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We present diffusion Monte Carlo calculations of the ground and first excited vibrational states of

NH3
4Hen for n�40. We use the potential energy surface developed by one of us �M. P. Hodges and

R. J. Wheatley, J. Chem. Phys. 114, 8836 �2001��, which includes the umbrella mode coordinate of

NH3. Using quantum Monte Carlo calculations of excited states, we show that this potential is able

to reproduce qualitatively the experimentally observed effects of the helium environment, namely,

a blueshift of the umbrella mode frequency and a reduction of the tunneling splittings in ground and

first excited vibrational states of the molecule. These basic features are found to result regardless of

whether dynamical approximations or exact calculations are employed. © 2007 American Institute

of Physics. �DOI: 10.1063/1.2787004�

I. INTRODUCTION

The recent rise in interest in the study of doped helium

clusters derives from the realization that such systems can

provide information both on the dopant in a quantum solva-

tion environment and on a superfluid helium environment at

molecular length scales. Infrared �IR� spectroscopy of mol-

ecules embedded inside 4He allows one to look at the effect

of a weakly interacting Bose quantum liquid environment on

vibrational and rotational properties of the molecule.
1–3

A

great deal of attention has focused on the measurement and

analysis of the rotational dynamics of molecules in

helium.
3–5

Changes in the vibrational properties induced by

helium are less well studied, as also the modification of in-

tramolecular and intermolecular tunneling splittings in mol-

ecules and complexes solvated by helium. In most cases, the

measured vibrational frequency shifts are found to be small,

i.e., of the order of a few cm−1 or less. For example, the �3

vibration frequencies of SF6 �Ref. 6� and of OCS �Refs. 7

and 8� are shifted by −1.4 and by −0.92 cm−1, respectively,

and the stretch of HF by −2.65 cm−1 �Ref. 9� or −2.85 cm−1

�Ref. 10�. Most shifts observed in the infrared are also to the

red, reflecting the predominance of attractive forces on the

overall magnitude of the vibrational shift within a given elec-

tronic state.
2,3

Tunneling splittings deriving from internal ro-

tation modes have been measured in small water complexes

in helium droplets and found to be unaffected by the helium

environment.
11

In contrast, interchange tunneling splittings

involving intermolecular modes in van der Waals complexes

are generally found to be significantly quenched inside the

droplets.
12,13

For the HF dimer, �HF�2, a large fraction �74%�
of the reduction in hydrogen interchange tunneling splitting

in large helium droplets could be reproduced by fixed node

diffusion Monte Carlo calculations in small clusters �ten he-

lium atoms and less�.14
In this relatively rigid dimer situa-

tion, the tunneling path has high symmetry which is not bro-

ken by the presence of a small number of solvating helium

atoms, and a fixed node calculation is appropriate. These

calculations have recently been extended to larger sizes �n
=30� and to also treat the HCl dimer.

15
For larger sizes where

the helium solvation is no longer restricted to the equatorial

plane of the dimer, the use of a fixed node approximation

may be less accurate.

The vibrational dynamics of the ammonia molecule pre-

sents an example of intramolecular tunneling where the tun-

neling pathway couples two minima of a large amplitude

motion, the umbrella mode of the NH3 molecule. Such a

large amplitude motion might be expected to be strongly

affected by solvation with helium atoms, unlike the situation

of internal rotation tunneling dynamics in Ref. 11. Two ex-

perimental groups have studied the rotationally resolved IR

spectroscopy of ammonia trapped in cold 4He clusters.
16,17

The earlier work measured the �2 vibrational mode directly

with a line tunable CO2 laser and concluded that an unusu-

ally large interaction between the host cluster and the um-

brella motion of the NH3 molecule existed, giving rise to a

blueshift of 17.5 cm−1, and reductions in tunneling constants

by 75% and 30% in the ground and first excited states of the
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umbrella mode, respectively. This first set of measurements

also yielded an estimate of a reduction in the rotational con-

stant B by 24% from its gas phase value of 9.9 cm−1. This

last feature made NH3 somewhat exceptional among light

rotors �B�1 cm−1�, for which generally the rotational con-

stants appear to decrease by only a few percent, if at all, in

helium droplets.
3,5

The more recent experimental work
17

made an indirect estimate of the vibrational shift and tunnel-

ing splittings of the �2 mode based on high resolution mea-

surements of the rovibrational spectra of the �1, �3, and �4

modes in helium droplets. These experiments yielded a sig-

nificantly smaller estimate of the blueshift for the �2 mode,

namely, 2.1 cm−1, smaller changes in the tunneling splitting

values, namely, to �101±6�% and �94±3�% of the gas phase

values in the ground and first excited umbrella mode states,

respectively, and a smaller reduction in rotational constant, to

95% of its gas phase value. �See also Ref. 18.�
These newer measurements suggest a weak but non-

trivial effect of helium solvation on the NH3 umbrella mode.

One of the present authors has developed an intermolecular

potential for the interaction between ammonia and helium

that includes the dependence on the ammonia inversion tun-

neling coordinate.
19

In this potential, the location of the glo-

bal minimum for the helium atom changes as the ammonia

umbrella closes, moving from an equatorial location that is

equidistant from the two closest hydrogen atoms when the

NH3 is planar, to an axial location on the same side as the

hydrogen atoms when the NH3 is pyramidalized. We show

here that the associated change in shape of the He–NH3

complex along the umbrella coordinate results in a blueshift

of the umbrella vibrational mode and in a reduction of the

tunneling splittings in both ground and excited states. The

values of the blueshift and tunneling splittings are in good

agreement with the more recent experimental results of Ref.

17 and are significantly smaller than the values extracted

from the earlier experiments of Ref. 16. In this paper, we

give first a static analysis of the interaction potential surface

that provides qualitative insight into these features. We then

present dynamical calculations for the excited states that in-

corporate all relevant nuclear motions, namely, the NH3 um-

brella inversion and the relative motions between NH3 and

the n helium atoms of the cluster. These allow the vibrational

shift and tunneling splittings in ground and first excited

states of the umbrella mode to be calculated. We present

results from two different dynamical approximations and

compare these with full dimensional calculations. We explic-

itly consider here clusters containing up to 40 helium atoms

and extrapolate our results to compare with the experiments

on large helium droplets.

The remainder of the paper is organized as follows. Sec-

tion II outlines the theoretical approaches employed here for

solving the Schrödinger equation for nuclear motion, includ-

ing two different approximations based on different choices

of time scale separation amongst the three relevant time

scales and a direct approach made without any dynamical

approximations. Section III presents results derived from

each of these approaches for both the blueshift of the um-

brella mode and for the reduction of the tunneling splittings.

We assess these results by comparison with experiment and

provide suggestions for further improvement in Sec. IV.

II. THEORETICAL APPROACH

A. Description of the system

The experimentally observed umbrella mode

frequency
16,17

is defined as

�2 =
E4 + E3

2
−

E2 + E1

2
, �1�

where Em refers to the first four energy levels of the double

well potential corresponding to the umbrella �inversion�
mode of NH3. It is thus the difference between the tunneling-

averaged ground and first excited vibrational state energies.

The tunneling splittings in the ground state and excited vi-

brational states are given by the differences between sym-

metric and antisymmetric levels:

�0 = E2 − E1, �2�

�1 = E4 − E3. �3�

The helium environment perturbs the NH3 molecule, leading

to a shift in all three quantities, �2, �0, and �1. The large

experimental blueshift of �2 by 17.4 cm−1 measured in 1998

�Ref. 16� was not confirmed by the recent experiment in Ref.

17, which instead revised this value down to 2.1 cm−1. The

large reductions of the tunneling splittings measured in Ref.

16 �from �o=0.79 cm−1 and �1=35.7 cm−1 in the gas phase

down to �̃o=0.2±0.1 cm−1 and �̃1=24.6±1 cm−1 in helium�
were also revised to significantly smaller reductions of 6% or

less by the more recent experiments. These values, both vi-

brational shift and tunneling splittings, were obtained indi-

rectly from the analysis of the rovibrational spectra of other

vibrational modes and then reassigning the spectra of Ref.

16. This procedure yielded tunneling splitting values �̃o

=0.8 cm−1 and �̃1=33.7 cm−1. These experimentally ob-

tained tunneling splittings were measured as the tunneling

splittings of the j=1, k=1 NH3 rotational state, i.e., the en-

ergy difference between the symmetric and antisymmetric

states of the inversion coordinate. For the lowest rotational

state, j=0, k=0, only the antisymmetric state is allowed, the

symmetric tunneling state being forbidden by the permuta-

tion symmetry of the three nuclear spin 1/2 hydrogen

atoms.
20

In principle, computational determination of the blue-

shift and the tunneling splittings involves the calculation of

excited states of a system with a large number of degrees of

freedom. It is well known that Monte Carlo techniques are

robust for ground state computations. Excited states can be

calculated by these methods within the fixed node

approximation
21

or, in many instances, by the projection op-

erator imaginary time spectral evolution �POITSE�
approach.

22–24
The latter does not rely on any assumptions

concerning the position of the nodal surface, but it is com-

putationally considerably more expensive to implement. We

undertake POITSE calculations here but also explore two

approaches involving different choices of time scale separa-
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tions that allow the quantities �2, �0, and �1 to be evaluated

using only ground state techniques. We therefore evaluate the

tunneling splittings �0 and �1 for the lowest rotational state

j=0, k=0, neglecting the effects of permutation symmetry of

the H3 unit. Given the small rotational excitation, we neglect

possible effects of Coriolis coupling and compare these tun-

neling splittings with the experimentally measured splittings

for the j=1, k=1 state.

To develop dynamical approximations that require only

ground state methods, we make use of the fact that three

different time scales are involved. The first of these is deter-

mined by the van der Waals interaction between the helium

atoms and the ammonia molecule. The other two time scales

are associated with the internal inversion mode of the ammo-

nia, namely, the fast time scale of the vibrational frequency

�2 and the slow time scale of the tunneling frequency �. This

suggests two different approximations that are both based on

the separation of each of these two aspects of the umbrella

mode from the van der Waals modes. The first approximation

�I� consists of averaging the He–NH3 potential over the

eigenfunctions of the umbrella mode of NH3 in the gas phase

to construct a vibrational state dependent He–NH3 potential,

which is then used in ground state cluster calculations for

each NH3 vibrational level m. This approximation is justified

by the frequency of the inversion mode being much higher

than the He–NH3 van der Waals modes and has been used in

other calculations of vibrational shifts for molecules in rare

gas clusters.
8,9

In the remainder of the paper, we refer to this

approximation �I� as vibrationally averaged NH3, or “fast

umbrella vibration, slow helium.” The second approximation

�II� is an adiabatic approximation in which we compute the

ground state energy of a cluster composed of n 4He atoms

together with an NH3 molecule having a fixed geometry.

This is characterized by a constant inversion angle of the

umbrella mode � defined in the restricted C3 geometries for

NH3 as the angle between the C3 axis and the three equiva-

lent NH bonds.
19

Thus, �=� /2 corresponds to planarity. The

�-dependent energies obtained are then used as an extra po-

tential term for the one-dimensional umbrella mode inver-

sion problem. The use of this second, adiabatic approxima-

tion here was motivated by two features of the NH3

inversion in helium. First, the effective mass for the NH3

inversion mode is quite close to the mass of helium

�2.49 amu �Ref. 25� relative to 4.00 amu for 4He�. Second,

the tunneling splitting values in the NH3 double well, in the

absence of helium, are of the same order of magnitude as the

van der Waals modes �0.8 cm−1 �Ref. 26� relative to a few

wavenumbers for collective modes of helium droplets
27�. We

refer to this approximation �II� as adiabatic helium response

to NH3 inversion, or “slow umbrella tunneling, fast helium.”

Within this second approximation, we undertake two types of

calculations, namely, with and without the rotational kinetic

energy operator of the ammonia molecule.

Each of these two different approximations can be justi-

fied by taking one aspect of the NH3 intramolecular dynam-

ics to be dominant. The use of these two very different ap-

proximations and comparison with exact methods therefore

allow us to explore what are the critical time scales in this

situation. We therefore compare these approximations with

results obtained from POITSE for selected cluster sizes.

In this work, we characterize the NH3Hen system by 3n

Cartesian coordinates of the n helium atoms in a space fixed

frame, the three Cartesian coordinates of the center of mass

of the ammonia molecule, the inversion coordinate for NH3,

and, when the rotation is included, by the three Euler angles

giving the orientation of the principal axis frame of NH3

with respect to the space fixed frame. The corresponding

Hamiltonian is given by

Ĥ = −
�2

2mHe
�
i=1

n

�i
2 −

�2

2M
�NH3

2 −
�2

2�

�2

�h2
− Bx�h�

�2

�	x
2

− By�h�
�2

�	y
2

− Bz�h�
�2

�	z
2

+ �
i
j

n

VHeHe�rij�

+ �
i=1

n

VNH3He���h�,Ri,�i,�i� + V1D�h� , �4�

where 	x, 	y, and 	z correspond to a rotation around the x, y,

and z principal axes of NH3, h is the inversion coordinate,

mHe is the mass of 4He, M is the mass of NH3, and Bx�h�,
By�h�, and Bz�h� are the rotational constants of NH3. Note

that the rotational operators, written here in the principal axis

frame of the molecule, are implicitly also dependent on the

Euler angles of the NH3 molecular, describing the molecule

orientation in the space fixed frame. Expressing the rota-

tional operators in the principal axis frame is the natural

form for developing a short time approximation to the rota-

tional Green’s function, the central ingredient for implemen-

tation of a rigid body diffusion Monte Carlo scheme.
28

The

interaction potential is taken to be the sum of pairwise terms

for the He–He and the NH3–He interactions. For VHeHe�rij�,
we use the empirical potential of Aziz et al.

29
The NH3–He

interaction potential VNH3He is a function of the umbrella

inversion angle � and of the position R, �, � of the helium

atom in a frame attached to the molecule.
19

Geometry con-

siderations show that the angular inversion coordinate � used

in the potential VNH3He is directly related to the inversion

coordinate h, which is the distance between N and the H3

plane that is used in the one-dimensional Hamiltonian repre-

senting the umbrella mode. To relate h to �, we use the form

� = 0 + 1h + 3h3 + 5h5. �5�

The N–H distances have been previously optimized for 11 �
values in the construction of the NH3–He interaction

potential
19

and are summarized in Table I. These are used to

calculate the corresponding h values for each �, also shown

in Table I. The data set ��i ,hi� is then fitted to the above

form to obtain the parameters 0, 1, 3, and 5. The result-

ing fit parameters for the inversion angle dependence on h

are given in Table II.

Due to the h-dependence of the rotational constants in

Eq. �4�, the full NH3Hen Hamiltonian contains coupling be-

tween the kinetic and potential energy terms. This can

readily be dealt with when the dependence on h is only para-

metric. This is the situation in approximation �II� below, for

which the helium motion is fast relative to the umbrella tun-

194303-3 NH3 umbrella mode in 4He
n
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neling. For this case, we compare the results of calculations

made with the full h-dependence �or equivalently, the

�-dependence� of the rotational constants, with calculations

made using averaged values �Sec. III�. We find that the re-

sults are independent of the h-dependence of the rotational

constants, which is understandable, given the small magni-

tude of the rotational kinetic energy relative to the potential

energy. This justifies neglect of the h-dependence also in the

full dimensional calculations and in approximation �I� where

the helium motion is slow relative to the umbrella tunneling.

In these cases, h-dependent B values would modify the ef-

fective masses of the rotational kinetic energy terms during a

diffusion Monte Carlo propagation, affecting the detailed

balance conditions, in addition to introducing errors due to

noncommutation of kinetic and potential terms.

1. Approximation „I…: Fast umbrella vibration, slow
helium

In this first approximation, �I�, we make use of the fact

that the inversion mode is much faster than the helium mo-

tion and also neglect the h-dependence of the rotational con-

stants shown in Eq. �4�. Thus, we first solve the one-

dimensional Hamiltonian

ĤI
1D = −

�2

2�

�2

�h2
+ V1D�h� , �6�

which represents the umbrella mode of the gas phase NH3

species. We then construct vibrationally averaged NH3–He

potentials by averaging over vibrational eigenfunctions ��m	
of this umbrella mode:

VI�m� = �
i
j

n

VHeHe�rij� + �
i=1

n


�m�VNH3He��,Ri,�i,�i���m	�.

�7�

The notation 
 	� indicates integration over �, which is

equivalent to integration over h. For ��m	, we employ here

the vibrational eigenfunctions of gas phase NH3 �see Sec.

II A 3�, consistent with previous constructions of vibra-

tionally averaged potentials for molecules in helium.
8

The

integration over � in Eq. �7� is done numerically using a

DVR representation of the eigenfunctions ��m	.30,31
Details

are given in Sec. II A 3 below.

These vibrationally averaged potentials are then used in

ground state diffusion Monte Carlo calculations with the

m-dependent cluster Hamiltonian

ĤI = −
�2

2mHe
�
i=1

n

�i
2 −

�2

2M
�NH3

2 − Bx

�2

�	x
2 − By

�2

�	y
2

− Bz

�2

�	z
2 + VI�m� , �8�

for each m level of interest. This approximation corresponds

to the umbrella mode being treated as fast relative to the

helium modes, i.e., it is based on a separation of time scales

of the fast inversion vibrational dynamics from the slow van

der Waals dynamics. Under these conditions, the ground

states Em obtained with energy levels m=1–4 correspond to

the ground and first three excited states of the umbrella mode

in the presence of the helium cluster. We can then estimate

the vibrational shift ��2 from Eq. �1� after subtracting the gas

phase frequency �2 from the energies Em, and can calculate

the effective tunneling splittings �̃0 /�0 and �̃1 /�1 from Eqs.

�2� and �3�.
Since in approximation �I� the helium atoms move on an

inversion-averaged potential surface, they effectively feel an

averaged molecular structure of the NH3 molecule. In prin-

ciple, this averaged molecular structure and hence the rota-

tional constants should dependent on the vibrational state

��m	 via the h-dependence of Bx, By, and Bz. However, in

order to perform correlated sampling �Sec. II B 1�, it is nec-

essary to use a single set of rotational constants, since the

rotational kinetic energy influences the sampling of the ran-

dom walk over which multiple potential terms are evaluated.

We therefore use the vibrational ground state rotational con-

stants in these calculations using the experimental values

Bx=By =9.96 cm−1 and Bz=6.2 cm−1.
16,17,26

Results obtained

with this first approximation are described in Sec. III C.

2. Approximation „II…: Slow umbrella tunneling, fast
helium

The second approximation, �II�, is an adiabatic approxi-

mation in which the geometry of the NH3 molecule is first

fixed at a specific value of � and a ground state calculation

of the molecule-helium cluster made with the Hamiltonian

ĤII = −
�2

2mHe
�
i=1

n

�i
2 −

�2

2M
�NH3

2 − Bx�h�
�2

�	x
2

− By�h�
�2

�	y
2

− Bz�h�
�2

�	z
2

+ �
i
j

n

VHeHe�rij� + �
i=1

n

VNH3He��,Ri,�i,�i�

�9�

to obtain a cluster energy E�h����. The interaction potential

for this approximation is thus given by

TABLE I. Correspondence between the umbrella angle � �in deg� and the distance h �in a.u.� taking into account the change of the distance RH–N �in a.u.�.

� 90 95 100 105 110 115 120 125 130 135 140

RH–N 1.872 1.874 1.879 1.887 1.897 1.909 1.924 1.943 1.966 1.996 2.038

h 0.000 0.163 0.326 0.488 0.649 0.807 0.962 1.114 1.264 1.411 1.561

TABLE II. Fit parameters for Eq. �5� �� in deg, h in a.u.�.

0 1 3 5

90 30.46 0.912 −0.106

194303-4 Viel, Whaley, and Wheatley J. Chem. Phys. 127, 194303 �2007�
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VII���h�� = �
i
j

n

VHeHe�rij� + �
i=1

n

VNH3He��,Ri,�i,�i� , �10�

in which the umbrella angle � �or equivalently, the inversion

coordinate h� is a parameter. The value of the cluster energy

relative to the corresponding value for the planar geometry,

E�h��=90° ��, defines the perturbation on the NH3 inversion

coordinate that is induced by the helium cluster. These

h���-dependent cluster energies are computed over the entire

range of h���, and the energy W�h�=E�h����−E���=90° ��
is then added to the remaining h-dependent terms in Eq. �4�
to yield an effective one-dimensional inversion Hamiltonian

Ĥ1D = −
�2

2�

�2

�h2
+ V1D�h� + W�h� . �11�

This one-dimensional inversion Hamiltonian is then solved

to yield the total energies. The first four eigenvalues corre-

spond to the energy levels Ei, i=1–4 of Eqs. �1�–�3�. This

second adiabatic approximation therefore corresponds to the

umbrella mode being treated as slow and the helium atoms

as fast, i.e., it is based on an adiabatic separation of the

intramolecular tunneling dynamics from the van der Waals

dynamics.

In this second approximation, we are able to compute the

moment of inertia and hence the rotational constants for the

actual NH3 geometry resulting at each value of �, yielding

B���. By the analysis given above �see Table I�, this is

equivalent to the function B�h� used in Eq. �4�. The

�-dependence of the three rotational constants is shown in

Fig. 1, where they are also compared with the experimentally

measured values. We see here that as � increases, the NH3

molecule goes from an oblate symmetric top �Bx=By �Bz,

i.e., A=B�C� to a prolate one �Bz�Bx=By, i.e., A�B=C�.
The experimentally determined gas phase structure corre-

sponds to a slightly oblate symmetric top, with ��110°.
26

The experimental values correspond to B values averaged

over the vibrational ground state. While it would be possible,

in principle, to average over the ground state vibrational

wave function to obtain vibrationally averaged rotational

constants to compare with the experimental values, accurate

determination of the full dimensional vibrational ground

state is not trivial. We use the experimental values Bx=By

=9.96 cm−1 and Bz=6.2 cm−1 for the calculations with he-

lium in this second approximation after having tested the

sensitivity of the results to the geometry-dependent changes

in Bx, By, and Bz for NH3He. For the smallest cluster size, we

compared the results obtained using the experimental aver-

aged rotational constants to the one using the �-dependent

rotational constants. We have also tested the effect of the

molecular rotation itself by artificially suppressing the corre-

sponding kinetic part in the Hamiltonian �Bx=By =Bz=0�.
These tests are described in Sec. III D.

3. Inversion levels of NH3

In both approximations, the inversion levels have to be

characterized. The Schrödinger equation of the inversion

mode is a one-dimensional differential equation which can

be trivially solved by means of a basis set expansion. The

general Hamiltonian is given by Eq. �11�, with h the distance

between N and the H3 plane, � the effective mass for this

particular mode,
25

V1D the unperturbed double well potential,

and W�h� the perturbation due to interaction with the helium

atoms. In the first approximation, �I�, we set W�h�=0, while

for the second approximation, �II�, the perturbation is given

by W�h�=E�h����−E��=90° �, where E�h���� are diffusion

Monte Carlo �DMC� ground state energies for the cluster

with fixed � values.

The one-dimensional �1D� Schrödinger equation for the

inversion mode is solved here with the collocation

method
30,31

using sine functions as a finite basis representa-

tion for which the kinetic term is diagonal:


h�Sn	 =� 1

2hmax

sin
n��h + hmax�

2hmax

, �12�

with n=1, . . . ,151 and hmax=1.7 a.u. The number of equidis-

tant grid points in h used for the evaluation of the potential

terms is taken to be larger �NDVR=181� than the number of

sine functions, ensuring the accuracy of the quadrature in the

collocation scheme. With this size of basis set, the energy

and the wave function of the four first levels are fully con-

verged to an accuracy better than the number of digits re-

ported in this paper.

Approximation �I� requires computation of the effective

potential �Eq. �7�� at each time step during the Monte Carlo

simulation. The integration over the DVR points in Eq. �7� is

much more time consuming than the evaluation of the poten-

tial term alone. In order to compute the blueshift and the

tunneling splitting, four different calculations have to be

made, one for each of the four eigenfunctions ��m	. Some of

the energy differences between these four systems are very

small, compared to the actual energy of the level, and, con-

sequently, it is essential to use correlated sampling in evalu-

ating the energy differences.
32,33

The CPU time can also be

optimized here by noting that the four integrations over � are

similar, i.e.,

FIG. 1. Dependence of the three rotational constants of NH3 �in cm−1� on

the umbrella angle � �in deg�, shown together with the experimental gas

phase average values Bexp=9.96 cm−1 and Cexp=6.2 cm−1 �Ref. 16, 17, and

26�.
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�m�VNH3He��,R,�,	���m	�

= �
p=1

NDVR

cmpcmp
*

VNH3He��p,R,�,	� , �13�

where cmp is the DVR coefficient of the mth level on the pth

grid point in �. The effective potentials for the four ��m	
functions differ from one another only in the cmp coefficients.

They can thus be computed within a correlated sampling

scheme using only NDVR calls of the NH3–He potential. The

ground state wave function ��1	 is taken to be the model

system for the correlated sampling, and the remaining three

levels are treated as differential systems.
32

We are thereby

able to compute the energy differences �0=E2−E1, �1=E4

−E3, and �2= ��E4−E2�+ �E3−E1�� /2 with a low variance.

For the adiabatic approximation, �II�, the DMC calcula-

tions were performed for the 11 fixed values of � that are

used for the creation of the ammonia-helium potential in Ref.

19 �90° ���140° �. In order to have an analytical expres-

sion for E�h� and thus for W�h�, we fit the energies to the

following polynomial expression:

E�h�fit = E�� = 90°� + c2h2 + c4h4 + c6h6 + c8h8, �14�

for each cluster size. In this approximation, the decoupling of

the inversion mode from the other degrees of freedom also

allows us to easily use different effective one-dimensional

potentials for the inversion mode, i.e., for the unperturbed

double well potential V1D, and to check the effect of these on

the computed shifts. For this purpose, we have tested two of

the expressions for V1D given in Ref. 25, which we denote as

Vb
1D and V f

1D �corresponding to Vb and V f, respectively, of

Ref. 25�. The potential form V f
1D and its associated mass �

were optimized by Niño and Muñoz-Caro in Ref. 25 to re-

produce the observed spectral lines in gas phase NH3. How-

ever, single point quantum chemistry energy calculations
34

made at the CCSD�T�/aug-cc-pVQZ level for the same ge-

ometries that were used for the creation of VNH3He in Ref. 19

are in agreement with Vb
1D rather than with V f

1D. We have

therefore used Vb
1D for time consuming computations, like

the first approximation or the POITSE calculation �see be-

low�, since this ensures a fully consistent potential. More-

over, it is reasonable to assume that the effect of the choice

of the one-dimensional inversion potential should be small

on quantities such as the ratio of the tunneling splitting ob-

served in helium cluster and the one for the free molecule,

i.e., �̃ /�. We verify this explicitly by comparison of selected

results obtained with both Vb
1D and V f

1D.

4. Beyond approximations based on separation
of time scales: POITSE calculations

In order to perform calculations beyond the two approxi-

mations presented before, we consider simultaneously the

translational motion of all particles of the system �n helium

atoms and NH3�, the rotation of the NH3 molecule, and its

inversion. In these calculations, the full Hamiltonian �Eq.

�4�� is used directly, resulting in 3n+7 degrees of freedom.

The computation of excited states is done using the POITSE

method.
22,35

We have chosen to use the experimental value

for the rotational constants Bx=By =9.96 cm−1 and Bz

=6.2 cm−1 �Refs. 16, 17, and 26� here since the comparative

studies made within the adiabatic approximation �II� pre-

sented in Sec. III D were found to show only a small sensi-

tivity of the results to the geometry-dependent changes in B.

This also facilitates the comparison with approximation �I�,
for which the same experimental values for Bx, By, and Bz

were used �see above�.

B. Monte Carlo techniques

1. Diffusion Monte Carlo

In the present study, we use several variants of the dif-

fusion Monte Carlo �DMC� method to evaluate vibrational

shifts and intramolecular tunneling splittings of the NH3

molecule inside 4HeN, for 1�N�40. Since DMC method-

ologies have already been described in numerous

publications,
28,36–40

we provide here only the main features

of the method and some details specific to its current appli-

cation to NH3Hen.

In DMC with importance sampling, the working equa-

tion for a N-dimensional system can be written as
36

�f�X�

��
= �

j

N

�D j� j
2
f�X� − D j� j�f�X�F j�X���

− �El�X� − Eref�f�X� , �15�

where X is a vector in the N-dimensional space, D j

=�2 /2m j if the jth degree of freedom corresponds to a trans-

lation, and D j =B j =�2 /2I j if this degree of freedom corre-

sponds to a rotation. In the above equation, El�X�

=�T�X�−1Ĥ�T�X� is the local energy and F j�X�
=� j ln��T�X��2 is the quantum force. The use of a guiding

function is usually referred to as importance sampling DMC

or biased DMC, since it improves the sampling of relevant

parts of the configuration space where the trial function is

large. We use the rigid body DMC scheme to sample the

rotational degrees of freedom,
38

taking care to eliminate all

time step biases including possible bias due to noncommuta-

tion of the rotational degrees of freedom. Explicit detail ex-

amples of time step studies are given in Sec. III. Alternative

sampling schemes include the SHAKE algorithm.
41

A random walk technique is used to determine the steady

state of Eq. �15�. A walker �or configuration� is defined as a

vector in the N-dimensional space. It represents the position

and orientation of all the particles of the system under study.

An ensemble of walkers is propagated from some arbitrary

initial distribution using the short time approximation of the

Green’s function. The statistical representation of this

Green’s function is made in a two step procedure. First, each

coordinate of the walkers is moved according to the sum of a

Gaussian distributed random number having a width �2D j��
and the quantum drift force D j��F j�X�. The statistical repre-

sentation of the potential dependent factor in the Green’s

function can be made using at least three different schemes.

In one scheme, this factor is implemented through a branch-

ing scheme in which walkers can be either kept, destroyed,

or replicated. However, this scheme has the disadvantage

that the ensemble size is not necessarily constant during the
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propagation. A second scheme uses continuous weights.

Here, each walker carries a weight Wi, which is updated at

every time step according to

Wi�� + ��� = Wi���expEref −
El�R� + El�R��

2
� . �16�

While the scheme with continuous weights is more attrac-

tive, it is not stable numerically. This is because after even a

moderate propagation time, the distribution of weights

among the walkers is no longer uniform, with very few walk-

ers sometimes carrying extremely large weights. In fact, the

divergence of this scheme has been proven rigorously.
42

It

can be overcome by using a combination of weights and

branching.
9

When doing this, particular care must be taken to

avoid a systematic effect of branching on the sum of weights.

The scheme we use here is a fixed ensemble size approach

similar to that of Lewerenz which was employed in Ref. 9.

Its implementation is also described in Ref. 43. The scheme

works by first looking for walkers with low weights. If the

relative weight Wi
rel���=Wi��� /�iWi��� of a walker becomes

lower than Wmin �we choose Wmin=0.5 in these studies�, an

attempt to kill is made with a probability 1−Wi
rel���. If the

walker is killed, in order to conserve ensemble size, then we

take the walker �j� with the highest weight and split this into

two walkers, each of which carried the weight W j��� /2. If

the walker is not killed, then its weight is reset to the average

weight of the ensemble. This treatment of the small and high

weights appears to be stable. The loss of weight occurring

when small weight walkers are destroyed is on average com-

pensated by the increase of weights when they are artificially

reset to the average ensemble weight. The frequency of

branching has to be optimized for each system, i.e., for each

cluster size. It must be frequent enough to ensure a homoge-

neous distribution of weights among the walkers, but at the

same time, it must be infrequent enough to avoid introducing

any bias.

The energy of the system can be computed as the aver-

age of either the local energy or the growth energy. The

difference between these two estimates gives an indication of

the actual time step error introduced both by the trial wave

function �usually linear� and by the statistical representation

of the Green’s function �O���2� for �T=1�.33
In this work,

we report the average of the local energy. We have confirmed

agreement of this with the average of the growth energy in

all cases. As with any stochastic procedure, the Monte Carlo

results are subject to a statistical noise and a variance asso-

ciated with the use of random numbers and finite ensemble

sizes. We report as our error estimate here the variance

�
E	2− 
E2	 divided by �Nblock, where we have split the time

evolution into blocks and computed the average using one

energy value per block. In order to avoid correlation between

successive data values, we checked that the size of the block

used was longer than the correlation length.
40

Even if, in principle, the statistical error can be reduced

by increasing the amount of sampling, it can still be larger

than the energy difference we are studying. This is particu-

larly relevant to calculation of the tunneling splittings in vi-

brational states. To overcome this problem, we have made

use of the correlated sampling technique in which two or

more different systems are sampled at the same time.
32,33

The

correlation introduced between these different systems re-

duces the statistical noise for the energy difference. In the

case of the first approximation �I� studied here, we are con-

structing differential systems that differ from the model sys-

tem only in the potential energy term in their Hamiltonians

�see Eq. �13� for the definition of the four potential energy

terms�. This is the classic differential situation studied by

Wells.
32

However, we found that a procedure based on pure

branching as described in Ref. 32 did not lead to stable re-

sults for this NH3-helium system. This derives primarily

from the fact that some walkers destroyed according to the

model system are nevertheless still relevant for the differen-

tial systems. We therefore modified the procedure of Wells to

use a combination of weights and branching. Each walker

carries a weight Wi
� for each of the � systems. Each weight

Wi
� is updated at every time step according to

Wi
��� + ��� = Wi

����expEref
� −

El
��X� + El

��X��

2
� . �17�

Note that this is Eq. �16�, adapted to each system �. The

procedure described above to take care of low and high

weights was slightly modified here in order to make sure that

no walker still relevant for the representation of any of the

systems �model or differential� was destroyed. The model

system is denoted as �=1 in the following. If the weights of

a walker are all below Wmin, then the walker is killed with

the probability 1−Wi
1���. If the walker is not killed, then all

its weights are increased to the average weights of the en-

semble for each system �. This scheme ensures that all rel-

evant walkers are retained and also that the description of the

model system is very similar to the uncorrelated case.

2. POITSE

The POITSE scheme has been shown
23

to overcome the

constraint on the nodal surface present in the fixed node ap-

proximation. In this scheme, one extracts excited state ener-

gies from the two-sided inverse Laplace transform of an

imaginary time correlation function �̃���. The time depen-

dent decay of this correlation function is computed using a

multi-dimensional Monte Carlo integration, combined with

zero temperature diffusion Monte Carlo sidewalks.
22

The de-

cay of the correlation �̃��� contains information about energy

differences E f −E0, where E0 is the ground state energy and

E f an excited state energy level. The renormalized POITSE

correlation function can be written
22

in a convenient form for

Monte Carlo evaluation as

TABLE III. Parameter values used for the He-He and He–NH3 trial wave

functions in a.u.

�HeHe �NH3He

a 0.0056 0.3

c 3000 12 000
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�̃��� = � 
�̃T�A exp�− �Ĥ − E0���A†��̃T	


�̃T��̃T	
��� 
�̃T�exp�− �Ĥ − E0�����̃T	


�̃T��̃T	
� . �18�

In this equation, A is a local operator chosen to project from

the trial function ��̃T	 onto some excited state �� f	. An in-

verse Laplace transform of �̃��� yields the desired spectral

function ����,

���� = �
f

�
�̃T�A�� f	�
2��E0 − E f + �� . �19�

Within a pure branching formulation, where the number of

walkers N��� is not kept constant and is instead a function of

�, �̃��� is given by
22

�̃��� =
1

N���
�
k=1

N���

A†�X j�k�
�0� �A�Xk

���� , �20�

where j�k� gives the “ascendant” of the current walker k, i.e.,

the index of the initial walker at �=0, from which the walker

k at time � originates via branching. The imaginary time � is

renormalized at each time step by the Metropolis acceptance

rate to correct from rejected moves. The initial configuration

X
k

�0�
is distributed according to �̃T

2 with a variational Monte

Carlo �VMC� outer loop.

C. Trial functions and projectors

We employed a radial trial function for importance

sampled DMC, taken to be identical for both approximations

�I� and �II�, and also for all � values. This function was

introduced primarily to avoid the unphysical dissociation of

helium atoms, which occurs at larger n values when one uses

an unbiased DMC scheme for a weakly bound cluster.
28

The

overall trial function was taken as a product over all possible

pairs

�T�R� = �
i
j

n

�HeHe�rij��
i=1

n

�NH3He�Ri� , �21�

where rij is the distance between two helium atoms and Ri

the distance between the center of mass of NH3 and one

helium atom. This product expression simplifies the compu-

tation of quantum forces and kinetic terms in the local energy

during the DMC walk. The CPU time was reduced by choos-

ing an exponential form for both �HeHe and �NH3He:

��x� = exp−
c

x5
− ax� , �22�

with a and c parameters, similar to the values used in Ref.

44, reported in Table III. The strategy for computation of the

parameters for the NH3–He component is described in Sec.

III B.

In the POITSE calculations, we modify the trial function

by introducing the dependence on h. The trial function �̃T is

now taken to be the product

�̃T�R,h� = �T�R��inv�h� , �23�

where �inv�h� is an analytical fit of the first eigenstate ��1	
of the inversion double well. The parameters of the expres-

sion employed for the fit

�inv�h� = a1�e−b1�h − h1�2

+ e−b1�h + h1�2

�ec1h4

�24�

are given in Table IV.

The choice of the projection operator needed in the

POITSE scheme is directly related to the excitation we are

looking at, namely, the excitations in the umbrella mode.

Even though simple powers of h could, in principle, allow

the computation of the excited levels of the double well rep-

resenting the inversion mode, it has already been shown that

they usually result in non-negligible overlap with higher ex-

cited levels.
22

We use here the more efficient projectors de-

fined by the ratio of the eigenfunctions,
35,45

Am�R,h� = �m�h�/�̃T�R,h�, m = 2,3,4, �25�

where �m�h� are the excited state eigenfunctions of the

double well �see Sec. II A 3�. The following analytical ex-

pressions were fitted to the DVR-FBR eigenfunctions for the

lowest three excited states �m=2–4�:

�2�h� = eb2�h − h2�2

− eb2�h + h2�2

, �26a�

�3�h� = a3��h − f3�eb3�h − h3�2

− �h + f3�eb3�h + h3�2

� + d3ec3h4

,

�26b�

TABLE IV. Parameters �in a.u.� for the trial function and for the three projectors used in the POITSE calcula-

tions �cf. Eqs. �24� and �26�.�

m hm am bm cm dm fm

1 1.0055 0.3895 4.6796 −2.1136 ¯ ¯

2 0.681 ¯ −10.886 ¯ ¯ ¯

3 0.674 0.785 −11.072 −0.082 −0.0664 0.580

4 0.720 0.768 −12.025 −1.325 −0.314 0.447
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�4�h� = a4��h − f4�eb4�h − h4�2

+ �h + f4�eb4�h + h4�2

� + d4hec4h4

.

�26c�

The parameters are given in Table IV.

III. RESULTS

A. Expectations from potential energy surface
features

Before undertaking the dynamical calculations, analysis

of the potential surface can explain qualitatively why we

expect that this potential will induce a reduction of the tun-

neling splitting and a blueshift for the umbrella mode. This

analysis is based on the changes of the He–NH3 potential

surface shape upon inversion of NH3 and on correlation of

this with the one-dimensional eigenfunctions of the umbrella

mode. The minimum of the double well potential corre-

sponds to an umbrella angle close to 110°. The planar NH3

geometry corresponds to the barrier of the double well. The

symmetry of the umbrella mode eigenfunctions ensures that

the eigenfunctions �m with even m are exactly zero for the

planar geometry, whereas they are nonzero for the states with

odd m at the planar geometry. �The ground state is �1.�
Furthermore, the amplitude of the wave function will be

higher for the second odd level than for the first one due to a

larger tunneling effect in the higher excited state. As seen in

Fig. 2, the He–NH3 potential for the planar NH3 molecule

��=90° � presents a lower attraction along the C3 axis of

NH3 than for the NH3 molecule with an � angle of 110°.

Thus, energy levels having significant probability amplitude

for the planar geometry will be more destabilized than en-

ergy levels possessing zero probability for this geometry.

This will be the case as soon as enough helium atoms are

present and start filling this region of the potential energy

surface. The expected behavior of the four first levels can

therefore be predicted. The second level will be less destabi-

lized than the first one, inducing a reduction in the first,

ground state, tunneling splitting �0→ �̃0. The same will occur

for the fourth and third levels, which will be responsible for

the reduction of the splitting for the vibrationally excited

state. A vibrational blueshift is expected since the destabili-

zation of the fourth level is expected to be greater than the

corresponding destabilization for the lower level, the ampli-

tude of the wave function being larger for the upper level.

Note that for some other positions of the helium atom with

respect to NH3, e.g., for a helium sitting in the plane corre-

sponding to �=90°, this argument leads to the opposite con-

clusion. Nevertheless, when the potential is averaged over all

orientations, the same conclusions are obtained as with the

above argument given for the helium sitting on the C3 axis.

This static study is, of course, limited, and dynamical

studies have to be performed to confirm these predictions. In

the remainder of this section, we first explain the determina-

tion of the trial function parameters using a combination of

unbiased DMC and the second, adiabatic approximation �II�.
We then present results for larger clusters obtained within the

first approximation �I� using importance sampling. Second,

we present the shifts obtained with the adiabatic approxima-

tion �II� and compare with those obtained from the vibra-

tionally averaged NH3 approximation �I�. We also show the

effect of the rotation of NH3 and of the choice of the double

well potential on the computed vibrational shifts. Lastly, we

present the POITSE results that are computed without any

dynamical approximation. Here, we take the experimental

values Bx=By =9.96 cm−1 and Bz=6.2 cm−1 in order to en-

able a direct comparison with the results from the two ap-

proximations we made based on time scale separations

�Sec. II�.

B. Unbiased DMC, trial wave functions, and time step
dependence

In order to define the trial wave function parameters, we

performed a systematic study of the radial projection of the

effective wave function using unbiased DMC within the sec-

ond, adiabatic approximation, since this is the least CPU

consuming calculation. Since we want to assess the effect of

the molecular rotation, we made two kinds of calculation,

namely, including or neglecting the NH3 rotational kinetic

energy. In both cases, clusters are less bound for �=90° than

for higher � values, even though the well of the interaction

potential is deeper for this particular geometry. This is a con-

sequence of the fact that the zero-point energy is a function

of �: it is higher at �=90° than at ��90°. This reflects the

fact that while the potential is deeper at �=90°, it is also

narrower and this tends to raise the zero-point energy. Fur-

thermore, as pointed out in Ref. 19, the spherically averaged

potential is getting broader and other parts of the potential

become more significant than the binding energy of the glo-

bal minimum itself as the molecule moves away from pla-

narity. The unphysical dissociation seen with unbiased DMC

when increasing the cluster size
28

is thus occurring sooner at

�=90° than at the other ammonia geometries. This dissocia-

tion occurs for n�9 helium atoms and is seen in both the

FIG. 2. Cuts �in cm−1� of the potential energy surface along the C3 axis for

�=90° and �=110°. The nitrogen atom is at z=0, and when the molecule is

not planar, the directions pointing toward and away from the H atoms are

not identical. For �=90°, the potential is identical along z and −z. Note that

we have represented the cuts as a function of �z� and indicated the direction

towards the hydrogen atoms by “H3.”
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radial density profiles and the energies. The radial helium

density profile at �=90° that is obtained for the largest clus-

ter which is still bound in a unbiased DMC calculation,

NH3
4He8, is used to fit the radial trial wave function param-

eters. To ensure that the guiding function will include all

relevant parts of the configuration space, we further fit with a

power of 0.8 instead of using the actual radial profile,

thereby obtaining a broader function. This ensures that the

relevant configuration space can be adequately sampled and

is important to check to avoid unphysically high energies.
28

The corresponding parameter values for both cases of a fixed

and rotating NH3 molecule are given in Table III.

We performed a series of computations varying the time

step from 800 a.u. down to 25 a.u. and the number of walker

in the ensemble size from 2000 up to 8000 walkers for the

clusters NH3Hen, n=1,3 ,8. The time step dependence of the

density profiles was found to be negligible below a time step

of 100 a.u. The differences observed between results from

calculations with ensemble sizes of 2000 and of 4000 are

also insignificant after fitting to the trial function. While the

absolute values of the energies do show some dependence on

time step and ensemble size, these dependences cancel out

when the energy differences in Eqs. �1�–�3� are evaluated.

Time step sizes of 50 a.u. are then sufficient to converge the

vibrational shifts and tunneling splittings for all calculations

within the two approximations described in Secs. III C and

III D. The full dimensional POITSE calculations place more

stringent requirements on the time step, and smaller values

of �10 a.u. or even below are required to converge these

calculations. Detailed time step studies of the excited state

energies obtained from the POITSE calculations are pre-

sented in Sec. III E.

C. Results from approximation „I…: Fast umbrella
vibration, slow helium

Here, the helium atoms evolve in a potential that is av-

eraged over the eigenfunctions of the fast vibrational mo-

tions of the NH3 molecule, which, in this case, correspond to

the umbrella mode. All calculations include the rotation of

NH3 and use Vb
1D for the umbrella mode potential. Since in

this approximation the umbrella mode is averaged over one

of the one-dimensional umbrella states, the �-dependence of

the rotational B values is not meaningful here. As noted in

Sec. II, we therefore represent the rotational constants by the

experimental values Bx=By =9.96 cm−1 and Bz=6.2 cm−1.

The lowest umbrella mode energy E1 is computed directly

and the next three levels of interest, and E2, E3, and E4 are

computed simultaneously by correlated sampling as de-

scribed in Sec. II B. We use a time step of 50 a.u. and the

radial wave function described in Sec. II. Identical results are

obtained with a time step of 100 a.u. The validity of our

correlated sampling scheme implementation has been tested

on NH3He6, for which separate importance sampling compu-

tations were performed using the three averaged potentials

defined in Eq. �13� for m=1, 3, and 4. Computations with

m=2 have not been attempted since the difference of energy

of this state from m=1 is extremely small. The correspond-

ing energy differences compare well, with values E3−E1

=2.221±0.006 cm−1 and E4−E1=1.263±0.004 cm−1 for the

correlated scheme and values E3−E1=2.15±0.14 cm−1 and

E4−E1=1.22±0.14 cm−1 for separate computations. The

shift values ��2 are then obtained from Eq. �1� after subtrac-

tion of the NH3 vibrational frequency 992.95 cm−1 �using

Vb
1D as the inversion double well potential� and the tunneling

splittings calculated from Eqs. �2� and �3�.
The resulting vibrational shifts are presented in Fig. 3

�open triangles� as a function of the cluster size. For all sizes

studied here, we observed a blueshift for �2. The value of the

shift increases with the number of helium atoms in the clus-

ter. By extrapolating the curve, we expect to see a saturation

for approximately 40–50 helium atoms. The extrapolated

saturation value is estimated to lie in the range of 4–5 cm−1,

which is twice the most recent experimental value
17

�2.1 cm−1� and much lower than the earlier estimate
16

�17.5 cm−1�.
Figure 4 presents the ratios of the tunneling splittings to

their gas phase values, i.e., �̃0 /�0 and �̃1 /�1, within this first

approximation. The two tunneling splittings decrease as the

number of helium atoms increases, the decrease for the

ground state being larger than the one for the excited state.

The ratios obtained for the largest cluster size studied within

this approximation �n=30� are 96% for the ground state and

97.5% for the excited state. These values are in relatively

good agreement with the most recent experimental values of

�101±6�% and �94.4±3�% that were extracted in Ref. 17.

We note that while the experimental ground state tunneling

splitting was found there to be unchanged within the experi-

mental accuracy, the accuracy of the measurements in Ref.

17 was only to ±6%. Most significantly, the theoretical re-

sults do not reproduce the larger reductions seen in the ear-

lier experimental values �75% and 31% for the ground and

first excited states, respectively�.16

We did not consider clusters larger than n=30 with this

vibrationally averaged NH3 approximation, since as is evi-

dent for the vibrational shifts in Fig. 3 and as is shown in the

FIG. 3. Evolution of the blueshift of the umbrella mode, ��2, in cm−1 with

the cluster size, as calculated from the first approximation �I� with vibra-

tionally averaging over the umbrella mode of NH3 �open triangles� where

this is represented by the double well potential Vb
1D. For comparison, we

have also shown the values obtained within the second, adiabatic approxi-

mation described in Sec. III D using the same double well potential Vb
1D and

including NH3 rotation �open circles�.
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next section for the tunneling splittings, the results obtained

from the two different approximations are very similar, while

the second, adiabatic approximation is computationally sig-

nificantly cheaper to implement.

In summary, within this first dynamic approximation us-

ing a vibrationally averaged He–NH3 potential, we are able

to reproduce the experimental trend, i.e., a blueshift for the

umbrella mode and a reduction of the tunneling splitting,

achieving good quantitative agreement with the recent ex-

perimental estimates of these.

D. Results from approximation „II…: Slow umbrella
tunneling, fast helium

In this second approximation, the ammonia molecule is

treated as a rigid body with a fixed � angle, corresponding to

a fixed value of the inversion coordinate h, and the cluster

energy is computed as a function of this coordinate. The

cluster energy W�h�=E���h��−E��=90° � is then employed

in the one-dimensional inversion Hamiltonian �Eq. �11��, and

the corresponding inversion eigenvalues are computed from

which the vibrational shift and tunneling splittings can be

calculated as described in Sec. II.

All the cluster calculations were performed using the

importance sampling DMC method and the radial trial wave

function defined previously. Even if an angular dependence

of the guiding function would improve the efficiency of the

scheme, it would require optimization of the wave function

for each of the � angles. By using the same simple form of

radial wave function for all the NH3 geometries, we are able

to deal with clusters having more than nine helium atoms.

Moreover, we expect that keeping the same guiding function

will cancel out the induced time step error for the E�h����
−E��=90° � computation. For all these calculations, we use

a time step of 50 a.u. after having checked that E�h����
−E��=90° � was converged for this value. We check, in par-

ticular, the effect of variation of the time step from

25 to 800 a.u. on the quantity E��=110° �−E��=90° � for

selected cluster sizes. Computation of more � values with a

time step of 100 a.u. gives values identical to the results

obtained with a time step of 50 a.u.

Figure 5 presents the energy differences obtained for the

smallest cluster �NH3He� in three different calculations. In

the first calculation �open triangles�, the rotational kinetic

energy of NH3 was neglected, i.e., Bx=By =Bz=0. In the sec-

ond calculation �open circles�, the rotation was included us-

ing the �-dependent B values presented in Fig. 1. In the third

calculation �asterisks�, the rotation was included using the

experimental values of rotational constants, Bx=By

=9.96 cm−1 and Bz=6.2 cm−1. The rotational kinetic energy

of the ammonia molecule has a strong effect on the absolute

energy value since the rotational constant of this light mol-

ecule is large. We see that the effect of the rotation varies

with the actual geometry of the NH3 molecule, leading to

very different E���−E��=90° � curves. For the smallest

cluster size, the effect of the choice of the B values, i.e.,

whether an �-averaged value or the theoretically determined

�-dependent values, does not lead to large differences. Using

either the �-dependent B values �open circles� or the experi-

mental B values �asterisks� yields very similar energy differ-

ences E���−E��=90° �. Based on the very small magnitude

of the differences observed here, we are therefore justified in

employing averaged B values in this adiabatic approxima-

tion. With the exception of the smallest values of �−90°, the

energy difference E���−E��=90° � is significantly larger

when the rotational kinetic energy of the molecule is ne-

glected. Furthermore, this curve �triangles� shows a rapid

change of slope at �=140°. This change of slope is a direct

consequence of the change of the location of the global

minima in the potential energy surface. For �=140°, the he-

lium density is maximum on the C3 axis, whereas it is maxi-

mum on the equatorial plane for the other � values. The

regions sampled by the helium atom for �
140° and �
=140° are thus very different, resulting in the observed non-

monotonic behavior of the energy dependence on �. Figure 5

FIG. 4. Evolution of the tunneling splitting ratios �̃0 /�0 and �̃1 /�1 in % with

the cluster size within the first approximation with the double well potential

Vb
1D. The circles correspond to the ground state and the diamonds to the

excited state.

FIG. 5. The energy difference E���−E�90° � as a function of � for

NH3
4He. The line linking the triangles corresponds to a nonrotating ammo-

nia molecule. The line connecting the open circles corresponds to a rotating

molecule with the �-dependent rotational constants, and the line with the

asterisks corresponds to a rotating molecule having the experimental B val-

ues. Note that the errors bars are smaller than the size of the symbols and

that the stars and the open circles are nearly superimposed on this scale.
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thus shows that while the variation of the geometry-

dependent rotational constants about their average values has

only a very small effect, neglecting the rotational kinetic

term altogether would introduce a significant error into the

energies. Thus, the molecular rotational motion is a critical

component of the overall energy in this fast helium adiabatic

approximation and cannot be neglected.

Figure 6 presents the cluster energy difference E���
−E��=90° � for cluster size n varying from 1 to 40. We see

that the energy difference saturates for n�30. Adding the

energy differences W�h�=E���h��−E��=90° � to the inver-

sion potential V1D�h�, evaluating the modified one-

dimensional energy levels for the inversion degree of free-

dom, and then subtracting the gas phase vibrational energy

yield the vibrational shifts presented in Fig. 7. This plot of

��2 versus the number of helium atoms also appears to satu-

rate for n�30. When using the Vb
1D potential, the saturation

value is around 4 cm−1, which is again approximately twice

the latest experimental value �2.1 cm−1� and is similar to the

results obtained with the vibrationally averaged NH3 ap-

proximation �I� in the previous subsection.

Since in this second, adiabatic approximation �II� the

Monte Carlo calculations are independent of the NH3 inter-

nal double well potential, it is straightforward to look at the

effect of using different one-dimensional umbrella inversion

potentials on the final values of the vibrational shift. In Fig.

7, we therefore also present the results obtained with the

second double well potential V f
1D. This has to be used with a

different reduced mass, �=2.592 02 amu instead of the

value �=2.487 28 amu used for Vb
1D.

25
The computed shifts

are seen to be somewhat smaller with V f
1D than with Vb

1D, but

the behavior of the computed shift is similar in both cases.

Since the Vb
1D expression agrees with the ab initio CCSD�T�/

aug-cc-pVQZ energies,
34

we choose to use this latter one-

dimensional potential in the following, bearing in mind that

our results will be somewhat dependent on this representa-

tion of the umbrella mode.

Figure 8 presents the evolution of the tunneling splittings

with the cluster size for the rotating NH3 in the adiabatic

approximation �II� using the double well potentials Vb
1D and

V f
1D, respectively, for the inversion coordinate. The differ-

ence between the results obtained from the two inversion

potentials is consistent with the differences obtained above.

We observe a reduction of both tunneling splittings in the

presence of helium. For the larger cluster, the reductions in

tunneling splitting values for the ground and excited states

are 5% and 3.5% when using the Vb
1D potential. These reduc-

tions are similar to the most recent experimental values,

within the large experimental error bar of ±6%.
17

The value

of the ground state tunneling splitting �1.45 cm−1 with the

potential Vb
1D� is much lower than the typical energy range

for a molecule-He interaction.
27

Thus, in this case, the sec-

ond adiabatic approximation appears more appropriate.

Table V summarizes the calculated and experimentally

determined vibrational shifts and tunneling splittings. We

FIG. 6. Evolution of the energy difference E���−E��=90° � as a function of

� with cluster size n, computed with a time step of 50 a.u. and 2000 walkers

in the ensemble. The error bars are smaller than the size of the symbols. For

the smaller clusters, results with a time step of 100 a.u. are not distinguish-

able on the scale of the figure.

FIG. 7. Evolution of the blueshift �in cm−1� with the cluster size n using the

second adiabatic approximation �II�. Results obtained with the first double

well potential Vb
1D are presented as open symbols and results obtained with

V f
1D as filled symbols.

FIG. 8. Evolution of the tunneling splitting ratio �̃ /�, for the ground state

�circles� and for the first excited vibrational state �diamonds� with cluster

size n, calculated with the second, adiabatic approximation �II�. These re-

sults were obtained with a rotating NH3 molecule using both double well

potentials Vb
1D �open symbols� and V f

1D �filled symbols�.
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find good agreement between the two different approxima-

tions tested here. This agreement is significant and indicates

that all three motions, the tunneling mode, the helium mo-

tions, and the high frequency �2 vibrational motion, must

therefore be indeed well separated in energy. Our calcula-

tions predict a blueshift and a reduction of the tunneling

splittings for both the ground and the excited state with a

greater percentage reduction in tunneling for the ground

state. Comparison with the two available experiments
16,17

shows that our calculations are in better agreement with the

more recent one.
17

Our results appear to slightly overesti-

mate the vibrational shift and possibly also the tunneling

splittings. However, given the sensitivity of these effects to

the inversion potential, a slight overestimation appears quite

reasonable. Nevertheless, it is also possible that these ap-

proximations based on time scale separations are introducing

some systematic error. Therefore, we now go beyond these

dynamic approximations by performing POITSE calculations

which treat all degrees of freedom on an equal footing.

E. Results from POITSE calculations

In the POITSE calculations, no dynamic approximations

are used and all degrees of freedom included here are treated

fully quantum mechanically in solving Eq. �4�.22
The power

of the POITSE methodology thus lies in its ability to com-

pute excitation energies directly from the ground state, with-

out invoking nodal approximations. The ground state tunnel-

ing splitting �0 corresponds to such an excitation. The

correlation decays obtained with the projector A2�R ,h� de-

fined in Eq. �25� are presented in Fig. 9 for cluster sizes up to

30 helium atoms. The implementation of POITSE was made

using the mixed weight and branching scheme described in

Sec. II B,
43

time steps of 2.5, 5, and 10 a.u., and an average

number of walkers of 2000. Between 3000 and 5000 decays

were averaged for each calculation. Since the excitation en-

ergy is very small, very long propagation times are needed.

After 30 000 a.u., the correlation functions are still above 0.8

for all cluster sizes studied here. For such a restricted portion

of the full exponential decay, full inversion using MAXENT

�Ref. 22� is not necessary, and a simple linear fitting is ad-

equate as is evident from Fig. 9. The fitted slopes of the

decays are then given by −�E1−E0� and are a direct measure

of the ground state tunneling splitting �̃0. Despite the re-

stricted extent of the exponential decays that we have been

able to compute, the correlation functions are clearly seen to

decay systematically less rapidly as the number of helium

atoms increases. We have found that the decays show some

dependence on the time step used in the DMC side walk.

However, the ratio of the slopes for different n values are not

strongly dependent on the time step and so we can use this to

determine the reduction in tunneling splitting relative to that

of the n=1 system, as well as to assess the time step depen-

dence in this. In order to do this systematically for decays

�̃��� for different n values, we fit the decay for n=1 and then

divide the decay for n�1 by this fitted n=1 decay. The short

time values of ���� are excluded from the fit since they may

contain an admixture of higher excitations. Figure 10 shows

the ratios between the decays �̃��� for different cluster sizes

n and the fitted expression of �̃��� for n=1, at two of the

three different time steps studied �2.5 and 10 a.u.�. The ratio

curves for n=1 are, to a very good approximation, constant

and equal to 1, as expected since the normalizing function

was derived from the n=1 decay. This confirms that the lin-

ear fit used to approximate the correlation decay is accurate.

Note that at very small imaginary time values, the ratio is not

equal to 1 since the short time decay is excluded from the fit

�see above�. For larger cluster sizes, the curves presented in

Fig. 10 are nearly constant, with values less than 1. The

value of this ratio is a measure of the difference in slope of

the corresponding correlation decays and is thus also an es-

timate of the reduction of the tunneling splitting for n�1

relative to n=1. Comparison of the left and right panels of

Fig. 10, corresponding to time steps of 2.5 and 10 a.u., al-

lows us to conclude that there is negligible effect of time step

below 10 a.u.

From Figs. 9 and 10, we extract an estimate of the

ground state tunneling excitation using the data calculated

with the smallest time step, 2.5 a.u. These evaluations show

a reduction of the tunneling splitting for clusters with n he-

lium atoms relative to the value for n=1 that is on the order

for 95%–96% for clusters with n�30. The values extracted

for the n=30 cluster are listed in Table V, together with the

reductions relative to the gas phase �n=0� values that were

calculated with each of the two dynamic approximations �I�
and �II�, as well as the corresponding experimental value.

TABLE V. Experimental and theoretical �largest helium clusters� vibrational

shifts �in cm−1� and tunneling splittings reductions �in %�. The results are

obtained using the Vb
1D potential.

��2 �̃0 /�0 �̃1 /�1

Experiment in 1998 �Ref. 16� 17.5 25 68.9

Experiment in 2005 �Ref. 17� 2.1 101 94.4

Adiabatic I �n=30� 4.5 94 96

Adiabatic II �n=40� 4.0 94.9 96.4

POITSE �n=30� 95–96

FIG. 9. Renormalized POITSE correlation functions �̃��� for cluster sizes

ranging from n=1 to n=30 helium atoms as a function of imaginary time in

a.u. The presented results correspond to an average over 4000–5000 decays

using a time step of 2.5 a.u. and an ensemble size of 2000 walkers. A

magnification of the later time region is presented in the upper right corner

with indication of the error bars for n=1, 9, and 30.
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Since the ground state tunneling splitting reduction that is

obtained for n=1 from both dynamic approximations is

99.66%, we can take our value for the reduction relative to

n=1 to be an accurate measure also of the reduction from the

n=0 gas phase value. The resulting POITSE value for the

reduction �̃0 /�0 is in good agreement with the recent experi-

mental results of Slipchenko and Vilesov,
17

given the uncer-

tainty of 6% in the latter measurements. It is slightly smaller

but quite similar to the values obtained with the two dynamic

approximations, and so is also considerably smaller than the

earlier experimental reduction of �25±12�% that was

claimed in 1998.
16

Due to computational limitations, POITSE calculations

with more than 30 helium atoms have not been performed.

Similarly, direct calculation of the tunneling splitting in the

excited vibrational state, �̃1, is not practical at the current

time since the current implementation of POITSE is re-

stricted to sampling in the ground state. Calculation of an

excited state tunneling splitting requires that �̃1 be calculated

from the difference of the two large excitation energies E3

−E1 and E4−E1. These excitation energies have error bars

that are too large for an accurate determination of the differ-

ence.

IV. SUMMARY AND CONCLUSIONS

We have carried out a series of quantum dynamical cal-

culations for the vibrational shift and tunneling splittings of

the umbrella mode of NH3 in helium clusters using an inter-

action potential that explicitly includes the dependence of the

NH3–He interaction on the umbrella coordinate of NH3.
19

We employed two different dynamic approximations based

on an identification of three disparate time scales, namely,

the tunneling motion, the helium dynamics, and the fast um-

brella vibrational mode. Both dynamic approximations pre-

dicted a blueshift of the umbrella frequency mode and a re-

duction of the tunneling splittings for both the ground and

the first excited states of the umbrella mode in the presence

of helium. The saturation values of the vibrational shift and

tunneling splittings at n�40 helium atoms were found to be

in good agreement with recent experimental measurements

on large helium droplets. The predicted reductions in tunnel-

ing splittings were estimated as 5%–6% for the ground vi-

brational state and as 3%–4% for the first excited vibrational

state, while the predicted vibrational shift is of order of

3–5 cm−1. While there may be further changes in these

quantities as the cluster size is increased to the large droplet

regime, the calculated values do appear to approach station-

ary values for n�30–40.

As a check on the use of the two dynamic approxima-

tions based on time scale separations, the ground state tun-

neling splittings were also calculated with a full dimensional

quantum calculation using the POITSE methodology, which

allows a numerically exact calculation without nodal ap-

proximations to be made. The POITSE calculations resulted

in similar values of reduction of the ground state tunneling

splitting to those obtained from the two dynamic approxima-

tions, confirming the validity of the time scale separations

between the three different dynamical components and the

use of either dynamic approximation.
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