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Continuous-time limit of dynamic games with incomplete

information and a more informed player.

Fabien Gensbittel∗

November 28, 2013

Abstract

We study a model of two-player, zero-sum, dynamic game with incomplete information
on one side in which the players receive exogenous information about the payoff-relevant
state variable during the play. We assume that one of the players is always more informed
than his opponent and that signals observed during the play correspond to the observation
of some continuous-time Markov process at some fixed times on a finite grid. We show the
existence of a limit value as the players play more and more frequently, and we provide two
different characterizations for this value: through a stochastic optimization problem and
through a variational inequality, related to some second-order Hamilton-Jacobi equation
in some particular cases.
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1 Introduction.

This paper contributes to the literature on dynamic games with incomplete information, by
introducing exogenous time-evolving constraints on information into the classical model of
zero-sum repeated games with incomplete information.

A key feature appearing in recent contributions to the field of zero-sum dynamic games is
the interplay between discrete-time and continuous-time dynamic models, as in Cardaliaguet-
Laraki-Sorin [13], Neyman [44] or Cardaliaguet-Rainer-Rosenberg-Vieille [12], where the au-
thors consider sequences of discrete-time dynamic games in which the players play more an
more frequently. Such an analysis is often related to the study of a sequence of discretiza-
tions in time of a given continuous-time dynamic game. In the present work, we follow this
approach in order to study a sequence of discrete-time zero-sum dynamic games where one
player is always more informed than is opponent and where the inflow of information evolves
according to an exogenous Markov process.

However, we depart from several papers (see e.g. Renault [45], Neyman [42], Gensbittel-
Renault [23], Cardaliaguet-Rainer-Rosenberg-Vieille [12]) focusing on models with incomplete
information and evolving types, i.e. where the unknown payoff-relevant parameters of the
game are partially unknown and evolve over time (for example in [45], the stage payoffs
depend on the current value of some Markov chain and one player observes this variable while
his opponent only observes past actions). In the present work, we consider a model with
only one payoff-relevant variable which is not evolving over time, but we introduce a different
time-evolving feature by allowing players to learn information about this variable during the
game through a sequence of signals. Precisely, we consider a sequence of discrete-time games
with incomplete information and perfect observation of actions, where stages occur at times
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(tq)q=0,...,n for some finite grid (tq)q=0,...,n in [0, 1]. At each stage, the more informed player
(say player 1) observes a pair of signals (Xtq , Ytq) while the less informed player (player 2)
only observes Ytq , where (Xt, Yt)t∈[0,1] is an exogenous continuous-time Markov process. The
stage payoff function is assumed to depend on actions of both players, and on the final value
of the Markov process (X1, Y1). We assume that the stage payoffs are not observed and we
analyze the limit of these games as the players play more and more frequently.

Let us briefly recall the exchange game introduced in De Meyer [16], which adapted to the
present framework provides an interesting interpretation: Yt is the price of some risky asset
at time t, and the evolution of this price process depends on some auxiliary process Xt (we
will analyze the case where Y is a real-valued Itô process whose drift component at time t
depends on Xt). The informed player has access to the private signal Xt and to a public signal
Yt and is facing an opponent (which may also be seen as an aggregation of small players),
having only access to the public signal Yt. The decisions of the informed player are observed
and therefore modify the evolution of public beliefs about the future evolution of the price
process Y . The overall payoff of the game is the expected terminal value of the portfolio of
the informed player, portfolio composed by shares of some risk neutral asset and shares of
different European derivatives on R with maturity date t = 1. Each stage of the game results
in an exchange of shares of these assets between the players, so that the expected benefit
resulting from this exchange depends on the value of the risky asset at the maturity date
t = 1, which explains why we assume that the realized stage payoffs are not observed (players
can only compute their expected payoff conditionally on their information after each stage).

We provide two characterizations for the limit value of these games as the mesh of the
partition of [0, 1] induced by the grid (tq)q=0,...,n goes to zero: The first one is a proba-
bilistic representation formula, which was first introduced by De Meyer in [16] for a class
discrete-time financial games and later extended to particular classes of differential games (see
Cardaliaguet-Rainer [10, 11] and Grün [25, 24]), to repeated games games with infinite action
spaces (see Gensbittel [21]), and more recently to continuous-time limits of Markov Games
in Cardaliaguet-Rainer-Rosenberg-Vieille [12]. This representation formula is important as
it provides a characterization of optimal processes of revelation (martingales of posteriors
induced by optimal strategies). We first prove such a formula for the discrete-time games we
analyze and then we pass to the limit by using a new result on the maximal norm-variation
of measure-valued martingales. The problem of maximal norm-variation of martingales is in-
timately related with the asymptotic analysis of dynamic games with incomplete information
on one side, and was already studied by Mertens and Zamir [40], De Meyer [15, 16], Neyman
[43] and more recently Sandomirskyi [46]. We provide an upper bound for the maximal norm-
variation of martingales taking values in measure over infinite spaces which differs from [46] in
the sense that we consider the variation with respect to the Wasserstein norm instead of the
total variation norm, obtaining thus stronger upper bounds at the cost of reducing the class
of games for which this result applies (we ask for Lipschitz-continuity of the payoff function
with respect to the state variable). The second characterization is a general variational char-
acterization based on a dynamic programming principle in continuous-time. We apply this
variational characterization to the particular case where Y is an Itô process whose drift pa-
rameter depends on some continuous-time Markov chain Xt. The limit value function is then
proved to be the smallest concave supersolution of some PDE defined on a finite-dimensional
simplex. This is to relate with the two equivalent PDE characterizations (dual solution or
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solution of an obstacle problem) for the value function of differential games with incomplete
information introduced by Cardaliaguet in [7, 8], and generalized in Cardaliaguet-Rainer [9],
Grün [24] and Cardaliaguet-Rainer-Rosenberg-Vieille [12], as the the notion of dual solution
is proved to be equivalent to the characterization as the smallest concave supersolution for a
particular case in [11].

Finally, we also study a simple example in which the less informed player does not receive
any signals, and for which we provide a more explicit formula for the limit value, based on
the concavification operator. This formula relates our results to the classical Cav(u) theorem
of Aumann and Machler [3].

2 Main results.

Let us at first describe the continuous-time game we will approximate. This description
is incomplete as we do not define strategies in continuous-time. Rather, we define below
strategies in the different time-discretizations of this game adapted to finite partitions of the
time interval [0, 1]. The notion of value for this game will therefore be the limit value along
any sequence of discretizations when the mesh of the corresponding partitions go to zero.
Precisely, we will prove that this value exists and is independent of the chosen sequence.

The following data are fixed throughout the paper, possible extensions (more general payoff
functions, inhomogeneous processes...) are discussed in section 9.

• I, J are Polish spaces and denote the action sets of players 1 and 2 respectively.

• X and Y are Polish spaces, and Z := X × Y is equipped with the complete metric d.

• g(z, i, j) : Z × I × J → [0, 1] is a measurable payoff function.

• (Zs)s≥t0 = (Xs, Ys)s≥t0 is an homogeneous Z-valued Markov process with initial law ν
and transition probabilities (Ps)s≥0.

Notation 2.1. For any topological space E, Cb(E) denotes the set of real-valued bounded
continuous functions on E, ∆(E) denotes the set of Borel probability distributions on E
endowed with the weak topology generated by Cb(E) and the associated Borel σ-algebra. δx
denotes the Dirac measure on x ∈ E. Finite sets are endowed with the discrete topology and
Cartesian products with the product topology.

All the results are proved under the following assumption.

Hypothesis 2.2.

H1 g is Lipschitz with respect to z ∈ Z, uniformly in (i, j) ∈ I × J (for convenience, the
Lipschitz constant is assumed to be equal to 1).

Let us consider the following (heuristic) game, played on the time interval [t0, 1]:

• Player 1 observes the trajectory of Z = (X,Y ).

• Player 2 observes only the trajectory of Y .
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• They play the game G(t0, ν) with total expected payoff:

E[

∫ 1

t0

g(Z1, is, js)ds],

where is (resp. js) denote the action of player 1 at time s (resp. of player 2).

• Actions are observed during the game (and potentially convey relevant information).

We aim at studying how information is used by the informed player when playing optimally.
In order to achieve this goal, we introduce a sequence of time-dicretizations of this game. For
simplicity, and without loss of generality, let us fix t0 = 0 and consider for all n ∈ N∗, the
uniform partition of [0, 1] of mesh 1

n . The corresponding discrete-time game, denoted Gn(ν)
proceeds as follows:

• (Zt)t≥0 is an homogeneous Markov process with initial law ν.

• The variable Z q

n
= (X q

n
, Y q

n
) is observed by player 1 before stage q for q = 0, ..., n− 1.

• The variable Y q

n
is observed by player 2 before stage q for q = 0, ..., n− 1.

• At each stage, both players choose simultaneously a pair of actions (iq, jq) ∈ I × J .

• Chosen actions are observed after each stage.

• Stage payoff of player 1 equals g(Z1, iq, jq) (realized stage payoffs are not observed).

The description of the game is common knowledge and we consider the game played in be-
havior strategies: at round q (q = 0, ..., n − 1), player 1 and player 2 select simultaneously
and independently an action iq ∈ I for player 1 and jq ∈ J for player 2 using some lotteries
depending on their information and past observations.

Formally, a behavior strategy σ for player 1 is a sequence (σ0, ..., σn−1) of transition proba-
bilities:

σq : (Z × I × J)q ×Z → ∆(I),

where σq(Z0, i0, j0, ..., Z q−1
n

, iq−1, jq−1, Z q

n
) denotes the lottery used to select the action iq

played at round q by player 1 when past actions played during the game are (i0, j0, ..., iq−1, jq−1)
and the sequence of signals he received is (Z0, ..., Z q

n
). Let Σn denote the set of behavior

strategies for player 1.

Similarly, a behavior strategy τ for player 2 is a sequence (τ0, ..., τn−1) of transition probabil-
ities depending only of his past observations

τq : (Y × I × J)q → ∆(J).

Let Tn denote the set of behavior strategies for player 2.

A triplet (ν, σ, τ) induces by Tulcea’s theorem (see e.g. theorem 5.17 in [30]) a unique proba-
bility P(ν,σ,τ) ∈ ∆(Zn × In × Jn). The payoff function in Gn(ν) is defined by

γn(ν, σ, τ) := EP(ν,σ,τ)


 1

n

n−1∑

q=0

g(Z1, iq, jq)


 .
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The (lower) value of this game is defined by

Vn(ν) := sup
σ∈Σn

inf
τ∈Tn

γn(ν, σ, τ).

Remark 2.3. One may add ad hoc compactness and continuity assumptions in order for the
value to exist (i.e. that the sup and inf commute in the above formula), and in this case
all the following results may be expressed in terms of value functions. We chose to keep the
formulation using the lower value since our results do not require the existence of the value.
Moreover, the proof of the same kind of results for the upper value functions may rely on
different tools as shown in [21]. Let us also mention that for this reason, optimal strategies
of the informed player are understood as strategies guaranteeing the lower value.

Let us now describe an important auxiliary one shot game denoted Γ(ξ) where ξ ∈ ∆(∆(Z)).
Consider a pair of random variables (Z, µ) ∈ Z×∆(Z) where µ has law ξ and the conditional
law of Z given µ is precisely equal to µ. The game Γ(ξ) proceeds as follows: player 1 observes
the signal µ, player 2 does not observe any signal, both players choose simultaneously actions
(i, j) ∈ I×J , and the realized payoff of player 1 is g(Z, i, j). Given a strategy σ : ∆(Z) → ∆(I)
for player 1 and a strategy τ ∈ ∆(J) of player 2, the triplet (ξ, σ, τ) induces a probability
distribution over Z ×∆(Z)× I × J denoted P(ξ, σ, τ). By construction, the expected payoff
of player 1 is equal to:

EP(ξ,σ,τ)[g(Z, i, j)] = EP(ξ,σ,τ)[EP(ξ,σ,τ)[g(Z, i, j)|µ, i, j]] = EP(ξ,σ,τ)[

∫

Z
g(z, i, j)dµ(z)].

Let us denote W the lower value of this game, defined on ∆(∆(Z)) by the relation

W (ξ) := sup
σ:∆(Z)→∆(I)

inf
τ∈∆(J)

EP(ξ,σ,τ)[

∫

Z
g(z, i, j)dµ(z)],

where the supremum is taken over all the measurable maps σ.

We also need to consider the lower value function U of the non-revealing game, which is a
modification of Γ(ξ) in which player 1 cannot use his information. Precisely,

U(ξ) := sup
σ∈∆(I)

inf
τ∈∆(J)

EP(ξ,σ,τ )[

∫

Z
g(z, i, j)dµ(z)].

Note that since σ does not depend on µ, the above expression depends on ξ only through the
barycenter1 of ξ denoted µ := Bar(ξ). Precisely, it induces a function u defined on ∆(Z) by
the relation

u(µ) := U(ξ).

This function coincides with the classical function u appearing in the well-known Cav(u)
theorem of Aumann and Maschler and may also be seen as the instantaneous value function
of the continuous-time game described above.

As we will manipulate conditional laws extensively, we introduce a specific notation in order
to shorten several statements and proofs.

1see Definition 3.1
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Notation 2.4. Let E be a Polish space and A be an E-valued random variable defined on
some probability space (Ω,A,P).

• JAK denotes the law of A.

• Given a σ-field F ⊂ A, JA | FK denotes a version of the conditional law of A given F ,
hence an F-measurable random variable with values in ∆(E) (see e.g. [4] Proposition
7.26 for this last point).

In order to state the first main result, we need the following definitions.

Definition 2.5. Let (Ω,A,P) a probability space and F ,G,H three sub σ-fields of A. F and
G are conditionally independent given H if

∀F ∈ F , ∀G ∈ G, P(F ∩G|H) = P(F |H)P(G|H).

This relation is denoted F ∐
H G and the definition extends to random variables by considering

the σ-fields they generate.

Usual properties of conditional laws and conditional independence are recalled in section 4.

Definition 2.6. Given two filtrations (Fq,Gq)q=0,...,n on the probability space (Ω,A,P), we
say that (Fq)q=0,...,n is non-anticipative with respect to (Gq)q=0,...,n if

∀q = 0, ..., n− 1, Fq

∐

Gq

Gn.

We may replace filtrations by random processes (Aq, Bq)q=0,...,n (with values in some Pol-
ish spaces) defined on (Ω,A,P) in the definition by considering the natural filtrations they
generate. For example, (Aq)q=0,...,n is non-anticipative with respect to (Bq)q=0,...,n if

∀q = 0, ..., n− 1, (A0, ..., Aq)
∐

B0,...,Bq

(B0, ..., Bn).

The following theorem is proved in section 4.

Theorem 2.7.

∀ν ∈ ∆(Z), Vn(ν) =
1

n
sup

(Z̃n
q ,πq ,Fq)q=0,...,n∈Bn(ν)

Ψn((Z̃
n
q , πq,Fq)q=0,...,n). (2.1)

where

Z̃n
q = (X̃n

q , Ỹ
n
q ), Ψn((Z̃

n
q , πq,Fq)q=0,...,n) := E[

n−1∑

q=0

W (Jπq | Fq−1, Ỹ
n
q K)], (2.2)

and the supremum is taken over the collection Bn(ν) of filtered probability spaces
(Ω,A, (Fq)q=0,...,n,P) and variables (Z̃n

q , πq)q=0,...,n defined on Ω such that:

• (Z̃n
q )q=0,...,n has the same law as (Z q

n
)q=0,...,n (Z denotes a Markov process with initial

law ν),
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• the filtration (Fq)q=0,...,n is non-anticipative with respect to (Z̃n
q )q=0,...,n,

• for all q = 0, ..., n, Ỹ n
q is Fq-measurable and πq = JZ̃n

n |FqK.

Let us comment briefly this result. We generalize here the idea introduced in [16] that
the problem the informed player is facing can be decomposed into two parts: at first he may
decide how information will be used during the whole game, and then maximize his payoff
under this constraint. To apply this method of decomposition, we need to identify precisely
the set Bn(ν) of achievable processes of revelations (martingales of posterior beliefs on Z1 of
the less informed player). The filtration (Fq)q=0,...,n represents information of player 2. The
condition of non-anticipativity reflects the fact that player 2 cannot receive any information
on the process Z which is not known by player 1 (an upper bound on information) and the
last condition simply says that player 2 observes the signal Y q

n
at stage q (a lower bound on

information). Maximizers of the right-hand side of equation (2.1) represent optimal processes
of revelation for the informed player.

The main results proved in sections 5 and 6 are two different characterizations for the limit
of the sequence of value functions Vn. These results are prove under the following assumption.

Hypothesis 2.8.

H2 Z is a locally compact metric space and Z is the canonical realization of a Feller process
with transitions (Pt)t≥0 on the space of Z-valued càdlàg trajectories.

Let us now introduce some notations.

Notation 2.9.

• The natural filtration FA of a process (At)t∈[0,1] is defined by FA
t = σ(As, s ≤ t). The

associated right-continuous filtration is denoted FA,+ with FA,+
t := ∩s>tFA

s .

• For any time interval T and topological space E, D(T,E) denotes the set of E-valued
càdlàg trajectories indexed by T .

• For all ν ∈ ∆(Z), Pν ∈ ∆(D([0,+∞),Z)) denotes the law of the process Z with initial
law ν and Eν denotes the corresponding expectation.

Theorem 2.10. For all ν ∈ ∆(Z),

Vn(ν)−→
n→∞

V (ν) := sup
J(Zt,πt)t∈[0,1]K∈B(ν)

E[

∫ 1

0
u(πt)dt], (2.3)

where B(ν) denotes the subset of ∆(D([0, 1],Z×∆(Z))) of laws of processes (Zt, πt)t∈[0,1] such
that:

• (Zt)t∈[0,1] is a Markov process with initial law ν.

• (πt)t∈[0,1] is a càdlàg modification of (JZ1|F (Y,π),+
t K)t∈[0,1].
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• (πt)t∈[0,1] is non-anticipative with respect to (Zt)t∈[0,1], i.e.

∀t ∈ [0, 1), Fπ
t

∐

FZ,+
t

FZ
1 .

Theorem 2.10 is the continuous-time analog of Theorem 2.7 and is proved in section 5. The
key tools to prove this result are: a general tightness criterion for laws of measure-valued
martingales (see Theorem 5.8, which is an easy corollary of the main theorem of [34]), a
criterion for stability of conditional independence (see Lemma 5.10), and a generalization of
the classical bound of maximal norm-variation of martingales (see Proposition 5.11). This
result provides a characterization of the limits of optimal martingales of revelation for the in-
formed player as maximizers of the right-hand side of (2.3) and these optimal solutions induce
asymptotically optimal strategies for the informed player in any sequence of discretizations
(see Proposition 5.14). This result has to be compared with the results that were obtained
for differential games with incomplete information (see [10] and [11]), in the sense that our
control problem has the same objective function but a different set of admissible processes.

Section 6 is devoted to the proof of the variational characterization for the limit value
function. Exactly as for the function V (ν), for all t ∈ [0, 1], let V (t, ν) denote (with a slight
abuse of notations) the limit value of any sequence of discrete-time games played on some
sequence of partitions of the time interval [t, 1], whose mesh is going to zero. Using the
stationarity of the model, adapting the proof of Theorem 2.10 is straightforward.

Before stating our second characterization, we need the following result. For t ≥ 0, define
θ̄t := JZt|FY,+

t K. The process θ̄ represents the beliefs of player 2 over Zt given the observation

of FY,+
t . In Proposition 6.5, we prove that the process (θ̄t)t≥0 is a Markov process whose

transition Q is given by the function

Qt(ν) ∈ ∆(∆(Z)), ∀ Borel set C, Qt(ν, C) := Pν

(
Eν [δZt

|FY,+
t ] ∈ C

)
.

Using this result, we obtain the following variational characterization.

Theorem 2.11. V is the smallest upper semi-continuous function on [0, 1]×∆(Z) such that:

i) For all ν ∈ ∆(Z), V (1, ν) = 0.

ii) For all t ∈ [0, 1], V (t, .) is concave on ∆(Z).

iii) For all t ∈ [0, 1), for all ν ∈ ∆(Z), for all h ∈ (0, 1− t],

∫

∆(Z)
V (t+ h, µ)dQh(ν, dµ)− V (t, ν) +

∫ h

0

∫

∆(Z)
ũ(t+ s, µ)dQs(ν, dµ)ds ≤ 0, (2.4)

where for all s ∈ [0, 1] and µ ∈ ∆(Z), ũ(s, µ) := u(µ ·P1−s) and µ ·P1−s denotes the law
of Z1−s under Pµ.

The proof of Theorem 2.11 is based on dynamic programming. Concavity is a typical feature
of value function for games with incomplete information on one side (see e.g. chapter V.1
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in [39]) while (2.4) corresponds to the following very intuitive fact: not using his private
information on the interval [t, t+ h) is a sub-optimal behavior for player 1.

In section 7, we apply the preceding results to the the particular case where X is a
continuous-time Markov chain taking values in a finite set, and Y is a noisy observation of X.

Precisely, assume that (Xt)t∈[0,1] is a continuous-time homogeneous Markov chain with finite
state space X , infinitesimal generator Λ = (Λα,β)α,β∈X and initial law p ∈ ∆(X ). We identify
X with {1, ..., N} and ∆(X ) with the canonical simplex ∆N of RN defined by

∆N := {p ∈ RN |∀i, pi ≥ 0 ,

N∑

i=1

pi = 1}.

Then, define the real-valued process (Yt)t∈[0,1] as is the unique solution of the following stochas-
tic differential equation (SDE)

Yt = y +

∫ t

0
b(Xs, Ys)ds+

∫ t

0
σ(Ys)dWt,

where (Wt)t∈[0,1] is a standard Brownian motion independent of X and y ∈ R. The process
Y may be seen as some noisy observation of the process X. In terms of the financial in-
terpretation given in the introduction, this corresponds to the fact that player 1 knows the
drift parameter of Y whereas player 2 can only forms beliefs about this quantity based on the
observation of Y .

We assume that the functions b and σ are bounded and Lipschitz, and that there exists ǫ > 0
such that for all y ∈ ×R, σ(y) ≥ ǫ. It’s well known that Z = (X,Y ) is a well defined Markov
process and fulfills the assumptions needed in order to apply Theorem 2.11. Moreover, using
classical results in filtering theory, the semi-group Q is related to the semi-group of a diffusion
process taking values in ∆N × R.

Precisely, let us define b(y) := b(α, y)α=1,...,N ∈ RN and χt(α) := P(Xt = α|FY,+
t ). Using

Theorem 9.1 in [38] (see also the Note p.360 about the Markov property), the process θt :=
(χt, Yt) ∈ RN+1 is a diffusion process satisfying the following SDE:

θt = θ0 +

∫ t

0
c(θt)dt+

∫ t

0
κ(θt)dW̄t, (2.5)

where W̄ is a standard FY,+-Brownian motion and the vectors c(p, y) and κ(p, y) in RN+1 =
RN × R are defined by

c(p, y) := ( TΛp, 〈p, b(y)〉),

κ(p, y) := ((
pα
σ(y)

(b(α, y)−
N∑

β=1

b(β, y)pβ))α=1,...,N , σ(y)).

Let A denote the infinitesimal generator of the diffusion θ. From the particular structure of
the process Z, we deduce that the study of the function V can be restricted to initial laws ν
that can be written as p ⊗ δy for some (p, y) ∈ ∆N × R (see Lemma 7.6). This leads us to
introduce the following notation:

10



Notation 2.12. For all (t, p, y) ∈ [0, 1]×∆N × R:

ũ(t, p, y) := ũ(t, p⊗ δy), V (t, p, y) := V (t, p⊗ δy).

In order to state the main result of section 7, we need to define precisely the notion of weak
solution we will use.

Definition 2.13. We say that a bounded lower semi-continuous function f is a (viscosity)
supersolution of the equation

∂f

∂t
+A(f)(t, p, y) + ũ(t, p, y) ≤ 0 (2.6)

on [0, 1] × ∆N × R if for any test function φ, C2 in a neighborhood of [0, 1) × ∆N × R (in
R× RN × R) such that φ ≤ f on [0, 1)×∆N × R with equality in (t, p, y) ∈ [0, 1)×∆N × R,
we have

∂φ

∂t
+
∂φ

∂t
(t, p, y) +A(φ)(t, p, y) + ũ(t, p, y) ≤ 0.

Remark 2.14. Note that the function f is solution up to the boundary of ∆N and not only in
its relative interior. This is to relate with the recent results of Cardaliaguet-Rainer-Rosenberg-
Vieille (see remark 5 p.19 in [12]).

Using Theorem 2.11 and classical regularization methods for viscosity solutions (see Proposi-
tion 7.13), we prove the following result.

Theorem 2.15. V is continuous and is the smallest bounded lower semi-continuous super-
solution of (2.6) such that:

• for all (p, y) ∈ ∆N × R, V (1, p, y) = 0,

• for all (t, y) ∈ [0, 1)× R, p→ V (t, p, y) is concave on ∆N .

Section 8 is devoted to the analysis of a simple example, where player 2 does not receive
signals (i.e., Y is reduced to a single point) and where a more explicit formula can be given
for the limit value V , related with the concavification operator appearing in the well-known
Cav(u) theorem of Aumann and Maschler.

Note that all our results apply to the particular case where Y is reduced to a single point,
and that several proofs of sections 5 and 6 can be simplified in this case. In the following, we
assume that Y = {∅} and we identify Z with X so that V and u are defined on ∆(X ).

The example we present here is inspired from an example given in [10]. It is actually a kind
of dual example, since figure 2.1 below appears in both examples, related to the optimal
martingale of beliefs in [10] and as a constraint here.

Consider two continuous functions f, h : [0, 1] → [0, 1] such that f < h, f is non-increasing, h
is non-decreasing, f(1) = 0 and h(1) = 1. Define the process X as follows: X0 ∈ [0, f(0)] ∪
[h(0), 1], X is a martingale which is almost surely constant until it reaches the set graph(f)∪
graph(h) (where graph(f) denotes the graph of the function f), and then stays in the set
graph(f) ∪ graph(h) with probability 1 (see figure 2.1 below).
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1m(p)

Figure 2.1: The process X (in dotted lines).

This description defines uniquely a martingale X and if we assume that for t ≥ 1, Xt = X1,
h(t) = 1, and f(t) = 0, then (t,Xt) is easily seen to be a Feller process with state space
{(t, x) ∈ R+ × [0, 1] | x ≥ h(t), or x ≤ f(t)} (see Lemma 8.1), allowing us to apply Theorem
2.10 (see section 9 for the non-homogeneous case).

Let us denote p̄ := Eν [X0]. We assume that either X0 = p̄ almost surely for some p̄ ∈
[0, f(0)] ∪ [h(0), 1] or that that ν = λδf(0) + (1 − λ)δh(0) so that p̄ ∈ [f(0), h(0)]. Using that
X1 ∈ {0, 1} almost surely, for any admissible process (X,π) in Theorem 2.10, the martingale
πt takes values in the set ∆({0, 1}), identified as a subset of ∆([0, 1]). It is therefore sufficient
to consider the martingale πt({1}) ∈ [0, 1], and this reduces the problem to a one-dimensional
problem. Define the function ū : [0, 1] → R by

ū(p) := u(pδ1 + (1− p)δ0).

A precise analysis of the maximization problem given by Theorem 2.10 in this case allows us
to prove the following representation formula.

Proposition 2.16. For any closed interval I ⊂ [0, 1], define CavI(ū) as the smallest concave
function on I which is above ū. Then, under the above assumptions on ν:

V (ν) = m(p̄)ū(p̄) +

∫ 1

m(p̄)
CavI(s)(ū)(p̄)ds, (2.7)

where I(s) := [f(s), h(s)] and m(p) := inf{t ∈ [0, 1], p ∈ [f(t), h(t)]}. Moreover, if we define
α(s) = β(s) = p̄ for s ∈ [0,m(p̄)] and for s ∈ (m(p̄), 1]:

α(s) := max{x ∈ I(s) |x ≤ p̄, ū(x) = CavI(s)(ū)(x)},

β(s) := min{x ∈ I(s) |x ≥ p̄, ū(x) = CavI(s)(ū)(x)},
then α is non-increasing, β is non-decreasing and there exists an optimal martingale p∗ taking
values in the set graph(α+) ∪ graph(β+) where α+ and β+ denote respectively the right-
continuous versions of α and β.

12



Figure 2.2 below illustrates the behavior of the optimal martingale p∗.

p

t0

1

h

f
β

α

p

Figure 2.2: The optimal martingale p∗ (in dotted lines).

3 The discrete-time games Gn(ν).

In this section, we study basic properties of the games Gn(ν), and of the auxiliary functions
W and u introduced in section 2. We focus especially on the martingales of posterior beliefs
of player 2.

3.1 The martingales of beliefs.

As usual when computing a best reply to some strategy of the informed player 1, we “assume”
that player 2 knows which strategy player 1 is using and updates his beliefs on the state
variable Z1 given his observations using Bayes’ rules. This leads to introduce a sequence of
virtual beliefs of player 2 about the state variable which depends on the strategy used by both
players and is called the a posteriori martingale. Formally, this martingale is the sequence of
conditional distributions of the state variable Z1 given the information held by player 2 after
each stage.

3.1.1 Preliminaries.

In the classical model of Aumann and Maschler, the state space Z being finite, the sequence
of conditional distribution is a random process taking values in a finite-dimensional space.
In the present model, we allow the state variable to take values in any Polish space. The
process of conditional distributions of the payoff-relevant variable Z1 given past observations
of player 2 is therefore a measure-valued process. For this reason, we need to recall definitions
and basic notations about measure-valued martingales.
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Definition 3.1. Let π ∈ ∆(∆(Z)), then µ ∈ ∆(Z) is a (weak) barycenter of π if

∀φ ∈ Cb(Z),

∫

K
φdµ =

∫

∆(K)
(

∫

K
φdµ)dπ(µ). (3.1)

Lemma 3.2. Let π ∈ ∆(∆(Z)), then the (weak) barycenter of π is unique and denoted
Bar(π). Moreover, the map π → Bar(π) is continuous from ∆(∆(Z)) to ∆(Z).

Proof. See e.g. Winkler [48] Proposition 1.1.3 p 16, Corollaries 1.2.3-4 p 23-24, and Example
2.1 p 24.

Notation 3.3. Let (Ω,A,P) be a probability space and F a sub-σ-algebra of A. Given a
random variable X with values in ∆(Z), the conditional expectation Y = E[X|F ] denotes the
variable Bar(L) where L is the conditional law of X given F . It follows from the definitions
that Y is the unique F-measurable random variable (up to equality P-almost surely) such that

∀φ ∈ Cb(Z),

∫

Z
φdY = E[

∫

Z
φdX|F ].

We have therefore the usual definition.

Definition 3.4. Let (Ω,A, (Fq)q≥0,P) be a filtered probability space. A stochastic process
(Xq)q≥0 defined on Ω and taking values in ∆(Z) is an (Fq)q≥0-martingale if

∀q ≥ 0, E[Xq+1|Fq] = Xq.

This definition extends to continuous-time martingales in an obvious way.

Remark 3.5. One deduces that usual properties such as the tower property of conditional
expectations generalize directly. Note that we may weaken the definition of barycenter by re-
quiring the equality 3.1 to hold only for a countable convergence determining class of functions
(see e.g. [1] p106-107, this will be used implicitly in some proofs). One can also extend this
equality to bounded (resp. non-negative) measurable functions as usual.

Remark 3.6. The preceding notations for barycenters and conditional barycenters is related
to the notation for conditional laws introduced in section 2. Precisely, we have:

JAK = E[δA], JA|FK = E[δA|F ],

where δx denotes the Dirac mass at point x.

Let us now recall some properties of conditional independence.

Lemma 3.7. Let E be a Polish space and A,B be E-valued random variables defined on
(Ω,A,P). Let F ⊂ G be two sub σ-fields of A.

• If B is independent of (A,F), then JA|FK = JA|F , BK.

• If JA|FK = JA | GK, then for any σ-field H such that F ⊂ H ⊂ G, we have

JA|FK = JA | HK = JA | GK

14



Lemma 3.8.

• Let (Ω,A,P) a probability space and F ,G,H three sub σ-fields of A. F and G are
conditionally independent given H if

∀F ∈ F , P(F |G) = P(F |G,H).

• Let A,B,C be three random variables (with values in some Polish space) defined on
the same probability space. A is independent of B conditionally on C if and only if
JB|CK = JB|C,AK.

• A
∐

C B if and only if there exists (on a possibly enlarged probability space) a random
variable ξ uniform on [0, 1] independent of (A,C), and a measurable function f such
that B = f(C, ξ).

Proof. See Proposition 5.6 in [30] for the two first points, and Proposition 5.13 in [30] for the
third point.

The next result is a variation on the third point of the above Lemma, and its proof is
postponed to the appendix.

Lemma 3.9. Given two random processes (Aq, Bq)q=0,...,n (with values in some Polish spaces),
the process (Aq)q=0,...,n is non-anticipative with respect to (Bq)q=0,...,n if and only if there
exists (on a possibly enlarged probability space) a sequence of independent random variables
(ξq)q=0,...,n uniformly distributed on [0, 1] and independent of (Bq)q=0,...,n, and a sequence of
measurable functions fq (defined on appropriate spaces) such that for all q = 0, ..., n

Aq = fq(Bp, ξp, p ≤ q).

3.1.2 Beliefs of player 2.

The belief of player 2 after stage q, denoted πq, is defined as the conditional law of Z1 given
the available information after stage q (i.e. before observing Y q+1

n

) which is represented by

the σ-field FII,q = σ(Y0, i0, j0, ..., Y q

n
, iq, jq). This process is a martingale with respect to the

filtration FII,q and we have
πq = JZ1|FII,qK = E[δZ1 |FII,q].

For convenience, define

FII,n = σ(Y0, i0, j0, ..., Yn−1
n
, in−1, jn−1, Y1), and πn := JZ1|FII,nK.

In the next section, we will also consider the the information available to player 2 before
playing stage q (i.e. after observing Y q

n
), corresponding to the σ-field FII,q−1∨σ(Y q

n
) with the

convention FII,−1 := σ(∅).
As explained in the previous section, the main property of the sequence of beliefs of player
2 can be expressed informally as follows: player 2 cannot learn information on the state
which is not known by player 1. Formally, it implies that the process of beliefs of player 2 is
non-anticipative with respect to the signals of player 1 in the sense of definition 2.6.
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Lemma 3.10. For all pair of behavior strategies (σ, τ), under the probability Pν,σ,τ , the filtra-
tion (FII,q)q=0,...,n is non-anticipative with respect to (Z q

n
)q=0,...,n. Consequently, the process

(πq)q=0,...,n is non-anticipative with respect to (Z q

n
)q=0,...,n.

Proof. These assertions follows from the very definition of behavioral strategies. Indeed, we
have

JZ0, ..., Z1|Z0, ..., Z q

n
K = JZ0, ..., Z1|Z0, ..., Z q

n
, i0, ...., iq, j0, ..., jqK,

since actions can be written as functions of observations and random variables independent of
(Z0, ..., Z1), corresponding to lotteries used by the players. Using the last point of Lemma 3.8,
this equality remains therefore true when conditioning with respect to all the intermediate
σ-fields, which proves that (πq)q=0,...,n is non-anticipative with respect to (Z q

n
)q=0,...,n.

Remark 3.11. Actually, any process (Z q

n
, πq)q=0,...,n meeting the above non-anticipative prop-

erty and such that
∀q = 0, ..., n− 1, πq = JZ1 | Y0, π0, ..., Y q

n
, πqK

πn = JZ1 | Y0, π0, ..., Yn−1
n
, πn−1, Y1K

can be achieved as a belief process in our model, assuming that player 1 has a large enough
set of actions (for example, if we replace the action set I by Ĩ = I × [0, 1] without modifying
the payoff function g, allowing thus player 1 to “send” messages to player 2).

3.2 The auxiliary one shot game Γ(ξ).

Let us recall the description of Γ(ξ) given in section 2 and the definitions of the functions
W and u. In order to study the properties of these functions, we need to introduce the
Wasserstein distance on spaces of probabilities.

In the following, we assume that the distance d on Z is bounded by 1. This is without loss
of generality since if g fulfills assumption H1, then H1 also holds when replacing d by d ∧ 1.
It follows that the Wasserstein space usually denoted ∆1(Z) coincides here with ∆(Z).

Definition 3.12. The Wasserstein distance on ∆(Z), denoted d is defined by

d(µ, ν) = inf
π

∫

Z×Z
d(z, z′)dπ(z, z′),

where the supremum ranges over all probabilities π on Z × Z having (µ, ν) for marginals.

Let us recall some classical results (see Kantorovitch-Rubinstein [32]).

Theorem 3.13. The space (∆(Z),d) is a complete separable metric space and d metrizes
the weak convergence. Moreover, for all µ, ν ∈ ∆(Z)

d(µ, ν) = sup
f∈Lip1(Z)

∫

Z
fdµ−

∫

Z
fdν,

where Lip1(Z) denotes the set of 1-Lipschitz functions on Z.
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Definition 3.14. The Wasserstein distance on ∆(∆(Z)), denoted d is defined by

d(ξ, ξ′) = inf
π

∫

Z×Z
d(µ, µ′)dπ(z, z′),

where the supremum ranges over all probabilities π on ∆(Z)×∆(Z) having (ξ, ξ′) for marginals.

The properties of Theorem 3.13 extend for the space (∆(∆(Z)),d). Let us now state some
properties of the function W and of the value function of the non-revealing game U .

Lemma 3.15. The function W is bounded by 1, concave, and 1-Lipschitz with respect to d.

Moreover, for all µ ∈ ∆(Z), W (δµ) = U(δµ) = u(µ) and the function u is bounded and
1-Lipschitz on (∆(Z),d).

Proof. This is essentially the same proof as in Proposition 1.1 in [21].

The fact that W is bounded by 1 follows directly from the fact that g is bounded by 1.

Let us prove concavity using the splitting method (see e.g. Chapter V.1 in [39]). Let ξ, ξ′ ∈
∆(∆(Z)) and λ ∈ [0, 1]. Let µ, µ′ be independent random variables of law ξ, ξ′. Construct an
independent variable L ∈ {0, 1} such that P(L = 0) = λ. Define the variable µλ as equal to µ
if L = 0 and to µ′ if L = 1. Then µλ has law λξ + (1− λ)ξ′. Using the conditional law of L
given µλ, player 1 can generate (using some exogenous lottery) a variable L conditionally on
µλ in the game Γ(λξ+(1−λ)ξ′) having the property that the conditional law of µλ given L is
equal to µ if L = 0 and to µ′ if L = 1. Given an ε-optimal strategy σ in Γ(ξ) and an ε-optimal
strategy σ′ in Γ(ξ′), we can construct then a strategy which plays σ(µλ) when L = 0 and
σ′(µλ) when L = 1. Formally, let σ̃ : ∆(Z) → ∆({0, 1} × I) the transition corresponding to
the above construction. For any strategy τ , the triplet (λξ + (1 − λ)ξ′, σ̃, τ) induces a joint
probability distribution P(λξ+(1−λ)ξ′, σ̃, τ) for the variables (µλ, L, i, j) as described above.
Moreover, the map σ̃ is equivalent to some strategy σ̂. Indeed, the expected payoff depends
only on the induced joint law of (µλ, i), so that the strategy σ̂(µλ) := Ji|µλK induces the same
payoff as σ̃ against any strategy τ . We deduce that

W (λξ + (1− λ)ξ′) ≥ inf
τ∈∆(J)

EP(λξ+(1−λ)ξ′,σ̃,τ) [g(z, i, j)dµλ(z)]

≥ inf
τ∈∆(J)

λEP(λξ+(1−λ)ξ′,σ̃,τ)[g(z, i, j)dµλ(z)|L = 0]

+ (1− λ)EP(λξ+(1−λ)ξ′,σ̃,τ)[g(z, i, j)dµλ(z)|L = 1]

≥ λ inf
τ∈∆(J)

EP(ξ,σ,τ)[g(z, i, j)dµ(z)] + (1− λ) inf
τ∈∆(J)

EP(ξ′,σ′,τ)[g(z, i, j)dµ
′(z)]

≥ λW (ξ) + (1− λ)W (ξ′)− ε

which proves that W is concave by sending ε to zero.

Let us prove the Lipschitz property. Given ξ, ξ′ ∈ ∆(∆(Z)) and ε > 0, there exists a joint
distribution π with marginals (ξ, ξ′) such that for any pair (µ, µ′) of ∆(Z)-valued random
variables of law π

E[d(µ, µ′)] ≤ d(ξ, ξ′) + ε.

Using the conditional law of µ′ given µ under π, player 1 can generate some random variable
µ′ as a function of µ and some exogenous lottery (see Theorem A.3). Then, he can play some
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strategy σ(µ′) which is ε-optimal in the game Γ(ξ′). As above, this construction defines a
transition σ̃ : ∆(Z) → ∆(∆(Z) × I) which is equivalent to a behavior strategy σ̂ using that
the expected payoff depends only on the induced law of (µ, i). For any strategy τ , the triplet
(ξ, σ̃, τ) induces a probability distribution P(ξ, σ̃, τ) for the variables (µ, µ′, i, j) and we have

W (ξ) ≥ inf
τ∈∆(J)

EP(ξ,σ̃,τ)[g(z, i, j)dµ(z)] ≥ inf
τ∈∆(J)

EP(ξ,σ̃,τ)[g(z, i, j)dµ
′(z)− d(µ, µ′)]

≥ inf
τ∈∆(J)

EP(ξ′,σ,τ)[g(z, i, j)dµ
′(z)]− d(ξ, ξ′)− ε

≥W (ξ′)− d(ξ, ξ′)− 2ε

The conclusion follows by inverting the roles of ξ and ξ′ and letting ε go to zero.

The properties of u follow directly from the definitions.

4 A representation formula for the value of Gn(ν).

In this section, we show that the value function of the n-stage game can be expressed as a
stochastic optimization problem called maximal W -variation.

4.1 The problem of maximal W -variation.

Recall that (Zt)t≥0 is a Markov process with initial law ν, definition 2.6 and the notation
Bn(ν) introduced in Theorem 2.7. Let us introduce some additional notations.

Notation 4.1.

• By convention, given any filtration (Fq)q=0,...,n, we always set F−1 = σ(∅).

• The natural filtration induced by some process (Aq)q=0,...,n is denoted FA with

FA
q = σ(A0, ..., Aq) for all q = 0, ..., n.

• Bn(ν) ⊂ ∆((Z ×∆(Z))n+1): set of distributions of processes in Bn(ν)

Definition 4.2. The W -variation of a triple (Z q

n
, πq,Fq)q=0,...,n in Bn(ν) is defined by,

Ψn((Z̃
n
q , πq,Fq)q=0,...,n) := E[

n−1∑

q=0

W (Jπq | Fq−1, Ỹ
n
q K)]. (4.1)

The problem of maximal W -variation given the initial ν ∈ ∆(Z) is defined by:

Ψn(ν) := sup
(Z̃n

q ,πq ,Fq)q=0,...,n∈Bn(ν)

Ψn((Z̃
n
q , πq,Fq)q=0,...,n).

The following property results directly from the concavity of W and allows to replace the
collection Bn(ν) by the set Bn(ν) in the maximization problem Ψn(ν).
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Lemma 4.3. For all ν ∈ ∆(Z), we have

Ψn(ν) = sup
J(Z̃n

q ,πq)q=0,...,nK∈Bn(ν)

Ψn((Z̃
n
q , πq,F Ỹ n,π

q )q=0,...,n), (4.2)

where (F Ỹ n,π
q )q=0,...,n is the natural filtration of (Ỹ n, π), i.e.

F Ỹ n,π
q = σ(Ỹ n

0 , ..., Ỹ
n
q , π0, ..., πq) for q = 0, ..., n and F Ỹ n,π

−1 = σ(∅).

Proof. It is clearly sufficient to prove that Ψn(ν) is not greater than the right-hand side of
(4.2). Let (Z̃n

q , πq,Fq)q=0,...,n ∈ Bn(ν). Since W is concave and 1-Lipschitz, it follows from
Jensen’s inequality (see lemma A.9) that for all q = 0, ..., n− 1:

W (Jπq | Fq−1, Ỹ
n
q K) ≤W (Jπq | F Ỹ n,π

q−1 , Ỹ n
q K).

The proof follows then by summation over q.

In order to prove Theorem 2.7, we will need the following two lemmas that follow from classical
measurable selection results. The proof of these lemmas are standard and postponed to the
appendix.

Lemma 4.4. For all ε > 0, there exists a measurable function

ϕε : ∆(Z)×∆(∆(Z))× [0, 1] → I

such that the strategy induced by i1 = ϕε(θ, ξ, w) where w is some uniform random variable
on [0, 1] independent from θ, is ε-optimal in the game Γ(ξ) for all ξ ∈ ∆(∆(Z)).

Let us denote ∆(I ×∆(Z)) the set of joint probability distributions on I ×∆(Z). Note that
a pair (σ, ξ) where σ is a strategy of player 1 in the game Γ(ξ) defines naturally a probability
in ∆(I ×∆(Z)) that will be denoted π(σ, ξ).

Lemma 4.5. For all ε > 0, there exists a universally measurable function

τε : ∆(I ×∆(Z)) → ∆(J)

such that for all (σ, ξ) with ξ ∈ ∆(Z)

EP(ξ,σ,τε(π(σ,ξ)))[

∫

Z
g(z, i1, j1)dµ(z)] ≤W (ξ) + ε.

Proof of Theorem 2.7. This proof extends the one appearing in [21].

Let us start with an ε-maximizer (Z̃n
q , πq)q=0,...,n for the problem Ψn(ν). Without loss of

generality, we may assume that Z̃n
q = Z q

n
for some Markov process Z with initial law ν defined

on some possibly enlarged probability space. Using the conditional independence property (see
Lemma 3.9), there exists a sequence (ξq)q=0,...,n−1 of independent random variables uniformly
distributed on [0, 1] and independent from (Z q

n
)q=0,...,n, and a sequence of measurable functions

(fq)q=0,...,n−1 such that

πq = fq((Zm
n
, ξm)m≤q) for q = 0, ..., n− 1.
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Using Lemma 4.4, we can define player 1’s strategy σ as follows: given ε > 0, and a se-
quence (ζ0, ..., ζn−1) of independent random variables uniformly distributed on [0, 1] that are
independent from (Z q

n
)q=0,...,n and (ξq)q=0,...,n−1, the action iq of player 1 at stage q is

iq(Z0, ..., Z q

n
, ζq) := ϕε(πq, Jπq | Y0, π0, ..., Y q−1

n

, πq−1, Y q

n
K, ζq).

This does not define a behavior strategy but this mixed strategy defines a joint law on
(Z0, i0, .., Zn−1

n
, in−1, Z1) which can always be disintegrated in a behavior strategy that does

not depend on player 2’s actions since the process (iq)q=0,...,n−1 is by construction non-
anticipative with respect to (Z q

n
)q=0,...,n (using again Lemma 3.9). Without loss of generality,

given a sequence (η0, ..., ηn−1) of independent random variables uniformly distributed on [0, 1]
and independent from (Z q

n
)q=0,...,n and (ξq, ζq)q=0,...,n−1, we can assume that the strategy τ

is given by a sequence g0, ..., gn−1 of measurable functions and that the action of player 2 at
stage q is (see theorem A.3)

jq = gq(Y0, i0, j0, ..., Y q−1
n

, iq−1, jq−1, Y q

n
, ηq).

Let us define the filtration (Hq)q=0,...,n−1 by Hq = σ(Y0, π0, ζ0, η0, ..., Y q

n
, πq, ζq, ηq). With

this notation, variables iq, jq are Hq-measurable and we have by construction the following
equalities for all q = 0, ..., n− 1

JZ1 | HqK = JZ1 | Y0, π0, ..., Y q

n
, πqK = πq, Jπq | Hq−1 ∨Y q

n
K = Jπq | Y0, π0, ..., Y q−1

n

, πq−1, Y q

n
K.

The conditional payoff at round q given the information of player 2 when playing round q is

E[g(Z1, iq, jq) | Y0, i0, j0, ..., Y q−1
n

, iq−1, jq−1, Y q

n
]

= E[E[g(Z1, iq, jq) | Hq] | Y0, i0, j0, ..., Y q−1
n

, iq−1, jq−1, Y q

n
]

= E[

∫

Z
g(z, iq, jq)dπq(z) | Y0, i0, j0, ..., Y q−1

n

, iq−1, jq−1, Y q

n
]

= E[E[

∫

Z
g(z, iq, jq)dπq(z) | Hq−1 ∨ Y q

n
] | Y0, i0, j0, ..., Y q−1

n

, iq−1, jq−1, Y q

n
].

Finally the conditional expectation given Hq−1 ∨ Y q

n
above is exactly the payoff in a one-shot

game Γ where the law of the state variable (which corresponds to the beliefs of player 1) is Jπq |
Y0, π0, ..., Y q−1

n

, πq−1, Y q

n
K and the joint conditional law of Jπq, iq | Y0, π0, ..., Y q−1

n

, πq−1, Y q

n
K has

been constructed so that

E[

∫
g(z, iq, jq)dπq(z)〉 | Hq−1 ∨ Y q

n
] ≥W (Jπq | Y0, π0, ..., Y q−1

n

, πq−1, Y q

n
K)− ε.

By summing these inequalities, we deduce that Vn(ν) ≥ 1
nΨn(ν) − 2ε and we obtain a first

inequality by sending ε to zero.

It remains to prove the reverse inequality. Let us fix a pair (ν, σ) where σ is a behavior
strategy for player 1 in Gn(ν) and some ε > 0. We will construct a strategy τ for player 2 by
induction such that for all q = 0, ..., n− 1 the expected payoff at round q is not greater than

EP(ν,σ,τ)[W (Jπq | Y0, i0, j0, ..., Y q−1
n

, iq−1, jq−1, Y q

n
K)] + ε,
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where πq is defined by πq = JZ1 | Y0, i0, j0, ..., Y q

n
, iq, jq]. Note that adding/omitting jq in

the conditional law defining πq does not change its value, which does not depend on τq.
Suppose that (τ0, ..., τq−1) is already constructed. Since (ν, σ, τ0, ..., τq−1) defines a law for
(Z0, .., Z q

n
, i0, ..., iq, j0, ..., jq−1) that will be denoted P, the variable πq is well-defined and

P-almost surely equal to a Borel map

hq(Y0, i0, j0, ..., Y q−1
n

, iq−1, jq−1, Y q

n
, iq).

The disintegration theorem implies the existence of a ∆(I ×∆(Z))-valued Borel map

Mq(Y0, i0, j0, ..., Y q−1
n

, iq−1, jq−1, Y q

n
)

which is a version of the conditional law

Jiq, πq | Y0, i0, j0, ..., Y q−1
n

, iq−1, jq−1, Y q

n
K.

Using lemma 4.5, the mapping τε being universally measurable, there exists a Borel map τ̃ε
which is almost surely equal to τε with respect to the law of the random variable Jiq, πq |
Y0, i0, j0, ..., Y q−1

n

, iq−1, jq−1, Y q

n
K (which depends only on variables known by player 2). The

strategy
τq = τ̃ε(Mq(Y0, i0, j0, ..., Y q−1

n

, iq−1, jq−1, Y q

n
))

has then the required properties. The overall payoff of player 2 is therefore not greater than

1

n

n−1∑

q=0

EP(ν,σ,τ)[W (Jπq | Y0, i0, j0, ..., Y q−1
n

, iq−1, jq−1, Y q

n
K)] + ε ≤ 1

n
Ψn(ν) + ε,

which concludes the proof since ε was arbitrary.

Remark 4.6. Using the construction given in the first part of the proof, any ε-maximizer of
Ψn induces a η-optimal strategy for player 1 for η > ε

n .

5 The Continuous-Time Limit.

In reference to the paper of Meyer and Zheng [41], we will denote MZ the following topology
on the set of càdlàg paths.

Notation 5.1. For a separable metric space (E, d), the MZ-topology on the set D([0, 1], E) of
càdlàg functions is the topology of convergence in measure with respect to Lebesgue’s measure
together convergence of the value at time 1: a sequence yn converges to y if

∀ε > 0,

∫ 1

0
1d(yn(t),y(t))≥εdt−→

n→∞
0, and yn(1)−→

n→∞
y(1).

The associated weak topology over the set ∆(D([0, 1], E)) when D([0, 1], E) is endowed with
the MZ-topology will be denoted L(MZ).

The usual Skorokhod topology on the set D([0, 1], E) will be denoted Sk (see e.g. [18] or [28] for
the definition and usual properties). The associated weak topology over the set ∆(D([0, 1], E))
when D([0, 1], E) is endowed with the Sk-topology will be denoted L(Sk).
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Remark 5.2. In contrast to the Sk-topology, if E = F × F ′ is a product of separable metric
spaces, the MZ topology is a product topology, i.e. (as topological spaces)

(D([0, 1], F × F ′),MZ) = (D([0, 1], F ),MZ)× (D([0, 1]× F ′),MZ).

The following remark will be used several times in the proofs.

Remark 5.3. If E is a Polish space, the space (D([0, 1], E),MZ) is a separable metric space
which is not topologically complete. However, its Borel σ-algebra is the same as the one
generated by the Sk topology and its topology is weaker than the Sk topology for which the
space is Polish, implying that all the probability measures are MZ-tight. Therefore, all the
results about disintegration and measurable selection usually stated for Polish spaces and which
depend only on the Borel structure apply to this space. Moreover, the direct part of Prohorov
Theorem applies (i.e., uniform tightness implies relative compactness), and we have as a
partial converse (Le Cam’s Theorem) that convergent sequences of probabilities are tight (see
e.g. Theorem 11.5.3 in Dudley [17]). The same remark also holds for the separable metric
space ∆(D([0, 1], E),L(MZ)) when comparing to the Polish space ∆(D([0, 1], E),L(Sk)).

Recall that the transition probabilities of Z are denoted (Pt)t≥0, i.e. for any bounded mea-
surable function φ on Z, we have

Ex[φ(Zt)] =

∫

Z
φdPt(x).

Assumption H2 implies that Z fulfills the following properties (see e.g. [18]):

• Z is a càdlàg (FZ,+)-Markov process.

• The map z → Pz is L(Sk)-continuous on Z.

• The map (t, z) → Pt(z) ∈ ∆(Z) is continuous on [0,+∞)×Z.

• Z has no fixed point of discontinuity.

Remark 5.4. One may replace H2 by the above properties and obtain the same results.

The following notation is slightly more general than notation B(ν) (note that B(ν) = B(Pν))
introduced in theorem 2.10 and will be useful for its proof.

Notation 5.5. B(P) denotes the subset of ∆(D([0, 1],Z×∆(Z))) of laws of processes (Zt, πt)t∈[0,1]
such that:

• The law of (Zt)t∈[0,1] is P.

• (πt)t∈[0,1] is a càdlàg modification of (JZ1|F (Y,π),+K)t∈[0,1].

• (πt)t∈[0,1] is non-anticipative with respect to (Zt)t∈[0,1], i.e.

∀t ∈ [0, 1), Fπ
t

∐

FZ,+
t

FZ
1 .
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Let us add some useful facts about the non-anticipative condition, which follow easily from
the Markov property.

Lemma 5.6. Let (Z, π) be a process such that Z has law Pν for some ν ∈ ∆(Z). Then, the
condition

∀t ∈ [0, 1), Fπ
t

∐

FZ,+
t

FZ
1 (5.1)

is equivalent to the condition

∀t in a dense subset of (0, 1), Fπ
t

∐

FZ
t

(Zs)s∈[t,1]. (5.2)

If one of these conditions hold, we also have

∀t ∈ [0, 1), F (Z,π),+
t

∐

FZ
t

FZ
1 .

Proof. Recall at first that since Z is an FZ,+ Markov process, we have for all t ∈ [0, 1):

J(Zs)s∈[0,1]|FZ
t K = J(Zs)s∈[0,1]|FZ,+

t K. (5.3)

We prove the equivalence property. Assume that (5.1) holds. Together with (5.3), this implies

J(Zs)s∈[t,1]|FZ
t K = J(Zs)s∈[t,1]|FZ,+

t ,Fπ
t K,

and we conclude using the second point of lemma 3.7 with the σ-field FZ
t ∨ Fπ

t .

Let us prove the reverse implication. Assume that (5.2) holds for a dense subset T of (0, 1).
Let t ∈ T . Using the last point in Lemma 3.8, there exists (on a possibly enlarged probability
space) a variable ξ uniformly distributed on [0, 1] and independent from (Zs)0≤s≤1, and a map
f such that

(πs)0≤s≤t = f((Zs)0≤s≤t, ξ).

Using the first point in Lemma 3.7, we deduce that

J(Zs)s∈[0,1]|FZ,+
t K = J(Zs)s∈[0,1]|FZ,+

t , ξK.

We conclude that (5.1) holds for t ∈ T using the second point of Lemma 3.7 with the sigma-
field FZ,+

t ∨ Fπ
t .

We now conclude the proof of equivalence and prove the last assertion at the same time. let
t < 1 and tn ∈ T a sequence decreasing to t. We have for all n and all B ∈ FZ

1 ,

P(B|FZ
tn ,Fπ

tn) = P(B|FZ
tn).

Applying the backward martingale convergence theorem, we find

P(B|F (Z,π),+
t ) = P(B|FZ,+

t ) = P(B|FZ
t ),

which concludes the proof of the last assertion and also of the equivalence property using the
second point of Lemma 3.7 with the sigma-field FZ,+

t ∨ Fπ
t .
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Let us now define the continuous-time limit of the functions Ψn.

Notation 5.7. For all P ∈ ∆(D([0, 1],Z)), define

H(P) := sup
J(Zt,πt)t∈[0,1]K∈B(P)

E[

∫ 1

0
u(πt)dt].

For all ν ∈ ∆(Z), define
V (ν) := H(Pν).

5.1 Preliminary results.

We state here an easy corollary of the main results in Kurtz [34] which extends the classical
result of Meyer-Zheng [41] to measure-valued processes.

Theorem 5.8 (easy consequence of Theorem 1.1 and Corollary 1.4 in [34]). Let C a tight
subset of ∆(Z) and (Xn)t∈[0,1] be a sequence of ∆(Z)-valued càdlàg martingales such that
E[Xn

1 ] ∈ C. Then the set of laws of the processes (Xn)n≥0 is L(MZ)-relatively compact.

Proof. In order to fit in the framework of [34], one may extend the definition of the processes
to (Xn)t∈[0,+∞ by Xn

t = Xn
1 for t ≥ 1. We have to verify the condition C1.1(i)(compactness

containment) of Theorem 1.1 in [34], i.e. that for all ε > 0, for all T , there exists a compact
K ⊂ ∆(Z) such that

lim inf
n→∞

P(Xn
t ∈ K, ∀t ∈ [0, T ]) ≥ 1− ε.

Given ε ∈ (0, 1), let (Ki)i≥1 a sequence of compact subsets of Z such that for all µ ∈ C,
µ(Ki) ≥ 1 − ε22−2i. For all i ≥ 1 and n, the process (Xn

t (Z \ Ki))t≥0 is a martingale, and
we may assume that for all i ≥ 1, it has càdlàg paths by choosing a good version of Xn (see
Theorem 2.5 in [26]). The martingale (Xn

t (Z\Ki))t≥0 takes values in [0, 1] and its expectation
αn,i belongs to [0, ε22−2i]. Let τ(n, i) denote the hitting time of the interval (ε2−i, 1] by this

martingale (hence a stopping time of the usual augmentation FXn,+
) . Then, applying the

optional sampling theorem, we have

E[Xn
τ(n,i)(Z \Ki)] = αn,i.

Let us decompose this expression as follows:

Xn
τ(n,i)(Z \Ki) = Xn

τ(n,i)(Z \Ki)1τ(n,i)<∞ +Xn
1 (Z \Ki)1τ(n,i)=∞.

On the event {τ(n, i) = ∞}, the trajectory of Xn belongs to the setK ′
i := {µ ∈ ∆(Z)|µ(Ki) ≥

ε2−i}. Moreover, the above equality implies

ε2−iP(τ(n, i) <∞) ≤ E[Xn
τ(n,i)(Z \Ki)] = αn,i ≤ ε22−2i.

We deduce that:
P(τ(n, i) <∞) ≤ ε2−i.

For all i, we proved that P(∀t ≥ 0, Xn
t ∈ K ′

i) ≥ 1 − ε2−i. Now, define K := ∩iK
′
i and note

that K is compact from Prokhorov theorem and that

P(∀t ≥ 0, Xn ∈ K) ≥ 1− ε.
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We verify now the condition of Corollary 1.4., i.e. that there exists a countable separating
subset {fi}i∈I in Cb(∆(Z)) such that for all i ∈ I and for all T

sup
n

sup
0=t0<...<tk<...<tN=T

E[
N−1∑

k=0

∣∣∣E[fi(Xn
tk+1

)− fi(X
n
tk
)|FXn,+

tk
]
∣∣∣] < +∞

One may choose the maps µ →
∫
φidµ for {φi}i∈I ⊂ Cb(Z) a countable convergence deter-

mining subset, so that the above quantity is equal to zero. The result of Kurtz implies (see
point (b) of Theorem 1.1 having in mind that Lebesgue-almost sure convergence of trajecto-
ries implies convergence in measure) that there exist a process X and subsequence Xn such
that Xn L(MZ)-converges to X which implies the result.

Remark 5.9. A similar result for Z = Rm and probabilities having a second order moment
can be found in [11] with a proof based on the method of Meyer and Zheng [41].

The second ingredient is the following stability result for conditional independence.

Lemma 5.10. Let (An, Bn, Cn)n∈N be a sequence of random variables with values in E×F×G
where E,F,G are separable metric spaces that are universally measurable (i.e. all the Borel
probabilities are tight). Assume that:

{
JAn, Bn, CnK−→

n→∞
JA,B,CK

JCn | BnK−→
n→∞

JC | BK

Then, if for all n, An
∐

Bn
Cn, we have A

∐
B C.

Proof. Let f be a bounded convex continuous function on ∆(G). Using Lemma A.8, we have

E[f(JC|A,BK)] ≤ liminf
n→∞

E[f(JCn|An, BnK)].

On the other hand, conditional independence implies JCn|An, BnK = JCn|BnK. Using the
assumption of convergence of conditional laws, it follows that

E[f(JC|A,BK)] ≤ E[f(JC|BK)].

Then, we deduce from Jensen’s inequality that:

E[f(JC|A,BK)|B] ≥ f(JC|BK).

By taking expectation, we deduce that with probability 1:

E[f(JC|A,BK)|B] = f(JC|BK).

Note finally that we can choose a countable family of bounded continuous convex functions on
∆(G) which is separating on ∆(∆(G)) (see e.g. the first Lemma p.11 in [48]), which implies
that JC|A,BK = JC|BK with probability 1.
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The proof of Theorem 2.10 is also based on the following proposition, which we state in a
slightly more general framework as it can be interesting for its own sake. This proposition
provides a bound for the d-variation of a martingale taking values in a infinite dimensional
space of measures. When the martingale is valued in a finite dimensional simplex, then this
result is well-known (see e.g. chapter V.1 in [39]) and was recently improved by Neyman [43]
and Sandomirskyi [46] for more general state spaces. Our estimations of speed of convergence
rely on the bound given by Neyman [43], but the convergence result itself could be proven
using only the bound given in [39].

Proposition 5.11. Let (E, d) be a Polish space and let d denote the Wasserstein distance of
order 1 (see Definition 3.12) on the set ∆1(E) of probabilities π such that

∫

E
d(x, x0)dπ(x) <∞,

for some point x0 ∈ E.

Then, for any martingale (πq)q=0,...,n−1 taking values in ∆(E) such that

E[

∫

E
d(x, x0)dπ0(x)] <∞,

we have:
1

n

n−1∑

q=0

E[d(πq, πq−1)]−→
n→∞

0.

with the convention that π−1 := E[π0].

Moreover, if E is a compact subset of Rm endowed with the Euclidean distance, there exists a
constant C depending only on E such that

1

n

n−1∑

q=0

E[d(πq, πq−1)] ≤ C

√
ln(n)

n
.

Proof. Using Strassen’s theorem, we can assume that a variable A with law µ := π−1 is
defined on the same probability space and that πq = E[δA|π0, ..., πq]. Recall that µ→ d(µ, ν)
is convex on ∆1(E) for all ν ∈ ∆1(E). Using Jensen’s inequality we have

E[d(πq, πq−1)] ≤ E[d(δA, πq−1)] = E[

∫

E
d(A, x)dπq−1(x)] ≤ 2

∫

E
d(x, x0)dµ(x) <∞,

Note then that d is given by the following optimization problem

d(µ, ν) = sup
F∈L

∫

E
Fd(µ− ν), with L = {F ∈ Lip1(E) |F (x0) = 0}. (5.4)

Note that L is compact for the topology induced by the norm ‖F −G‖∗ = ‖ F−G
1+d(x0,.)2

‖∞ and

that the application (F, p1, p2) →
∫
E Fd(p1−p2) is jointly continuous on L×∆1(E)×∆1(E).
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Using Proposition 7.33 in [4], there exists a measurable function H of (x, p1, p2) ∈ E×∆1(E)×
∆1(E) such that for all p1, p2, H(., p1, p2) ∈ L and

d(p1, p2) =

∫

E
H(., p1, p2)d(p1 − p2).

Define Fq(x, ω) = H(x, πq, πq−1). Given ε > 0, there exists a compact set Cε ⊂ E containing
x0 such that ∫

E\Cε

d(x0, x)dµ(x) ≤ ε.

Let (Bi)i=1,..,Nε
a covering of Cε made by balls with center xi and radius ε, so that Nε is

minimal. Let (Ui)i=1,..,Nε
a partition of Cε such that Ui ⊂ Bi. It follows that

n−1∑

q=0

E[d(πq, πq−1)] = E[

n−1∑

q=0

∫

E
Fq(., ω)d(πq − πq−1)]

= E[

∫

E

Nε∑

i=1

1Ui
(x)

n−1∑

q=0

(Fq(x, ω)− Fq(xi, ω))d(πq − πq−1)(ω)[x]]

+ E[

Nε∑

i=1

n−1∑

q=0

Fq(xi, ω)(πq − πq−1)(ω)(Ui)] + E[
n−1∑

q=0

1E\Cε
(x)Fq(., ω)d(πq − πq−1)(ω)]

≤ 2nε+ diam(Cε)

n−1∑

q=0

E[

Nε∑

i=1

|(πq − πq−1)(ω)(Ui)|] + 2nε

Consider now the vector-valued martingale (Mq)q=0,...,n−1 with Mq = (πq(Ui))i=1,...,Nε+1 with
the convention UNε+1 = E \ Cε. This martingale takes values in the canonical simplex of
RNε+1, and using the bound on the L1-variation of martingales given by Neyman [43], we
have

n−1∑

q=0

E[

Nε∑

i=1

|(πq − πq−1)(ω)(Ui)|] ≤
n−1∑

q=0

E[‖Mq −Mq−1‖1] ≤
√

2n ln(Nε + 1)√
ln(2)

.

We conclude that

n−1∑

q=0

E[d(πq, πq−1)] ≤ 4nε+ diam(Cε)

√
2n ln(Nε + 1)√

ln(2)
.

To conclude, note that:

inf
ε>0

4ε+ diam(Cε)

√
2 ln(Nε + 1)√
n ln(2)

−→
n→∞

0.

If E is a compact subset of Rm (endowed with the supremum norm), we can take E = Cε so
that the above arguments lead (with obvious simplifications) to

n−1∑

q=0

E[d(πq, πq−1)] ≤ 2nε+ diam(E)

√
2n ln(Nε)√
ln(2)

.
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For all ε > 0, one may choose for (Ui)i=1,..,Nε
a covering of E made by adjacent cubes in Rm

with centre xi and radius ε/2, so that Nε ≤ (1 + diam(E)
ε )m. It follows that for all ε > 0,

1

n

n−1∑

q=0

E[d(πq, πq−1)] ≤ 2(ε+

√
mM√

2n ln(2)
ln

1
2 (1 +

M

ε
)),

with M = diam(E). Using that ln(1 + x) ≤ ln(x) + 1
x for x > 0, we find

1

n

n−1∑

q=0

E[d(πq, πq−1)] ≤ 2(ε+

√
mM√

2n ln(2)
(ln(M)− ln(ε) +

ε

M
)
1
2 .

Choosing ε = n−α for some α > 0, it follows that

1

n

n−1∑

q=0

E[d(πq, πq−1)] ≤ 2(n−α +

√
mM√

2n ln(2)
(ln(M) + α ln(n) +

n−α

M
)
1
2

With α = 1
2 , we deduce that 1

n

∑n−1
q=0 E[d(πq, πq−1)] = O(( ln(n)n )

1
2 ).

5.2 Proof of Theorem 2.10

Let us introduce some notations for the discretizations in time used in the following proofs.

Notation 5.12. Given a process (Zt)t∈[0,1] of law P, we define P̂n as the law of the process

(Ẑt)t∈[0,1] ∈ D([0, 1],Z) defined by

∀t ∈ [0, 1], Ẑt := Z ⌊nt⌋
n

where ⌊a⌋ denotes the greatest integer lower or equal to a.

Lemma 5.13.

• The set-valued map ν → (B(ν),L(MZ)) has compact values.

• Any sequence in B(P̂n
ν ) admits an L(MZ)-convergent subsequence and all the limit points

belong to B(ν).

Proof. We only prove the second assertion, as the proof of the first one is simpler and relies
on the same arguments (with obvious simplifications).

Let Qn denote a sequence of laws of processes (Zn
t , π

n
t )t∈[0,1] in B(P̂n

ν ). It follows from Proposi-

ion VI.6.37 in [28] that P̂n
ν L(MZ)-converges to Pν (convergence actually holds for L(Sk)).

Therefore, Le Cam’s Theorem (see Theorem 11.5.3 in [17] and remark 5.3) implies that the
set {Pν , P̂

n
ν , n ≥ 1} is MZ-tight. On the other hand, Theorem 5.8 implies that the set of

possible laws for (πnt )t∈[0,1] is MZ-relatively sequentially compact since E[πn0 ] = JZ1K. Using
again LeCam’s theorem, up to extracting a convergent subsequence, we can assume that the
set of laws of the processes πn is tight. Finally, using Lemma A.2, we conclude that the set
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of laws {Qn, n ≥ 1} is tight, and we may extract some convergent subsequence, which proves
relative sequential compactness.

Let us now prove that the limit points belong to B(ν). Assume (without loss of general-
ity) that the sequence of processes (Zn

t , π
n
t )t∈[0,1] (with laws in B(P̂n

ν )) L(MZ)-converges to

(Zt, πt)t∈[0,1]. Note at first that the law of (Zt)t∈[0,1] is Pν since P̂n
ν L(MZ)-converges to Pν

and using that the projection of the trajectories on the first coordinate is continuous (see
Remark 5.2).

Using Skorokhod representation Theorem for separable metric spaces (see Theorem 11.7.31
in [17]), we can assume that the processes are defined on the same probability space and that

(Zn
t , π

n
t )t∈[0,1

MZ→ (Zt, πt)t∈[0,1] almost surely. Up to extracting a subsequence, we can also
assume that there exists a subset I of full Lebesgue measure in [0, 1] and containing 1 such
that for all t ∈ I, (Zn

t , π
n
t ) → (Zt, πt) almost surely.

The fact that (πt)t∈[0,1] is a càdlàg version of E[δZ1 |F
(Y,π),+
t ] follows therefore from Theorem

11 in [41]. Indeed, for φ in a countable convergence determining subset of Cb(Z), we may
adapt the proof of this theorem to conclude that

∫
φdπt is an FY,π-martingale, and therefore

also an F (Y,π),+-martingale. This implies that the limit (πt)t∈[0,1] is a F (Y,π),+-martingale.

Moreover, using the same argument, the equality E[δZn
1
| FY n,πn

1 ] = πn1 is also preserved in
the limit.

It remains to prove the non-anticipative property.

Note that we have almost sure MZ-convergence of trajectories restricted to [0, t] for all t ∈ I
in the space D([0, t],Z×∆(Z)) (the MZ-topology on this space is defined as above, replacing
the convergence at time 1 by convergence at time t). Precisely, if t ∈ I, then

((Zn
u )u∈[0,1], (Z

n
u )u∈[0,t], (π

n
u)u∈[0,t])

L(MZ)−→ ((Zu)u∈[0,1], (Zu)u∈[0,t], (πu)u∈[0,t]).

Since the law of (Zn
u )u∈[0,1] is equal to P̂n

ν , we have (assuming that trajectories of Z are defined
on the whole time line for convenience),

J(Zn
u )u≥t|(Zn

u )u≤tK =Mn(PZ ⌊nt⌋
n

)

where Mn(P) denotes the image probability of P by the map

(xu)u∈[0,∞) → (x ⌊n(αn+u)⌋
n

)u∈[0,1−t], with αn = t− ⌊nt⌋
n

.

We now use that PZ ⌊nt⌋
n

converges L(Sk)-almost surely to PZt
. We claim that this implies

that Mn(PZ ⌊nt⌋
n

) converges L(MZ)-almost surely to M(PZt
) where M(P) denotes the image

probability of P by the map
(xu)u∈[0,∞) → (xu)u∈[0,1−t].

Let us prove this claim. Fix ω such that the deterministic sequence zn = Z ⌊nt⌋
n

(ω) converges

to z = Zt(ω). Using Skorokhod’s almost sure representation theorem, there exists a sequence
of processes Ẑn of law Pzn converging Sk-almost surely to Ẑ of law Pz. On one hand, using
Proposition VI.6.37 in [28], we deduce that (Ẑn

⌊nu⌋
n

)u∈[0,+∞) Sk-converges to Ẑ. On the other
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hand, since Ẑ has no fixed points of discontinuity, the probability that Ẑ is continuous at
time (1− t) is 1. In order to conclude, it is then sufficient to prove that (xnαn+u)u∈[0,1−t] MZ-
converges to (xu)u∈[0,1−t] whenever x

n Sk-converges to x in D([0,∞),Z) and x is continuous
at time (1 − t). To see this, note at first that we have pointwise convergence at any point
where x is continuous (see e.g. Proposition VI.2.1 in [28]), hence at time (1− t). Since the set
of discontinuities of x is at most countable, we have pointwise convergence Lebesgue almost
everywhere on [0, 1− t], and thus convergence in measure. The proof of the claim is complete.

Applying Lemma 5.10, we have that for all t ∈ I,

Fπ
t

∐

FZ
t

FZ
1 ,

which concludes the proof by Lemma 5.6.

Let us now turn to the proof Theorem 2.10.

Proof of Theorem 2.10: Using the first point of Lemma 5.13 and the fact that H is L(MZ)-
continuous, there exists an optimal process (Zt, πt)t∈[0,1] with law in B(ν) for the maximization
problem V (ν). Let us prove at first that the discrete-time process (Z q

n
, π q

n
)q=0,...,n has a law

in Bn(ν). The non-anticipative property of (πt)t∈[0,1] at times q
n for q = 0, ..., n implies (see

Lemma 5.6)

∀q = 0, ..., n, Fπ
q

n

∐

FZ
q
n

FZ
1 .

Therefore, using Lemma 3.9, there exists a sequence of uniform random variables ξ0, ..., ξn
independent of (Zt)t∈[0,1] and a sequence of measurable functions fq such that

π q

n
= fq((Zu)u≤ q

n
, ξp, p ≤ q).

We deduce therefore the required conditional independence property from Lemma 3.9. For
the martingale property, we have π q

n
= JZ1|FY,π

q

n

K which implies π q

n
= JZ1|π0, Y0, ..., π q

n
, Y q

n
K

by taking conditional expectations. It follows that:

30



Vn(ν) ≥
1

n
E



n−1∑

q=0

W (Jπ q

n
|(πm

n
, Ym

n
,m ≤ q − 1), Y q

n
K)




≥ 1

n
E



n−1∑

q=0

W (δπ q
n

)




≥ 1

n
E



n−1∑

q=0

u(π q

n
)




≥ E[

∫ 1

0
u(πt)dt] + E




n∑

q=1

∫ q/n

(q−1)/n
u(π (q−1)

n

)− u(πt)dt




≥ E[

∫ 1

0
u(πt)dt]− E




n∑

q=1

∫ q/n

(q−1)/n
d(π (q−1)

n

, πt)dt




= V (ν)−
∫ 1/n

0
E




n∑

q=1

d(π (q−1)
n

, π (q−1)
n

+t
)dt




≥ V (ν)−
∫ 1/n

0
E




n∑

q=1

d(π (q−1)
n

, π q

n
)dt




≥ V (ν)− 1

n
E




n∑

q=1

d(π (q−1)
n

, π q

n
)




where we used Jensen’s inequality to obtain the second line, and then the Lipschitz property
of u. Using Proposition 5.11, it follows that

lim inf
n→∞

Vn(ν) ≥ V (ν).

Let us prove the reverse inequality. Extract a subsequence denoted m = m(n) such that

Vm(ν) −→
m→+∞

lim sup
n→∞

Vn(ν).

Let (Z̃n
q , π̃

n
q )q=0,...,n be optimal for Vn(ν) and let (Zn, πn) denote the associated piecewise-

continuous process on the uniform partition of [0, 1]. We verify easily that (Zm, πm) belongs
to B(P̂m

ν ). Using Lemma 5.13, up to extracting again some subsequence, we can assume
the sequence (Zm, πm) converges in law to some process (Z, π) which belongs to B(ν). The
Lipschitz property of W implies:

∀µ ∈ ∆(Z), W (µ) ≤ U(µ) + d(µ,Bar(µ)). (5.5)
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We deduce that (with the convention that πm
− 1

m

:= E[πm0 ]):

Vm(ν) =
1

m
E



m−1∑

q=0

W (Jπmq
m
|(π p

m
, Y m

p

m
, p ≤ q − 1), Y m

q

m
K)




≤ 1

m
E



m−1∑

q=0

W (Jπmq
m
|πmp

m
, Y m

p

m
, p ≤ q − 1K)




≤ 1

m
E



m−1∑

q=0

u(πmq−1
m

)] +
1

m
E[

m−1∑

q=0

d(πmq
m
, πmq−1

m

)




= H(P̂m
ν ) +

1

m
E



m−1∑

q=0

d(πmq
m
, πmq−1

m

)


 ,

where we used Jensen’s inequality to obtain the second line and then inequality (5.5). Using
that H is L(MZ)-continuous and Proposition 5.11, we conclude that

lim sup
n→∞

Vn(ν) ≤ V (ν).

5.3 Optimal martingales and asymptotically optimal strategies.

Maximizers of the limit problem induce asymptotically optimal strategies for player 1 in Gn.

Proposition 5.14. If ν ∈ ∆(Z), then any optimal process in the set

P∞(ν) = argmax
J(Zt,πt)t∈[0,1]K∈B(ν)

E[

∫ 1

0
u(πt)dt]

induces by discretization a sequence of asymptotically optimal strategies for player 1 in Gn(ν).

Proof. Let (Zt, πt)t∈[0,1] be a process such that J(Zt, πt)t∈[0,1]K ∈ P∞(ν). Using Remark 4.6,
the discretization induces an asymptotically optimal strategy for the informed player in Gn(ν).
Indeed, using the same arguments as for the proof of Theorem 2.10,

1

n
Ψn((Z q

n
, π q

n
)q=1,..,n) ≥ V (ν)− 1

n
E




n∑

q=1

d(π (q−1)
n

, π q

n
)


 .

The conclusion follows from Theorem 2.10 and Proposition 5.11.

6 A variational formulation for the limit value.

Let us recall that

V (ν) = sup
J(Zt,πt)t∈[0,1]K∈B(ν)

E[

∫ 1

0
u(πt)dt]

where B(ν) is the set of laws of processes (Zt, πt)t∈[0,1] such that:
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• Z has law Pν .

• π is a càdlàg modification of (JZ1|F (Y,π),+
t K)t∈[0,1].

• Fπ is non-anticipative with respect to FZ .

and that (Pt)t≥0 denote the transition probabilities of Z, i.e. for t ≥ 0, Pt is a measurable
map from Z to ∆(Z) such that for all bounded measurable function on Z and 0 ≤ s ≤ t,

Eν [φ(Zt)|FZ
s ] =

∫

Z
φdPt−s(Zs).

Notation 6.1. Pt induces a linear map from ∆(Z) to ∆(Z) denoted ν → ν · Pt defined by

∀ Borel set A ⊂ Z, ν · Pt(A) =

∫

Z
(

∫

A
dPt(x))dν(x).

Notation 6.2. Given some probability space (Ω,A,P), define N as the set of null sets of P
in A, and the usual augmentation of some filtration (Ht)t∈[0,1] as Ht = Ht ∨N .

Let us fix ν ∈ ∆(Z) and some process (Zt, πt)t∈[0,1] with law in B(ν) defined on the canonical
space denoted (Ω,A,P).
It follows that:

Eν [δZ1 |FZ
t ] = δZt

· P1−t.

Using that Fπ is non-anticipative with respect to FZ , we have that (see Lemma 5.6)

Eν [δZ1 |F
(Z,π),+
t ] = Eν [δZ1 |FZ,+

t ] = δZt
· P1−t.

We deduce that:

πt = Eν [δZ1 |F
(Y,π),+
t ] = Eν [δZt

· P1−t|F (Y,π),+
t ] = Eν [δZt

|F (Y,π),+
t ] · P1−t.

Let us define θt := E[δZt
|F (Y,π),+

t ] (optional projection) and note that we have that for all t
outside some countable set (see e.g. Lemma 1 in [36])

θt = E[δZt
|FY,π

t ] = E[δZt
|FY,π

t ].

The previous relation becomes

∀t ∈ [0, 1], πt = θt · P1−t.

Recall that the function ũ is defined on [0, 1]×∆(Z) by the relation

ũ(t, µ) := u(µ · P1−t).

Since Z is Feller, (t, z) → Pt(z) is continuous and therefore ũ is continuous. Moreover, we
have

E[

∫ 1

0
u(πt)dt] = E[

∫ 1

0
ũ(t, θt)dt].
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The previous construction implies that Fπ ⊂ Fθ
and the definition of θ that Fθ ⊂ F (Y,π),+

.

We deduce that FY,π ⊂ FY,θ ⊂ F (Y,π),+
and therefore F (Y,θ),+

= F (Y,π),+
. It follows easily

that Fθ is non-anticipative with respect to FZ .

We can now state the following result which provides an alternative representation for the
value function V .

Lemma 6.3.

V (ν) = max
J(Zt,θt)t∈[0,1]K∈C(ν)

E[

∫ 1

0
ũ(t, θt)dt]

where C(ν) is the set of laws of processes (Zt, θt)t∈[0,1] such that:

• Z has law Pν .

• θ is a càdlàg modification of (JZt|F (Y,θ),+
t K)t∈[0,1].

• Fθ is non-anticipative with respect to FZ .

Proof. That V is lower or equal to the right-hand side of the equation follows directly from
the above discussion. To prove the reverse inequality, given an admissible process (Z, θ), one
can define a process π by the relation πt = θt · P1−t. One checks easily that the law of (Z, π)
belongs to B(ν) and this proves the result. The existence of a maximum in C(ν) follows from
the existence of a maximum in B(ν).

Remark 6.4. Note that by construction θt = χt ⊗ δYt
with χt = E[δXt

|F (Y,π),+
t ].

6.1 The Markovian structure

The set of admissible processes (Z, θ) is more convenient than (Z, π) in order to obtain a
variational formulation of our problem. In this subsection, we study the Markovian structure
of belief processes θ.

Let us consider an admissible process (Zt, θt)t∈[0,1] with law in C(ν) and r ∈ [0, 1).

Define the process θr on the time interval [0, 1] by (optional projection)

θrt := E[δZt
|F (θ·∧r,Y ),+

t ].

Note that θrt = θt for t ≤ r. and that for all t outside some countable set we have

θrt = E[δZt
|F (θ·∧r,Y )

t ].

Define the right-continuous filtration Gr by Gr
t = F (θ·∧r,Y ),+

t .

The following proposition in the main tool for proving an abstract variational characterization
of the value. Note that similar general results already appear in [49] and [35].

Proposition 6.5. Using the above notations, (θrt )t∈[r,1] is a (Gr)-Markov process whose tran-
sition Q is given by the function

Qt(ν) ∈ ∆(∆(Z)), ∀ Borel set C, Qt(ν, C) := Pν

(
Eν [δZt

|FY,+
t ] ∈ C

)
.
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Proof. Note that the above formula does not necessarily define a transition function since we
do not always have Q0(ν) = δν (for example if X ∈ R is almost surely constant and Y ∈ R is
defined by Yt = Y0 +

∫ t
0 X0dt). The true state space of the Markov process is the set

∆∗(Z) := {ν ∈ ∆(Z) |Q0(ν, .) = δν}.

Note also that ∆∗(Z) is a subset of the set

{p⊗ δy | p ∈ ∆(X ), y ∈ Y}.

Let us prove that this set is measurable and that the restriction of Qt on ∆∗(Z) is a well-
defined transition.

Let us define Q̃t,n(ν) ∈ ∆(∆(Z)) by

Q̃t,n(ν, C) := Pν

(
Eν [δZt

|FY
t+ 1

n

] ∈ C
)
.

Using Lemma A.6, Q̃t,n is a measurable function of ν. Using the backward martingale conver-
gence theorem (applied to a countable convergence determining subset of bounded continuous
functions), we have almost sure convergence of

Eν [δZt
|FY

t+ 1
n

] −→
n→∞

Eν [δZt
|FY,+

t ]

under Pν . This implies the convergence in law of Q̃t,n(ν) to Qt(ν) and thus the measurability
with respect to ν. The same arguments also show that t → Qt is right-continuous, and this
implies joint measurability with respect to (t, ν).

Let us now prove the Markov property and at the same time that ∆∗(Z) is stable by Q.
Recall at first that θr is a càdlàg process and that for all t outside some countable set T we
have

θrt = E[δZt
|θ·∧r,FY

t ].

Let v ≥ u ≥ r and vn /∈ T with vn ↓ v, then

θrv = lim
n
θrvn = lim

n
E[δZv

|Gr
u, (Yt)u≤t≤vn ]

Define a process (Z̃t)t∈[0,1] on an extension Ω × D([0, 1],Z) of our probability space Ω such

that the conditional law of Z̃ given ω is Pθru . Using Lemma A.7, we deduce that

JE [δZv
|Gr

u, (Yt)u≤t≤vn ] | Gr
uK = JEθru

[
δZ̃v−u

|F Ỹ
vn−u

]
| Gr

uK.

Therefore, for any bounded continuous map φ we have (using Lebesgue’s convergence theorem
for conditional expectation)

E[φ(θrv)|Gr
u] = lim

n
E[φ

(
Eθru [δZ̃vn−u

|F Ỹ
vn−u]

)
|Gr

u]

= Eθru [φ
(
Eθru [δZ̃v−u

|F Ỹ ,+
v−u ]

)
]

= Qv−u(θ
r
u, φ),

which proves the Markov property. Note finally that the above construction also shows that
θrt ∈ ∆∗(Z) almost surely by taking v = u = t.
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Definition 6.6. Given an admissible process (Z, θ) with law in C(ν), and a partition of [0, 1]
denoted 0 = t0 < t1 < ... < tm = 1, the approximating process (Z, θ̃) associated to the partition
is defined by:

θ̃ = θti , on the interval [ti, ti+1).

Lemma 6.7. Given an admissible process (Z, θ) with law in C(ν) and a sequence of partitions
(tni )i=0,...,mn of [0, 1] with tn0 = 0 and tnmn

= 1 whose mesh πn goes to zero, the sequence of

approximation processes θ̃n, defined according to Definition 6.6, L(MZ) converges to θ as n
goes to ∞.

Proof. Assume that we are given an admissible process (Z, θ) defined on the canonical space
denoted for simplicity (Ω,A,P).
Let Fn denote the sequence of filtrations defined by Fn

t = Gtni
t on the interval [tni , t

n
i+1) and

Ft := F (θ,Y ),+
t . Recall that for t > 0, Ft− := ∨s<tFt and by convention define F0− := G0

0 . We
have Fn

t ⊂ Ft, and for all i, Ftni −
⊂ Fn

tni
. Moreover, for all t ∈ (0, 1],

Ft− ⊂
∨

n≥1

Fn
t ⊂ Ft.

Note also that θ̃n equals θ at times {tn0 , ..., tnmn
}.

It is sufficient to show that for all φ in a countable convergence determining subset of Cb(Z),
we have that

∫
φdθ̃nt converge in dt⊗dP-measure to

∫
φdθt. Indeed, if this property holds, for

any subsequence, one may extract another subsequence (using diagonal method) to obtain a
subsequence converging dt× dP almost surely and convergence at time 1 is obvious.

At first, we show that for all B ∈ L∞(F1), we have convergence in dt ⊗ dP-measure of
(An

t )t∈[0,1] := (E[B|Fn
t ])t∈[0,1] to (At)t∈[0,1] := (E[B|Ft])t∈[0,1].

Let ε > 0. Note that E[B|Ft−] = At− for t ∈ (0, 1] and define A0− := E[B|F0−] so that the
same relation holds for t = 0. We deduce that

E[

∫ 1

0
1|At−An

t |>εdt] ≤
∫ 1

0

1

ε2
E[|At −An

t |2]

=
1

ε2

mn−1∑

i=0

∫ tni+1

tni

E[A2
t − (An

t )
2]

≤ 1

ε2

mn−1∑

i=0

(tni+1 − tni )E[A
2
tni+1−

−A2
tni −

]

≤ 1

ε2
πnE[A

2
1− −A2

0−]−→n→∞
0

where we used Markov and Jensen inequalities and the martingale property.

Let us now assume that (At)t∈[0,1] is a càdlàg bounded process. Define Ap as a sequence of
càdlàg piecewise constant approximations of A on another sequence of partitions (tpi )i=1,...,mp

whose mesh is going to zero. It’s well-known that Ap converges in dt⊗ dP -measure to A (see
Jacod-Shiryaev Proposition VI.6.37). Note also that

Ap
t =

mp∑

i=0

(Atpi+1
−Atpi

)1t≥tpi+1
.
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Using the preceding property, we have that for all i, (E[(Atpi+1
− Atpi

)|Fn
t ])t∈[0,1] converges in

dt⊗ dP-measure to (E[(Atpi+1
−Atpi

)|Ft])t∈[0,1]. It follows that

(E[(Atpi+1
−Atpi

)1t≥tpi+1
|Fn

t ])t∈[0,1]
dt⊗dP−→
n→∞

(E[(Atpi+1
−Atpi

)1t≥tpi+1
|Ft])t∈[0,1].

We deduce that for all p

(E[Ap
t |Fn

t ])t∈[0,1]
dt⊗dP−→
n→∞

(E[Ap
t |Ft])t∈[0,1].

On the other hand, for all ε > 0, Lebesgue convergence theorem implies,

E[

∫ 1

0
1|E[Ap

t |Ft]−E[At|Ft]|>εdt] ≤
∫ 1

0

1

ε
E[|At −Ap

t |] −→p→∞
0,

E[

∫ 1

0
1|E[Ap

t |F
n
t ]−E[At|Fn

t ]|>εdt] ≤
∫ 1

0

1

ε
E[|At −Ap

t |] −→p→∞
0.

Finally, we deduce that for all p:

lim sup
n→∞

E[

∫ 1

0
1|E[At|Ft]−E[At|Fn

t ]|>3εdt] ≤ 2

∫ 1

0

1

ε
E[|At −Ap

t |],

and the conclusion follows by sending p to ∞.

6.2 A sub-dynamic programming principle.

Consider now the problem starting at t ∈ [0, 1] with initial distribution ν ∈ ∆(Z).

The filtration generated by some process A defined on the time interval [t, 1] will be denoted

FA
(t) = (FA

t,s)s∈[t,1] with FA
t,s = σ(Ar, r ∈ [t, s]).

Let us define the following time-dependent extension of the value function V :

V (t, ν) := sup
(Z,θ)∈C(t,ν)

E[

∫ 1

t
ũ(s, θs)ds]

where C(t, ν) is the set of laws of processes (Zs, θs)s∈[t,1] such that:

• Z is a Markov process starting at date t with initial law ν.

• θ is a càdlàg modification of (JZt|F (Y,θ),+
t,s K)s∈[t,1].

• Fθ
(t) is non-anticipative with respect to FZ

(t).

Similarly, adapting the proof of Lemma 6.3, we have:

V (t, ν) := sup
(Z,θ)∈B(t,ν)

E[

∫ 1

t
u(πs)ds]

where B(t, ν) is the set of laws of processes (Zs, πs)s∈[t,1] such that:
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• Z is a Markov process starting at date t with initial law ν.

• π is a càdlàg modification of (JZ1|F (Y,π),+
t,s K)s∈[t,1].

• Fπ
(t) is non-anticipative with respect to FZ

(t).

Note that V (ν) = V (0, ν) and that all the properties proved for V (ν) translate automatically
to V (t, ν). Precisely, Lemmas 5.13, 6.7 and 6.5 have obvious extensions. The next lemma
provides an additional regularity property which will be useful for the next theorem.

Lemma 6.8. Given a sequence (tn, νn) converging to (t, ν) in [0, 1]×∆(Z) and any sequence
Pn ∈ B(tn, νn), there exists a subsequence also denoted Pn and P ∈ B(t, ν) such that

EPn
[

∫ 1

tn

u(πns )ds] → EP[

∫ 1

t
u(πs)ds].

Proof. At first, given processes (Zn, πn) of laws Pn, we will replace these processes by processes
defined on the same time interval [0, 1]. Define Zn on the time interval [tn, tn+1] by Zn

s = Zn
1

for s ≥ 1 and define πns = πn1 . Then, for all n, define the process (Z̃n
s , π̃

n
s )s∈[0,1] by

∀s ∈ [0, 1], (Z̃n
s , π̃

n
s ) := (Zn

tn+s, π
n
tn+s).

Let P̃n denote the law of (Z̃n, π̃n) and Q̃n the law of Z̃n. By construction, P̃n belongs to
B(Q̃n). Then, we follow the same scheme as in Lemma 5.13. At first, note that P̃n converge
to the law P̃ of the process (Zs∧t)s∈[0,1] where Z is a Markov process starting at time 0 with
initial law ν (using that Z is continuous at time 1 − t with probability 1). Then, tightness
of the laws of πn follows from Theorem 5.8 since E[πn0 ] = νn · P1−tn and the set of laws
{νn · P1−tn , n ≥ 0} is tight (as a convergent sequence).

Following the proof of Lemma 5.13 (with obvious modifications), for any limit point π̃, the
process (πs)s∈[t,1] := (π̃s−t)s∈[t,1] has a law in B(t, ν). The conclusion follows using the L(MZ)-
continuity of H and that u is bounded.

We now prove theorem 2.11.

Proof of Theorem 2.11. The proof is split in two steps.
Step 1: We prove at that V is upper semi-continuous and fulfills the properties (i− iii).

That V is upper semi-continuous follows from Lemma 6.8.

i) is obvious.

ii) Concavity follows from the same method as the well-known splitting Lemma (see e.g.
Chapter V.1 in [39]). Given ν1, ν2 and λ ∈ [0, 1], P1 ∈ C(t, ν1) and P2 ∈ C(t, ν2), let
us construct Pλ ∈ C(t, λν1 + (1 − λ)ν2) as follows. Assume that (Z1, θ1) and (Z2, θ2) are
independent and of respective laws P1 and P2. Let ξ be a random variable independent of
(Z1, θ1) and (Z2, θ2) and such that P(ξ = 1) = λ and P(ξ = 2) = 1− λ. Define (Z, θ) as the
process equal to (Zi, θi) on {ξ = i}. It follows easily by conditioning on ξ that

E[

∫ 1

t
ũ(s, θs)ds] = λE[

∫ 1

t
ũ(s, θ1s)ds] + (1− λ)E[

∫ 1

t
ũ(s, θ2s)ds].
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In order to conclude, it remains to prove that (Z, θ) has a law Pλ ∈ C(t, λν1 + (1 − λ)ν2).
That (Zt+s)s≥0 has law Pλν1+(1−λ)ν2 follows directly from the definition. From the definition

of (Z, θ), we deduce that F (θ,Y ),+
t,s is included in σ(ξ) ∨ F (θ1,Y 1),+

t,s ∨ F (θ2,Y 2),+
t,s . Using the

definition of conditional laws, we verify easily that:

JZs|F (Y 1,θ1),+
t,s ,F (Y 2,θ2),+

t,s , ξK

= JZ1
s |F (Z1,θ1),+

t,s ,F (Z2,θ2)+
t,s , ξK1ξ=1 + JZ2

s |F (Z1,θ1),+
t,s ,F (Z2,θ2),+

t,s , ξK1ξ=2

= JZ1
s |F (Z1,θ1),+

t,s K1ξ=1 + JZ2
s |F (Z2,θ2),+

t,s K1ξ=2

= θ1s1ξ=1 + θ2s1ξ=2 = θs,

where the second equality follows from Lemma 3.7. Using the tower property of conditional
laws, we deduce that

θs = E[δZs
|F (θ,Y )

t,s ].

To prove the non-anticipative property, note at first that for i = 1, 2 and s ∈ [t, 1], Lemma
3.7 implies that

JZi|FZ1,θ1

t,s ,FZ2,θ2

t,s , ξK = JZi|FZi

t,s K.

Note then that
JZ|FZ

t,sK = JZ1|FZ1

t,s K1ξ=1 + JZ2|FZ2

t,s K1ξ=2.

Similarly, we have

JZ|FZ1,θ1

t,s ,FZ2,θ2

t,s , ξK = JZ1|FZ1,θ1

t,s ,FZ2,θ2

t,s , ξK1ξ=1 + JZ2|FZ1,θ1

t,s ,FZ2,θ2

t,s , ξK1ξ=2.

From these we deduce that

JZ|FZ1,θ1

t,s ,FZ2,θ2

t,s , ξK = JZ|FZ
t,sK,

and we conclude using Lemma 3.7 with the intermediate σ-field FZ,θ
t,s .

The inequality iii) follows easily from the following sub-dynamic programming principle: in
words, player 1 can decide not to use his private information on the time interval [t, t + h),
and this behavior is sub-optimal. Precisely, given a process Z starting at time t with law ν,

define θ on the interval [t, t+ h] by θs = E[δZs
|FY,+

t,s ] (optional projection). From Lemma 6.5,
θ is a Markov process of transition Q, and θt+h has law Qh(ν).

The function P ∈ C(t + h, ν) → J(P) := E[
∫ 1
t+h ũ(s, θs)ds] is L(MZ)-continuous, and the

set-valued map µ → C(t, ν) is L(MZ) upper-semi-continuous. We deduce the the subset O
of the space ∆(Z)×∆(D([t+ h, 1],Z ×∆(Z))) defined by

O := {(ν,P)|P ∈ C(t+ h, ν), J(P) ≥ V (t+ h, ν)}

is measurable. Moreover, Lemma 5.13 implies that for any ν, there exists some P such that
(ν,P) ∈ O. It follows therefore from Von Neumann’s selection Theorem (see e.g. Proposition
7.49 in [4]) that there exists an optimal universally-measurable selection φ from ∆(Z) to
C(t+ h, ν) such that for all ν ∈ ∆(Z), φ(ν) ∈ O.
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By definition, φ is Qh(ν)-almost surely equal to a Borel map ψ. Using Lemma A.4, we can
construct a process (on some extension of the probability space) θ̃ defined on the time interval

[t+ h, 1] such that the conditional law of (Zs, θ̃s)s∈[t+h,1] given FY,+
t,t+h is precisely ψ(θt+h).

Let us define the process (Z, θ̂) where θ̂ is equal to θ on [t, t+ h) and to θ̃ on [t+ h, 1]. Using
the preceding construction and assuming that that the process (Z, θ̂) has a law in C(t, ν), we
deduce that:

V (t, ν) ≥ E[

∫ 1

t
ũ(s, θ̂s)ds] = E[

∫ t+h

t
ũ(s, θs)ds] + E[E[

∫ 1

t+h
ũ(s, θ̃s)ds|FY,+

t,t+h]]

≥
∫ h

0

∫

∆(Z)
ũ(t+ s, µ)dQs(ν, dµ)ds+ E[V (t+ h, θt+h)]− ε

=

∫ h

0

∫

∆(Z)
ũ(t+ s, µ)dQs(ν)(dµ)ds+

∫

∆(Z)
V (t+ h, µ)dQh(ν)(dµ)− ε,

which would conclude the proof of Step 1.

It remains therefore to prove that the process (Z, θ̂) has a law in C(t, ν).
(Zs)s≥t is a Markov process starting at time t with law ν by assumption.

Let us prove that for all s ∈ [t, 1], θ̂s = E[δZs
|F (Y,θ̂),+

t,s ]. The result is obvious by construction

for s ∈ [t, t+ h). Note that for s ∈ [t+ h, 1], we have (up to null sets) FY,θ̂
t,s = FY

t,t+h ∨FY,θ̃
t+h,s.

Then for all rational s ∈ [t + h, 1], for all C ∈ FY
t,t+h and D ∈ FY,θ̃

t+h,s in some countable
generating families, and for all φ ∈ Cb(Z) in some countable convergence determining subset,
we have

E[φ(Zs)1D((Yu, θ̃u)u∈[t+h,1])1C((Yu)u∈[t,t+h])]

= E[E[φ(Zs)1D((Yu, θ̃u)u∈[t+h,1])|FY,+
t,t+h]1C((Yu)u∈[t,t+h])]

= E[

∫

Z
φdθ̃s1D((Yu, θ̃u)u∈[t+h,1])1C((Yu)u∈[t,t+h])],

which proves that θ̂s = E[δZs
|F (Y,θ̂)

t,s ] for all rational s ∈ [t+ h, 1] and we conclude using that

(Z, θ̂) has càdlàg trajectories and the backward martingale convergence theorem.

Let us prove the non-anticipative property. Note at first that it is sufficient to prove that for
all s ∈ [t, 1],

J(Zu)u≥s|FZ,θ̂
t,s K = J(Zu)u≥s|FZ

t,sK.

The property is obvious for s ∈ [t, t+h). For each s ∈ [t+, h, 1], we will provide an alternative
construction of the process (Z, θ̂) having the same law and for which the property will be
easy to verify (we do not know how to prove this property in a simpler way, despite it is
very intuitive). Before explaining the construction, note that the first equality in Lemma

A.7 together with the fact that the conditional law of (Zs, θ̃s)s∈[t+h,1] given FY,+
t,t+h verifies a

non-anticipative property (since it belongs to C(t+ h, θt+h)) implies:

J(θ̃u)u∈[t+h,s]|F
Y,+
t,t+h, (Zu)u∈[t+h,1]K = J(θ̃u)u∈[t+h,s]|F

Y,+
t,t+h, (Zu)u∈[t+h,s]K.

40



Let us now explain the construction. Using the remark following Lemma A.4, starting with
the process Z defined on the interval [t, 1], and with two independent variables ξ, ζ uniformly
distributed on [0, 1] and independent of Z, we may construct a process as follows. Construct
at first (θ̆u)u∈[t+h,s] as a function of Z and ξ using the conditional law of (θ̃u)u∈[t+h,s] given

(FY,+
t,t+h, (Zu)u∈[t+h,1]). As explained above, this conditional law has the property that it

is measurable with respect to (FY,+
t,t+h, (Zu)u∈[t+h,s]) so that (θ̆u)u∈[t+h,s] is measurable with

respect to (FY,+
t,t+h, (Zu)u∈[t+h,s], ξ). Then, construct (θ̆u)u∈[s,1] as a function of Z, (θ̆u)u∈[t+h,s]

and ζ using the conditional law of (θ̃u)u∈[s,1] given (FY,+
t,t+h, (Zu)u∈[t+h,1], (θ̃u)u∈[t+h,s]). The

process (Z, θ̄) where θ̄ equals θ on the interval [t, t + h) and θ̆ on the interval [t + h, 1] has
the the same law as (Z, θ̂) by construction. The non-anticipative property at time s is now
obvious since

J(Zu)u≥s|FZ
t,s, ζK = J(Zu)u≥s|FZ

t,sK,

and using the tower property of conditional laws.

Step 2: We prove that V is the smallest upper semi-continuous function fulfilling (i− iii).

Let Ψ be another u.s.c. function fulfilling these three properties. Let (Z, θ) be an admissible
process starting at time r with initial law ν for Z and r = t0 < t1 < ... < tm = 1 a partition
of [r, 1]. Define θ̃ and F̃ as in Lemma 6.7.

It follows from Lemma 6.5 that

E[

∫ ti+1

ti

ũ(s, θ̃s)|Gti
ti
] =

∫ ti+1−ti

0

∫

∆(Z)
ũ(ti + s, µ)dQti+1−ti(θ̃ti , dµ)ds,

and

E[Ψ(ti+1, θ
ti
ti+1

)|Gti
ti
] =

∫

∆(Z)
Ψ(ti+1, µ)dQti+1−ti(θ̃ti , dµ).

Note that E[θ̃ti+1 |Gti
ti+1

] = θtiti+1
so that using Jensen’s inequality

E[Ψ(ti+1, θ̃ti+1)|Gti
ti
] ≤

∫

∆(Z)
Ψ(ti+1, µ)dQti+1−ti(θ̃ti , dµ).

We deduce that

E[

∫ ti+1

ti

ũ(s, θ̃s)|Gti
ti
] ≤ Ψ(ti, θ̃ti)− E[Ψ(ti+1, θ̃ti+1)|Gti

ti
].

And by summation

E[

∫ 1

r
ũ(s, θ̃s)] ≤ E[Ψ(r, θ̃r)] ≤ Ψ(r, ν).

By choosing a sequence of partition whose mesh goes to zero, we obtain using Lemma 6.7

E[

∫ 1

r
ũ(s, θs)] ≤ Ψ(r, ν).

and therefore V (r, ν) ≤ Ψ(r, ν).
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Remark 6.9. Note that in the above proof, the only time we used that Ψ is upper semi-
continuous is when we used Jensen’s inequality.

The next lemma will be useful for the results of the next section.

Lemma 6.10. We have for all ν ∈ ∆(Z), V (t, ν) = E[V (t, Q0(ν))].

Proof. For simplicity of notations, and without loss of generality, we only write the proof for
t = 0. Let (Z, θ) a process defined on the canonical space denoted (Ω,A,P) with law in C(ν)
and which is optimal, meaning that

V (0, ν) = E[

∫ 1

0
ũ(t, θt)dt] = E[E[

∫ 1

0
ũ(t, θt)dt|FY,+

0 ]].

Let us prove that the conditional law of (Zt, θt)t∈[0,1] given FY,+
0 denoted P̃ belongs almost

surely to C(JZ0|FY,+
0 K). Using that Z is an FZ,+-Markov process, we deduce that that the

conditional law of Z given FY,+
0 is P

JZ0|F
Y,+
0 K

. The remaining properties follow easily by

disintegration. In order to avoid ambiguous notations, let us enlarge the probability space by
Ω× Ω̃ where Ω̃ is a copy of Ω and such that the law of the canonical process (Z̃, θ̃) on Ω̃ given
(Z, θ) is equal to P̃.

We prove at first that for all rational t, for all φ ∈ Cb(Z) in a countable convergence deter-

mining subset, for all C ∈ F Ỹ ,θ̃
t in a countable generating family, we have P-almost surely

E
P̃
[φ(Z̃t)1C(Ỹ , θ̃)] = E

P̃
[

∫

Z
φdθ̃t1C(Ỹ , θ̃)].

Due to the preceding construction, the above equality is equivalent to

EP[φ(Zt)1C(Y, θ)|FY,+
0 ] = EP[

∫

Z
φdθt1C(Y, θ)|FY,+

0 ].

This last equality follows easily by taking at first conditional expectations with respect to

F (Y,θ),+
t and then with respect to FY,+

0 . We deduce that with probability 1, the law P̃ is such
that for all rational t,

E
P̃
[δZ̃t

|F (Ỹ ,θ̃)
t ] = θ̃t,

where the equality holds P̃-almost surely. The second property in the definition of C(ν) follows
now easily using that (Z̃, θ̃) has càdlàg trajectories and the backward martingale convergence
theorem.

The non-anticipative property follows by the same method. At first it is sufficient to prove
that with probability 1, for all t ∈ (0, 1], for all boundedMZ-continuous function φ : D([0, 1−
t],Z) → R in a countable separating subset, for all C ∈ F Z̃,θ̃

t in a countable generating family,
we have

E
P̃
[φ(Z̃s)s≥t)1C(Z̃, θ̃)] = E

P̃
[

∫

D([0,1−t],Z)
φdPZ̃t

1C(Z̃, θ̃)].

This equality is equivalent to

EP[φ(Zs)s≥t)1C(Z, θ)|FY,+
0 ] = EP[

∫

D([0,1−t],Z)
φdPZt

1C(Z, θ)|FY,+
0 ].
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And this last equality follows easily by taking successive conditional expectations with respect
to FZ,θ

t and FY,+
0 .

We deduce from these properties that:

V (0, ν) ≤ E[V (0, JZ0|FY,+
0 K)] =

∫
V (0, µ)dQ0(ν, dµ).

Using that V is concave, we deduce that this inequality is an equality and this concludes the
proof.

7 Filtering of continuous-time Markov chains.

Let us turn to a particular case where it is possible to obtain an infinitesimal version of the
above variational inequality.

Let us recall briefly the framework and notations introduced in section 2. X = {1, ..., N} is
endowed with the distance dX (α, α

′) = 21α 6=α′ and Y = R with the Euclidean distance dY .
Z = X ×Y is endowed with the distance d = dX +dY . ∆(X ) is identified with the canonical
simplex ∆N in RN .

In the following, we use the notation |.| for the Euclidean norm, and we will also use the
notations |.|1, and |.|∞ for the usual 1 and ∞-norms in Rm for m ≥ 1.

(Xt)t∈[0,1] is a continuous-time homogeneous Markov chain with finite state space X , infinitesi-
mal generator Λ = (Λα,β)α,β∈X and initial law p ∈ ∆(X ). If β 6= α, Λα,β denotes the transition
rate from state α to state β, and Λα,α = −∑

β 6=α Λα,β .

The process Yt is defined as the unique solution of the SDE

Yt = y +

∫ t

0
b(Xs, Ys)ds+

∫ t

0
σ(Ys)dWt,

where (Wt)t∈[0,1] is a standard Brownian motion independent of X and y ∈ R and b, σ are
bounded, Lipschitz, and such that for all y ∈ R, σ(y) ≥ ǫ > 0.

Z = (X,Y ) is a well defined homogeneous Feller Markov process and we may therefore apply
Theorem 2.11. Recall that b(y) = b(α, y)α=1,...,N ∈ RN and χt(α) := P(Xt = α|FY,+

t ).
Theorem 9.1 in [38] implies that the process θt := (χt, Yt) ∈ RN+1 is a diffusion process2

satisfying:

θt = θ0 +

∫ t

0
c(θt)dt+

∫ t

0
κ(θt)dW̄t, (7.1)

where W̄ is a standard FY,+-Brownian motion and the vectors c(p, y) and κ(p, y) in RN+1 =
RN × R are defined by

c(p, y) = ( TΛp, 〈p, b(y)〉)

κ(p, y) = ((
pα
σ(y)

(b(α, y)−
N∑

β=1

b(β, y)pβ))α=1,...,N , σ(y)).

2We use the same notation θ as in the previous section for a different object. Formally, the process θt
introduced in section 6 should be equal to χt ⊗ δYt

.
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where TΛ denotes the transpose of the matrix Λ. We deduce from standard properties of
diffusion processes that for any function f ∈ C1,2([0, 1]×RN+1) with polynomial growth (say):

∀0 ≤ s ≤ t ≤ 1, E[f(t, θt)|Fθ
s ] = f(s, θs) + E[

∫ t

s
A(f)(u, θu)du|Fθ

s ],

where A(f) is the differential operator defined by

Af(t, θ) =
∂f

∂t
(t, θ) + 〈∇θf(t, θ), c(θ)〉+

1

2
〈κ(θ),∇2

θf(t, θ)κ(θ)〉

Remark 7.1. Note that the process χ takes values in ∆N , and that our assumptions on b and
σ imply that the functions c and κ are Lipschitz continuous and bounded on ∆N × R. In the
following, we will assume when needed that the functions c and κ are bounded and Lipschitz on
the whole space RN+1 (the above formula cannot be used directly since the resulting functions
would be unbounded and only locally Lipschitz).

Let us recall some standard estimates for diffusion processes.

Lemma 7.2. Let W̄ denote a standard Brownian motion defined on the canonical space and
let θp,y denote the unique strong solution of (7.1) starting at time 0 with the initial condition
θp,y0 = (p, y). There exists a constant C such that for all (p, y), (p′, y′) ∈ ∆N × R and for all
t, t′ ∈ [0, 1]:

E[|θp,yt − θp
′,y′

t′ |] ≤ C(|p− p′|+ |y − y′|+ |t− t′|1/2).
Proof. These results are standard as the diffusion θ has bounded Lipschitz coefficients (see
e.g. chapter 5 in [31]).

Given any probability µ ∈ ∆(Z) = ∆({1, ..., N} × R), we associate a probability M(µ) ∈
∆(∆N × R) as follows: given a pair of random variable (X,Y ) of law µ, define the variable
p ∈ ∆N as the conditional law of X given Y , i.e.:

∀α = 1, ..., N, pα = E[1X=α|Y ].

Then, define M(µ) as the law of (p, Y ). It is easily seen that this map is one-to-one. It is
not onto as the image probability M(µ) is concentrated on the graph of some measurable
function. However, we may define a right-inverse as follows: Given π ∈ ∆(∆N × R), and
a variable (p, Y ) of law π, construct a variable X ∈ {1, ..., N} whose conditional law given
(θ, Y ) is precisely θ. Define M−1(π) as the law of (X,Y ).

Define ∆1({1, ..., N} × R) as the set of probabilities µ such that
∫

X×R

|y|dµ(x, y) <∞.

This set is endowed with the Wasserstein distance d induced by the distance d on Z.

Define ∆1(∆N × R) as the set of probabilities π such that
∫

∆N×R

|y|dπ(p, y) <∞.

This set is endowed with the Wasserstein distance of order 1, dW induced by the Euclidean
distance. Note that the image of ∆1(∆N × R) by M−1 is ∆1({1, ..., N} × R).
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Lemma 7.3. The function π → u(M−1(π)) is Lipschitz on ∆1(∆N ×R) with respect to dW .

Proof. Note at first that Lemma 3.15 implies that u is 1-Lipschitz on ∆1(Z) with respect to
the Wasserstein distance d induced by the distance d on Z. Indeed, the result of Lemma 3.15
is stated with respect to a smaller distance induced by d∧ 1 which implies directly the result.
It is therefore sufficient to prove that for all π, π′ ∈ ∆1, d(M−1(π),M−1(π′)) ≤ dW (π, π′).

To prove this, recall the classical result that given two random variables X,X ′ ∈ {1, ..., N} of
respective laws p, p′, then

E[21X 6=X′ ] ≤ |p− p′|1.
Then, given any coupling of variables (p, Y, p′, Y ) such that the law of (p, Y ) is π and the law
of (p′, Y ′) is π′, construct two variables X,X ′ on a possibly enlarged probability space such
that the law of X given (p, Y, p′, Y ) is equal to p and the law of X ′ given (p, Y, p′, Y ) is equal
to p′. It follows that the law of (X,Y ) is M−1(π) and that the law of (X ′, Y ′) is M−1(π′).
Using the above mentioned result, we have almost surely

E[21X 6=X′ |p, y, p′, Y ′] ≤ |p− p′|1,

from which we deduce:

d(M−1(π),M−1(π′)) ≤ E[21X,X′ + |Y − Y ′|] ≤ E[|p− p′|1 + |Y − Y ′|]
≤

√
N + 1E[

√
|p− p′|2 + |Y − Y ′|2],

and we conclude by taking the infimum over all possible couplings of π, π′ in the last expression.

We deduce from the two preceding lemmas more regularity for the functions ũ and V .

Lemma 7.4. There exists a constant C ′ such that for all (p, y), (p′, y′) ∈ ∆N × R and all
t, t′ ∈ [0, 1], we have:

|ũ(t, p⊗δy)−ũ(t′, p′⊗δ′y)| ≤ C ′(|p−p′|+|y−y′|+|t′−t| 12 ), |V (t, p⊗δy)−V (t′, p⊗δy)| ≤ C ′|t′−t| 12

Proof. Let t, t′ ∈ [0, 1] and (p, y) ∈ ∆N ×R. Using Lemma 7.2 (and the notations introduced
there), we have:

|ũ(t, p⊗ δy)− ũ(t′, p′ ⊗ δ′y)| = |u(Jθp,y1−tK)− u(Jθp
′,y′

1−t′K)|
≤ dW (Jθp,y1−tK, Jθ

p′,y′

1−t′K)

≤
√
N + 1E[|θp,y1−t − θp

′,y′

1−t′ |]
≤

√
N + 1C(|p− p′|+ |y − y′|+ |t− t′| 12 ).

Let t, t′ ∈ [0, 1] and ν = p ⊗ δy ∈ ∆(Z). Let us now go back to the notations of section 6.
Let (Z, θ) be an optimal process with law in C(t, ν) for the optimization problem given in
Lemma 6.3 for V (t, ν) and note that θ takes values in the set {p⊗ δy|(p, y) ∈ ∆N ×R}. Let us
construct a process θ′ defined on [t′, 1+(t− t′)+] as follows. First, assuming that Zs is defined

for all s ≥ t, we extend the process θ on the time interval [1,+∞) by θs = E[δZs
|Fθ

1

∨FY,+
s ].
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Then, define θ′s = θs+t−t′ and Z
′
s = Zs+t−t′ . It follows easily that the restriction of (Z ′, θ′) to

[t′, 1] has a law in C(t′, ν) and we have

V (t, ν)− V (t′, ν) ≤ E[

∫ 1−(t′−t)+

t

(
ũ(s, θs)− ũ(s+ t′ − t, θ′s+t′−t)

)
ds] + |t′ − t|

≤
√
N + 1C|t′ − t| 12 + |t′ − t|,

and we conclude the proof by inverting the roles of t and t′.

Remark 7.5. Similarly to Remark 7.1, we will assume without loss of generality that ũ is
uniformly continuous on the whole space [0, 1]× RN+1.

The following result follows directly from the specific structure of our problem and from the
preceding lemma.

Lemma 7.6. Using the notations of section 6, we have

∆∗(Z) = {p⊗ δy|p ∈ ∆(X ), y ∈ Y}

and for all (t, µ) ∈ [0, 1]×∆(Z)), we have:

V (t, µ) =

∫
V (t, µ(x|y)⊗ δy)dµ(y),

where µ(x|y) denotes the conditional law of x given y induced by µ.

Proof. Note at first that by construction, the restriction of the map Qt introduced in Lemma
6.5 to the set {p⊗ δy|p ∈ ∆(X ), y ∈ Y} coincides with the semi-group of the diffusion process
(χt, Yt). This implies that for all (p, y) ∈ ∆N × R, Q0(p ⊗ δy) = p ⊗ δy and the first point
follows since we always have the inclusion

∆∗(Z) ⊂ {p⊗ δy|p ∈ ∆(X ), y ∈ Y}.

The equality for V follows then directly from Lemma 6.10.

In view of the preceding Lemma, the function V (t, .) is characterized by its restrictions to
∆∗(Z). In the following, we will therefore use the following slightly abusive notations.

Notation 7.7. For all (t, p, y) ∈ [0, 1]× RN+1

ũ(t, p, y) := ũ(t, p⊗ δy), V (t, p, y) := V (t, p⊗ δy).

Notation 7.8. In the following, we will use the notations Pt,p,y and Et,p,y to denote the law
(and the corresponding expectation) of the diffusion process θ starting at time t with initial
position θt = (p, y).

Let us now apply the characterization of Theorem 2.11 for distributions ν ∈ ∆∗(Z) using the
above notations.
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Proposition 7.9. V is upper semi-continuous and is the smallest bounded measurable func-
tion such that:

• for all (p, y) ∈ ∆N × R, V (1, p, y) = 0,

• for all (t, y) ∈ [0, 1)× R, p→ V (t, p, y) is concave on ∆N .

• for all (p, y) ∈ ∆N × R, for all t ∈ [0, 1):

∀h ∈ (0, 1− t], Et,p,y[V (t+ h, θt+h)]− V (t, p, y) + Et,p,y[

∫ t+h

t
ũ(s, θs)ds] ≤ 0. (7.2)

Proof. At first, that V is upper semi-continuous and fulfills the three properties follows directly
from Proposition 2.11 by considering the restriction of V to [0, 1]×∆∗(Z). The proof follows
then exactly as in Proposition 2.11, using the identification ∆∗(Z) ≃ ∆N × R as a finite
dimensional space and replacing Ψ by any bounded measurable function f fulfilling the above
three properties. Note that the upper semi-continuity assumption in the second part of the
proof of Proposition 2.11 was only needed in order to apply Jensen’s inequality. However,
in finite dimensional spaces, Jensen’s inequality holds for any measurable concave function.
Rewriting the proof of Proposition 2.11 in the present framework, Jensen’s inequality is only
applied for conditional laws taking values in a finite dimensional simplex, and therefore any
bounded measurable function f which is concave with respect to p and fulfills property (7.2)
is greater than V .

Recall the definition of supersolution introduced in section 2. Depending on the generator Λ,
some faces F of ∆N may be invariant for the Markov process X, and in this case, one may
define a projected equation on F .

Definition 7.10. Given a subset S of X , the face F = co({em,m ∈ S}) of ∆N is invariant
if for all α ∈ S and all β ∈ X \ S, Λα,β = 0.

It follows directly from this definition and the definition of the operator A that for any
smooth function φ, the quantity A(φ)(t, p, y) for (t, p, y) ∈ [0, 1)×F ×R depends only on the
restriction of φ to the affine subspace spanned by F , denoted aff(F ).

Notation 7.11. Let F be an invariant face of ∆N . In the following, by a neighborhood of
[0, 1)× F × R, we always refer to a neighborhood in R× aff(F )× R.

Given a smooth function φ defined on some neighborhood of [0, 1) × F × R, we define the
projected operator AF by

AF (φ) := A(φ̂)

for any smooth extension φ̂ of φ defined on a neighborhood of [0, 1)×∆N ×R. Note that this
restriction also applies to F = ∆N .

Lemma 7.12. Assume that F is an invariant face of ∆N , and that f is a bounded lower semi-
continuous supersolution of (2.6) which is concave with respect to p. Then the restriction of
f to F is a bounded supersolution of the projected equation

∂f

∂t
+AF (f)(t, p, y) + ũ(t, p, y) ≤ 0 (7.3)
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Proof. It is sufficient to prove that for any smooth test function φ defined on a neighborhood
of [0, 1)×F ×R such that φ ≤ f on [0, 1)×F ×R, there exists an extension φ̂ of φ defined on
a neighborhood of [0, 1)×∆N ×R such that φ̂ ≤ f on [0, 1)×∆N ×R. Proceeding inductively
on the dimension, it is sufficient to prove this when F is a face of dimension N − 1, and we
may assume without loss of generality that F = {p ∈ ∆N | p1 = 0} and that N ≥ 2. The
result follows easily from the concavity of f with respect to p. One may assume that φ is
defined on a product O ×O′ where O is a neighborhood of [0, 1)× R and O′ a neighborhood
of ∆N . Let g(t, y) be a smooth function defined on O such that

g(t, y) ≥ sup
p∈F

|∇pφ(t, p, y)|∞

where ∇p denotes the gradient of φ with respect to p (that we assume taking values in the
subspace (aff(F ) − aff(F )) of RN ). Let {ei, i = 1, .., N} denote the canonical basis, define
p∗ := (0, 1

N−1 , ...,
1

N−1), and for any p ∈ ∆N such that p1 6= 0, h(p) := (0, p2
1−p1

, ..., pN
1−p1

) ∈ D.
Define

φ̂(t, p, y) := φ(t, p+ p1(p
∗ − e1), y)− 2(‖f‖∞ + g(t, y))p1.

Note then that if p1 6= 1,

|p+ p1(p
∗ − e1)− h(p)|1 ≤

N∑

i=2

| pi
1− p1

− pi −
p1

N − 1
| ≤ 2p1.

It follows that

φ̂(t, p, y) ≤ φ(t, h(p), y) + 2p1|∇pφ(t, h(p), y)|∞ − 2(‖f‖∞ + g(t, y))p1

≤ (1− p1)φ(t, h(p), y)− ‖f‖∞p1
≤ (1− p1)f(t, h(p), y) + p1f(t, e1, y)

≤ f(t, (1− p1)(h(p) + p1e1, y) = f(t, p, y).

Note that φ̂(t, e1, y) = φ(t, p∗, y)− 2(‖f‖∞+ g(t, y)) ≤ −‖f‖∞ ≤ f(t, e1, y) which proves that
φ̂ ≤ f on [0, 1)×∆N ×R. Finally, the formula defining φ̂ is meaningful in a neighborhood of
this set which concludes the proof.

The proof of Theorem 2.15 is based on Proposition 7.13 below, whose proof is rather
long and technical and relies on classical approximations arguments for viscosity solutions by
inf-convolutions and on approximations in law for diffusion processes.

Proposition 7.13. Let f be a bounded lower semi-continuous supersolution of (2.6) fulfilling
the conditions of Theorem 2.15, then f fulfills property (7.2) of Proposition 7.9.

Proof of theorem 2.15. The proof is divided in two parts.

part 1: We prove that the lower semicontinuous envelope of V , denoted V∗, is a supersolution
of (2.6).

Let φ be any smooth test function such that φ ≤ V∗ with equality in (t, p, y) ∈ [0, 1) ×
∆N × R. We may assume without loss of generality that φ is bounded. Consider a sequence
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(tn, pn, yn) → (t, p, y) such that V (tn, pn, yn) → V∗(t, p, y). From property (7.2), we deduce
that

φ(tn, pn, yn)−V (tn, pn, yn)+Etn,pn,yn [

∫ tn+h

tn

(
∂φ

∂t
+A(φ))(s, θs)ds]+Etn,pn,yn [

∫ tn+h

tn

ũ(s, θs)ds] ≤ 0.

Letting n→ ∞, we obtain that

Et,p,y[

∫ t+h

t
(
∂φ

∂t
+A(φ))(s, θs)ds] + Et,p,y[

∫ t+h

t
ũ(s, θs)ds] ≤ 0.

Letting then h→ 0, it follows from usual arguments that

∂φ

∂t
(t, p, y) +A(φ)(t, p, y) + ũ(t, p, y) ≤ 0,

which proves that V∗ is a bounded supersolution of ∂f
∂t +A(f) + ũ ≤ 0.

Note also that V∗(1, p, y) = 0 (using the Hölder continuity with respect to t proved in Lemma
7.4).

Let us prove that V∗ is concave with respect to p. Let (t, y) ∈ [0, 1]×R and p = λp1+(1−λ)p2
for some p, p1, p2 ∈ ∆(N ) and λ ∈ [0, 1]. Let (tn, pn, yn) a sequence converging to (t, p, y) such
that V (tn, pn, yn) → V∗(t, p, y). Then, there exists p

n
1 , p

n
2 ∈ ∆N such that pn = λpn1+(1−λ)pn2 )

and (pn1 , p
n
2 ) → (p1, p2) (it is for example a consequence of Lemma 8.2 in [37]). It follows that

V (tn, pn, yn) ≥ λV (tn, pn1 , y
n) + (1− λ)V (tn, pn2 , y

n).

By letting n→ ∞ and using the definition of V∗, we deduce that

V∗(t, p, y) ≥ λV∗(t, p1, y) + (1− λ)V∗(t, p2, y),

which concludes the proof.

part 2: Any function G fulfilling the assumptions of the theorem is greater or equal to
V using Propositions 7.9 and 7.13. This also proves that V ≤ V∗ and therefore that V is
continuous.

Let us now prove Proposition 7.13.

Proof of Proposition 7.13. The proof of this proposition will be divided in 6 steps.

step 1: Dealing with possible absorbing faces of ∆N for the process (χt)t∈[0,1].

Recall that a subset S of X is invariant for the Markov process (Xt), if ∀α ∈ S, ∀β /∈ S,Λα,β=0.
In this case, it follows directly from the definition of χ that for all β /∈ S, and for all t ≥ 0,
P(χt(β) = 0) = 1. Moreover, the projected operator AF on the face F of ∆N of probabilities
supported by S is well-defined.

We claim that for all t > 0, χt belongs with probability 1 to the relative interior of the largest
face of ∆N which contains the support of χ0 and is invariant for the Markov process Xt.
Despite the fact that this result is well-known and very intuitive, we provide a short formal
proof in the appendix (see Lemma A.1).
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step 2: A first reduction.

Recall that f is bounded and lower semi-continuous on [0, 1] ×∆N × R. We aim at proving
that f satisfies property (7.2). We will assume that (t̄, p̄, ȳ) ∈ [0, 1) × ∆N × R is fixed and
such that the smallest invariant face F of ∆N containing p is equal to ∆N . This is without
loss of generality since all the proof is still valid by replacing ∆N by F in what follows (and
adapting notations).

For simplicity, we will also consider that f is defined on [0, 1]×D×R ⊂ RN+1 whereD denoted
the image of ∆N by the projection on the first N − 1 coordinates. Note that this does not
modify any of the properties of the corresponding definition of supersolution of (2.6) since
we only have to replace pN by 1−∑N−1

i=1 pi in the definition of A, and that the supersolution
property depends only on the restriction of the test functions to the affine subspace generated
by ∆N . Moreover, the last coordinate of the process χt can also be deduced from the N − 1
first coordinates. In the following, the process χ and the operator A correspond implicitly to
these restrictions without modifying the notations.

step 3: Properties of inf-convolution.

Let ‖f‖∞ := sup(t,p,y)∈[0,1]×D×R |f(t, p, y)|. For all ε > 0, let us define the function f ε on

R× RN−1 × R by

f ε(t, p, y) = min
(t′,p′,y′)∈[0,1]×D×R

f(t′, p′, y′) +
1

2ε
(|t′ − t|2 + |p′ − p|2 + |y′ − y|2)

Recall that f ε ↑ f when ε → 0 on the domain of f and converges to +∞ otherwise. Note
that for any (t, p, y) ∈ [0, 1]×D×R, the minimum is attained for (t′, p′, y′) in a closed ball of
center (t, p, y) and radius γε =

√
4ε‖f‖∞.

f ε is continuous and 1
2ε semi-concave. Precisely, define the function

f̂ ε(t, p, y) := f ε(t, p, y)− 1

2ε
(|t|2 + |p|2 + |y|2).

Then

f̂ ε(t, p, y) = min
(t′,p′,y′)∈[0,1]×D×R

f(t′, p′, y′) +
1

2ε
(|t′|2 + |p′|2 + |y′|2)− 1

ε
(t′t+ 〈p′, p〉+ y′y))

is concave (as an infimum of linear functions). We also have

−‖f‖∞ − 1

ε
(|t|+ |p|)− 1

2ε
|y|2 ≤ f̂ ε(t, p, y) ≤ ‖f‖∞.

From this inequality and the concavity, we deduce easily the following growth condition on
the supergradients of f̂ ε:

∂+f̂ ε(t, p, y) ⊂ B(0, Cε(1 + |y|)),
for some constant Cε > 0.

It is well-known that the inf-convolution f ε are approximate supersolutions equation (2.6).
The result we use here is a slight modification of Theorem 3 in Ishii [27].

Let us introduce some notations. Define L : RN−1 × R× RN × SN → R by

L(p, y, v,M) = 〈c(p, y), v〉+ 1

2
〈κ(p, y),Mκ(p, y)〉.
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so that for any smooth function φ defined on [0, 1]× RN−1 × R:

A(φ)(t, p, y) = L(p, y,∇φ(t, p, y),∇2φ(t, p, y)).

With our assumptions on c and κ, it is well known (see e.g. [14], p.19) that there exists
ω ∈ C(R+,R+) such that for any η > 1, (t, p, y), (t′, p′, y′) ∈ [0, 1] × D × R and matrices
M,M ′ ∈ SN with

−3η

(
I 0
0 I

)
≤

(
M 0
0 M ′

)
≤ 3η

(
I −I
−I I

)
,

then, denoting v = (p, y) and v′ = (p′, y′), we have:

L(p′, y′, η(v − v′),−M ′) + ũ(t′, p′, y′) ≤L(p, y, η(v − v′),M) + ũ(t, p, y)

+ ω(η(|v − v′|2 + |t− t′|2) +
√
|v − v′|2 + |t− t′|2).

Let us also denote Cε(t, p, y) the set of minimizers in [0, 1]×D × R of:

(t′, p′, y′) → f(t′, p′, y′) +
1

2ε
(|t− t′|2 + |p− p′|2 + |y − y′|2).

Using that f is lower semi-continuous and bounded on [0, 1] × D × R, we deduce that the
correspondence (t, p, y) → Cε(t, p, y) has a closed graph with compact values on [0, 1]×D×R.

Then, adapting the result of Ishii, f ε is supersolution of

∂φ

∂t
+A(φ) + ũ ≤ Rε (7.4)

on [0, 1]×D × R where

Rε(t, p, y) := max
(t′,p′,y′)∈Cε(t,p,y)

ω(
1

2ε
(|t−t′|2+|p−p′|2+|y−y′|2)+

√
|t− t′|2 + |p− p′|2 + |y − y′|2).

Note that Rε is upper semi-continuous and bounded by ω(γε + 2‖f‖∞) and that Rε → 0
when ε → 0. Let us briefly explain how to adapt the proof of Ishii to our framework. At
first, a crucial point is that f is a supersolution on a closed set (i.e. up to the boundary)
which allows us to obtain the supersolution property for f ε on the whole set and not only in
a subset. Then, since we only assume lower semi-continuity for f and not uniform continuity,
we have to replace all the estimates based on the modulus of continuity of f by Rε. This last
point explains why we do not control uniformly the error in the right-hand side of (7.4).

step 4: Approximation by non-degenerate diffusion processes.

Recall that (t̄, p̄, ȳ) ∈ [0, 1)×D×R is fixed. Let (θs)s∈[t̄,1] be a diffusion process of generator A

and such that θt̄ = (p̄, ȳ). Define a sequence of diffusion processes (θns )s∈[t̄,1] with values in RN

such that θnt̄ = (p̄, ȳ), and with generator An(φ) = A(φ) + 1
nTr(∇2φ). Such processes exist

using Theorem 10.1.4 p.251 in [47] (and Theorem 10.2.2 for the criterium of non-explosion),
their transition functions admit a density with respect to Lebesgue’s measure, and according
to Theorem 11.1.4 p264 in [47], the sequence of processes θn converge in law to θ. Moreover,
using standard estimates for diffusion processes, for all m ≥ 1, we have that

sup
n≥1

sup
t∈[t̄,1]

Et̄,p̄,ȳ[|θnt |m] <∞.
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In the following steps, the symbols P,E stand respectively for Pt̄,p̄,ȳ,Et̄,p̄,ȳ and correspond to
the laws of the processes θ or θn depending on the context.

step 5: A variational inequality for semi-concave functions.

Let us recall the classical Jensen’s Lemma (see Lemma 3.3 in [29]). f̂ ε being concave, it is
twice differentiable almost everywhere, and its second order derivative D2f̂ ε in the sense of
distributions is a Radon measure. At first, recall that the first order derivatives are locally

bounded functions with at most linear growth denoted ∂f̂ε

∂t and ∇f̂ ε. Moreover, there exists
two matrices U ε = (uεi,j)i,j=1,...,N+1 and V

ε = (vεi,j)i,j=1,...,N+1, where u
ε
i,j are locally integrable

functions and vεi,j are Radon measures such that :

D2(f̂ ε) = U ε + V ε

in the sense of distributions, U ε takes values in the set of negative semi-definite matrices,
V ε is singular with respect to the Lebesgue’s measure and for any Borel set B, V ε(B) ≤ 0
in the sense of positive semi-definite matrices. Moreover, for Lebesgue almost every (t, p, y),

(∂f̂
ε

∂t (t, p, y),∇f̂ ε(t, p, y), Ũ ε(t, p, y)) ∈ J2f ε where J2 denotes the set of parabolic semijets of

f ε and Ũ ε denotes the restricted matrix (uεi,j)i,j=2,...,N+1 (we refer to [14] for the definitions
of semijets). Using the notations of step 4, we claim that for all n, for all ε > 0, for all
h ∈ (0, 1− t̄]:

E[f ε(t̄+ h, θnt̄+h)]− f ε(t̄, p̄, ȳ)

≤ E[

∫ t̄+h

t̄
(
∂f ε

∂s
(s, θns ) + L(s, θns ,∇f ε(s, θns ),

1

ε
Id + Ũ ε(s, θns )) +

1

nε
)ds]. (7.5)

Applying Itô’s formula to the process 1
2ε(|s|2 + |θns |2), taking expectations and subtracting to

the above inequality, we see that it is sufficient to prove that

E[f̂ ε(t̄+ h, θnt̄+h)]− f̂ ε(t̄, p̄, ȳ) ≤ E[

∫ t̄+h

t̄
(
∂f̂ ε

∂s
(s, θns ) + L(s, θns ,∇f̂ ε(s, θns ), Ũ ε(s, θns ))ds].

For η > 0, let us introduce the functions

f̂ εη := (f̂ ε ∗ ρη)(t, p, y)

where ∗ denotes the convolution and ρη(w) :=
1
ηρ(

1
ηw) is a family of smooth centered densities

with compact support. Precisely, we choose ρ ≥ 0 such that ρ ∈ C∞
c (RN+1), ρ is supported

by the unit ball of RN+1,
∫
RN+1 wdρ(w) = 0,

∫
RN+1 ρ(w)dw = 1, and there exists a smooth

non-increasing function h defined on [0,+∞) such that ρ(w) = h(|w|).
Note that f̂ εη is C2 and that using Jensen’s inequality, f̂ εη is concave and f̂ εη ↑ f̂ ε when η → 0.
We deduce from Jensen’s lemma that

∂f̂ εη
∂t

(w) =

∫

RN+1

∂f̂ ε

∂t
(w′)ρη(w

′ − w)dw′, ∇f̂ εη (w) =
∫

RN+1

∇f̂ ε(w′)ρη(w
′ − w)dw′,

D2f̂ εη (w) =

∫

RN+1

ρη(w
′−w)dD2f̂ ε(w′) =

∫

RN+1

ρη(w
′−w)U ε(w′)dw′+

∫

RN+1

ρη(w
′−w)dV ε(w′).
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We deduce from step 3 that |∇f̂ εη (w)| ≤ Cε(1 + η + |w|).
It follows easily from Lebesgue’s differentiation theorem (see e.g. theorem 1 p.43 in [19]) that
we have Lebesgue almost everywhere convergence of

∫

RN+1

∂f̂ ε

∂t
(w′)ρη(w

′ − w)dw′ −→
η→0

∂f̂ ε

∂t
(w)

∫

RN+1

∇f̂ ε(w′)ρη(w
′ − w)dw′ −→

η→0
∇f̂ ε(w)

∫

RN+1

ρη(w
′ − w)U ε(w′)dw′ −→

η→0
U ε(w)

To prove this claim, note that given any function ψ(w) which is real-valued and locally
integrable (w.r.t. Lebesgue’s measure), we have

∫

RN+1

ψ(w′)ρη(w
′ − w)dw′ =

1

η

∫ η

0
(−h′( r

η
)(

∫

B(0,r)
ψ(w + w′)dw′)dr.

It follows that the above expression converge to ψ(w) at all Lebesgue points of ψ which proves
the claim.

For all η > 0, it follows from Itô’s formula that:

E[f̂ εη (t̄+ h, θnt̄+h)]− f̂ εη (t̄, p̄, ȳ)

= E[

∫ t̄+h

t̄
(
∂f̂ εη
∂s

(s, θns ) + L(s, θns ,∇f̂ εη (s, θns ),∇2f̂ εη (s, θ
n
s )) +

1

n
Tr(∇2f̂ εη (s, θ

n
s ))ds].

Applying Lebesgue’s dominated convergence theorem, we deduce that

E[

∫ t̄+h

t̄
(
∂f̂ εη
∂s

(s, θns )+〈c(s, θns ),∇f̂ εη (s, θns ))ds] −→
η→0

E[

∫ t̄+h

t̄
(
∂f̂ ε

∂s
(s, θns )+〈c(s, θns ),∇f̂ ε(s, θns ))ds],

E[f̂ εη (t̄+ h, θnt̄+h)]− f̂ εη (t̄, p̄, ȳ) −→
η→0

E[f̂ ε(t̄+ h, θnt̄+h)]− f̂ ε(t, p, y).

Since f̂ εη is concave,

E[
1

n

∫ t̄+h

t̄
Tr(∇2f̂ εη (s, θ

n
s ))ds] ≤ 0,

and

1

2
〈∇2f̂ εη (s, θ

n
s )κ(s, θ

n
s ), κ(s, θ

n
s )〉 ≤

1

2
〈κ(s, θns ),

∫

RN+1

ρη(w
′ − (s, θns ))Ũ

ε(w′)dw′κ(s, θns )〉 ≤ 0.

Using Fatou Lemma, we deduce that

lim sup
η→0

E[

∫ t̄+h

t̄

1

2
〈κ(s, θns ),∇2f̂ εη (s, θ

n
s )κ(s, θ

n
s )〉ds] ≤ E[

∫ t̄+h

t̄

1

2
〈κ(s, θns ), Ũ ε(s, θns )κ(s, θ

n
s )〉ds].

The proof of (7.5) is now complete.
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step 6: Putting pieces together.

In the following, we will use the notation z = (p, y). Let us bound the right-hand side of
inequality (7.5). Using the characterization of the viscosity supersolution property in terms
of semijets, we have the following inequality for Lebesgue almost every (s, z) in [0, 1]×D×R:

(
∂f ε

∂s
(s, z) + L(s, z,∇f ε(s, z), 1

ε
I + Ũ ε(s, z))) ≤ −ũ(s, z) +Rε(s, z).

For (s, z) /∈ [0, 1]×D×R, using that Ũ ε(s, z) is negative semi-definite, the Lipschitz conditions
on c and κ and the linear growth of the first order derivatives of f ε, there exists a constant
C ′
ε > 0 such that:

(
∂f ε

∂s
(s, z) + L(s, z,∇f ε(s, z), 1

ε
I + Ũ ε(s, z))) ≤ C ′

ε(1 + |z|+ |z|2)

Using that for all s > t̄, P(θs ∈ ∂D × R) = 0, we have that

E[

∫ t̄+h

t̄
1θns ∈D×Rũ(s, θ

n
s )ds −→

n→∞
E[

∫ t̄+h

t̄
ũ(s, θs)ds],

lim sup
n→∞

E[

∫ t̄+h

t̄
1θns ∈D×RRε(s, θ

n
s )ds] ≤ E[

∫ t̄+h

t̄
Rε(s, θs)ds],

and P(θns /∈ D × R) → 0 when n→ ∞. It follows that

E[

∫ t̄+h

t̄
1θns /∈D×R(

∂f ε

∂s
(s, θns ) + L(s, θns ,∇f ε(s, θns ),

1

ε
I + Ũ ε(s, θns )) +

1

nε
)ds]

≤ C ′
εE[

∫ t̄+h

t̄
1θns /∈D×R(1 + |θns |+ |θns |2)ds]

≤ C ′
ε

∫ t̄+h

t̄
(P(θns /∈ D × R)ds)

1
2 (E[(1 + |θns |+ |θns |2)2])

1
2ds

≤ C ′
εC

′′

∫ t̄+h

t̄
(P(θns /∈ D × R))

1
2ds −→

n→∞
0,

where we used Cauchy-Shwarz inequality, the constant C ′′ is obtained from the estimates of
step 4 on the moments of θn, and bounded convergence. Using that f ε has at most quadratic
growth and convergence in law, we have

E[f ε(t̄+ h, θnt̄+h)] −→
n→∞

E[f ε(t̄+ h, θt̄+h)].

Putting the pieces together, we obtain that

E[f ε(t̄+ h, θt̄+h)]− f ε(t̄, p̄, ȳ) ≤ −E[

∫ t̄+h

t̄
ũ(s, θs)ds] + E[

∫ t̄+h

t̄
Rε(s, θs)ds].

We can now conclude the proof by letting ε→ 0. Using monotone convergence on the left-hand
side and bounded convergence for the second term in the right-hand side, we obtain:

E[f(t̄+ h, θt̄+h)]− f(t̄, p̄, ȳ) ≤ −E[

∫ t̄+h

t̄
ũ(s, θs)ds].
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8 A simple example linked with the concavification operator.

In this section, we consider the case where Y is reduced to a single point (Y = {∅}) and we
identify Z with X .

Let us as first state a simplified expression for the function V appearing in Theorem 2.10 in
the case where Y = {∅}. Assume that X is a Feller process with transitions (Pt)t≥0. Define
the set B(ν) as the set of laws of processes (X,π) ∈ X ×∆(X ) such that

• (Xt)t∈[0,1] is a Markov process of initial law ν.

• (πt)t∈[0,1] is a càdlàg modification of (JX1|Fπ,+
t K)t∈[0,1].

• π is non-anticipative with respect to X.

The function u is defined on ∆(X ) and we have:

V (ν) = sup
JX,πK∈B(ν)

E[

∫ 1

0
u(πs)ds].

If we define Π(u, ξ) := supζ�ξ

∫
u(µ)dζ(µ), where � denotes the convex order, we deduce

easily the following upper bound

V (ν) ≤ E[

∫ 1

0
Π(u, JδXt

· P1−tK)].

Indeed, the martingale property πt = E[δXt
· P1−t|Fπ,+

t ] implies that the law of πt is smaller
than the law of δXt

· P1−t for the convex order.

Let us now consider the very specific example presented in section 2 in which this upper bound
is attained and for which the value is related to the concavification operator. In the following
X = [0, 1].

Recall that f, h : [0, 1] → [0, 1] are continuous, such that f < h, f is non-increasing, h
is non-decreasing, f(1) = 0 and h(1) = 1. Then, define the process X as follows: X0 ∈
[0, f(0)] ∪ [h(0), 1], X is a martingale which is almost surely constant until it reaches the set
graph(f) ∪ graph(h), and then stays in the set graph(f) ∪ graph(h) with probability 1.

Lemma 8.1. The above description defines uniquely a martingale X and if we assume that
Xt = X1, h(t) = 1, and f(t) = 0 for t ≥ 1, (t,Xt) is easily seen to be a Feller process with
state space {(t, x) ∈ R+ × [0, 1]|x ≥ h(t), or x ≤ f(t)}.
Proof. For t > s, the conditional law of Xt given Xs is completely determined by the martin-
gale condition if Xs ∈ {f(s), h(s)}. For example, we have:

P(Xt ∈ {f(t), h(t)}|Xs = f(s)) = 1, P(Xt = f(t)|Xs = f(s)) =
f(s)− f(t)

h(t)− f(t)
.

Define h−1(x) = inf{t|h(t) ≥ x} for x ∈ [h(0), 1] and f−1(x) = inf{t|f(t) ≤ x} for x ∈ [0, f(0)].
Then, if x ∈ [h(0), 1], we have P(Xt = Xs|Xs = x) = 1 if t ≤ h−1(x) and P(Xt = f(t)|Xs =

x) = f(h−1(x))−f(t)
h(t)−f(t) if t > h−1(x). The other cases are similar, and we verify easily that this

defines a Feller semi-group for (t,Xt). The existence of such a process follows therefore from
standard theorems (see e.g. [18]).
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We may therefore apply Theorem 2.10 (see section 9 for thr non-homogeneous case).

Recall that p̄ := Eν [X0] and that we assume that either X0 = p̄ almost surely for some
p̄ ∈ [0, f(0)] ∪ [h(0), 1] or that that ν = λδf(0) + (1− λ)δh(0) so that p̄ ∈ [f(0), h(0)].

Lemma 8.2. Under the above assumptions, we have:

V (ν) = sup
J(ps)s∈[0,1]K∈B

′(ν)
E[

∫ 1

0
ū(ps)ds], (8.1)

where the set B′(ν) is the set of all martingales such that pt = p̄ for t ≤ m(p̄) and for all
t > m(p̄), pt ∈ [f(t), h(t)] almost surely.

Proof. Indeed, starting with any admissible process (X,π), we can define the martingale
pt := πt({1}) so that

E[

∫ 1

0
u(πs)ds] = E[

∫ 1

0
ū(pt)dt].

and the martingale pt has a law in B′(ν) since P(X1 = 1|Xt) = Xt and pt = E[Xt|Fπ,+
t ].

This proves that V is not greater than the right-hand side of (8.1). It remains to prove
the reverse inequality. As the function (pt)t∈[0,1] →

∫ 1
0 ū(pt) is bounded and MZ-continuous,

using a density argument, it is sufficient to prove that for any martingale p which is piecewise-
constant on some finite partition 0 = t0 < ... < tn = 1 of [0, 1], there exists an admissible
process (X,π) such that πt({1}) has the same law as pt.

Let us choose some process (pt)t∈[0,1] defined on some probability space Ω. Assume that the
process X and a family of independent random variables (Ui)i=0,...,n uniformly distributed on
[0, 1] and independent from (X, p) are defined on the same probability space, we will construct
a process p̃ having the same law as p such that (X,π) is admissible with πt := p̃tδ1+(1− p̃t)δ0.
At first, assume that X0 ∈ {f(0), h(0)} and let us construct a variable X̃0 ∈ {f(0), h(0)}
conditionally on p0 such that E[X̃0|p0] = p0. Then construct p̃0 as a function of (X0, U0)
such that the conditional law of p̃0 given X0 is the same as the conditional law of p0 given
X̃0. It follows that P(X1|p̃0) = p̃0. Assume now, that the variables p̃ti are constructed up
to i = m − 1 and such that p̃ti is measurable with respect to (Xt0 , ..., Xti , U0, ..., Ui) and
P(X1 = 1|p̃t0 , ..., pti) = p̃ti . Let us construct a variable X̃tm ∈ {f(tm), h(tm)} conditionally
on (pt0 , ..., ptm−1) such that E[X̃tm |pt0 , ..., ptm−1 ] = ptm . Then construct p̃tm as a function
of (Xtm , p̃t0 , ..., p̃tm−1 , Um) such that the conditional law of p̃tm given (Xtm , p̃t0 , ..., p̃tm−1) is

the same as the conditional law of ptm given (X̃tm , pt0 , ..., ptm−1). It follows that P(X1 =
1|p̃t0 , ..., ptm) = p̃tm and this concludes the proof by induction.

The case X0 = p̄ is similar, and we only need to discretize the interval [m(p̄), 1] since any
admissible martingale is constant on the interval [0,m(p̄)].

Now, we prove the main result of this section.

Proof of proposition 2.16. As for the previous proof, we assume that X0 ∈ {f(0), h(0)}, the
proof being similar for the general case.

Given a process p in B′(ν), we deduce easily from Jensen inequality that:

E[ū(pt)] ≤ E[CavI(t)(ū)(pt)] ≤ CavI(t)(ū)(p̄).
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It follows that V (ν) is not greater than the right-hand side of (2.7). Let us now prove that
this bound is attained.

For all s ∈ [0, 1], using that ū is continuous, it is well-known that α and β are well-defined,
and that either p̄ = α(s) = β(s) and ū(p̄) =: CavI(s)(ū)(p̄) or that α(s) < p̄ < β(s) and

CavI(s)(ū)(p̄) =
p̄− α(s)

β(s)− α(s)
ū(β(s)) +

β(s)− p̄

β(s)− α(s)
ū(α(s)). (8.2)

As s → I(s) is non-decreasing, it follows that s → CavI(s)(ū)(p̄) is also non-decreasing. We
deduce easily that β is non-decreasing and α non-increasing. Indeed, if s < t, and x ∈ I(s),
note that ū(x) < CavI(s)(ū)(x) implies ū(x) < CavI(s)(ū)(x). Then, given a sequence sn
decreasing to s and assuming that α+(s) < β+(s), by taking the limit in the right-hand side
of (8.2), we deduce that

CavI(s)(ū)(p̄) ≤
p̄− α+(s)

β+(s)− α+(s)
ū(β+(s)) +

β+(s)− p̄

β+(s)− α+(s)
ū(α+(s)), (8.3)

which proves that this is an equality.

It is now easy to construct an optimal martingale p∗. At first, we construct a sequence pn of
piecewise-constant martingales on the dyadic partitions: [tnk , t

n
k+1) := [k2−n, (k + 1)2−n) for

k = 0, ...2n− 1 and {1}. Define pn0 as the unique variable taking values in {α+(0), β+(0)} and
centered in p̄. Then, given pntk , construct p

n
tk+1

∈ {α+(tk+1), β
+(tk+1)} such that the process is

a martingale. The sequence of laws of the martingales pn is L(MZ)-tight, and we may extract
an L(MZ)-convergent subsequence pnk . We may assume that the processes pnk are defined
on the same probability space and converge MZ-almost surely to some limit process p∗. Up
to extracting again some subsequence, there exists an interval I of full Lebesgue measure
containing 1 such that for all t ∈ I, pnk

t converges almost surely to p∗t . From Theorem 11
in [41], the process p∗ is a martingale. For any fixed t ∈ I, the variable pnk

t belongs to

{α+( ⌊2
nk t⌋
2nk

), β+( ⌊2
nk t⌋
2nk

)} and is centered in p̄. If follows easily that the sequence pnk

t converges
in law to a variable taking values in {α−(t), β−(t)} if t is not dyadic (where α−(t), β−(t)
denote the left-limits in t of α, β) or in {α+(t), β+(t)} if t is dyadic. As α, β have at most
a countable number of points of discontinuity, we deduce that p∗t ∈ {α+(t), β+(t)} for t in a
dense subset containing 1 and since p∗ has càdlàg paths, this property extends for all t ∈ [0, 1].
Finally, that p∗ is optimal follows from equation (8.3).

9 Extensions and Open questions.

9.1 Extensions.

9.1.1 More general discretizations.

We already mentioned in section 2 that the choice of the time-discretization does not affect
our results. We let the reader check by himself that all our proofs can be adapted without
any change except notations to any sequence of finite partitions of [0, 1] whose mesh goes to
zero.
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9.1.2 Extension to non-homogeneous processes.

Let us now explain how to adapt these results to the case of non-homogeneous Markov pro-
cesses (Zt)t∈[0,1] with transition probabilities (Pt,t+s)t,s≥0.

At first, define Zs := Z1 for s ≥ 1 and consider the process (Zt, t) taking values in Z ′ =
Z × R+ (endow R+ with the usual distance and Z ′ with a product metric). Define X ′ = X ,
Y ′ = Y×R+ and Z ′

t := (X ′
t, Y

′
t ) with X

′
t := Xt and Y

′
t := (Yt, t). Then, we can apply Theorem

2.11 by replacing the process Z by Z ′ and the payoff function g by g′ defined on Z ′× I×J by
g′(z′, i, j) := g(z, i, j) for z′ = (z, t). All the associated functions and processes are denoted
V ′, π′, θ′, ... etc...

For an initial law ν ′ = ν ⊗ δ0 ∈ ∆(Z × R+), note that the value functions of G′
n(ν

′) equals
the value function of Gn(ν), since allowing both players to observe the time-variable does
not modify the value (the initial time of the game is known!). Recall that the function u is
defined on ∆(Z), and note that for any ν ′ ∈ ∆(Z ′), we have u′(ν ′) = u(ν) where ν denotes
the marginal of ν ′ on Z.

Then, we may apply Theorems 2.10 and 2.11, and restrict the analysis on the subset of initial
laws at time t in the set ν ′ = ν ⊗ δt.

When applying Theorem 2.10 (starting at time 0, say), note that for any admissible process
(Z ′, π′), we have for all s ∈ [0, 1], π′s = πs ⊗ δ1 for some process πs ∈ ∆(Z). The optimization
problem can therefore be easily reduced to a maximum over processes (Z, π) and we conclude
that exactly the same result holds true in the non-homogeneous case.

For Theorem 2.11, note at first that by composition, the function

(t, ν) ∈ [0, 1]×∆(Z) → V ′(t, ν ⊗ δt)

is upper semi-continuous. Define V (t, ν) := V ′(t, ν ⊗ δt). That V (1, .) = 0 is obvious and
concavity follows easily from the fact that for all t ∈ [0, 1], the set of laws {ν ⊗ δt, ν ∈ ∆(Z)}
is convex. Then, define the map Qt,t+s(ν) := ΠZ(Q

′
s(ν ⊗ δt)) where ΠZ denotes the marginal

projection on Z. Define ũ(t, ν) := u′((ν ⊗ δt) · P ′
1−t) = u(ν · Pt,1).

Then, given some initial law ν ′ = ν ⊗ δt, we have

∫

∆(Z′)
V ′(t+h, µ)dQ′

h(ν⊗δt, dµ)−V (t, ν)+

∫ h

0

∫

∆(Z′)
ũ′(t+s, µ)dQ′

s(ν⊗δt, dµ)ds ≤ 0, (9.1)

which can be written as

∫

∆(Z)
V (t+ h, µ)dQt,t+h(ν, dµ)− V (t, ν) +

∫ h

0

∫

∆(Z)
ũ(t+ s, µ)dQt,t+s(ν, dµ)ds ≤ 0. (9.2)

To conclude, we let the reader verify that the proof of the second step of Theorem 2.11 can
be adapted without change to this new framework. Actually, one has just to notice that the
function Ψ has only to be defined on the subset {ν ⊗ δt|(t, ν) ∈ [0, 1]×∆(Z)} of ∆(Z ′), and
extend the function by the value −∞ outside this set.

The results of section 7 can also be easily extended to the case where Yt is the solution of
some non-homogeneous SDE, allowing for time-dependent coefficients b and σ being globally
Lipschitz.
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9.2 Open problems.

9.3 A general PDE characterization.

The results of section 7 lead to the following question: is it possible to write an Hamilton-
Jacobi equation in the general case of a Feller process Z taking values in Rm×Rp? Note that
such an equation would be stated in an infinite dimensional space of probability measures.

9.4 Models with time-varying types.

Most of the techniques introduced in this work can be easily extended to model with time-
varying types, i.e. for example when replacing our payoff function by a payoff at time t of
the form g(Zt, it, jt). However, note that the tightness criterion given in Theorem 5.8 and
Proposition 5.11 do not cover this case and have to be adapted.

A Technical Proofs and auxiliary tools.

A.1 Proofs of Lemmas 3.9,4.4,4.5 and A.1

Proof of Lemma 3.9. The “if” part is obvious. Let us prove the “only if” part. For q = 0,
this is just Lemma 3.8. However, we need to be more precise on how to construct this
variable. We assume that there exists a family of independent variables (ζ0, ..., ζn) uniformly
distributed on [0, 1] and independent of (A0, B0, ..., An, Bn). Then, the variable ξ0 given by
Lemma 3.8 can be constructed as a function of (A0, B0, ζ0). Let us now proceed by induction
and assume the above property is true for p ≤ q and that ξp is measurable with respect to
(A0, B0, ζ0, ..., Ap, Bp, ζp). Since

(A0, ..., Aq+1)
∐

(B0,...,Bq+1)

(B0, ..., Bn),

we have
JB0, ..., Bn|B0, ..., Bq+1, A0, ..., Aq+1K = JB0, ..., Bn|B0, ..., Bq+1K.

Using the second point of Lemma 3.7, we deduce that

JB0, ..., Bn|B0, ..., Bq+1, Aq+1K = JB0, ..., Bn|B0, .., Bq+1K.

Using now the induction hypothesis and the first point of Lemma 3.7, we also have

JB0, ..., Bn|B0, ..., Bq+1, ξ0, ..., ξqK = JB0, ..., Bn|B0, ..., Bq+1K,

JB0, ..., Bn|B0, ..., Bq+1, ξ0, ..., ξq, Aq+1K = JB0, ..., Bn|B0, ..., Bq+1, Aq+1K.

Finally, we deduce that Aq+1
∐

(ξ0,...,ξq ,B0,...,Bq+1)
(B0, ..., Bn) and the result follows then by

applying Lemma 3.8.

Proof of Lemma 4.4. We prove here that for all ε > 0, there exists a measurable function

ϕε : ∆(Z)×∆(∆(Z))× [0, 1] → I
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such that the strategy induced by i1 = ϕε(θ, ξ, w) where w is some uniform random variable
on [0, 1] independent from θ, is ε-optimal in the game Γ(ξ) for all ξ ∈ ∆(∆(Z)). At first, this
statement is equivalent to the existence of a measurable function

Hε : ∆(Z)×∆(∆(Z)) → ∆(I)

having the property that the strategy µ → Hε(µ, ξ) is ε-optimal in Γ(ξ) using the corre-
spondence φε(µ, ξ, U) = Φ(Hε(µ, ξ), U) where Φ is given by Theorem A.3. We can proceed
by a standard discretization method. Let (Ωq)q≥0 be a countable measurable partition of
∆(∆(Z)) of mesh smaller than ε/2 (with respect to d̄) and (ξq)q≥0 a sequence of points such
that ξq ∈ Ωq for all q. It is sufficient to construct the map Hε on the set Ωq for all q. Let us
fix q and consider the set-valued map ξ → Πε(ξq, ξ) where Πε(ξ, ξq) is the set of probabilities
having marginals (ξ, ξq) and such that

∫
d(µ, µ′)dπ(µ, µ′) ≤ d(ξ, ξq)− ε/2.

This map having closed values and a closed graph, it admits a measurable selection (see
[33]) denoted π(ξ). Let σq be an ε/2-optimal strategy in Γ(ξq). Define the map σ̃q from
∆(Z)×∆(Z) to ∆(I) by

σ̃q(µ, µ
′) = σ(µ′)

and the map κ(ξ) by
κ(ξ) := π(ξ)⊗ σ̃.

The map κ being measurable, it follows from Lemma A.6 that there exists a measurable map
of (ξ, µ) which is a version of the conditional law of i given µ whenever (µ, µ′, i) has law
κ(ξ) denoted Hε(ξ, µ). Using the same argument as in Lemma 3.15, the strategy Hε(ξ, .) is
ε-optimal in Γ(ξ) for any ξ in Ωq.

Proof of Lemma 4.5. Endow the sets ∆(I ×∆(Z)) and ∆(J) with the usual weak topology.
The application

(π, τ) →
∫
(

∫
g(z, i, j)dx(z))dπ(i, x)⊗ τ(j)

is jointly measurable. If ξ denotes the marginal law on ∆(Z) induced by π, the set

{(π, τ) :

∫
(

∫
g(z, i, j)dx(z))dπ(i, x)⊗ τ(j) ≤W (ξ) + ε}

is therefore a Borel subset of ∆(I ×∆(Z))×∆(J). The existence of an ε-optimal universally
measurable selection τε follows therefore from Von Neumann’s selection theorem (see e.g.
proposition 7.49 in [4]).

Lemma A.1. Using the notations of section 7, for all t > 0, χt belongs with probability 1 to
the relative interior of the largest face of ∆N which contains the support of χ0 ∈ ∆N and is
invariant for the Markov process Xt.
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Proof. Define φn(x) = e−nx for x ∈ R. Then, φ′n(x) = −ne−nx and φ′′n(x) = n2e−nx. The
process χt being bounded, we may apply Itô’s formula and deduce that for all α = 1, ..., N
and all t ≥ 0

E[φn(χt(α))] = φn(χ0(α))− E[

∫ t

0
ne−nχs(α)( TΛχs)(α)ds]

+
1

2
E[

∫ t

0
n2χs(α)

2e−nχs(α) 1

σ(Ys)2
(b(α, Ys)−

N∑

β=1

b(β, Ys)χs(β))
2ds].

Using Lebesgue convergence theorem, the last term goes to zero when n goes to infinity. The
second term requires a more precise analysis. recall that

( TΛp)(α) =
N∑

β=1

Λβ,αp(β)

Using again Lebesgue’s theorem,

E[

∫ t

0
ne−nχs(α)Λα,αχs(α)ds] −→

n→∞
0.

Using that
∑

β 6=α Λβ,αp(β) ≥ 0, we obtain the following inequality

E[φn(χt(α))] ≤ φn(χ0(α))− E[

∫ t

0
ne−nχs(α)Λα,αχs(α)ds]

+
1

2
E[

∫ t

0
n2χs(α)

2e−nχs(α) 1

σ(Ys)2
(b(α, Ys)−

∑

β=1n

b(β, Ys)χs(β))
2ds].

Taking the limit when n goes to +∞, we deduce that P(χt(α) = 0) ≤ 1χ0(α)=0, from which
we deduce that χ0(α) > 0 implies P(χt(α) = 0) = 0 for all t ≥ 0.

Let us now assume that α, β are such that χ0(α) = 0, χ0(β) > 0 and Λβ,α > 0. We deduce
from the above inequalities that:

0 ≤ E[φn(χt(α))] ≤ φn(χ0(α))− E[

∫ t

0
ne−nχs(α)Λα,αχs(α)ds]

− E[

∫ t

0
ne−nχs(α)1χs(α)=0Λβ,αχs(β)ds]

+
1

2
E[

∫ t

0
n2χs(α)

2e−nχs(α) 1

σ(Ys)2
(b(α, Ys)−

∑

β=1n

b(β, Ys)χs(β))
2ds]

We deduce from this inequality that

E[

∫ t

0
1χs(α)=0Λβ,αχs(β))ds] = 0

otherwise the preceding expression would converge to −∞ when n goes to +∞. We deduce
easily from this equality and the preceding properties that for all t > 0, P(χt(α) = 0) = 0.
This concludes the proof.
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A.2 Auxiliary Tools

The following lemma is classical.

Lemma A.2. Let E,E′ be two separable metric spaces and A,A′ two tight (resp. closed,
convex) subsets of ∆(E) and ∆(E′). Then the set P(A,A′) of probabilities on E ×E′ having
marginals in the sets A and A′ is itself tight (resp. closed, convex).

Proof. Let us prove the tightness property. Let µ ∈ A, ν ∈ A′ and π ∈ P(µ, ν). By as-
sumption, for any ε > 0 there is a compact Kε of E, independent of the choice of µ in A,
such that µ(E/Kε) ≤ ε, and a compact K ′

ε, independent of the choice of ν in A′ such that
ν(E′/K ′

ε) ≤ ε. Then for any pair of random variables (U, V ) of law π:

P[(U, V ) /∈ Kε × Lε] ≤ P[U /∈ Kε] + P[V /∈ Lε] ≤ 2ε

The closed and convex properties follow directly from the continuity and linearity of the
application mapping π to its marginals.

The following theorem is well-known and allows to construct variables with prescribed
conditional laws.

Theorem A.3. (Blackwell-Dubins [5])
Let E be a polish space with ∆(E) the set of Borel probabilities on E,and ([0, 1],B([0, 1]), λ)
the unit interval equipped with Lebesgue’s measure. There exists a measurable mapping

Φ : ∆(E)× [0, 1] −→ E

such that for all µ ∈ ∆(E), the law of Φ(µ,U) is µ where U is the canonical element in [0, 1].

In the proofs of section 6, we use indirectly this result together with the a disintegration
theorem. Precisely:

Lemma A.4. Let E,F be Polish spaces, (Ω,A,P) be some probability space, Y be an E-valued
random variable defined on Ω, and F a sub-σ-field of A. Assume that f is an F- measurable
map from Ω to ∆(E×F ) such that the marginal f1(x) ∈ ∆(E) of f(x) on the first coordinate
is a version of the conditional law of Y given F . Then, (up to enlarging the probability space,
there exists a random variable Z such that f(ω) is a version of the conditional law of (Y, Z)
given F .

Proof. Up to enlarging the probability space, we may assume that there exists some random
variable U uniformly distributed on [0, 1] and independent of (Y,F). One can define using
Theorem A.3 a variable (Ỹ , Z̃) = Φ(f(ω), U) having the property that f1(ω) is a version of
the conditional law of Ỹ given F . Let g(ω, Ỹ ) be a version of the conditional law of Z̃ given
(F , Ỹ ), it follows easily that Z = Φ(g(ω, Y ), U) fulfills the required properties.

Remark A.5. In case of a product, we can have a more precise construction (which is useful
to prove some conditional independence properties). Given three (or more) Polish spaces
E,F,G, (Ω,A,P) some probability space, Y an E-valued random variable defined on Ω, and
F a sub-σ-field of A. Assume that f is an F- measurable map from Ω to ∆(E×F ×G) such
that the marginal f1(x) ∈ ∆(E) of f(x) on the first coordinate is a version of the conditional
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law of Y given F . Then, we may assume that there exist some independent random variables
U, V uniformly distributed on [0, 1] and independent of (Y,F). One can define using Theorem
A.3 a variable (Ỹ , Z̃, T̃ ) = Φ(f(ω), U) having the property that f1(ω) is a version of the
conditional law of Ỹ given F . Let g(ω, Ỹ ) be a version of the conditional law of Z̃ given
(F , Ỹ ), and h(ω, Ỹ , Z̃) a version of the conditional law of T̃ given (F , Ỹ , Z̃) it follows easily
that Z = Φ(g(ω, Y ), U) and T = Φ(h(ω, Y, Z), V ) fulfill the required properties.

Lemma A.6. Let E,F be Polish spaces, there exists a measurable map D : ∆(E×F )×F →
∆(E) such that for all µ ∈ ∆(E × F ), f → D(µ, f) is a version of the conditional law of e
given f whenever the pair of random variables (e, f) has law µ.

Proof. See Corollary 7.27.1 in [4].

Lemma A.7. Let (A,B,A′, B′) be random variables defined on some probability space (Ω,A,P)
taking values in some Polish spaces and F a sub σ-field of A. Assume that JA,B|FK =
JA′, B′|FK almost surely, then

JJA|B,FK|FK = JJA′|B′,FK|FK.

Proof. Using the notations of preceding lemma, it follows from the definition of conditional
laws that

JA|B,FK = D(JA,B|FK, B).

Using that the same relation holds with (A′, B′) and that JA,B|FK = JA′, B′|FK almost surely,
the conclusion follows.

Let E,F be separable metric spaces that are universally measurable (i.e. all the Borel
probabilities are tight) so that the disintegration theorem applies. Define the application:

T : ∆(E × F ) → ∆(∆(E))

which associates to the law π of a pair (X,Y ) of E × F -valued random variables, the law of
the conditional law JX | Y K. Formally T (π) is defined as the unique probability such that for
every bounded continuous function f on ∆(E)

∫

∆(E)
f(u)dT (π)(u) = E[f(J[X | Y K)] =

∫

F
f(π(· | y))dπF (y)

where π(· | y) denotes a version of the conditional law of X given Y under π and πF the
marginal of π on F .

The following Lemma is a slight modification of Lemma 6.2 in [21].

Lemma A.8. For any convex lower semi-continuous function f : ∆(E) → R ∪ {+∞}, the
application

π →
∫

∆(E)
f(u)dT (π)(u)

is convex and lower semi-continuous on ∆(E × F ).
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Proof. We can assume that f is non-negative up to adding a continuous linear function. From
usual arguments, there exists a countable family φn ∈ Cb(E) such that

f(µ) = sup
n∈N

φ̃n(µ) = sup
n∈N

∫

E
φn(t)dµ(t)

Define fp for p ∈ N as

fp(µ) = sup
n∈N

φ̃n,p(µ)

where φn,p = φn if ∀x ∈ E, φn(x) ≥ −p and φn,p ≡ 0 otherwise. As f is non-negative, we
have:

f(µ) = sup
n∈N

sup
p∈N

φ̃n,p(µ) = sup
p
fp(µ).

Note that the sequence fp is non-decreasing and f0 ≥ 0. Using monotone convergence, it is
then sufficient to prove that for any fixed p, the function

π →
∫
fp(u)dT (π)(u)

is convex and lower semi-continuous. As the functions φn,p for n ≥ 0 are bounded from below
by −p, we may assume that they are nonnegative. Applying lemma 3.11 p125 in Buttazzo
[6],

∫

F
fp(π(· | y))dπF (y) = sup

(Bi)i=i1,..,ip

∑

i

∫

Bi

φ̃i,p(π(· | y))dπF (y)

= sup
(Bi)i=i1,..,ip

∑

i

∫

Bi

∫

E
φi,p(x)dπ(x|y)dπF (y)

where the supremum is over the finite measurable partitions of the space F . For a fixed pair
(n, p), consider the application defined on the Borel σ-field of F , B(F ):

B ∈ B(F ) → Fn,p(π,B) =

∫

B

∫

E
φn,p(x)dπ(x | y)dπF (y) =

∫

E×F
φn,p(x)1B(y)dπ(x, y).

This is a clearly a bounded positive measure over F . All bounded positive measures on F are
inner regular, i.e.

Fn,p(π,B) = sup{Fn,p(π,K) : K ⊂ B,K compact}.

One can then replace

sup
(Bi)i=i1,..,ip

∑

i

Fi,p(π,Bi) = sup
(Ki)i=i1,..,ip

∑

i

Fi,p(π,Ki) = sup
(Oi)i=i1,..,ip

∑

i

Fi,p(π,Oi)

where the second supremum is over finite families of pairwise disjoint compact subsets and
the third over finite families of pairwise disjoint open sets. Finally, we just have to remark
that for a fixed family of open sets, the mapping

π →
∑

i

Fi,p(π,Oi)

is linear and lower semi-continuous, which implies that our functional is convex and lower
semi-continuous.
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Lemma A.9. Let (Ω,A,P) a probability space, G ⊂ F two sub σ-algebra of A, and f a
concave bounded upper semi-continuous mapping from ∆(Z) to R. Then, for all Z-valued
random variable X:

• f(JXK) ≥ E[f(JX | FK)]

• f(JX | GK) ≥ E[f(JX | FK) | G] almost surely.

Proof. This is the usual Jensen’s inequality. It is sufficient to note that JXK is the barycenter
(with respect to the dual Cb(Z)) of JJX | FKK by definition of conditional laws. For the second
assertion, it is sufficient to prove that JX | GK is almost surely the barycenter of the random
variable

Ψ := JJX | FK | GK.

For a well-chosen countable subset C0 of Cb(Z) and by using the definitions of conditional
laws and conditional expectations, we have with probability one

∀h ∈ C0,
∫
〈h, ν〉dΨ(ν) = E[E[h(X) | F ] | G] = E[h(X) | G] (A.1)

Now C0 can be taken as a countable convergence determining subset of Cb(Z) (see e.g. [1]
p106-107). The property (A.1) can therefore be extended to all h ∈ Cb(Z) and this implies

f(JX | GK) ≥ E[f(JX | FK) | G]

with probability one.
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[1] L. Ambrosio, N. Gigli and G. Savaré, Gradient flows in metric spaces and in the space
of probability measures, Birkhauser, 2008.

[2] R.J. Aumann, Mixed and Behavior Strategies in Infinite Extensive Games, Advances in
game theory, Princeton University Press, 1964.

[3] R. J. Aumann and M. Maschler, Repeated Games with Incomplete Information, with the
collaboration of R. Stearns, Cambridge, MA: MIT Press, 1995.

[4] D.P. Bertsekas and S.E. Shreve, Stochastic optimal control: The discrete time case, Aca-
demic Press, 1978.

[5] D. Blackwell and L.E. Dubins, An extension of Skorohod’s almost sure representation
theorem, Proceedings of the American Mathematical Society, 1983, 89, 691–692.

[6] G. Buttazzo, M. Giaquinta, and S. Hildebrandt, One-dimensional variational problems:
an introduction, Oxford University Press, USA, 1998.

[7] P. Cardaliaguet, Differential Games with Asymmetric Information, SIAM J. Control.
Opt., 2007, 46, pp. 816–838.

[8] P. Cardaliaguet, A double obstacle problem arising in differential game theory, Journal
of Mathematical Analysis and Applications, 2009, 360, pp. 95–107.

65



[9] P. Cardaliaguet and C. Rainer, Stochastic Differential Games with Asymmetric Informa-
tion, Applied Mathematics and Optimization, 2009, 59, pp. 1–36.

[10] P. Cardaliaguet and C. Rainer, On a Continuous-Time Game with Incomplete Informa-
tion, Math. of Oper. Res., 2009, 34, pp. 769–794.

[11] P. Cardaliaguet and C. Rainer, Games with incomplete information in continuous time
and for continuous types, Dynamic Games and Applications, 2012, 2, pp. 206–227.

[12] P. Cardaliaguet, C. Rainer, D. rosenberg, N. Vieille, Markov games with frequent actions
and incomplete information, 2013, Preprint, Arxiv-1307.3365

[13] P. Cardaliaguet, R. Laraki and S. Sorin, A Continuous Time Approach for the Asymp-
totic Value in Two-Person Zero-Sum Repeated Games, SIAM Journal on Control and
Optimization, 2012, 50, 1573-1596.

[14] M.G. Crandall, H. Ishii, and P. L. Lions, User’s guide to viscosity solutions of second
order partial differential equations, Bulletin of the American Mathematical Society, 1992,
27, pp.1–67.

[15] B. De Meyer, The maximal variation of a bounded martingale and the central limit the-
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