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AMALGAMATED FREE PRODUCTS OF C∗-BUNDLES

ÉTIENNE BLANCHARD

Abstract. Given two unital continuous C∗-bundles A and B over the same com-
pact Hausdorff base space X, we study the continuity properties of their different
amalgamated free products over C(X).

In memory of Gert Pedersen

1. Introduction

Tensor products of C∗-bundles have been much studied over the last decades (see for
example [30], [20], [5], [22], [21], [1], [23], [11]). One of the main results was obtained
by Kirchberg and Wassermann who gave in [22] a characterization of the exactness
(respectively the nuclearity) of the C∗-algebra of sections A of a continuous bundle of
C∗-algebras over a compact Hausdorff space X through the equivalence between the
following conditions αe) and βe) (respectively αn) and βn)):

αe) The C∗-bundle A is an exact C∗-algebra.

βe) For all continuous C∗-bundle B over a compact Hausdorff space Y , the minimal

C∗-tensor product A
m
⊗B is a continuous C∗-bundle over X × Y with fibres Ax

m
⊗By.

αn) The C∗-bundle A is a nuclear C∗-algebra.

βn) For all continuous C∗-bundle B over a compact Hausdorff space Y , the maximal

C∗-tensor product A
M
⊗B is a continuous C∗-bundle over X × Y with fibres Ax

M
⊗By.

Remark 1.1. In [22], the authors add to condition βe) the assumption that all the
fibres Ax (x ∈ X) are exact. But this is automatically satisfied (see [11, Prop 3.3]).

The case when we restrict our attention to fibrewise tensor products was then ex-
tensively studied in [11]. The two first assertions (respectively the two last ones) are
indeed equivalent to the following assertion γe) (respectively γn)) introduced in [5], in
case the compact Hausdorff space X is perfect and second countable.

γe) For all continuous C(X)-algebra B, the smallest completion A
m
⊗

C(X)
B of the alge-

braic tensor product A ⊙
C(X)

B amalgamated over C(X) is a continuous C∗-bundle over

X with fibres Ax

m
⊗Bx.
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γn) For all continuous C(X)-algebra B, the largest completion A
M
⊗

C(X)
B of the algebraic

tensor product A ⊙
C(X)

B amalgamated over C(X) is a continuous C∗-bundle over X with

fibres Ax

M
⊗Bx.

But there are also other canonical amalgamated products over C(X), such as the
completions considered by Pedersen ([26]) and Voiculescu ([32]) of the algebraic amal-
gamated free product A ⊛

C(X)
B of two unital continuous C∗-bundles A and B over

the same compact Hausdorff space X. The point of this paper is to study whether
analogous continuity properties hold (or not) for these amalgamated free products.

More precisely, we start in §2 by fixing our notations and extending a few results
available for C(X)-algebras to the framework of the operator systems which naturally
appear when dealing with free products of C(X)-algebras amalgamated over C(X). We
show in §3 that the full amalgamated free products are always continuous (Theorem 3.7)
and we prove in §4 that the exactness of the C∗-algebra A is sufficient to ensure the
continuity of the reduced ones (Theorem 4.1). In particular, this implies that any
separable continuous C∗-bundle over a compact Hausdorff space X admits a C(X)-
linear embedding into a C∗-algebra with Hausdorff primitive ideal space X.

The author would like to express his gratitude to S. Wassermann and N. Ozawa for
helpful comments. He would also like to thank the referee for his very careful reading
of several draft versions of this paper.

2. Preliminaries

We recall in this section a few basic definitions and constructions related to the
theory of C∗-bundles.

Let us first fix a few notations for operators acting on Hilbert C∗-modules ([4, §13]).

Definition 2.1. Let B be a C∗-algebra and E a Hilbert B-module.
– For all ζ1, ζ2 ∈ E, we define the rank 1 operator θζ1,ζ2 acting on the Hilbert B-module
E by the relation

θζ1,ζ2(ζ) = ζ1〈ζ2, ζ〉 (ζ ∈ E). (2.1)

– The closed linear span of these operators is the C∗-algebra KB(E) of compact oper-
ators acting on the Hilbert B-module E.
– The multiplier C∗-algebra of KB(E) is (isomorphic to) the C∗-algebra LB(E) of con-
tinuous adjointable B-linear operators acting on E
– In case B = C, then E is a Hilbert space and we simply denote by L(E) and K(E)
the C∗-algebras LC(E) and KC(E). A basic example is the separable Hilbert space
ℓ2(N) of complex valued sequences (ai)i∈N which satisfy ‖(ai)‖

2 =
∑

i |ai|
2 <∞.

Let X be a compact Hausdorff space and let C(X) be the C∗-algebra of continuous
functions on X with values in the complex field C.

Definition 2.2. A C(X)-algebra is a C∗-algebra A endowed with a unital ∗-
homomorphism from C(X) to the centre of the multiplier C∗-algebra M(A) of A.
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For all x ∈ X, we denote by Cx(X) the ideal of functions f ∈ C(X) satisfying
f(x) = 0. We denote by Ax the quotient of A by the closed ideal Cx(X)A and by ax
the image of an element a ∈ A in the fibre Ax. Then the function

x 7→ ‖ax‖ = inf{‖[1− f + f(x)]a‖, f ∈ C(X)} (2.2)

is upper semi-continuous by construction. The C(X)-algebra is said to be continuous
(or to be a continuous C∗-bundle over X in [15], [6], [22]) if the function x 7→ ‖ax‖ is
actually continuous for all element a in A.

Examples 2.3. Given a C∗-algebra D, the spatial tensor product A = C(X) ⊗ D =
C(X;D) admits a canonical structure of continuous C(X)-algebra with constant fibre
Ax

∼= D. Thus, if A′ is a C∗-subalgebra of A stable under multiplication with C(X),
then A′ also defines a continuous C(X)-algebra. This is especially the case for separable
exact continuous C(X)-algebras: they always admit a C(X)-embedding in the constant
C(X)-algebra C(X;O2), where O2 is the Cuntz C∗-algebra ([7]).

Definition 2.4. ([5]) Given a continuous C(X)-algebra B, a continuous field of faithful
representations of a C(X)-algebra A on B is a C(X)-linear map π from A to the
multiplier C∗-algebra M(B) of B such that, for all x ∈ X, the induced representation
πx of the fibre Ax in M(Bx) is faithful.

Note that the existence of such a continuous field of faithful representations π implies
that the C(X)-algebra A is continuous since the function

x 7→ ‖ax‖ = ‖πx(ax)‖ = ‖π(a)x|| = sup{‖(π(a)b)x‖, b ∈ B such that ‖b‖ ≤ 1} (2.3)

is lower semi-continuous for all a ∈ A.
Conversely, any separable continuous C(X)-algebra A admits a continuous field of

faithful representations. More precisely, there always exists a unital positive C(X)-
linear map ϕ : A → C(X) such that all the induced states ϕx on the fibres Ax are
faithful ([6]). By the Gel’fand-Naimark-Segal (GNS) construction this gives a contin-
uous field of faithful representations of A on the continuous C(X)-algebra of compact
operators KC(X)(E) on the Hilbert C(X)-module E = L2(A,ϕ).

These constructions admit a natural extension to the framework of operator systems.
Indeed, for all Banach space V with a unital contractive homomorphism from C(X)
into the bounded linear operators on V , one can define the fibres Vx = V/Cx(X)V and
the projections v ∈ V 7→ vx := v + Cx(X)V ∈ Vx ([15], [10, §2.3]). Then the following
C(X)-linear version of Ruan’s characterization of operator spaces holds.

Proposition 2.5. Let W be a separable operator system which is a unital C(X)-
module such that, for all positive integer n and all w in Mn(W ), the map x 7→ ‖wx‖ is
continuous.

(i) Every unital completely positive map φ from a fibre Wx to Mn(C) admits a
C(X)-linear unital completely positive extension ϕ : W →Mn(C(X)).

(ii) There exist a Hilbert C(X)-module E and a C(X)-linear map Φ : W →
LC(X)(E) such that for all x ∈ X, the induced map from Wx to L(Ex) is com-
pletely isometric.
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Proof. (i) Let ζn ∈ C
n ⊗ C

n be the unit vector ζn = 1√
n

∑n
i=1 ei ⊗ ei. Then the state

w 7→ 〈ζn, (idn ⊗ φ)(w) ζn〉 on Mn(C) ⊗ Wx
∼= Mn(Wx) admits a C(X)-linear unital

positive extension toMn(W ) ([6], [10]). Thus, there is a C(X)-linear unital completely
positive (u.c.p.) map ϕ : W →Mn(C(X)) with ϕx = φ and ‖ϕ‖cb = ‖φ‖cb ([25], [34]).

(ii) The proof is the same as the one of Theorem 2.3.5 in [19]. Indeed, given a point
x ∈ X and an element w ∈Mk(W ), there exists, by lemma 2.3.4 and proposition 2.2.2
of [19], a u.c.p. map ϕx from Wx to Mk(C), such that

‖(ık ⊗ ϕx)(wx)‖ = ‖wx‖ ,

and one can extend ϕx to a C(X)-linear u.c.p. map ϕ : W →Mk(C(X)) by part (i).

For all n ≥ 1, let sn be the set of completely contractive C(X)-linear maps from W
to Mn(C(X)) and let s = ⊕n sn. Then the map w 7→ (ϕ(w))ϕ∈s defines an appropriate
C(X)-linear completely isometric representation of W . �

Remark 2.6. Let {Mn(W ), ‖ . ‖n} be a separable operator system such that W is a
continuous C(X)-module. Then the formula

‖w‖∼n = sup{‖〈ξ ⊗ 1, (1n ⊗ w) η ⊗ 1〉‖; ξ, η ∈ C
n ⊗ C

n unit vectors}

for w ∈ Mn(W ) defines an operator system structure on W satisfying the hypotheses
of Proposition 2.5.

The Proposition 2.5 also induces the following C(X)-linear Wittstock extension:

Corollary 2.7. Let X be a compact Hausdorff space, A a separable unital continuous
C(X)-algebra and let V be a C(X)-submodule of A.
Then any completely contractive map φ from a fibre Vx to Mk,l(C) admits a C(X)-

linear completely contractive extension ϕ : V →Mk,l(C(X)).

Proof. LetW be the C(X)-linear operator subsystem

[
C(X) V
V ∗ C(X)

]
ofM2(A) and

let φ̃ be the unital completely positive map from the fibre Wx to Mk+l(C) given by

φ̃(

[
α v′x
v∗x β

]
) =

[
α φ(v′x)

φ(vx)
∗ β

]
.

Let ζ = (k + l)−1/2
∑

i ei ⊗ ei ∈ C
k+l ⊗ C

k+l. Then the associated state ψ(d) =

〈ζ, (φ̃⊗ ı)(d)ζ〉 = 1
k+l

∑
i,j φ̃i,j(di,j) on Mk+l(Wx) admits a C(X)-linear unital positive

extension to Mk+l(W ) ([6]). Thus, there is a C(X)-linear completely contractive map
ϕ : V →Mk,l(C(X)) with ϕx = φ and ‖ϕ‖cb = ‖φ‖cb ([25], [34]). �

We end this section with a short proof of the implication γe) ⇒ αe) given in [22]
i.e. the characterization of the exactness of a C(X)-algebra A by assertion γe, if the
topological space X is perfect, i.e. without any isolated point.

γe) ⇒ αe) Given two C(X)-algebras A, B and a point x ∈ X, we have canonical

∗-epimorphisms qx : A
m
⊗B → (Ax

m
⊗B)x and q′x : (Ax

m
⊗B)x → Ax

m
⊗Bx. Further,

qx(f ⊗ 1 − 1 ⊗ f) = f(x) − f(x) = 0 for all f ∈ C(X). Hence qx factorizes through
A ⊗C(X) B if the C(X)-algebra A is continuous, by [5, proposition 3.1]. If B is also
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continuous and A satisfies γe), then (A
m
⊗

C(X)
B)x ∼= (Ax

m
⊗B)x ∼= Ax

m
⊗Bx and so the

C(X)-algebra Ax

m
⊗B is continuous at x. Thus, Corollary 3 of [13] implies that each

fibre Ax is exact (x ∈ X) and the equivalence between assertions (i) and (iv) in [22,
Thm. 4.6] entails that the C∗-algebra A itself is exact.

3. The full amalgamated free product

In this section, we study the continuity of the full free product amalgamated over
C(X) of two unital continuous C(X)-algebra ([26], [28]). By default all tensor products
and free products will be over C.

Definition 3.1. ([33]) Let X be a compact Hausdorff space and let A1, A2 be
two unital C(X)-algebras containing a unital copy of C(X) in their centres, i.e.
1Ai

∈ C(X) ⊂ Ai (i = 1, 2).
– The algebraic free product of A1 and A2 with amalgamation over C(X) is the unital
quotient A1 ⊛

C(X)
A2 of the algebraic free product of A1 and A2 over C by the two sided

ideal generated by the differences f1A1
− f1A2

, f ∈ C(X).

– The full amalgamated free product free product A1

f
∗

C(X)
A2 is the universal unital

enveloping C∗-algebra of the ∗-algebra A1 ⊛
C(X)

A2.

– Any pair (σ1, σ2) of unital ∗-representations of A1, A2 that coincide on their restric-
tions to C(X) defines a unital ∗-representation σ1 ∗ σ2 of A1 ⊛

C(X)
A2, the restriction of

which to Ai coincides with σi (i = 1, 2).

In particular, the two unital central copies of C(X) in A1 and A2 coherently define

a structure of C(X)-algebra on A1

f
∗

C(X)
A2 and by universality, we have:

∀ x ∈ X , (A1

f
∗

C(X)
A2)x ∼= (A1)x

f
∗
C

(A2)x . (3.1)

Remark 3.2. If we fix unital positive C(X)-linear maps ϕi : Ai → C(X) and we set
A◦

i = kerϕi for i = 1, 2, then the algebraic amalgamated free product A1 ⊛
C(X)

A2 is

(isomorphic to) the C(X)-module C(X) ⊕ ⊕
n≥1

⊕
i1 6=... 6=in

A◦
i1

⊗
C(X)

. . . ⊗
C(X)

A◦
in , which is a

∗-algebra for the product v.w := v ⊗ w and the involution (v.w)∗ = w∗.v∗.

Assume now that A1 and A2 are continuous C(X)-algebras. Then A1

f
∗

C(X)
A2 is also

a continuous C(X)-algebra as soon as both A1 and A2 are separable exact C
∗-algebras

thanks to an embedding property due to Pedersen ([26]):

Proposition 3.3. Let X be a compact Hausdorff space and A1, A2 two separable unital
continuous C(X)-algebras which are exact C∗-algebras.

Then the full amalgamated free product A1

f
∗

C(X)
A2 is a continuous C(X)-algebra.

5



Proof. For i = 1, 2, let πi be a C(X)-linear embedding of Ai into C(X;O2) (§2.3). Then

the induced C(X)-linear morphism π1 ∗ π2 from A1

f
∗

C(X)
A2 to the continuous C(X)-

algebra C(X;O2)
f
∗

C(X)
C(X;O2) = C(X;O2

f
∗O2), is injective by [26, Thm. 4.2]. �

This continuity property actually always holds (Theorem 3.7). In order to prove it,
let us first state the following Lemma which will enable us to reduce the problem to
the separable case. (Its proof is the same as in [10, 2.4.7].)

Lemma 3.4. Let X be a compact Hausdorff space, A1, A2 two unital C(X)-algebras and
a an element of the algebraic amalgamated free product A1 ⊛

C(X)
A2. Then there exist a

second countable compact Hausdorff space Y s.t. 1C(X) ∈ C(Y ) ⊂ C(X) and separable
C(Y )-algebras D1 ⊂ A1 and D2 ⊂ A2 s.t. a belongs to the ∗-subalgebra D1 ⊛

C(Y )
D2.

Let e1, e2, . . . be an orthonormal basis of ℓ2(N) and set ei,j := θei,ej for all i, j in
N

∗ := N \ {0} (see (2.1)) Note that ei,j is the rank 1 partial isometry such that
ei,jej = ei. Then the following critical Lemma holds:

Lemma 3.5. Let Y be a second countable compact space, D1, D2 two separable unital

continuous C(Y )-algebras and set D = D1

f
∗

C(Y )
D2.

If the element d belongs to the algebraic amalgamated free product D1 ⊛
C(Y )

D2, then

the function y 7→ ‖dy‖Dy
is continuous.

Proof. The map y 7→ ‖dy‖ is always upper semicontinuous by (3.1). So, it only remains
to prove that it is also lower semicontinuous if both the C(Y )-algebras D1 and D2 are
continuous.

Now, any element d in the algebraic amalgamated free product of D1 and D2 admits
by construction (at least) one finite decomposition (that we fix) in Mm(C)⊗D

e1,1 ⊗ d = d(1) . . . d(2n) (3.2)

for suitable integers m,n ∈ N and elements d(k) ∈ Mm(C)⊗Dιk (1 ≤ k ≤ 2n), where
ιk = 1 if k is odd and ιk = 2 otherwise.
Given a point y ∈ Y and a constant ε > 0, there exist unital ∗-representations Θ1,Θ2

of the fibres (D1)y, (D2)y on ℓ
2(N) and unit vectors ξ, ξ′ in e1⊗ ℓ

2(N) ⊂ C
m⊗ ℓ2(N) s.t.

‖dy‖ − ε <
∣∣∣〈ξ′,

[
e1,1 ⊗ (Θ1 ∗Θ2)(dy)

]
ξ〉
∣∣∣ . (3.3)

As the sequence of projections pk =
∑k

i=0 ei,i in K(ℓ2(N)) satisfies lim
k→∞

‖(1− pk)ζ‖ = 0

for all ζ ∈ ℓ2(N), a finite induction implies that there is an integer l ∈ N such that
‖(1 ⊗ pl)ξ‖ 6= 0, ‖(1 ⊗ pl)ξ

′‖ 6= 0 and the two u.c.p. maps φi( . ) = plΘi( . )pl on the
fibres (Di)y (i = 1, 2) satisfy:

∣∣〈ξ′l,
[
e1,1 ⊗ (Θ1 ∗Θ2)(dy)− (id⊗ φι1)(d(1)y) . . . (id⊗ φι2n)(d(2n)y)

]
ξl〉

∣∣ < ε (3.4)
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where ξl = (1 ⊗ pl)ξ/‖(1 ⊗ pl)ξ‖ and ξ′l = (1 ⊗ pl)ξ/‖(1 ⊗ pl)ξ
′‖ are unit vectors in

C
m ⊗ C

l+1 which are arbitrarily close to ξ and ξ′, respectively, for sufficiently large l.

Let ζl ∈ C
l ⊗ C

l be the unit vector ζl =
1√
l

∑
1≤k≤l ek ⊗ ek. For each i, the state

e 7→ 〈ζl, (id⊗ φi)(e) ζl〉 on Ml(C)⊗ (Di)y associated to φi admits a unital C(Y )-linear
positive extension Ψi : Ml(C) ⊗ Di → C(Y ) ([6]). If (Hi, ηi, σi) is the associated
GNS-Kasparov construction, then every di ∈ Di satisfies

〈1l ⊗ ηi, (id⊗ σi)(θζl,ζl ⊗ di)1l ⊗ ηi〉(y) = (id⊗Ψi)(θζl,ζl ⊗ di)(y) = φi((di)y) (3.5)

Let σ = σ1 ∗ σ2 be the ∗-representation of the full amalgamated free product D on the
amalgamated pointed free product C(Y )-module (H, η) = ∗C(Y )(Hi, ηi) ([33]). Then

∣∣〈ξ′l ⊗ η, e1,1 ⊗ σ(d) ξl ⊗ η〉
∣∣(y) =

∣∣〈ξ′l ⊗ η, (id⊗ σ)(d(1)) . . . (id⊗ σ)(d(2n))ξl ⊗ η〉
∣∣(y)

=
∣∣〈ξ′l, (id⊗ φι1)(d(1)y) . . . (id⊗ φι2n)(d(2n)y)ξl〉

∣∣
> ‖dy‖ − 2ε

And so, ‖dy‖ − 2ε <
∣∣∣〈ξ′l ⊗ η, e1,1 ⊗ σ(d) (1⊗ pl)ξl ⊗ η〉

∣∣∣(z) ≤ ‖dz‖ for all point z in an

open neighbourhood of y in Y by continuity. �

Remark 3.6. The referee pointed out that the inequality (3.4) cannot be replaced by
a norm inequality like

∥∥e1,1⊗(Θ1∗Θ2)(dy)−(id⊗φι1)(d(1)y) . . . (id⊗φι2l)(d(2l)y)
∥∥ < ε′.

Indeed, if for instance p ∈ A = M2(C) is the projection p = 1√
2

[
1 1
1 1

]
, then

e1,1 . e2,2 = 0 but p e1,1 p e2,2 p = 2−3/2p 6= 0 .

Theorem 3.7. Let X be a compact Hausdorff space and let A1, A2 be two unital con-

tinuous C(X)-algebras. Then the full amalgamated free product A = A1

f
∗

C(X)
A2 is a

continuous C(X)-algebra with fibres Ax = (A1)x
f
∗(A2)x (x ∈ X).

Proof. The C(X)-algebra A has fibre Ax = (A1)x
f
∗(A2)x at x ∈ X by (3.1). Hence

it is enough to prove that for all a in the dense algebraic amalgamated free product
A1 ⊛

C(X)
A2 ⊂ A, the map x 7→ ‖ax‖ is lower semi-continuous.

Let a be such an element and choose a finite decomposition e1,1 ⊗ a = a1 . . . a2n ∈
Mm(C)⊗A, where m,n ∈ N and ak belongs to Mm(C)⊗A1 or Mm(C)⊗A2 according
to the parity of k. By Lemma 3.4, there exist a separable unital C∗-subalgebra C(Y ) ⊂
C(X) containing the unit 1C(X) of C(X) and separable unital C∗-subalgebras D1 ⊂ A1

and D2 ⊂ A2 such that each Di is a continuous C(Y )-algebra and all the ak belong to
Mm(C)⊗D1 or Mm(C)⊗D2 according to the parity of k. And so a also belongs to the

full free product D = D1

f
∗

C(Y )
D2 which admits a C(Y )-linear embedding in A1

f
∗

C(X)
A2

([26, Thm. 4.2]). Hence it is enough to prove that the map y ∈ Y 7→ ‖ay‖Dy
is also

lower semicontinuous. But this follows from Lemma 3.5. �
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4. The reduced amalgamated free product

Let us now study the continuity properties of certain reduced amalgamated free
product over C(X) of two unital continuous C(X)-algebras ([32], [33]).
The main result of this section is the following:

Theorem 4.1. Let X be a compact Hausdorff space and let A1, A2 be two unital contin-
uous C(X)-algebras. For i = 1, 2, let φi : Ai → C(X) be a unital projection such that
for all x ∈ X, the induced state (φi)x on the fibre (Ai)x has faithful GNS representation.

If the C∗-algebra A1 is exact, then the reduced amalgamated free product

(A, φ) = (A1, φ1) ∗
C(X)

(A2, φ2)

is a continuous C(X)-algebra with fibres (Ax, φx) = ((A1)x, (φ1)x) ∗ ((A2)x, (φ2)x).

The proof is similar to the one used by Dykema and Shlyakhtenko in [17, §4] to
prove that a reduced free product of exact C∗-algebras is exact. We shall accordingly
omit details except where our proof deviates from theirs.

Lemma 4.2. Let A be a C(X)-algebra and J ⊳ A be a closed two sided ideal in A. If
the two C(X)-algebras J and A/J are continuous, then A is also continuous.

Proof. The canonical C(X)-linear representation π of A on J⊕A/J is a continuous field
of faithful representations. Indeed, if a ∈ A satisfies πx(ax) = 0 for some x ∈ X, then
(aa′ + J)x = 0 for all a′ ∈ A, hence (a + J)x = 0, i.e. ax ∈ Jx. Now axhx = (ah)x = 0
for all h ∈ J and so ax = 0. �

Remark 4.3. The continuity of the C(X)-algebra A does not imply the continuity
of the quotient A/J . In fact, any C(X)-algebra B is the quotient of the constant
C(X)-algebra A = C(X;B) = C(X)⊗B by the (closed) two sided ideal C∆.A, where
C∆ ⊂ C(X ×X) is the ideal of functions f which satisfy f(x, x) = 0 for all x ∈ X.

Lemma 4.4. Let B be a unital C(X)-algebra and E a full countably generated Hilbert
B-module. Then B is a continuous C(X)-algebra if and only if the C(X)-algebra
KB(E) of compact operators acting on E (Definition 2.1) is continuous.

Proof. The C∗-algebra B and KB(E) are stably isomorphic by Kasparov stabilisation
theorem ([4, Thm. 13.6.2]), i.e. there is a B-linear isomorphism

K(ℓ2(N))⊗ B ∼= KB(ℓ
2(N)⊗ E)) ∼= K(ℓ2(N))⊗KB(E) ([4, Ex. 13.7.1]).

Note that this isomorphism are also C(X)-linear since 1B ∈ C(X) ⊂ B. As the C∗-
algebra K(ℓ2(N)) is nuclear, the Theorem 3.2 of [22] implies the equivalence between
the continuity of the C(X)-algebras B, K(ℓ2(N))⊗ B and KB(E). �

Given a C∗-algebra B and a Hilbert B-bimodule E, recall that the full Fock Hilbert
B-bimodule associated to E is the sum FB(E) = B⊕E⊕(E⊗BE)⊕. . . =

⊕
n∈N E(⊗B)n

and that for all ζ ∈ E, the creation operator ℓ(ζ) ∈ LB(FB(E)) is defined by

• ℓ(ζ)b = ζb for b ∈ B =: E0 and
• ℓ(ζ) (ζ1 ⊗ . . .⊗ ζk) = ζ ⊗ ζ1 ⊗ . . .⊗ ζk for ζ1, . . . , ζk ∈ E .

(4.1)
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Then the Toeplitz C∗-algebra TB(E) of the Hilbert B-module E (called extended Cuntz-
Pimsner algebra in [17]) is the C∗-subalgebra of LB(FB(E)) generated by the operators
ℓ(ζ), ζ ∈ E ([27]).

Lemma 4.5. Let B be a unital C(X)-algebra and let E be a countably generated Hilbert
B-bimodule such that the left module map B → LB(E) is injective and satisfies

f.ζ = ζ.f for all ζ ∈ E and f ∈ C(X) . (4.2)

Then the Toeplitz C(X)-algebra TB(E) of E is a continuous C(X)-algebra with fibres
TBx

(Ex) if and only if the C(X)-algebra B is continuous.

Under the assumption of this Lemma, the canonical ∗-monomorphism B → Πx∈XBx

induces for any Hilbert B-module F a ∗-homomorphism a 7→ a⊗1 from the C∗-algebra
KB (F ) of compact operators acting on the Hilbert module F to the tensor product
KB(F ) ⊗B (Πx∈XBx) ∼= Πx∈X KBx

(F ⊗B Bx). And this map is injective as soon as
there is a B-linear decomposition F ∼= B ⊕ F ′ for some Hilbert B-module F ′. After
passing to the multiplier C∗-algebras, this gives for F = FB(E) a ∗-monomorphism
Θ = (Θx):

LB(FB(E)) = M
(
KB(FB(E))

)
→֒ Π

x∈X
M

(
KBx

(FBx
(Ex))

)
= Π

x∈X
LBx

(FBx
(Ex)) ,

where Ex is the Hilbert Bx-module Ex = E ⊗B Bx
∼= E/Cx(X)E for all x ∈ X.

Note that for all ζ ∈ E and x ∈ X, we have ℓ(ζ)Cx(X)FB(E) ⊂ Cx(X)FB(E) by
(4.2) and so the element Θx(ℓ(ζ)) satisfies the same creation rules (4.1) as the creation
operator ℓ(ζx), where ζx = ζ⊗1Bx

∈ Ex. So, the restriction of Θ to TB(E) takes values
in the product Π

x∈X
TBx

(Ex).

Proof of Lemma 4.5. The continuity of the C(X)-algebra TB(E) clearly implies the
continuity of the C(X)-algebra B since B embeds C(X)-linearly in TB(E).

Suppose conversely that the C(X)-algebra B is continuous. Let Ẽ be the full count-

ably generated Hilbert B-bimodule Ẽ = E ⊕ B. Then the C(X)-algebra KB(FB(Ẽ))

of compact operators acting on the Hilbert B-module FB(Ẽ) is a continuous C(X)-
algebra by Lemma 4.4. Hence it is enough to prove that the Toeplitz C∗-algebra

TB(Ẽ) admits a continuous field of faithful representations TB(Ẽ) → LB(FB(Ẽ)) =

M(KB(FB(Ẽ))) since TB(E) embeds in TB(Ẽ) = TB(E ⊕ B) ([27] or [17, §4]).

Step 1. Let β be the action of the group T = R/Z on TB(Ẽ) determined by

βt(ℓ(ζ)) = e2iπtℓ(ζ) for ζ ∈ Ẽ. Then the fixed point C∗-subalgebra A under this action

is a continuous C(X)-algebra and the map Ax → TBx
(Ẽx) is injective for all x ∈ X.

Define the increasing sequence of B-subalgebra An ⊂ A generated by the words
of the form w = ℓ(ζ1) . . . ℓ(ζk) ℓ(ζk+1)

∗ . . . ℓ(ζ2k)
∗ with k ≤ n. Let also A0 = B. As

A = ∪An, it is enough to prove that each An is continuous with appropriate fibres.

Let Ẽ0 = B and Ẽn = Ẽ⊗B . . .⊗B Ẽ = Ẽ(⊗B)n for n ≥ 1. Define also the projection

Pn ∈ LB(FB(Ẽ)) on the Hilbert B-bimodule Fn = ⊕0≤k≤nẼk. Then the C(X)-linear
completely positive map a ∈ An 7→ PnaPn is faithful. Further, the kernel of the
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composition of that map with the restriction map Fn = Fn−1 ⊕ Ẽn → Fn−1 is the
B-module generated by the words w = ℓ(ζ1) . . . ℓ(ζn) ℓ(ζn+1)

∗ . . . ℓ(ζ2n)
∗ of length 2n,

which isomorphic to KB(Ẽn). Hence, we have by induction C(X)-linear split exact
sequences

0 → KB(Ẽn) → An → An−1 → 0 , (4.3)

and so, each C(X)-algebra An is continuous by lemma 4.2.

Step 2. The Toeplitz C∗-algebra TB(Ẽ) is isomorphic to the crossed product A⋊α N,
where α : A → A is the injective C(X)-linear endomorphism α(a) = LaL∗, with L =

ℓ(0⊕ 1B) ([17, Claim 3.3]). Hence TB(Ẽ) is a continuous field with fibres
(
TB(Ẽ)

)
x
∼=

Ax ⋊N ∼= TBx
(Ẽx) for x ∈ X.

The C∗-algebra TB(Ẽ) is generated by A and L. Hence it is isomorphic to the
C(X)-algebra A⋊α N ([17, claim 3.4]). Let us now study the continuity question.

Let Ä be the inductive limit of the system A
α
→A

α
→ . . . with corresponding C(X)-

linear monomorphisms µn : A → Ä (n ∈ N). It is a continuous C(X)-algebra since⋃
n µn(A) is dense in Ä and the map x ∈ X 7→ ‖µn(a)x‖ = ‖ax‖ is continuous for

all (a, n) ∈ A × N. Let α̈ : Ä → Ä be the C(X)-linear automorphism given by
α̈
(
µn(a)

)
= µn

(
α(a)

)
, with inverse µn(a) 7→ µn+1(a). Then the crossed product Ä⋊α̈Z

is continuous over X since the group Z is amenable ([30]). Hence, if p ∈ Ä is the

projection p = µ0(1A), the hereditary C(X)-subalgebra p
(
Ä⋊α̈ Z

)
p =: A⋊α N ([17])

is also continuous with fibres Ax ⋊αx
N (x ∈ X). �

Proof of Theorem 4.1. By density, it is enough to study the case of elements a in
the algebraic amalgamated free product A1 ⊛

C(X)
A2. But, for any such a, there are

separable unital C∗-subalgebras C(Y ) ⊂ C(X), D1 ⊂ A1 and D2 ⊂ A2 with same
units such that a also belongs to D1 ⊛

C(Y )
D2 by Lemma 3.4. And the reduced free

product (D1, φ1) ∗
C(Y )

(D2, φ2) embeds C(X)-linearly in (A, φ) = (A1, φ1) ∗
C(X)

(A2, φ2)

by [9, Thm. 1.3]. Further, any C∗-subalgebra of an exact C∗-algebra is exact.Thus,
one can assume in the sequel that the compact Hausdorff space X is second countable
and that the C(X)-algebras A1, A2 are separable C∗-algebras.

If the C∗-algebra A1 is exact, then the C(X)-algebra B = A1 ⊗
C(X)

A2 is continuous

with fibres Bx = (A1)x
m
⊗(A2)x by γe), and the conditional expectation ρ = φ1 ⊗ φ2 :

B → C(X) is a continuous field of states on B such that each ρx has faithful GNS
representation (x ∈ X).

Let E be the full countably generated Hilbert B,B–bimodule L2(B, ρ)⊗C(X) B and

let FB(E) = B⊕

(
L2(B, ρ) ⊗

C(X)
B

)
⊕

(
L2(B, ρ) ⊗

C(X)
L2(B, ρ) ⊗

C(X)
B

)
⊕ . . . be its full

Fock bimodule. Let also ξ = Λφ(1)⊗1 ∈ E. As observed in [17, Claim 3.3], the Toeplitz
C∗-algebra TB(E) ⊂ LB(FB(E)) is generated by the left action of B on FB(E) and
the operator ℓ(ξ), because ℓ(b1ξb2) = b1ℓ(ξ)b2 for all b1, b2 in B.
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Consider the conditional expectation E : TB(E) → B defined by compression
with the orthogonal projection from FB(E) into the first summand B ⊂ FB(E).
Then Theorem 2.3 of [29] implies that B and the C(X)-algebra generated by the non
trivial isometry ℓ(ξ) are free with amalgamation over C(X) in (TB(E), ρ ◦ E) because
ℓ(ξ)∗ b ℓ(ξ) = ρ(b) for all b ∈ B.

By [29], the restriction of E to the C∗-subalgebra C∗(ℓ(ξ)) ⊂ TB(E) takes values in
C(X) and there exists a unitary u ∈ C∗(ℓ(ξ)) s.t. E(uk) = 0 for every non-zero integer
k. The two embeddings πi : Ai → TB(E) (i = 1, 2) given by π1(a1) = u (a1⊗1) u−1 and
π2(a2) = u2 (1⊗a2) u

−2 have free images in (TB(E), ρ◦E). Thus they generate a C(X)-
linear monomorphism π : A →֒ TB(E) extending each πk and satisfying ρ ◦ E ◦ π = φ
(Lemma 4.1 and Proposition 4.2 of [17], or [9]). Above Lemma 4.5 entails that A is a
continuous C(X)-algebra with fibre at x ∈ X its image in TBx

(Ex), i.e. the reduced
free product ((A1)x, (φ1)x) ∗ ((A2)x, (φ2)x). �

Remark 4.6. The existence of an embedding of A1 in C(X;O2) cannot give a direct
proof of Theorem 4.1 since there is no C(X)-linear Hahn-Banach theorem ([7, 4.2]).

Corollary 4.7. Any separable unital continuous C(X)-algebra A admits a C(X)-linear

unital embedding into a unital continuous field Ã with simple fibres.

Proof. Let φ : A → C(X) be a C(X)-linear unital map such that each induced state
φx : Ax → C is faithful. Then, the reduced free product

(Ã,Φ) = (A⊗ C
2;φ⊗ tr2) ∗C(X) (C(X)⊗ C

3; id⊗ tr3)

is continuous by Proposition 4.1, and it has simple fibres ([2], [3]). �

Corollary 4.8. Let X be a second countable perfect compact space and A1 a unital
separable continuous C(X)-algebra. Then the following assertions are equivalent.

α) The C∗-algebra A1 is exact.
β) For all unital separable continuous C(X)-algebra A2 and all continuous fields

of faithful states φ1 and φ2 on A1 and A2, the reduced amalgamated free prod-
uct (A, φ) = (A1, φ1) ∗

C(X)
(A2, φ2) is a continuous C(X)-algebra with fibres

(Ax, φx) = ((A1)x, (φ1)x) ∗ ((A2)x, (φ2)x).

Proof. We only need to prove the implication β) ⇒ α) since the reverse implication
has already been proved in Theorem 4.1.

Now, if a pair (A2, φ2) satisfies the hypotheses of β) and we define the C(X)-algebra
B := A1 ⊗C(X) A2, the C(X)-linear projection ρ = φ1 ⊗ φ2 : B → C(X) and the
Hilbert B-module E = L2(B, ρ) ⊗C(X) B, then we have a C(X)-linear isomorphism
A ⋊α N ∼= TB(E ⊕ B) (Step 2 of Lemma 4.5). Hence, the Toeplitz C(X)-algebra
TB(E ⊕ B) is continuous since the group Z is amenable (see e.g. [30]). And so, the
amalgamated tensor product A1 ⊗C(X) A2 is a continuous C(X)-algebra for any unital
separable continuous C(X)-algebra A2 (Lemma 4.5). But this implies the exactness of
the C∗-algebra A1 if the metrizable space X is perfect ([11, Theorem 1.1]). �

Remark 4.9. Corollary 4.8 does not always hold if the space X is not perfect. For
instance, if X is reduced to a point, then the reduced amalgamated free product of A1

and A2 is always continuous.
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