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A Possible Resolution
to Hilbert’s First

Problem.
Institute of Actuaries.

J. Pillay

Abstract.
The continuum hypothesis (CH) is one of and
if not the most important open problems in
set theory, one that is important for both
mathematical and philosophical reasons. The
general problem is determining whether there
is an infinite set of real numbers that cannot
be put into one-to-one correspondence with the
natural numbers or be put into one-to-one cor-
respondence with the real numbers respectively.
We will devote the first part of this article
toward understanding the possible types of
binary sequences associated with the fractional
portions of irrational numbers by demonstrating
that there are scheme’s (i.e. A generalization
of sorts of types of arrangements of 0’s and
1’ possible, forming binary sequences) which
these abide by. In the second portion, we
will use these ideas to build certain sets that
are a subset SR of the real’s. Thereafter, we
develop a means of comparing the cardinalities
of (SR,R) respectively, which is finally used to
demonstrate the fallacy of CH by demonstrating
that κ(SR) : κ(R) as κ(N) : κ(R) which is also
as κ(N) : κ(SR).

Introduction.
Philosophically and perhaps practically, math-
ematicians are divided on the matter of a
resolution to CH.
The uncanny persistence of the problem has
led to several mainstream views surrounding

its resolution. Discussions on the possibility
of a resolution, notably one from the Institute
of Advanced study at Princeton gives a vast
account of the thoughts on the problem and a
detailed summary of the progress made this far,
along with what may constitute a solution see
[1]. Most similar discussions express the current
main stream thoughts on the matter, and the
division that exists amongst mathematicians
in the views they hold with regard to a reso-
lution, the nature of the resolution and what
a resolution to CH may mean. Some of the
mainstream views can be summarized as follows:
Finitist-mathematicians believe that we only
ever deal with the finite and as such and simply
put, we can’t really say much about the infinite
in ’reality’. Pluralists believe in the plurality
that any one of the outcomes of CH are possible,
and naturally the non-pluralists are against this
idea. Though the efforts of both Cohen and
Gödel showed the consistency of ZFC+ ̸ CH
and ZFC + CH, Cohen held a strong pluralist
view that his demonstration that CH cannot be
decided from ZFC alone, essentially resolved the
matter. For Cohen’s independence results, See
[2]. Contrary to this however, Gödel believed
that ’a well justified extension’ to ZFC was all
that was necessary in the way of deciding CH.
Gödels program seemingly the promising option
going forward aims to find an extension of ZFC
axioms capable of deciding CH.
Gödels Program: Decide mathematically inter-
esting questions independent of ZFC in well
justified extensions of ZFC.
Gödel himself proposed the large cardinal ax-
ioms as a candidate. Shortly thereafter however,
this extension still proved to be insufficient for
the task of deciding CH, as was demonstrated
by the results of Levy and Solovay and others.
The forcing techniques employed by Cohen have
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since paved the way toward establishing many
consistency results such as the insufficiency of
the large cardinal extension of ZFC in the way
of deciding CH by Levy and Solovay and others
See [3].
This however, was the starting point for the
work of W.H. Woodin demonstrating, (on the
premise of large cardinals), the effective failure
of CH via use of a canonical model in which CH
fails [4].
Notably Woodin in [4]-part-1 and an elaborate
exposition by Matt Forman[5] have expressed
that this is surely not the only approach.

There is an alternative to the existing non-
pluralistic view held by mathematicians like
Gödel, whereby one considers axioms to be
ramifications of a system built on mechanical
principles. This way axioms associated with
a system are not so much chosen as they are
evident from the setup of the system itself. We
of course infer no truths about the consistency
of such axioms, only that the system is setup in
a manner that abides by these ’truths’.
If arithmetic is considered in this manner, the
choice of symbols, the number of symbols used,
and depending on this, how addition behaves
to procedurally manipulate its parameters
into a result, are then the mechanics behind
arithmetic. Taking into account that the
’mechanical principles’ upon which a system
is built is representative, or sets the system
up to behave in a certain manner, such as
having a unique representation for each additive
iteration of infinite many quantities etc. The
axioms are then, the undeniable fundamental
so-called truths associated with the setup of the
mechanical system. As such, the setup of the
system itself enforces/reveals associativity etc.
at the fundamental level.

Considering CH in this manner, instead of
focusing on any formal axiomatic setup, we can
attempt a resolution by means of ascertaining
the mechanical principles behind irrational
numbers for use in forming subsets of the reals
and some means of comparing their cardinali-
ties. By ’mechanical principles behind irrational
numbers’ we mean the properties associated
with the numerical sequences of the fractional
portions1 of irrational numbers in general, in
binary notation.
”The types of numerical sequences as-
sociated with the fractional portions of
irrational numbers.”, what does this mean?
What could possibly be a subset of such a thing?
Even if we try limiting certain numbers in gen-
eral sequences forming such fractionals, the
resulting set of sequences, intuitively speaking,
end up having the ’same’ cardinality as that of R.

It is precisely here that our observations of
certain properties involving such fractionals in
binary notation that highlights certain non-
intuitive properties associated with these. A)
(trivially) Not all indeterminate such sequences
form fractionals associated with the irrational
numbers. B) Fractional-sequences do abide by
certain rules in the way of how these are ordered
in order to form part of the irrational numbers.
C) We can thus use these observations in order
to form a subset of the reals.

We will devote the first part of this article
toward understanding and building upon the
mechanical principles involved in the ’binary
sequential-structure’ of irrational numbers. By
’binary sequential-structure’ we mean, the pos-

1in the number X.5658768, 5658768 is the associated
fractional portion.

2



sible types of binary sequences associated with
the fractional portions of irrational numbers. In
the second portion, we will use these ideas to
build certain sets that are a subset of the real’s
and develop means of comparing their cardinal-
ities, which is finally used to demonstrate the
fallacy of CH.

The advantage of this approach is that we
don’t have to deal with finding ’well justified
axioms’ as an extension of ZFC in the way of de-
ciding CH, we instead allow analytic inferences
from our analysis of the mechanical principles
involved in the ’binary sequential-structure’ of
irrational numbers to dictate these.

Part I
The concept of a real number has at present a
single basic notion. A real number is incapable
of being expressed as a fraction of two natural
numbers.
Can perhaps the actual sequence of 0’s and 1’s
forming such fractional portions of real numbers
be an indicator of sorts?

Definition 0.0 (Stream)
We define an infinite binary sequences to be a
stream, written S.
Remarks
We will use such streams to describe the
fractional portions of real -numbers in binary
notation.

Definition 1.0 (Action)
Given a stream S the summing of a stream to
itself-following binary additive laws (i.e. via
standard binary arithmetic addition), we define
to be an action on S, written Aj(S), where the
superscript,j is indicative of the number of such

actions on S.

It is a well known fact that certain ratio-
nal numbers such as 1

3 = 0.3333. are associated
with fractional portions having stream-like
properties. So naturally, if we are to talk solely
about the irrational numbers, we need some
means of removing such streams from the power
set 2ℵ0 .
Intuitively one way of attempting this is to
have some idea of what may constitute a ’real
sequence’ and test the theory. Specifically, we
will propose that binary sequences following a
certain schema (SH) belong to a subset SS
of the irrational numbers, after which we will
provide a proof of this statement.

There are two ways in which a number Y
having a stream like fractional portion can be
transformed into to a natural number via finite
action. Either, Aj(Y ) is of the form : X.00000...
or X.1111... The second of the two cases is a
well known fact and also the reason for which
0.111... is considered the equivalent of 1.
Thus, should any arbitrary stream be trans-
formed into either of the above two forms via
finite action, then naturally such a stream
cant possibly be associated with the irrational
numbers. Naturally then, one might wonder
which types of streams are and are not reducible
to either form vis finite action.
The formulation of the schema (SH)(i.e. A
generalization of sorts of types of arrangements
of 0’s and 1’ possible, forming binary sequences
specifically associated with irrational numbers),
holds a strong relationship with the mechanical
effect addition has on binary numbers. Consider
the simple case of
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010010
+ 010010
= 100100

The alignment of (1) symbols in such summa-
tions has the effect of shifting the position of the
symbol one position to the left exhibited in the
result. Whereas 0’s in alignment has no bearing
on the result aside from its sum resulting in 0.
The formulation of SH requires that the binary
sequences associated with real -streams are so
arranged, that it is impossible to form, via such
additive principles associated with summing of
a stream to itself,Aj(s) = X.111...2 for j ∈ N
(the only seeming means of forming a natural
number from such streams) for arbitrary X ∈ N.

To achieve the above, (SH) bag’s an alternate
schema to those that are periodically recursive,
such as for instance :(110001100011000). As
these hold the property that, if finite action on
a single such interval results in 1-symbols span-
ning the interval measure, then, by induction,
the same is true of all intervals.

(110001100011000)
+ ...
+ ...
+ (111001110011100)
= (111111111111111)

It is the above conclusion that sparked the
idea that targeting the measure of 0’s between
pairs of 1’s forming a binary sequence is what
holds the key to forming (SH). Notably, the
most simplistic means of forming a non-recursive
binary sequence is by increasing the number 0’s
between pairs of 1’s, and a natural extension
to this is having arbitrary finite-measured

21=0.111...

sequences spaced suchlike forming the stream.
It is almost arbitrary why such streams would
form part of the irrational numbers, as, intervals
’larger in measure’ require more action in the
way of resulting in 1111.. spanning its measure
than ’smaller intervals’. Furthermore if there is
in existence one such interval greater in measure
than all preceding intervals, then no amount
of action on such a sequence is sufficient in the
way of resulting in 111... .

Definition 2.0 (Interval)
Given a stream S, a series of uninterrupted 0’s
forming the n, n+1, .., n+ t units of S, for some
t, n ∈ N we define to be the [n − ntth]interval,
written I[n− nt].

Definition 3.0 (Packet)
Given a stream S, the [n-nt]-packet
on the stream S is defined to be the
(n, n+ 1, n+ 2, .., n+ t) units associated
with S, written P[n− nt].
For instance: 100101 in
1000000100101000000001, is the P[8 − 13]
packet of this stream.

Definition 4.0 (Packet-Measure)
Given a packet P[n − nt] associated with a
stream S, the difference n + t − n we define to
be the packet measure, written M(P).

Definition 5.0 (Structure Imposed
Stream)
Given an indefinite set Ii of intervals and
packets Pi respectively, where P⟩|∀i ∈ N are
of measure M(Pi) = k|k ∈ N, a stream S
having Ii|∀i ∈ N as intervals and indefinite
arbitrary packets (Ki)|∀i ∈ N, each of measure
k respectively , is said to abide by the structure
imposed by (Ii,Pi), written s ⇐ (Ii,Pi) or
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s ⇐ (Ii, k) interchangeably.

Definition 6.0 (Real Stream)
Any stream S abiding by the structure imposed
by (Ii,Pi), such that M(It) > M(It−1),∀t ∈ N
is defined to be a real stream.

Figure 1: The above figure illustrates a real stream
where for all i ∈ N, M(Ii) < M(Ii+1)

Definition 6.1 (Packet Combination
Ci(g))
the set Ci(g) is defined to be the set of all
possible binary sequences of measure g ∈ N.

Definition 6.2 (Span Sets span(S))
span(S) is defined to be the set of all possible
binary sequences Si ⇐ (Ii,Pi) such that,
M(Pi) = gi∀i ∈ N and gi ∈ N∀i.
remarks
It is important to note that all streams con-
tained in span(S) are associated with the same
set of intervals, each of which by definition
contain only 0’s.

Definition 6.3 (Span multiplication
span(S)⊗ span(S′))

Figure 2: The above figure illustrates a series of arbi-
trary elements belonging to span(S) where S ⇐ (Ii,Pi).
Units within the grey area are indicative of the packets
associated with each stream depicted.

∀si, s′j ∈ (S, S′) Respectively, the span-
multiplication of (S, S′) is defined to be
the set SN := {ek = si + s′j |∀i, j ∈ N}.

S⊗ S′ = {S1 + S′
1, S1 + S′

2, .., S1 + S′
j

S2 + S′
1, S2 + S′

2, .., S2 + S′
j

...

...
Si + S′

1, Si + S′
2, .., Si + S′

j}

Definition 6.4 (Set of real streams)
The set SR of all non-duplicate streams s ⇐
(Ii,Pi) such that M(It) > M(It−1),∀t ∈ N, is
defined to be the set of all real streams.

Definition 6.5 (1q1−q1t1)
1q1−q1t1 is defined to be a packet P[q1 − q1t1]
with 1’s spanning its measure.

Proposition 1.0
Elements of SR are irreducible to done = 111...
via finite action on S ∈ SR.
proof
Let Iq1 [q1 − q1t1], Iq2 [q2 − q2t2] be arbitrary
consecutive intervals of S ∈ SR, then by additive
laws if Aj(S) results in Pq1 [q1 − q1t1] = 1q1−q1t1 ,
then Ag(S)|g > j is required in order for
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Pq2 [q2− q2t2] to result in 1q2−q2t2 . Since the cho-
sen intervals in concern are arbitrary, no finite
’set’ of actions exists such that Ag(S) = done. 2

Definition 7.0 (Interval Removed
Stream/Stream Set)
Given a stream S ∈ S with intervals and packets
(Ii,Pi)|∀i ∈ N respectively. The stream S′

formed by the ordered arrangement of Pi|∀i ∈ N
is defined to be an interval removed stream, and
the set of all such streams associated with S is
defined to be the interval removed stream set
associated with S, written S/I .

Figure 3: Interval Removed Streams

Definition 8.0 (Half Interval Extended
Stream set)
A Half Interval Extended Stream set is defined
to be the set /S of all non-duplicate half-paired
elements associated with a set S of streams.

Definition 9.0 (Half Paired Elements)
The resulting element formed by replacing the
first half of each packet Pi|∀i ∈ N of a stream S,
with 0’s, we define to be the half paired element
of S.
Remarks
It is important to note that all Half-Paired

elements have an extended set of intervals, and
as such, these resulting streams are induced by
a different set of intervals.

Figure 4: Interval Extended Streams

Part II
We will devote the second part of this article
to establishing the cardinality of s ∈ SS with
respect to N and R respectively. We will achieve
this by forming a ratio of the form: κ(N) : κ(R)
as κ(N) : κ(H b SR b R) and for H b SR,
κ(H) : κ(R) as κ(N) : κ(R). The difficulty
in establishing this result surrounds H being
a subset of SR and as such any attempt at
pairing elements of H with those of SR becomes
challenging. Ultimately however, we will show a
means of achieving this by pairing and ’shrink-
ing’ via denotation, that which in SR is clearly
in one-to-one correspondence with the stream
set H, and finally show that SR has a cardinally
larger spanning-set than H by demonstrating
that the unpaired remainder K ∈ SR is such
that any attempt at pairing elements of K → SR
respectively is much the same as attempting the
pairing (N,R).

Before contituing, we prove the following
important lemma.
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Lemma 1.0
If a stream element s formed using the diagonal
entries of a set of streams S1....Sn ∈ D ⇐ (Ii,Pi)
(i.e. if D is the span of (Ii,Pi)), then
s ⇐ (Ii,Pi) and as such constitutes an element
of D.

Proof
Any interval of measure k, makes use of k
elements and thus k-diagonal entries in the way
of producing a sequence of measure k. For any
such set of intervals in allignment, the result
is clearly an interval of same measure, and the
same is thus true of any arbitrary series of
packets in alignment as well. 2

Figure 5: Diagonalization within induced sets.

Proposition 2.0 The continuum Hypoth-
esis is False.
proof
Let all S ∈ SR be such that S ⇐ (Ii,Pi)
such that ∀i,M(Ii) < M(Ii+1) and ∀i, g ≥ 6,

M(Pi)) = g|g ∈ 2n|n ∈ N.
Let I ′i, P

′
i be the intervals and packets respec-

tively of all streams S′ belonging to S′ ∈ hs(SR),
let M(P 1

i )+M(P 2
i ) = g, and M(P 2

i ) =
g
2 , then

span(Ii, P
2
i ) = span(I ′i, P

′
i ) (1)

This is simply because for any and all intervals
span(Ii) = 0 and since M(P 2

i ) = M(P ′
i ), their

span-sets respectively are the same.
Rewriting elements of (Γ1 := span(Ii, P

2
i ),Γ2 :=

span(I ′i, P
′
i )) as αi ∈ Γ1, α

′
i ∈ Γ2 respectively,

we have from (1) that SR = Γ2 ⊗ span(Ii, P
1
i ).

Now, if we try and pair {αi|∀i} with
{α′

i|∀i} ⊗ span(Ii, P
1
i ), as the units of either

stream that are in one-to-one correspondence
have already been shrunk3, attempting to pair
{α′

i|∀i} with the ’left-over’ span(Ii, P
1
i ) and

{α1∀i}, is the same as attempting to pair
elements of (N,R) respectively, if one uses
span(Ii, P

1
i ) in the diagonalization argument

and takes into account Lemma 1.0 in the
following way:
For any arbitrary set of arbitrarily paired
elements (α′

1 : α1), (α
′
2 : α2), ..., (α

′
n : αn),

attempting the mapping of elements of
s1, s2, ... ∈ span(Ii, P

1
i ) alongside such a

pairing quickly shows that one easily finds an
unpaired element sj ∈ span(Ii, P

1
i ) by directly

employing the principels behind the diagonal-
ization argument on s1, s2, ... ∈ span(Ii, P

1
i ).

The diagonalization argument can with little
effort be extended to these sets, as Lemma1.0
establishes that such an argument would remain
within the domain of elements lying within
Γ1, span(Ii, P

1
i ) respectively. This can be seen

by noticing that firstly, N → Γ1 is impossible, as

3The alternate but important purpose of shrinking is
that it disallows any constituents of α1 from being used in
any pairing with Γ2, as theses have already been paired.
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we have from Lemma 1.0 that the diagonaliza-
tion can be applied directly with elements of Γ1,
in the way of establishing that Γ1 is cardinally
larger than N. The same can be said of SR
with regard to Γ1, established above, using
Γ2 ⊗ span(Ii, P

1
i ) in the argument instead.

We have as such completed a proposed proof of
the fallacy of CH.

Figure 6:

α′
1 : (α1, 100100101111...)

α′
2 : (α2, 001010100001...)

...
α′
n : (αn, 010101011110...)

(Example) An attempt at pairing Γ1 → SR

Remarks
All pair-able streams have already been re-
represented or ’shrunk’ and no further pairing
with span(P 1

i ) is possible.
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