiplying Γ2 by diag{P−T
2 , ..., P−T

2 } at the left side, by diag{P−1
2 , ..., P−1

2 } at the right
side;
• choosing P3 = ξP2;
• defining M = LP2;
• applying Schur formula, then the result follows. �

4.2.2 Emulator-slave synchronization

The position tracking between the master and the emulator of master has been achieved. The
position tracking between the emulator of master and the slave will be assured by the controller
C. The model of the system containing the emulator of master, the controller C and the slave,
is given as follows:

(Σes)

{
ẋes(t) = Aesxes(t) +Beswes(t),
zes(t) = Cesxes(t),

(30)

where the input of the emulator Ye(t) is considered as the exogenous disturbance signal:

xes(t) =

(
θ̇s(t)

θ̇e(t)
θs(t)−θe(t)

)
, wes(t) =

(
Fe(t)

Fe(t−τ1(t))+Fh(t−τ1(t))−Ye(t)

)
, zes(t) = ( θs(t)−θe(t) ) . (31)

So:

Aes =

(
As−BsK

s
0−BsK1 −BsK2 −BsK3

0 Am−BmKm
0 0

1 −1 0

)
, Bes =

(
Bs 0
0 Bm
0 0

)
= (B1

es B2
es ) , Ces = ( 0 0 1 ) . (32)

The controller gain K should be calculated by LMI with the following transformation:
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Aes =

(
As−BsK

s
0 0 0

0 Am−BmKm
0 0

1 −1 0

)
+
(−BsK1 −BsK2 −BsK3

0 0 0
0 0 0

)
= A0

es −B1
esK. (33)

Similarly with the objective as Design Goal 4.1, we obtain the following theorem.

Theorem 4.3 : Suppose there exist a symmetric matrice P > 0, some matrices P2, W , and
positive scalars γ and ξ, such that LMI condition (35) with notations (36) is feasible. Then, the
system (30) is asymptotically stable with J(w) < 0 (3) and with the control gain of the controller
C:

K = WP−1
2 . (34)

Γ4 =

 Γ4
11 Γ4

12 Bes PT
2 CT

es

> Γ4
22 ξBes 0

> > −γ2I 0
> > > −I

 < 0, (35)

Γ4
11 = PT

2 A0
es

T
+A0

esP2 −WTB1
es

T −B1
esW,

Γ4
12 = P − P2 + ξPT

2 A0
es

T − ξWTB1
es

T
, Γ4

22 = −ξP2 − ξPT
2 .

(36)

Proof We apply the system (30) and (33) in Corollary 2.3, and multiply Γ3 by
diag{P−T

2 , ..., P−T
2 } at the left side, by diag{P−1

2 , ..., P−1
2 } at the right side. Then, we define

P3 = ξP2, W = KP2. Finally, the theorem can be obtained by Schur formula. �

4.2.3 Global performance analysis

By Theorem 4.2 and Theorem 4.3, the position tracking between the master, the emulator and
the slave is ensured. Finally, the objective is to ensure the global stability of the whole system
described by:

(Σmes)

{
ẋmes(t) = A0

mesxmes(t) +A1
mesxmes(t− τ1(t)) +Bmeswmes(t),

zmes(t) = Cmesxmes(t),
(37)

where:

xmes(t) =


θ̇s(t)

θ̇e(t)

θ̇m(t)
θs(t)−θe(t)
θe(t)−θm(t)

 , wmes(t) =

(
Fe(t)

Fe(t−τ1(t))+Fh(t−τ1(t))
Fm(t)+Fh(t)

)
, zmes(t) =

(
θs(t)−θe(t)
θe(t)−θm(t)

)
. (38)

So we can get:

A0
mes =

As−BsK
s
0−BsK1 −BsK2 0 −BsK3 0
0 Am−BmKm

0 0 0 0
0 0 Am−BmKm

0 0 0
1 −1 0 0 0
0 1 −1 0 0

 ,

A1
mes =

(
0 0 0 0 0
0 −BmL1 −BmL2 0 −BmL3
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

)
, Bmes =

(Bs 0 0
0 Bm 0
0 0 Bm
0 0 0
0 0 0

)
, Cmes = ( 0 0 0 1 0

0 0 0 0 1 ) .

(39)

By Corollary 2.2, we can verify the global stability of the system with the force tracking
Fm(t) = Fe(t− τ2(t)), in which the delay τ2(t) can not be avoided. Note that in this paper, the
position tracking and the force tracking are assured respectively from master to slave and from
slave to master.

Remark 4 : The global design of L and K cannot be achieved in a single LMI problem. The
main reason is that transformations like (33) cannot be applied on both gains at the same time.
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Table 1. Admissible delay upper bound h2 for various h1 and µ = 0.3

method h1 1.0 2.0 3.0 4.0 5.0

He et al. 2007 h2 2.21 2.40 3.33 4.27 5.23

Shao 2009 h2 2.24 2.47 3.38 4.32 5.27

Theorem 2.1 h2 2.35 2.58 3.47 4.39 5.33

5 Numerical examples

We consider a numerical example from (He et al. 2007, Shao 2009) to show the reduced conser-
vatism of our delay-scheduled LKF-based stability criteria.
• Example: Consider the system (1) without the perturbation w(t) and:

A0 =
(

0 1
−1 −2

)
, A1 =

(
0 0
−1 1

)
. (40)

For µ = 0.3 and unknown µ, the admissible delay upper bounds h2 are shown in Table 1.

Remark 5 : The result of (Park et al. 2011) get similar admissible delay upper bound as
Theorem 2.1 but as specified in Remark 2, (Park et al. 2011) is not suitable for control design.

6 Illustrative example

In this section, some simulations are performed in different working conditions to evaluate the
performance of the proposed approach and compare it to other results ((Ye et al. 2009, 2011)
power-based time domain passivity, (Nuño et al. 2009) P-like controller, (Hua and Liu 2010)
LKF-based controllers). These simulation are chosen to compare the quality of the position
tracking in two situations: change of position of the master in free motion and in wall contact.
The model chosen for the simulations is the one of our experimental platform:

Am = − 1

τm
, Bm =

Km

τm
, τm = 0.448, Km = 0.0176,

As = − 1

τs
, Bs =

Ks

τs
, τs = 0.3125, Ks = 3.66.

(41)

The minimum and maximum value of time-varying delays are taken as h1 = 0.001s and
h2 = 0.2s (greater allowable maximum delays can also be handled), which satisfy many network-
based applications of teleoperation such as internet-based teleoperation. For the simulation of
asymmetric time-varying delays in the two channels, we use a band-limited white noise.
As stated previously, a velocity feedback is needed in this control structure (Figure 2). Let

consider that it is design to get [−5.0] for the master’s pole, and [−100.0] for the slave. It is
achieved by choosing Km

0 = 70.455 and Ks
0 = 8.265. Applying the design procedure described

in the previous section, one get the following gains and performances:

L = (75.4709 −75.4727 485.1147) , γL
min = 0.0048,

K = (−2.2847 −5.8599 329.6448) , γK
min = 0.0166.

(42)

From Corollary 2.2, the global stability of the system is verified with γgmin = 0.0042 which
should ensure a good position tracking.

6.1 Tracking in abrupt tracking motion

With the same simulation condition, our objective is to show the system stability and compare
the position tracking and convergence performance.
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Figure 3. Position response in abrupt tracking motion ((a): force-reflecting emulator control scheme; (b): force-reflecting
emulator control scheme without emulator; (c): from (Ye et al. 2009); (d): from (Nuño et al. 2009); (e): from (Hua and Liu
2010)).

In Figure 3, (a) shows the result of the force-reflecting emulator control scheme, and for the
comparison reasons, the result of the same control scheme but without the emulator is shown
in (b), in this case, the controller C is designed under the same procedure proposed before.
We can see that, the emulator of master is important for improving the position tracking. The
passivity-based position tracking of (Ye et al. 2009, Nuño et al. 2009) is presented in (c) and (d).
(e) shows the result of (Hua and Liu 2010), which also used Lyapunov-Krasovskii functionals to
design the controllers and analyze the stability conditions. In (Hua and Liu 2010), the controller
gains should be determined before, and then, the stability analysis and allowable maximum time
delays will be checked by LKF theorems in form of LMI. We have resolved this problem in this
paper, our controllers can be obtained directly by LKF theorems.
It is clear that our method achieves the stability and the position tracking. Concerning (Ye

et al. 2009, Nuño et al. 2009, Hua and Liu 2010), the position convergence is ensured, but there
is still a position deviation between the master and the slave.

6.2 Tracking in wall contact motion

In this case, the slave robot is driven to a hard wall with a stiffness of Ke = 30kN/m located at
x ≥ 1.0m. Our aim is to show that, by our method: 1) when the slave robot reaches the wall,
the master robot stops as quickly as possible; 2) when the slave robot returns after hitting the
wall (Fe(t) = 0), the system restores the position tracking between the master and slave robots;
3) when the slave is in contact with the wall, the force tracking from slave to master can be
assured.
In Figure 4, our scheme can ensure the points 1) and 2) as mentioned above and get a better

position performance. By the approach in (Ye et al. 2009), the position deviation between the
master and the slave is larger, and when the slave robot returns from the wall, the teleoperation
system can not restore the position tracking. (Hua and Liu 2010) can also ensure the points 1)
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Figure 4. Position response in wall contact motion ((a): force-reflecting emulator control scheme; (b): force-reflecting
emulator control scheme without emulator; (c): from (Ye et al. 2009); (d): from (Nuño et al. 2009); (e): from (Hua and Liu
2010)).

Figure 5. Force response in wall contact motion (Fm(t); Fe(t)).

and 2), but compared with the approach in (Hua and Liu 2010), because we have introduced H∞
control theory, our architecture can get a better position tracking and faster position convergence.
Figure 5 shows the force tracking from the slave to the master, Fm(t) and Fe(t), which satisfies

3). We added a simple perturbation observer in the force-reflecting emulator control scheme to
obtain unmeasured Fe(t).
In the case of ’large’ delays, we suppose the allowable maximum time-varying delays, h2 =

1.0s, by the theorems in the paper, the controllers are recalculated. The simulation results are
presented in Figure 6, we can see that, our method can support ’large’ delays, while ensuring
stability and performance.
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Figure 6. Position response with ’large’ delays in wall contact motion ((a): force-reflecting emulator control scheme; (b):
from (Hua and Liu 2010)).

7 Conclusions

This paper mainly presented two contributions: from the point view of time delay systems, the
delay-scheduled LKF-based criteria improved over some previous ones, in which the computed
admissible upper bound of time delay is larger, it is also worthwhile to point out that our method
is efficient to design the controllers of delayed teleoperation, which is the second contribution
in this paper; from the point view of delayed teleoperation, combining the theories of delay-
scheduled LKF and H∞ allowed us to propose a new bilateral control scheme for position and
force tracking, it ensures asymptotic stability and guaranteed performance under asymmetric
time-varying network delays. The emulator of master and controller C are computed in terms of
LMI. The new architecture, which makes use of the ”‘emulator”’ of master in the teleoperation,
is a comprehensive summary of the position-position and position-force schemes.
The simulations achieved by YALMIP and SIMULINK demonstrated the effectiveness and

benefits of the delay-scheduled LKF-based stability results, and presented that the teleoperation
system designed based on this new controller is efficient in different working conditions. The
performance comparison with other recent approaches has been achieved.
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