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Abstract

We present the full derivation of a compressible model in a thin closed water pipe including friction,
changes of section and slope variation. Starting from the compressible 3D Navier-Stokes equation under
”thin layer” assumptions with well-suited boundary conditions, we justify the 1D reduced model called
pressurized model (also named the P-model). It was introduced in the general framework of unsteady
mixed flows in closed water pipes. This model describes the evolution of a compressible flow close to gas
dynamics equations in a nozzle. We also propose a class of averaged low Oser compressible models of a
general barotropic law p(ρ) = ρ

γ , γ > 1.

Keywords: pressurized flow, compressible Navier-Stokes, barotropic laws, thin layer, hydrostatic approxi-
mation, closed water pipe, friction, viscosity, Oser number
AMS Subject classification : 65M08, 65M75, 76B07, 76M12, 76M28, 76N15

1 Introduction

Simulation of pressurized flows (i.e. the pipe is full) as well as free surface (i.e. only a part of the pipe is
filled) in closed water pipe plays an important role in many engineering applications such as storm sewers,
waste or supply pipes in hydroelectric installations . . . . The transition phenomenon between the two types
of flows occurs in many situations and it can be induced by sudden change in the boundary conditions as
failure pumping. During this process, in particular for pressurized flows, the pressure can reach severe values
and may cause irreversible damage. Accurate mathematical and numerical models are required to predict
and to avoid such a situation.

From a numerical viewpoint, the use of the full 3D Navier-Stokes equations lead to time-consuming
simulations. Introducing reduced models preserving some of the main physical features is one of the most
challenging issues that we address with the obvious consequence to decrease the computational time. Dur-
ing these last years, a great amount of works was devoted to the modeling and the simulation of such a
phenomenon (see for instance [18, 25, 24, 10, 9, 16], [8, 3, 2, 11, 4, 5] and the reference therein).

The classical shallow water equations, commonly used to describe free surface flows in open channels,
are also used in the study of pressurized flows with the artifice of the Preissman (see for example [9, 28])
assuming a narrow slot to exist in the upper part of the pipe. The width of the slot is calibrated to
provide the correct sonic speed. Nevertheless, as pointed out by several authors (see [25] for instance),
the pressurizing phenomenon is a dynamic shock requiring a full dynamic treatment even if the inflows
and other boundary conditions change slowly. Moreover, the Preissman slot artefact is unable to take into
account the depressurisation phenomenon (i.e. sub-atmospheric flows) which occurs during a water hammer.
On the other hand the commonly used model to describe pressurized flows in closed water pipes are the
Allievi equations which are derived by neglecting some acceleration terms. As a consequence, the resulting
first order system is not written under a conservative form and thus it is not well adapted to a natural
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coupling with a shallow water model which describes the evolution of free surface flows in closed water
pipes. Thus, the pressurized model was formally introduced by the author in [11, 5] as an extension of the
work by Bourdarias and Gerbi [8]. The obtained 1D equations for pressurized flows was derived from the
3D isentropic compressible Euler equations to take into account sub-atmospheric flows with a formulation
closed to the Saint-Venant equations for free surface flows. As a consequence, the free surface model and the
pressurized model was coupled to construct a ”unified” model for unsteady mixed water flows. The formal
derivation of this model, called PFS-model (see [11, 5]), as well as a finite volume discretization have been
previously proposed by Bourdarias and Gerbi [8]. This works was extended by the author [5] in the case of
non uniform section and a new VFRoe solver [3] as well as a new kinetic solver [2, 4] have been proposed.

Although, all of these models was formally derived, numerical experiment versus laboratory experiment
was presented [3, 2, 4]) and the proposed schemes for the P-model, as well as for the PFS-model, produce
results that are in a very good agreement. Under the hypothesis

u ≈ u and ρu ≈ ρ u

the P-model is an accurate approximation of the Euler equations in a ”thin-layer” framework. The so-called
pressurized model is:







∂tA+ ∂xQ = 0,

∂tQ+ ∂x

(

Q2

A
+ c2(A− S)

)

= −gA sin θ + c2
(

A

S
− 1

)

dS

dx

(1)

where ρ is the mean density of the water, A = ρS is the equivalent wet area, u is the mean water velocity,
Q = Au is the equivalent discharge, S is the section of the pipe, c is the sonic speed and sin θ is the ”slope
variation”. To take into account the friction, a quadratic term −ρgCfu|u| was added to the system (1). The
friction factor Cf is defined by

Cf =
1

K2
sRh(S(x))4/3

,

where Ks is the Strickler coefficient of roughness depending on the material, Rh(S) = S/Pm is the hydraulic
radius and Pm is the perimeter of the pipe’s section.

We propose here to justify the pressurized model as an approximation at order O(ε) of the full 3D
compressible Navier-Stokes system where ε is the aspect ratio assumed to be small

ε =
D

L
≪ 1 ,

as recently done by Ersoy [12] for the 3D-1D reduced free surface model in open channel and closed water
pipe. In particular, we show that the ”motion by slices” assumption,

u ≈ u and ρu ≈ ρ u

used to formally derive the pressurized model, are exact at first order and

u = u+O(ε), ρu = ρ u+O(ε) .

These results are obtained with well suited boundary conditions including friction and the pressure law is
chosen as a linear one p(ρ) = c2(ρ−ρ0). It allows to take into account sub-atmospheric and sup-atmospheric
flows where ρ0 stands for the density of the water at atmospheric pressure.

Moreover, assuming that the Oser number, the ratio between the Mach number and the Froude number,
is small, we derive a class of averaged compressible models in a closed water pipe with a general pressure
law p(ρ) = ργ for γ > 1. In particular, we show that at first order

ργ = ργ

which is wrong in general if the Oser number is not small enough.
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The paper is organized as follows. In Section 2, we recall the compressible Navier-Stokes equations with
suitable boundary conditions including friction and we fix the notations. In Section 3, we first deduce the
so-called motion by slices and other assumptions required to derive the pressurized model under thin-layer
assumptions from the hydrostatic approximation of the compressible Navier-Stokes equations. Then, these
equations are integrated following the section orthogonal to the main flow direction and the 1D pressurized
model is obtained. Finally, we end with Section 4 where we discuss about a class of averaged low Oser
compressible models in a thin-layer domain.

2 The compressible Navier-Stokes equations and its closure

In this section, we fix the notations of the geometrical quantities involved to describe the thin closed do-
main representing a pipe. Then, we recall the compressible Navier-Stokes system written in the Cartesian
coordinates with a gravity. We define the wall-law boundary conditions to include a general friction law
completed with a no penetration condition. For the sake of simplicity, we do not deal with the deformation
of the domain induced by the change of pressure. For the case of deformation of the pipe due to the change
of pressure, we refer to the work by Bourdarias and Gerbi [8] where a Hooke’s law is used. We will consider
only an infinitely rigid pipe with circular sections.

2.1 Notations and settings

Let us consider a compressible fluid confined in a three dimensional domain P , a pipe of length L oriented
following the i vector,

P :=
{

(x, y, z) ∈ R3; x ∈ [0, L], (y, z) ∈ Ω(x)
}

where the section Ω(x), x ∈ [0, L], is

Ω(x) = {(y, z) ∈ R2; y ∈ [α(x, z), β(x, z)], z ∈ [−R(x), R(x)]}

as displayed on figure 1(a).
The main flow direction is supposed to be in the i direction. Thus the section Ω(x), x ∈ [0, L], is assumed

to be orthogonal to the main flow direction.
Here R(x) stands for the radius of the pipe section S(x) = πR2(x), α(x, z) (resp. β(x, z)) is the left

(resp. the right) boundary point at elevation −R(x) 6 z 6 R(x).
In the Ω-plane, we define the coordinate of a point m ∈ ∂Ω(x), x ∈ [0, L], by (y, ϕ(x, y)) where ϕ(x, y) =

√

R(x)2 − y2 for y > 0 and ϕ(x, y) = −
√

R(x)2 − y2 for y < 0. The point m stands for the vector ωm

where w(x, 0, b(x)) defines the main slope elevation of the pipe with b′(x) = sin θ(x). Then, we note n =
m

|m|
the outward unit vector at the point m ∈ ∂Ω(x), x ∈ [0, L] as represented on figure 1(b).

(a) Configuration (b) Ω-plane

Figure 1: Geometric characteristics of the pipe

3



Remark 2.1. For the sake of simplicity, we consider here only pipe with circular section. This work can be
easily adapted to all type of realistic pipe by defining appropriately R(x) and other quantities involved in
the definition of the geometry of the pipe (see [11]). For instance, in case of ”horseshoe” section as shown
in figure 2, the section Ω(x), x ∈ [0, L], is given by

Ω(x) = ΩH(x) ∩ ΩR(x)

where
ΩH(x) =

{

(y, z) ∈ R2; y ∈ [α(x, z), β(x, z)], z ∈ [−H(x), 0]
}

and
ΩR(x) = {(y, z) ∈ R2; y ∈ [α(x, z), β(x, z)], z ∈ [0, R(x)]} .

H is the height of the trapezoidal basis and R is the radius of the upper part of the ”horseshoe”.

Figure 2: ”horseshoe” section

Remark 2.2. For the sake of simplicity, the pressurized model is derived here in the Cartesian coordinates
instead of the original one [5]. In the original work, the compressible Euler equations was written in a local
Serret-Frenet frame attached to the main pipe axis in order to take into account the local effects produced
by the changes of section and the slope variation. This approach introduces naturally a curvature term in
the derivation. Thus, as a minor difference, this term will not be present in this framework.

2.2 The compressible Navier-Stokes model

We consider the compressible Navier-Stokes equations in the domain P with suitable boundary conditions
on the inner wall and inflows/outflows conditions at the upstream and downstream ends. The governing
equations for the motion of a compressible fluid in [0, T ]× P , T > 0 are given by







∂tρ+ div(ρu) = 0 ,
∂t(ρu) + div(ρu⊗ u)− divσ − ρF = 0 ,

p = p(ρ) ,
(2)

where u =

(

u
v

)

is the velocity fields with u the i-component and v =

(

v
w

)

the Ω-component, ρ is the

density of the fluid and F = g





sin θ(x)
0

− cos θ(x)



 is the external gravity force.

The Cauchy stress tensor is given by

σ =

(

−p+ λdiv(u) + 2µ∂xu R(u)t

R(u) −pI2 + λdiv(u)I2 + 2µDy,z(v)

)

(3)
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where I2 is the identity matrix, µ is the dynamical viscosity and R(u) is defined by R(u) = µ (∇y,zu+ ∂xv).

Here, ∇y,zu =

(

∂yu
∂zu

)

is the gradient of u with respect to (y, z). Noting ·t the transpose of ·, we define

the strain tensor Dy,z(v) with respect to the variable (y, z):

2Dy,z(u) = ∇y,zv+∇t
y,zv .

The last term λdiv(u) is the classical normal stress tensor which plays an important role when the fluid is
rapidly compressed or expanded, such as in shock waves. The quantity λ is the volume viscosity, often called
second viscosity, is usually assumed to be of the same order of magnitude as the dynamical viscosity µ (see
[20]).

Remark 2.3. In the literature, there exists several approach to define the stress tensor in order to set a
privileged flow direction.
For incompressible fluids, one has for instance,

• Gerbeau and Perthame [17] use an isotropic stress tensor with constant viscosity to derive the Saint-
Venant equations from the 2D incompressible Navier-Stokes equations,

• Marche [21] or Ferrari and Saleri [15], in a similar way, derive a two dimensional shallow water equations
from the 3D incompressible Navier-Stokes equations.

In the case of compressible fluids, Ersoy et al [14, 13] (based on the work by Kochin [19]) use the following
anisotropic total stress tensor:

σ = −pI3 + 2Σ.D(u) + λdiv(u) I3

to set a privileged horizontal flow direction in the context of atmosphere modeling. The term Σ.D(u) is
defined as:

(

2µDx(u) µ2R(u)
t

µ3R(u) 2µ3∂yv

)

where I3 is the identity matrix and Σ = Σ(t, x, y) is the anisotropic viscous tensor:





µ(t, x, y) µ(t, x, y) µ2(t, x, y)
µ(t, x, y) µ(t, x, y) µ2(t, x, y)
µ3(t, x, y) µ3(t, x, y) µ3(t, x, y)



 .

In their case, they obtain a viscous hydrostatic approximation called Compressible Primitive Equations.
In no instance, up to our knowledge, there are now works (except the free surface model by Ersoy [12])

which justify a 1D model from a 3D model in a thin-layer framework.

Finally, the pressure law is given by the following equation of state:

p(ρ) = c2ρ (4)

where c is the sonic speed.

Remark 2.4. In practice, c =
1√
β0ρ0

≈ 1400m2/s where β0 ≈ 5.0 10−10m2/N is the inverse of the bulk

modulus of compression of the water and ρ0 is the volumetric mass of water.

Remark 2.5. In practical applications, we set

p(ρ) = pa + c2(ρ− ρ0)

which has the advantage to show clearly overpressure state and depression state. Indeed, the overpressure
state corresponds to ρ > ρ0 while ρ < ρ0 represents a depression state. The case ρ = ρ0 is a critic one and a
bifurcation point in the context of unsteady mixed flows (see [11, 5] for further details).
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2.3 The boundary conditions

The Navier-Stokes system (2)–(4) is completed with suitable boundary conditions to introduce the border
friction term. For pipe flow calculations, the Darcy-Weisbach equation, valid for laminar as well as turbu-
lent flows, is generally adopted while the Manning formula is widely used for open channel (in turbulent
regime). This factor Cf depends upon several parameter such as the Reynolds number, the relative rough-
ness, . . . Because of the extreme complexity of the rough surfaces of mean length δ, most of the advances
in understanding have been developed around experiments leading to charts such as the Moody-Stanton
diagram, expressing Cf as a function of the Reynolds number Re, the relative roughness and some geomet-
rical parameters depending on the material. Several formula such as Colebrook formula, Manning, Chézy,
Swamee and Jain. . . have been introduced to represents natural pipe trends. For large Reynolds number,

the friction factor Cf is almost function of the relative roughness
δ

Dh
where Dh is the hydraulic diameter.

More precisely, one can show from the Colebrook law that Cf = Ct +
Cl

Re
where Cl, Ct are some quantity

depending on the relative roughness
δ

Dh
and hydraulic parameters of the pipe. As a consequence if the

relative roughness is negligible, the friction factor can be expressed only in function of the Reynolds number.
We refer to [26, 28] for more details.

Thus, on the inner wall ∂Ω(x), ∀x ∈ (0, L), we assume a wall-law condition including a general friction
law:

(σ(u)nb) · τbi = (ρk(u)u) · τbi , x ∈ (0, L), (y, z) ∈ ∂Ω(x)

where k(u) = Cf |u| and Cf is the friction factor depending on the material. The vector τbi is the i
th vector

of the tangential basis.
Let us detail the wall-law boundary conditions for the sake of completeness. Let us first write this

condition as follows:

σ(u)nb − (σ(u)nb · nb)nb = ρk(u)u, x ∈ (0, L), (y, z) ∈ ∂Ω(x) .

Here nb stands for the unit outward normal vector:

nb =
1

√

(∂xϕ)2 + n · n

(

−∂xϕ
n

)

where n =

(

−∂yϕ
1

)

is the outward normal vector in the Ω-plane. Thus, the wall-law boundary conditions

are written:

R(u) · n (n · n− (∂xϕ)
2) + 2µ∂xϕ (Dy,z(v)n · n− ∂xu (n · n)) =

(

n · n+ (∂xϕ)
2
)3/2

ρk(u)u , (5)

2µ(∂xϕ)
2 (Dy,z(v)n− n) + ∂xϕR(u) (n · n− (∂xϕ)

2) =
(

n · n+ (∂xϕ)
2
)3/2

ρk(v)v . (6)

We complete it with a no-penetration condition:

u · nb = 0, x ∈ (0, L), (y, z) ∈ ∂Ω(x)

i.e.
u∂xϕ = v · n, x ∈ (0, L), (y, z) ∈ ∂Ω(x) . (7)

3 The averaged model

In a thin-layer domain, the flow follows the main pipe axis and thus it is almost unidirectional. For instance,
in the supply pipes in hydroelectric installations, pipes are such that the average thickness D is small in
front of the characteristic length L. Besides the fact that the aspect ratio is small

ε =
D

L
≪ 1 ,
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we should assume that the characteristic speed in the Ω-plane V = (V,W ) is small compared to the horizontal
one U :

W

U
≈ V

U
≪ 1

in order to get a unidirectional flow. These physical considerations define the so-called ”thin-layer” assump-
tions.

3.1 The adimensionnalised Navier-Stokes equations

Thus, in the sequel we adimensionnalise the Navier-Stokes system using the ”thin-layer” assumptions by
introducing a ”small” parameter

ε =
D

L
=
W

U
=
V

U
≪ 1.

We then introduce a characteristic time T such that T =
L

U
and we note ρ0 a characteristic density of

the water. The dimensionless quantities of time t̃, coordinate (x̃, ỹ, z̃), velocity field (ũ, ṽ, w̃) and of density

ρ̃, noted temporarily by a ·̃, are defined by x̃ =
x

X
. Thus, one has

t̃ =
t

T
, (x̃, ỹ, z̃) =

( x

L
,
y

D
,
z

D

)

, (ũ, ṽ, w̃) =
( u

U
,
v

W
,
w

W

)

, ρ̃ =
ρ

ρ0
.

We finally define the modified friction factor Cf/U that we write Cf .
We introduce the non-dimensional numbers:

Fr Froude number following the Ω-plane : Fr =
U√
gD

,

FL Froude number following the i-direction : FL =
U√
gL

,

Rµ Reynolds numbers with respect to µ : Rµ =
ρ0UL

µ
,

Rλ Reynolds numbers with respect to λ : Rλ =
ρ0UL

λ
,

Ma Mach number : Ma =
U

c
,

C Oser number : C =
Ma

Fr
=

√
gD

c

where the dimensionless number C is often referred as the Oser number. It determines whether the gravity
should have an influence or not in the model. Let us note that the Oser number may have influence for
law temperature model. In such cases, the gravity effect can be considerable (we refer to Section 4.1 for
numerical illustration).

Remark 3.1. In view of Remark 2.4, in practice, the Oser number is C ≈ 1

1000
. Thus, this parameter

indicates that the fluid is slightly influenced by the effects of the gravity in the present modeling problem.

Dropping the ·̃, the non-dimensional compressible Navier-Stokes system becomes:















∂tρ+ ∂x(ρu) + divy,z(ρv) = 0 ,

∂t(ρu) + ∂x(ρu
2) + divy,z(ρuv) + ∂x

ρ

M2
a

= Gρu ,

ε2 (∂t(ρv) + ∂x(ρuv) + divy,z(ρv⊗ v)) +∇y,z
ρ

M2
a

= Gρv ,

(8)
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where the source terms are

Gρu = −ρ sin θ(x)
F 2
L

+ ∂x
(

2R−1
µ ∂xu+R−1

λ div(u)
)

+ divy,z

(

Rε(u)

ε

)

,

Gρv =





0

−ρ cos θ(x)
F 2
r



+ ∂x (εRε(u)) + divy,z
(

R−1
λ div(u) + 2R−1

µ Dy,z(v)
)

,

with the notations

divy,zU = ∂yU + ∂zU, divU = ∂xU + divy,zU and Rε(u) = R−1
µ

(

1

ε
∇y,zu+ ε∂xv

)

.

The non-dimensional boundary conditions (5)-(6) are:

Rε(u) · n (n · n− ε2(∂xϕ)
2) + 2εR−1

µ ∂xϕ (Dy,z(v)n · n− ∂xu (n · n)) =
(

n · n+ ε2(∂xϕ)
2
)3/2

ρ
k(u)

U
u , (9)

2ε2R−1
µ ∂xϕ

2 (Dy,z(v)n− n) + ∂xϕRε(u) (n · n− ε2(∂xϕ)
2) = ε

(

n · n+ ε2(∂xϕ)
2
)3/2

ρ
k(v)

U
v (10)

while the no-penetration condition (7) is not modified in its dimensionless form.
The unit outward normal vector is now

nb =
1

√

n · n+ ε2∂xϕ

(

−ε∂xϕ
n

)

.

To go further in the derivation of the pressurized model, we rearrange the terms with respect to ε to
bring out the so-called hydrostatic approximation of System (8):

∂tρ+ ∂x(ρu) + divy,z(ρv) = 0 , (11)

∂t(ρu) + ∂x(ρu
2) + divy,z(ρuv) +

1

M2
a

∂xρ = −ρ sin θ(x)
F 2
L

+ divy,z

(

R−1
µ

ε2
∇y,zu

)

+Rε,1(u) , (12)

1

M2
a

∇y,zρ =





0

−ρ cos θ(x)
F 2
r



+Rε,2(u) , (13)

where the source terms are written

Rε,1(u) = R−1
µ

(

∂x

(

2∂xu+
R−1

λ

R−1
µ

div(u)

)

+ divy,z (∂xv)

)

= O(R−1
µ ) ,

assuming that Rλ is of the same order of Rµ as said before, and

Rε,2(u) = R−1
µ

(

∂x
(

∇y,zu+ ε2∂xv
)

+ divy,z

(

R−1
λ

R−1
µ

div(u) + 2Dy,z(v)

))

−ε2 (∂t(ρv) + ∂x(ρuv) + divy,z(ρv⊗ v))

= R−1
µ

(

∂x (∇y,zu) + divy,z

(

R−1
λ

R−1
µ

div(u) + 2Dy,z(v)

))

+O(ε2)

= O(R−1
µ ) +O(ε2) .

The first component of the wall-law boundary condition (9) becomes:

R−1
µ

ε
∇y,zu · n =

(

n · n+ ε2(∂xϕ)
2
)3/2

ρk(u)
U u

(n · n− ε2(∂xϕ)2)
− εR−1

µ

(

2∂xϕ (Dy,z(v)n · n− ∂xu (n · n))
(n · n− ε2(∂xϕ)2)

+ ∂xv · n
)

= ρ
√
n · nk(u)

U
u+O(ε2) +O(εR−1

µ )

= ρK(u) +O(ε2) +O(εR−1
µ ) .

(14)
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where we make use of the notations

K(u) =
√
n · nk(u)

U
u and ∇y,zu · n := ∂nu

which are respectively the friction term and the normal derivative of u in the Ω-plane.
In the same way, one can write the condition (10) as follows:

R−1
µ ∇y,zu =

ε2
(

n · n+ ε2(∂xϕ)
2
)3/2

ρk(v)
U v

∂xϕ(n · n− ε2(∂xϕ)2)
−

2ε3R−1
µ ∂xϕ

2 (Dy,z(v)n− n)

∂xϕ(n · n− ε2(∂xϕ)2)
− ε2∂xv · n

= O(ε2) +O(ε3R−1
µ ) .

(15)

Whenever the relative roughness is smaller than the characteristic height of the viscous boundary layer,
one can always assume the friction factor as a linear function of the Reynolds number Re. In a general
way, under physical considerations (see Section 2.3) and geometrical properties of the pipe (see for instance

[26, 22, 28]), one can always assume that Cf =
C0

Re
for some function C0 depending on the material. Moreover,

keeping in mind that the volume viscosity is of same order of the dynamic viscosity as said above, we shall
assume the following asymptotic regime

R−1
λ = ελ0, R−1

µ = εµ0, K = εK0 . (16)

3.2 First order approximation

Assuming thin-layer assumptions, the nearly unidirectional flow induces small vertical accelerations that the
Archimedes principle is applicable. As a consequence, one can drop all terms of order O(ε2) in equations
(11)–(13). Moreover, in view of the asymptotic assumption (16), taking the formal limit as ε vanishes, we
deduce the hydrostatic approximation

∂tρε + ∂x(ρεuε) + divy,z(ρεvε) = 0 (17)

∂t(ρεuε) + ∂x(ρεu
2
ε) + divy,z(ρεuεvε) +

1

M2
a

∂xρε = −ρε
sin θ(x)

F 2
L

+ divy,z

(µ0

ε
∇y,zuε

)

+O(ε) (18)

1

M2
a

∇y,zρε =





0

−ρε cos θ(x)
F 2
r



+O(ε) (19)

Let us emphasize that even if this system results from a formal limit of Equations (11)–(13) as ε goes to 0,
we note its solution (ρε, uε,vε) due to the explicit dependency on ε. Indeed, notice that we cannot neglect

the terms
1

ε
in Equation (18) since we are interested in computing a result at zeroth order.

Keeping in mind the above remark, the boundary conditions (14) and (15) become

µ0

ε
∇y,zuε · n = ρεK0(u) +O(ε) and µ0∇y,zuε = O(ε), x ∈ (0, L), (y, z) ∈ ∂Ω(x) . (20)

Thus, from (18) and (20), the so-called ”motion by slices” is obtained by solving the Neumann problem
for x ∈ (0, L)

{

divy,z

(µ0

ε
∇y,zuε

)

= O(ε) , (y, z) ∈ Ω(x)

µ0∂nuε = O(ε) , (y, z) ∈ ∂Ω(x)
.

Thus, we get at first order
uε(t, x, y, z) = uε(t, x)

since
uε(t, x, y, z) = uε(t, x) +O(ε) . (21)
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Consequently, at first order, we get
u2ε = uε

2 . (22)

Moreover, from Equations (19), we obtain at first order

ρε(t, x, y, z) = ξε(t, x) exp
(

−C2 cos θ(x)z
)

for some positive function ξε since

ρε(t, x, y, z) = ξε(t, x) exp
(

−C2 cos θ(x)z
)

+O(ε) . (23)

Noting,

Ψ(x) =

∫

Ω(x)

exp(−C2 cos θ(x)z) dy dz =

∫ R(x)

−R(x)

exp(−C2 cos θ(x)z)σ(x, z) dz ,

one can therefore write at first order

ρεuε =
1

S

∫

Ω

uερε dydz = uε
ξεΨ

S
= ρε uε

and deduce
ρεu2ε = ρε uε

2 (24)

since

ρε(t, x) =
ξε(t, x)Ψ(x)

S(x)
. (25)

In these equations S(x) stands for the physical section of water

S(x) =

∫

Ω(t,x)

dydz =

∫ R(x)

−R(x)

σ(x, z) dz .

Remark 3.2. At first order, one can deduce the vector vε from Equation (17).

Remark 3.3. Let us note that one of the key point in the derivation of the pressurized model is the stratified
structure of the density. Following Remark 2.3, dropping all terms of order ε and setting R−1

µ = O(ε2), Ersoy
et al [14, 13] obtained a two dimensional viscous ”hydrostatic approximation”, called compressible primitive
equations, which is very close to the equation (17)–(19). Let us emphasize that the stratified structure was
already used as a key point in the proof of an existence and a stability result in the context of atmosphere
modeling.

3.3 The pressurized model

Let us first recall that m = (y, ϕ(x, y)) ∈ ∂Ω(x) stands for the vector ωm and n =
m

|m| for the outward unit

normal vector to the boundary ∂Ω(x) at the point m in the Ω-plane (as displayed on figure 1(b)).
Then, dropping all terms of order O(ε) and integrating Equations (17)–(19) over the cross-section Ω, we

obtain














































∂t(ρεS) + ∂x(ρεSuε) =

∫

∂Ω(x)

ρε (uε∂xm− vε) · n ds

∂t(ρεSuε) + ∂x

(

ρεSuε
2 +

1

M2
a

ρεS

)

= −ρεS
sin θ(x)

F 2
L

+
1

M2
a

ρε
dS

dx

+

∫

∂Ω(x)

ρεuε (uε∂xm− v) · n ds

−
∫

∂Ω(x)

µ0

ε
∇y,zuε · n ds

. (26)
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Next, using the no-penetration condition (7), the following boundary integrals vanish:

∫

∂Ω(x)

ρε (uε∂xm− vε) · n ds =
∫

∂Ω(x)

ρεuε (uε∂xm− vε) · n ds = 0 .

Using the boundary conditions (20), the stratified structure of ρε (23) and the ”motion by slices” (21), the
last boundary integral becomes

∫

∂Ω(x)

µ0

ε
∇y,zuε · n ds =

∫

∂Ω(x)

ρεK0(uε) ds = S

(

ξεΨ(x)

S

)(

K0(uε)
ψ(x)

Ψ(x)

)

= ρεK(x, uε)

with

K(x, uε) = K0(uε)
ψ(x)

Ψ(x)

where ψ stands for the curvilinear integral of z → exp(−C2 cos θ(x)z) along ∂Ω(x).

Remark 3.4. Keeping in mind Remark 2.4, the term exp(−C2 cos θ(x)z) can be approximated by 1. As a

consequence the quantity ψ is nothing else than the wet perimeter of the section Ω and thus

(

ψ(x)

Ψ(x)

)

−1

is

the so-called hydraulic radius. This quantity was introduce by engineers as a length scale for non-circular
ducts in order to use the analysis derived for the circular pipes (see for instance [26, 27]). Let us outline that
this factor is naturally obtained in the derivation of the averaged model.

Finally multiplying Equations (26) by
ρ0DU

2

L
and setting

A = ρεS and Q = Auε

which are respectively the wet area and the discharge, we obtain the pressurized model (1) including a
friction term:







∂t(A) + ∂x(Q) = 0

∂t(Q) + ∂x

(

Q2

A
+ c2A

)

= −gA sin θ(x) + c2
A

S

dS

dx
− gAK(x,Q/A)

. (27)

This model takes into account the slope variation, change of section and the friction due to roughness on
the inner wall of the pipe. This system was formally introduced by the author in [11] and [5] in the context
of unsteady mixed flows in closed water pipes assuming the motion by slices that we have justified here.

We have proposed a Finite volume discretisation of the pressurized model introducing a new kinetic solver
in [2] based on the kinetic scheme of Perthame and Simeoni [23]. We have also proposed a new well-balanced
VFRoe scheme. These numerical scheme have been validated in [2] and [3] in a quasi-frictionless cone-shaped
(expanding and contracting) with a numerical confrontation with the equivalent pipe method used by the
engineers (see [1]) in the case of an immediate flow shut down. The case of pipe with uniform section has
been also considered in a code to code comparison with the so-called belier code. This code is based on
the method of characteristics to solve the Allievi equations. In any case, the obtained results are in a very
good agreement. We also have proposed several test cases in the context of unsteady mixed flows in [7].

4 Concluding remarks

In this note, we have performed an asymptotic analysis of the 3D compressible Navier-Stokes equation
with wall-law and no-penetration conditions in the thin-layer limit. We have considered the compressible
hydrostatic approximation with friction boundary conditions and we have integrated these equations along
the Ω sections to get the pressurized model. In particular, we have shown that the pressurized model (27)
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is an approximation of O(ε) of the hydrostatic approximation (17)–(19) and therefore of the compressible
Navier-Stokes equations (8).

We numerically investigate the paraboloid correction on (y, z) in the expansion of uε(t, x, y, z) and we
show in particular the influence of the gravity through the Oser number. We finally end the paper by
discussing the generalization of this work to gas/fluid flow governed by the Compressible Navier-Stokes
equations with a barotropic pressure law

p(ρ) = c2ργ with γ > 1

at low Oser.

4.1 Second order approximation

One can also formally increase the order of accuracy by determining the first order correction on (y, z) in
the expansion of uε(t, x, y, z). It corresponds to a paraboloid correction. To do so, let us come back to the
equation (12) and write:

divy,z

(µ0

ε
∇y,zuε

)

= ∂t(ρεuε) + ∂x(ρεu
2
ε) + divy,z(ρεuεvε) +

1

M2
a

∂xρε + ρε
sin θ(x)

F 2
L

+O(ε)

= ρε (∂t(uε) + uε · ∇(uε)) +
1

M2
a

∂xρε + ρε
sin θ(x)

F 2
L

+O(ε)

= ρε

(

∂t(uε) + uε∂x(uε) +
sin θ(x)

F 2
L

)

+
1

M2
a

∂xρε +O(ε)

We deduce from the relation (25) and the conservation of the momentum equation (27):

ξε

(

∂t(uε) + uε∂x(uε) +
sin θ(x)

F 2
L

)

+
1

M2
a

∂xξε = −ξε
(

K(x, uε) +
∂xΨ(x)

Ψ(x)

)

.

Thus, one can obtain the paraboloid correction in the asymptotic expansion of uε by solving the following
Poisson equation

−divy,z

(µ0

ε
∇y,zuε

)

= Ft,x(z) +O(ε), x ∈ (0, L), (y, z) ∈ Ω(x)

with the boundary condition

µ0∇y,zuε = O(ε), x ∈ (0, L), (y, z) ∈ ∂Ω(x)

where the right hand side reads

Ft,x(z) = ξε exp(−C2 cos θ(x)z)

(

K(x, uε) +
∂xΨ(x)

Ψ(x)

)

.

Let us numerically illustrate the paraboloid correction of uε. In particular, let us focus on the influence

of the Oser number C =
Ma

Fr
. We consider three type of geometry (section): circular, rectangular and

”horseshoe” (see figure 2). We consider the following settings

ε = 10−3, uε = 0, cos θ = 1 and ξε

(

K(x, uε) +
∂xΨ(x)

Ψ(x)

)

= 1.

Then we compute the numerical solution of the Poisson equation by fixing the Oser number to C = 1
and C = 10−3 for each type of geometry.

The first test case C = 1 represents the situation when the gravity effects are important while in the second
one we neglect its influence. The gravity may have a non negligible contribution under thermodynamical
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considerations. For instance, the more the fluid is compressible and the more the sound speed decay c, i.e.
C becomes large, as in two phase flows.

The results are obtained on figures 3(a), 4(a) and 5(a) for the case C = 1 and on figures 3(b), 4(b) and
5(b) for the second test case.

Whenever the effects of gravity are small, the center of the paraboloid profile of the velocity uε is localized
at the main pipe axis. This behavior is lost when the influence of gravity becomes important. One can observe
these statements for each type of sections: circular on figure 3, rectangular on figure 4 and ”horseshoe” 5.

Let us also add that the scale of the paraboloid is of order ε as predicted by the asymptotic expansion
of uε, in particular the expression (21).

IsoValue
7.03551e-06
2.11065e-05
3.51775e-05
4.92485e-05
6.33196e-05
7.73906e-05
9.14616e-05
0.000105533
0.000119604
0.000133675
0.000147746
0.000161817
0.000175888
0.000189959
0.00020403
0.000218101
0.000232172
0.000246243
0.000260314
0.000274385

(a) C = 1

IsoValue
6.23256e-06
1.86977e-05
3.11628e-05
4.36279e-05
5.60931e-05
6.85582e-05
8.10233e-05
9.34884e-05
0.000105954
0.000118419
0.000130884
0.000143349
0.000155814
0.000168279
0.000180744
0.000193209
0.000205675
0.00021814
0.000230605
0.00024307

(b) C ≪ 1

Figure 3: Circular section

IsoValue
1.91188e-06
5.73565e-06
9.55941e-06
1.33832e-05
1.72069e-05
2.10307e-05
2.48545e-05
2.86782e-05
3.2502e-05
3.63258e-05
4.01495e-05
4.39733e-05
4.7797e-05
5.16208e-05
5.54446e-05
5.92683e-05
6.30921e-05
6.69159e-05
7.07396e-05
7.45634e-05

(a) C = 1

IsoValue
1.84178e-06
5.52535e-06
9.20892e-06
1.28925e-05
1.65761e-05
2.02596e-05
2.39432e-05
2.76268e-05
3.13103e-05
3.49939e-05
3.86775e-05
4.2361e-05
4.60446e-05
4.97282e-05
5.34117e-05
5.70953e-05
6.07789e-05
6.44624e-05
6.8146e-05
7.18296e-05

(b) C ≪ 1

Figure 4: Rectangular section
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IsoValue
2.49553e-06
7.48658e-06
1.24776e-05
1.74687e-05
2.24597e-05
2.74508e-05
3.24418e-05
3.74329e-05
4.2424e-05
4.7415e-05
5.24061e-05
5.73971e-05
6.23882e-05
6.73792e-05
7.23703e-05
7.73613e-05
8.23524e-05
8.73434e-05
9.23345e-05
9.73255e-05

(a) C = 1

IsoValue
5.99634e-06
1.7989e-05
2.99817e-05
4.19744e-05
5.3967e-05
6.59597e-05
7.79524e-05
8.99451e-05
0.000101938
0.00011393
0.000125923
0.000137916
0.000149908
0.000161901
0.000173894
0.000185886
0.000197879
0.000209872
0.000221865
0.000233857

(b) C ≪ 1

Figure 5: ”horseshoe” section

4.2 Averaged Low Oser compressible models

Neglecting the influence of the gravity, the author consider in [6] the air entrainment appearing in the
transient flow in closed pipes filled by the ”free surface” flow and air flow. The free surface model is obtained
in a very closed manner as the derivation of Saint-Venant equations for free surface open channel flows (see
[12]). The air flow is assumed to be governed by the 3D compressible Euler equations with p(ρ) = c2ργ ,

γ =
7

5
. Under the assumptions

u2 ≈ u2 and ργ ≈ ργ ,

taking the averaged values over cross-sections of the main flow axis, they obtained a system of four partial
differential equations.

Let us outline that this assumption
ργ ≈ ργ

is obviously true when the gravity has no influence in the model. Nevertheless, it becomes generally wrong
when the fluid/gas flow is influenced by the gravity.

Thus, we aim to provide a physical and mathematical background such that this assumption still holds
when the gravity plays a role. This will allows to derive averaged models of Equations (2) with a general
pressure law p(ρ) = c2ργ with γ > 1 in a thin-layer framework. We want to generalize the air layer model
introduced in [6] to gas/fluid flow which can be influenced by the effects of gravity.

Let us emphasize that the derivation of the air layer model is based on the P-model [5] and thus the
proposed derivation (Sections 2 and 3) can be applied. It suffices to replace in all previous equations the
pressure law p(ρ) = c2ρ by p(ρ) = c2ργ with γ > 1.

Thus in the hydrostatic approximation, in particular Equation (19), the density, at first order, is now

ρε(t, x, y, z) = ξε(t, x)N(t, x, z)

where

N(t, x, z) =

(

1 + zC2 cos θ(x)
1− γ

γξε(t, x)γ−1

)
1

γ−1

for some function ξε.
Then, the ”motion by slices” (21) as well as the relation (22) still hold and at first order one has

ρεuε =
1

S

∫

Ω

uερε dydz = ρεuε, and ρεu2ε = ρε uε
2
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since
ρε(t, x) = ξε(t, x)N (t, x)

where

N(t, x) =
1

S(x)

∫

Ω(x)

N(t, x, z) dy dz .

To go further in the derivation, if we integrate ργ along a section Ω we found that, even in the case γ = 2,
at first order,

ρε
γ ≇ ργε

Following Section 3 and keeping ργ , the resulting averaged model is







∂t(ρεS) + ∂x(ρεSuε) = 0

∂t(ρεSuε) + ∂x

(

ρεSuε
2 +

1

M2
a

ργεS

)

= −ρεS
sin θ(x)

F 2
L

+
1

M2
a

ργε
dS

dx
− ρεK(x, uε)

. (28)

This model is useless since it is a priori ill-posed due to the term ργε which cannot be determined from ρε.
To make it usable one has to add an extra assumption in the asymptotic assumptions (16) concerning the
Oser number. Namely, if we assume that

C = O(εp) with p >
1

2
,

then, one has
N(t, x, z) = 1 +O(C2) = 1 +O(ε2p) .

Thus, the density is now approximated by

ρε = ξε +O(C2) = ξε +O(ε2p)

and we finally deduce
ργε = ξγε +O(C2) = ξγε +O(ε2p)

Thus, we obtain a class of averaged low Oser compressible models with γ > 1:







∂t(ξεS) + ∂x(ξεSu) = 0

∂t(ξεSuε) + ∂x

(

ξεSuε
2 +

1

M2
a

ξγε S

)

= −ξεS
sin θ(x)

F 2
L

+
1

M2
a

ξγε
dS

dx
− ξεK(x, uε)

(29)

as an approximation of order O(ε) of the Compressible Navier-Stokes equation (8) with wall-law and no-
penetration boundary conditions. One can also consider the model (29) as an approximation of order O(C2)
of the model (28). In view of Remark 3.1, let us note that this result also holds for γ = 1.
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