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Abstract

Stiffened structures excited by the Turbulent Boundary Layer (TBL)

occur very frequently in engineering applications, for instance in the

wings of airplanes or the pressure hulls of submarines. To improve

knowledge of the interaction between stiffened structures and TBL, this

paper deals with the modelling of infinite periodically stiffened plates

excited by TBL. The mathematical formulation of the problem is well-

established in the literature. The originality of the present work relies

on the use of a wavenumber-point reciprocity technique for evaluating

the response of the plate to convected harmonic pressure waves. It

follows a methodology for estimating the vibro-acoustic response of

the plate excited by the TBL from the wall pressure spectrum and its

displacements in the wavenumber space due to point excitations located

at the receiving positions. The computing process can be reduced

to the numerical integration of an analytical expression in the case

of a periodically stiffened plate. An application to a naval test case

highlights the effect of Bloch-Floquet waves on the vibrations of the

plate and its radiated pressure in the fluid.

PACS numbers: 43.40.Dx, 43.40.Rj
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I. INTRODUCTION

Stiffened structures excited by the turbulent boundary layer (TBL) are very common

in practical applications. Airplanes, trains and submarines are all composed of stiffened

structures that are excited by pressure fluctuations due to the turbulent flow induced by

their movement. In order to reduce the noise radiated from these structures, it is important

to understand how a stiffened structure reacts to TBL excitation. In particular, some phe-

nomena related to periodically stiffened panels, such as the well known pass bands and stop

bands, have an influence on the radiated noise of these structures when they are excited by

mechanical forces [1, 2]. It is logical to ask whether these phenomena are equally important

for TBL excitation. To improve knowledge in this domain, the present paper proposes a

model of infinite periodically stiffened plates excited by TBL.

There are many works in the literature on simple plates excited by a turbulent flow and

mention can be made of the review of existing models of finite and infinite plates under

turbulence by Strawderman (1969) [3]. Although neither the finite nor infinite model agrees

wholly with the experimental results, he indicated that the vibration statistics computed

from the finite plate model are in better agreement with the experimental results than those

computed from the infinite panel model (especially for the cross-spectral properties). He

also investigated [4] the effect of heavy fluid loading on the vibratory response for finite

and infinite plates under the turbulent boundary layer. He noticed that for heavy fluid,

the inertial component of the fluid loading is several orders of magnitude greater than the

resulting component. As for a light fluid, he noted that the infinite plate velocity spectral

density provides a good approximation of the finite plate velocity spectral density, but that

substantial differences occur on the cross-spectral characteristics. Davis (1971) [5] proposed

a space integration method including the light fluid loading effect to estimate the power den-

sity functions of the displacement of the finite plate and of the radiated acoustic pressure.

Comparisons with experimental results showed that the modal predictions were slightly bet-

a)Electronic address: laurent.maxit@insa-lyon.fr
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ter that those obtained with the Statistical Energy Analysis method. Aupperle and Lambert

(1972) [6] studied the acoustic radiation from finite rectangular plates excited by flow noise

and concluded that the radiated power was dependent on the low-wavenumber spectrum of

the excitation below the hydrodynamic coincidence frequency. Rumerman (1992) [7] studied

the excitation mechanisms of a simply supported plate under TBL excitation. He obtained

an expression for the one-third octave spatially averaged mean square acceleration of the

plate due to excitation by TBL pressure. Graham (1995) [8] reviewed statistical models of

the boundary layer and investigated the more specific case of aircraft statistical models of

TBL. The response of a finite panel under boundary layer excitation was determined by

using the modal superposition method and a wavenumber integration technique. For naval

applications, Ko and Schloemer (1987) [9] proposed a method for evaluating the transmitted

flow noise received by a rectangular hydrophone embedded in an infinite extended viscoelas-

tic layer. The wavenumber filtering effets of, both the elastomer layer and the rectangular

hydrophone were highlighted by their approach. The technique was extended to an array of

finite hydrophones embedded in a viscoelastic layer in Ref. [10]. More recently, Maury et al.

(2002) [11] proposed a self-contained and general description of a wavenumber approach to

modelling the response of a randomly excited panel. This was in line with the wavevector-

frequency analysis of the different authors reviewed by Strawderman in 1988 [12] and this

formulation gives a physical interpretation of the interaction between the turbulent flow and

the dynamic behaviour of the panel, especially in terms of a filtering effect of the structure

in the wavenumber domain. Mazzoni (2002) [13] proposed a deterministic model to approxi-

mate the response of an elastic rectangular plate at a low Mach number. The approximation

was based on the observations of numerical studies showing that the subconvective region

of the turbulent excitation power spectrum contributes significantly to the response of the

panel.

In addition to these studies dealing with turbulence-induced plate vibrations and radi-

ated noise, many authors have studied the vibroacoustic behaviour of periodically stiffened

structures. A review of the works carried out at the University of Southampton can be found
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in Ref. [14]. Concerning the periodically stiffened plates considered in this study, Rumer-

man (1974) [15], Mace (1980) [1] and Maidanik and Dickey (1991) [16] proposed similar

formalisms for studying the vibrations and radiated sound of these plates. Rumerman [15]

and Mace [1] focused on the propagation of free waves and the forced vibration of a ribbed

plate due to the harmonic pressure field. Mace also derived expressions for the stiffened plate

responses due to point and line force excitations and discussed the effect of fluid loading,

noting the presence of acoustically damped propagating waves in the plate due to radiation

losses. Maidanik and Dickey [16] studied the reflection of incident acoustic plane waves by

ribbed panels. They observed that the phenomenon of pass and stop bands played a role in

the reflection properties of ribbed, fluid-loaded panels.

Although many studies have been devoted to stiffened structures, few of them have

focused on stiffened structures excited by the turbulent boundary layer. Mention can be

made however of the study proposed by Rumerman (2001) [17]. He derived expressions

giving broad band (i.e. one-third octave) estimations of the acoustic power radiated from

a finite ribbed plate excited by TBL. He assumed a wavenumber-white pressure excitation

and that the ribs radiated independently. Requiring these two assumptions, the method

appeared to be more accurate in the high frequency domain.

In this paper, we propose an alternative method to that proposed by Rumerman, with-

out taking into account the two assumptions mentioned above. The use of the wavenumber-

frequency formalism for evaluating the response of a panel randomly excited in time and

space is well-established in the literature. Strawderman [12] has presented a general descrip-

tion of this approach used recently by Maury [11] and Aucejo [18] for airplane and naval

applications, respectively. This formalism permits estimating the random response from

knowledge of the wavenumber-frequency spectrum of the excited pressure and from the re-

sponses of a panel for a set of harmonic plane waves. The present study is based on the same

formalism. The originality of the present work relies on the use of a non classical reciprocity

technique to calculate the plate response due to the harmonic plane waves. Indeed, point to

point reciprocity [19] makes it possible to establish a reciprocity relation between the point
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response of the plate excited by harmonic plane waves and the response in the wavenumber

space of the plate excited by a point source. This non standard reciprocity relation will be

called the wavenumber-point reciprocity relation, or more concisely, the (k,M) reciprocity

relation. As for a periodically stiffened plate immersed in a fluid, the plate displacements in

the wavenumber space for point excitations can be calculated analytically [2], while the plate

response to TBL excitation can be obtained easily with the (k,M) reciprocity relation. The

calculation process is reduced to a numerical integration of an analytical expression. The

computing time is relatively short and the present approach allows analysing the filtering

effect of the excitation by the stiffened plate. This analysis can also be performed for the

vibrations of the plate as its pressure radiated in the fluid. It will be discussed for a naval

test case.

This paper is organized as follows:

• Section II consists in describing the outlines of the wavenumber-frequency formulation

of the panel response excited by random pressure fields [12]. The (k,M) reciprocity

technique is then introduced in order to facilitate the evaluation of the quantities

characterizing the stiffened plates in this formalism;

• The modelling of the periodically stiffened plate loaded by a fluid in the wavenumber

space is given in section III. Two point excitations are considered: A normal mechan-

ical force on the plate and an acoustic monopole source in the fluid. These two cases

permit evaluating both the vibrations and the radiated pressure from the plate excited

by a TBL;

• Section IV gives more details on the numerical integration performed on the analytical

expressions obtained in the previous sections;

• The results of the present approach are proposed and discussed in section V for a naval

test case. The effect of Bloch-floquet wave propagation will be highlighted.
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II. ESTIMATION OF THE SPACE FREQUENCY SPECTRUM OF THE

PLATE RESPONSE DUE TO TURBULENT FLOW

A. Wavenumber-frequency formulation

Here we use the outlines of the formulation described in the literature [2, 12, 16]. Let

us consider a baffle panel of surface Σp excited by a TBL as shown in figure 1. Three

hypotheses are considered. First, the TBL is assumed to be fully developed, stationary and

homogeneous. Second, the plate and the boundary layer are weakly coupled, in other words

the vibration of the plate does not interfere with the wall pressure. Third, it is assumed

that the propagation of the acoustic waves in the fluid is not affected by the flow.

pb(x, t) represents the wall pressure exerted by the TBL on the plate at point x as a

function of time. The displacement of the plate on point x due to wall pressure pb can be

expressed as the convolution product

w(x, t) =

∫

Σp

∫ +∞

−∞

hw(x, x̃, t− τ̃ )pb(x̃, τ̃)dτ̃dx̃, (1)

where hw(x, x̃, t) is the impulse response in the displacement at point x for a normal unit

force at point x̃.

Considering that the random process is ergodic, the inter-correlation function

Rww(x,x
′, t) can be defined as

Rww(x,x
′, t) =

∫ +∞

−∞

w(x, τ)w(x′, t + τ)dτ. (2)

When Eq. (1) is substituted in Eq. (2), we obtain

Rww(x,x
′, t) =

∫∫

Σp

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

hw(x, x̃, τ − τ̃ )

× pb(x̃, τ̃)pb(˜̃x, ˜̃τ)hw(x
′, ˜̃x, t+ τ − ˜̃τ)dτ̃d˜̃τdτdx̃d˜̃x. (3)

One can rewrite this expression by considering the variable change (τ̃ , ˜̃τ) → (β̃, ˜̃β),
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β̃ = τ − τ̃ ,
˜̃
β = τ − ˜̃τ with the associated Jacobian equal to one,

Rww(x,x
′, t) =

∫∫

Σp

∫ +∞

−∞

∫ +∞

−∞

hw(x, x̃, β̃)

×
(

∫ +∞

−∞

pb(x̃, τ − β̃)pb(˜̃x, τ − ˜̃β)dτ
)

hw(x
′, ˜̃x, t+ ˜̃β)dβ̃d ˜̃βdx̃d˜̃x. (4)

In this expression, one can identify an integral corresponding to the inter-correlation

function of the wall pressure between the points x̃ and ˜̃x, Rpbpb,

∫ +∞

−∞

pb(x̃, τ − β̃)pb(˜̃x, τ − ˜̃β)dτ =

∫ +∞

−∞

pb(x̃, τ̄)pb(˜̃x, τ̄ + β̃− ˜̃β)dτ̄ = Rpbpb(x̃,
˜̃x, β̃− ˜̃β). (5)

Introducing Eq. (5) in Eq. (4) leads to

Rww(x,x
′, t) =

∫∫

Σp

∫∫ +∞

−∞

hw(x, x̃, β̃)Rpbpb(x̃,
˜̃x, β̃ − ˜̃

β)hw(x
′, ˜̃x, t+

˜̃
β)dβ̃d

˜̃
βdx̃d˜̃x. (6)

The space-frequency spectrum Sww(x,x
′, ω) is obtained by taking the temporal Fourier

transform of the inter-correlation function and can be written as

Sww(x,x
′, ω) =

∫∫

Σp

H∗

w(x, x̃, ω)Spp(x̃, ˜̃x, ω)Hw(x
′, ˜̃x, ω)dx̃d˜̃x (7)

where Hw(x, x̃, ω) is the transfer function in displacement of the structure observed on point

x, driven by a point force at point x̃, and Spp(x̃, ˜̃x, ω) is the space-frequency spectrum of

the wall pressure (i.e. the Fourier transform of Rpbpb).

Defining the wavenumber-frequency spectrum of the wall pressure φpp(k, ω) as the space

Fourier transform of Spp(x̃, ˜̃x, ω),

Spp(x̃, ˜̃x, ω) =
1

(2π)2

∫∫ +∞

−∞

φpp(k, ω)e
−jk(˜̃x−x̃)d2k, (8)

one can write

Sww(x,x
′, ω) =

1

(2π)2

∫∫ +∞

−∞

φpp(k, ω)

×
∫∫

Sp

H∗

w(x, x̃, ω)e
jkx̃dx̃

×
∫∫

Sp

Hw(x
′, ˜̃x, ω)e−jk˜̃xd˜̃xd2k. (9)
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In this expression, the space Fourier transforms of H∗

w(x, x̃, ω) and Hw(x
′, ˜̃x, ω) appear:

H̃ω
w(x,k) =

∫∫

Sp

Hw(x, x̃, ω)e
jkx̃dx̃. (10)

H̃ω
w(x,k) is the frequency response observed at point x of the plate excited by a plane

wave of wavevector k. Indeed it can be interpreted as the sum of the responses at point x

of the plate due to excitations of amplitude ejkx̃ at points x̃.

We can finally write the space-frequency spectrum of displacement, depending on the

transfer function H̃ω∗
w (x,k) and wall-pressure spectrum φpp(k, ω),

Sww(x,x
′, ω) =

1

4π2

∫∫ +∞

−∞

H̃ω∗
w (x,k)φpp(k, ω)H̃

ω
w(x

′,k)d2k (11)

where k = [kx, ky], kx is the wavenumber in the streamwise direction, and ky the wavenumber

in the spanwise direction. If x and x̃ are the same point, the spectral power density of the

displacement at point x is

Sww(x, ω) =
1

4π2

∫∫ +∞

−∞

|H̃ω
w(x,k)|2φpp(k, ω)d

2k. (12)

Using the same approach the spectral power density of the pressure at point z in the

fluid is given by Eq. (13)

Spp(z, ω) =
1

4π2

∫∫ +∞

−∞

|H̃ω
p (z,k)|2φpp(k, ω)d

2k

with H̃ω
p (z,k) =

∫∫

Σp

Hp(z, x̃, ω)e
jkx̃dx̃ (13)

where H̃ω
p (z,k) represents the pressure at point z in the fluid when the plate is excited by

a plane wave of wavevector k.

In the following, it is assumed that the wavenumber-frequency spectrum of the wall

pressure φpp(k, ω) is known. This implies the use of a model proposed in the literature, such

as Corcos’ [20] or Chase’s [21] and that the TBL parameters (i.e. TBL thickness, convective

and friction velocities) are known.
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B. The (k,M) reciprocity principle

Expressions (12) and (13) allow estimating the vibrations of the plate and its radiated

pressure in the fluid from knowledge of the wall pressure spectrum, Φpp, and the transfer

functions, H̃ω
w and H̃ω

p . These transfer functions can be obtained by calculating the response

of the panel excited by a harmonic plane wave of wavevector k. To circumvent the continuous

integration over the wavenumber space in Eq. (12) and Eq. (13), it is possible to truncate and

sample the wavenumber space using appropriate criteria. The transfer functions H̃ω
w and H̃ω

p

must then be estimated for a set of wavevectors. Computation time can become prohibitive

as the number of wavevectors to be considered can be large. In this paper, to overcome this

obstacle, we propose using the reciprocity principle [19]. This principle indicates that the

ratio of the normal displacement of the plate at point x over the applied normal force at

point x′ is equal to the ratio of the normal displacement of the plate at point x′ over the

normal force applied at point x. With the present notation, we can write

Hw(x, x̃, ω) = Hw(x̃,x, ω). (14)

By introducing this expression in Eq. (10), we obtain

H̃ω
w(x,k) =

∫∫

Sp

Hw(x̃,x, ω)e
jkx̃dx̃, (15)

which states that H̃ω
w(x,k) can also be interpreted as the space Fourier transform of the

plate excited at point x. Here, the two equivalent interpretations of H̃ω
w(x,k) are called the

wavenumber-point (k,M) reciprocity principle. Consequently, the power spectrum density

of the displacement of the plate at point x excited by the TBL can be calculated with

Eq. (12) on the basis of the response of the plate excited by a normal force at point x. That

is to say that the plate response at a given point due to TBL can be estimated from the

vibratory field of the plate excited by a point force at the same point. On the other hand, if

the point of observation is in the fluid domain, the reciprocity principle (see Ref. [22, 23]),

illustrated in figure 2, indicates that the ratio of the sound pressure at point z over the

applied normal force at point x is equal to the ratio of the normal displacement of the plate
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at point x over the volume acceleration of the acoustic source located at point z. The transfer

function H̃ω
p (z,k) can therefore be interpreted as the space Fourier transform of the normal

displacement of the plate for the volume acceleration of an acoustic source located at point z.

The (k,M) reciprocity still holds for a point M inside the fluid medium. The power spectral

density of the pressure radiated by the plate at point z when the plate is excited by the

TBL can be calculated with Eq. (13) from the knowledge of the response of the plate excited

by an acoustic source located at point z. This view, using the so-called (k,M) reciprocity

principle, allows us to save computing time compared to the direct approach consisting in

calculating the plate response for harmonic plane waves. Indeed, for the system considered

in this paper (i.e. periodically stiffened plate immersed in a fluid), the displacement of the

plate expressed in the wavenumber domain can be obtained analytically, as will be recalled

in the next section. The computation time is therefore very short.

III. WAVENUMBER SPACE RESPONSE OF THE RIBBED PLATE

IMMERSED IN A FLUID

Let us consider an infinite thin plate of thickness h lying in the plane z = 0 and with

identical stiffeners. The stiffeners are assumed to be straight and uniform. They are attached

along lines x = nd, n being an integer and d, the distance between two stiffeners. The

connection between the plate and the stiffeners is assumed to be rigid. The materials are

linearly elastic, homogeneous and isotropic. The plate is loaded with an acoustic fluid on one

side and is excited by a harmonic pressure while F (x, y) represents the spatial distribution of

this pressure. The harmonic time dependence ejωt is omitted in the following developments.

Under these assumptions, the normal displacement W of the plate satisfies the Love-

Kirchhoff equation of motion (see Ref. [1, 24])

D∗∇4W (x, y)− ω2ρhW (x, y) = F (x, y)− p(x, y, 0)

−
∑

n∈Z

Fs(x, y)δ(x− nd) +
∑

n∈Z

∂

∂x
(Ms(x, y)δ(x− nd)) (16)
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where Fs(x, y)δ(x− nd) and Ms(x, y)δ(x− nd) are the force and moment distributions due

to the interaction between the plate and the nth stiffener; p(x, y, 0) is the wall pressure;

ρ, h,D∗ are the mass density, the thickness and the flexural rigidity, respectively.

For beam-like stiffeners, the force and moment due to the nth stiffener can be written

as (see Ref. [1, 24])

Fs(x, y) = E∗

pIx
∂4W

∂y4
(x, y)− ω2ρpSpW (x, y)

Ms(x, y) = −G∗

pJp

∂3W

∂x∂y2
(x, y)− ω2ρpI0

∂W

∂x
(x, y)

(17)

where E∗

p , G
∗

p, ρp, Sp are Young’s and Coulomb’s moduli, the density and the cross section of

the stiffener, Ix and I0 are the moments of inertia, and Jp is the torsion constant. Structural

damping is introduced into the plate (respectively, stiffeners) material by assigning a complex

value with a loss factor η (respectively, ηp) to the elastic modulus.

The acoustic pressure p(x, y, z) satisfies:

• the Helmholtz equation in the half space Ωp occupied by the fluid,

∇2p(x, y, z) + k2
0p(x, y, z) = 0 ∀(x, y, z) ∈ Ωp (18)

with k0 the acoustic wavenumber and ∇ the Nabla operator,

• the Euler equation at the coupling area between the plate and the fluid, Σp,

−ρ0ω
2W (x, y) = −∂p

∂z
(x, y, 0), (19)

• the Sommerfeld radiation conditions on a fictional infinite surface, Σ∞.

Two independent excitations should be considered in order to satisfy the requirements

of section II.B: A normal force on the plate and an acoustic monopole in the fluid.

For a normal force at point x = (x0, 0), we have

F (x, y) = P0δ(x− x0)δ(y) (20)

where P0 represents the amplitudes of the excitation. In this case, p(x, y, z) represents the

total pressure at point (x, y, z).
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Conversely, for an acoustic source at point z = (0, 0, z0), one has F (x, y) =

P0(e
jk0

√
x2+y2+z2

0 )/(2π
√

x2 + y2 + z20) which represents the blocked pressure exerted on the

plate due to the monopole source. In this case, p(x, y, z) represents the pressure radiated by

the plate at point (x, y, z) (see Ref. [25] for details).

The problem described in this section can be solved in the wavenumber space. These de-

velopments have already been treated by Mace [1] and Maxit [2] for a point force excitation.

Here it is extended for a monopole source, using the same process. This part is described in

the appendix.

The developments in the wavenumber space k = (kx, ky) lead to an analytical expression

of the plate displacement

W̃ (kx, ky) =
P0

Z(kx, ky)

[

Λ(kx, ky)

− Zp(ky)(T0(1 + S2Ap(ky))− T1S1Ap(ky))

∆

− kxAp(ky)(T0S1Zp(ky)− T1(1 + S0Zp(ky)))

∆

]

(21)

with

∆ = ((1 + S0Zp(ky))(1 + S2Ap(ky))− S2
1Zp(ky)Ap(ky)) (22)

where Z and Zp represent the flexural impedances of the plate and the stiffeners (see Eq. (A5)

and (A6) in appendix), respectively, Ap is the torsional impedance of the stiffeners (see

Eq. (A7) in appendix), Sp and Tp are such as






















Sp =
∑

n∈Z

(kx +
2πn
d
)p

Z(kx +
2πn
d
, ky)

Tp =
∑

n∈Z

(kx +
2πn
d
)pΛ

Z(kx +
2πn
d
, ky)

(23)

and Λ is given by

Λ(kx, ky) =















e−jkxx0 for a force excitation at x = (x0, 0),

e−kzz0

−kz
for a monopole source at z = (0, 0, z0).

(24)

The quantity H̃ω
w(x,k) mentioned in the previous section corresponds to W̃ (kx, ky) ob-

tained with expression (21) for the case of a point force at x = (x0, 0) and the angular

13



frequency ω. These displacements are noted W̃F (x0)(kx, ky, ω). Similarly, H̃ω
p (z,k) corre-

sponds to W̃ (kx, ky) for the case of a monopole source at z = (0, 0, z0) and the angular

frequency ω. These displacements are noted W̃M(z0)(kx, ky, ω).

IV. NUMERICAL INTEGRATION

Now we consider the periodically stiffened plate excited by the TBL. The direction of the

flow is perpendicular to stiffener direction y (i.e. along the x-axis). Eq. (12) and (13) permit

estimating the response of the plate excited by the TBL from the wall pressure wavenumber-

frequency spectrum and the displacement responses of the plate in the wavenumber space

for the cases of a point force and a monopole source. In the previous section, analytical

expressions were obtained for the latter quantities whereas different models (i.e. Corcos

[20], Chase [21], Smol’yakov-Tkachenko [26], etc.) give expressions for the wall pressure in

the wavenumber space. The integrands of Eq. (12) and (13) are fully defined. However,

the integrals of these quantities cannot be calculated. Thus we suggest estimating these

integrals numerically by truncating, sampling the wavenumber spaces and using the rectan-

gular rule. A rectangular window centered on the origin of the wavenumber space is used

for windowing. k̄x, k̄y are the cutoff wavenumbers of the window and sampling is performed

with the wavenumber resolutions, δkx, δky about kx and ky axis, respectively. The numerical

integrations of Eq. (12) and (13) are written as

Sww(x0, ω) ≈
δkxδky
4π2

Nkx
∑

i=−Nkx

Nky
∑

j=−Nky

|W̃F (x0)(k
i
x, k

j
y, ω)|2 × φpp(k

i
x, k

j
y, ω) (25)

Spp(x0, ω) ≈
δkxδky
4π2

Nkx
∑

i=−Nkx

Nky
∑

j=−Nky

|W̃M(z0)(k
i
x, k

j
y, ω)|2 × φpp(k

i
x, k

j
y, ω) (26)

where:

• W̃F (x0)(k
i
x, k

j
y, ω) is given by Eq. (21) in the case of a unit point force at (x0, 0),

• W̃M(z0)(k
i
x, k

j
y, ω) is given by Eq. (21) in the case of a unit monopole source at (0, 0, z0),
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• ki
x = iδkx and kj

y = jδky are the discrete wavenumbers about kx and ky, respectively,

• Nkx = k̄x
δkx

and Nky = k̄y
δky

Adapted criteria should be used for defining the cutoff wavenumbers and the wavenumber

resolutions in order to avoid information loss in the numerical integration. These criteria

can be established on the basis of previous works [2]. In this paper, criteria were defined for

estimating the plate response in the wavenumber space. They can be adapted for the present

case. For the wavenumber resolutions, as the wall pressure spectrum generally presents slow

variations about the wavenumbers compared to the plate response in the wavenumber space,

the same criterion can be used as that defined in Ref. [2]:

δkx =
1

K

ηkplate
f

2
(27)

δky =
1

K
min(

ηkplate
f

2
,
ηpk

stiffener
f

2
, ηpk

stiffener
t ) (28)

where:

• kplate
f is the flexural wavenumber of the flat plate,

• kstiffener
f is the flexural wavenumber of the beam-like stiffener,

• kplate
t is the torsional wavenumber of the beam-like stiffener and,

• K is margin coefficient which should be chosen greater than 2;

For the cutoff wavenumbers, the criterion defined in Ref. [2] ensures that the regions in

the wavenumber space where the plate responses W̃ (kx, ky) are potentially significant are

taken into account. In theory, this criterion should be modified to include the effect of the

convective peak of the wall pressure spectrum. For frequencies well above the hydrody-

namic coincidence frequency, the convective wavenumber kc is far higher than the natural

wavenumber of the plate. Therefore including kc in the cutoff wavenumber criterion will

greatly increase the calculation cost, although several studies [27–30] have already shown

that for these frequencies the convective peak effect is negligible due to the filtering effect
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of the plate in the wavenumber space. Thus, in practice, it does not seem necessary to

include kc in the criterion. To verify this assumption for the numerical application in the

next section, we define two criteria, one with and one without the convective wavenumber:

Criterion 1: k̂x = κx max(k0, k
plate
f ) (29)

and k̄y = κy max(k0, k
plate
f , kstiffener

f , kstiffener
t ) (30)

Criterion 2: k̂x = κxkc (31)

and k̄y = κy max(k0, k
plate
f , kstiffener

f , kstiffener
t ) (32)

with kc = ω/Uc where Uc is the convective velocity of the fluid. In these formulas, κx and

κy are margin coefficients bigger than one. Different values of these coefficients are tested

in the numerical application.

The criteria defined by Eq. (27)–(32) allow us to define the windowing and sampling

of the wavenumber spaces from the characteristics of the stiffened plate. Eq. (25) and (26)

can then be used to estimate the response of the plate excited by TBL numerically. In the

following, the response of the plate can be evaluated in terms of the spectral power density

of acceleration Sγγ which is related to the spectral power density of displacement Sww by

relation Sγγ = ω4Sww.

V. ANALYSIS OF RESULTS FOR A TEST CASE

A numerical application is proposed in this section to illustrate several features and

results of the present approach. A naval-like structure is considered for this application.

The plate is loaded with water and periodically stiffened by beam-like stiffeners having a T

cross-section. The plate and the stiffeners are made of steel. The thickness of the plate is

50 mm. The geometrical and mechanical characteristics of the test case are summarised in

Table I. Three values of the stiffener spacing will be considered for the numerical simulation:

d=1 m, d=1.35 m and d=1.5 m.

We consider a flow speed of 12 m/s (U∞ = 12 m/s). A homogeneous TBL is assumed to

be induced on the plate, thus the parameters of this TBL are spatially constant. They are

16



TABLE I. Material and geometrical parameters of general use.

Plate Stiffeners

ρ 7800 kg/m3 7800 kg/m3

η 0.02 0.02

E 2, 1.1011(1 + jη) Pa 2, 1.1011(1 + jη) Pa

ν 0.3 0.3

h 50 mm -

T cross-section - 0.15 m x 0.08 m

assumed to be 0.047 m for the thickness and 9.6 m for the convection velocity (Uc = 0.8U∞).

The interspectrum of the wall pressure due to the turbulent boundary layer is modelled using

the first version of the Chase 1987 model (Eq. (39) in Ref. [21]) with the dimensionless

parameters given in Ref. [31]: Cm = 0.1554, Ct = 0.0047, b = 0.75. We emphasise that

other wall pressure models expressed in the wavenumber space such as those of Corcos

[20], Smol’yakov and Tkachenko [26] or Hwang and Geib [32] could be used in the present

approach. The Chase 1987 model is used here as an example. An attention has been paid to

the definition of the frequency spectrum of the wall pressure. Some models like Corcos’ or

Smol’yakov’s consider single sided spectrum in frequency (i.e. without negative frequencies)

where some others like Chase’s take a double sided spectrum into account. Furthermore,

the angular frequency spectrum can be converted to a frequency dependent spectrum by

applying a factor 2π (see Ref. [33]). In this paper, a factor 4π has been applied to the

original Chase spectrum for converting it to a single sided spectrum and showing the results

in function of (positive) frequency.

The frequency band of interest is [100 Hz, 1 kHz]. For the present case, the hydrodynamic

coincidence frequency is lower than 1 Hz and the critical frequency of the 50 mm thick

plate is around 4.5 kHz. Thus the frequencies of investigation are much higher than the

hydrodynamic coincidence frequency and lower than the critical frequency. In terms of
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wavenumbers, in the band [100 Hz, 1 kHz], we have

k0 < kplate
f ≪ kc. (33)

A. Cutoff wavenumber criterion

Two possible criteria for the cutoff wavenumber about kx were proposed in section

IV: the first, which is more restrictive and less time consuming, is based on the natural

wavenumbers of the plate whereas the second is based on the convective wavenumber, kc,

which allows taking into account the effect of the convective peak. Different studies consid-

ering flat plates [27–30] have already shown that the convective peak effect is negligible due

to the filtering effect of the plate in the wavenumber space. Thus the first criterion should

be reasonable. To verify this assertion for the present stiffened plate, in Table II we propose

different results obtained with Eq. (25) and (26), considering the two criteria. Different

values of margin coefficients κx, κy are also considered and the comparisons are proposed

for two frequencies for which different radiated behaviours of the plate can be observed in a

later section. These comparisons show that the first criterion gives the same results as the

second if the margin coefficients chosen are not too close to unity. κx = 2, κy = 1.5 seem

optimal values for ensuring good convergence with reasonable computing times (i.e. a few

seconds). The second criterion is therefore not necessary, confirming that the effect of the

convective peak is negligible for the present case. In the rest of the paper, the first criterion

with κx = 2, κy = 1.5 is considered.

B. TBL wall pressure and plate displacement for point excitation

To illustrate the two terms on the right-hand side of Eq. (25) (or Eq. (26)), figure 3

shows the wavenumber spectra of the TBL wall pressure and the stiffened plate displace-

ment (obtained with Eq. (21)). As the spectra are even functions about ky, only the part

corresponding to the positive ky are plotted.
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TABLE II. Values of Sγγ at 0 m (dB, ref. 1 µm.s−2.Hz−0.5) and Spp at 100 m (dB, ref.

1 µPa.Hz−0.5) obtained with different truncation criteria.

Sγγ(400 Hz) Sγγ(600 Hz) Spp(400 Hz) Spp(600 Hz)

Crit. 1, κx = 1.2, κy = 1.1 20.7 dB 17.0 dB 87.9 dB 74.9 dB

Crit. 1, κx = 2, κy = 1.5 20.8 dB 17.2 dB 88.2 dB 76.0 dB

Crit. 1, κx = 4, κy = 3 20.9 dB 17.3 dB 88.3 dB 76.1 dB

Crit. 2, κx = 1.5, κy = 1.5 20.9 dB 17.3 dB 88.3 dB 76.1 dB

1. TBL wall pressure

The 1987 Chase model is considered here. Thus the TBL wall pressure shown in fig-

ure 3 (a) vanishing at a zero wavenumber (in accordance with the Kraichnan-Philips theo-

rem). Moreover, as the wavenumbers considered in this figure are well below the convection

wavenumber (kc = ω/Uc ≈ 260 m−1), the spectrum for these low-wavenumbers is propor-

tional to the square of the wavenumber [32]. Outside the zero wavenumber region, the

pressure spectrum expressed in dB varies relatively slowly compared to the displacement

response of the plate (see figure 3 (b)). The wall pressure for these wavenumbers could be

approximated by a constant value without dramatically changing the results of the sum in

Eq. (25). The results of this equation would be influenced by the variation of the plate

displacement in the wavenumber space.

2. Plate displacement for point excitation

On the basis of the (k,M) reciprocity principle developed in section II.B, we recall that

the term W̃F (x0)(k
i
x, k

j
y, ω) in Eq. (25) corresponds to the space Fourier transform of the plate

displacement for a harmonic point force excitation at point (x0, 0) and angular frequency ω.

Different features can be observed on the plate displacement given in figure 3 (b):

• the acoustic circle at the bottom-center. It is well-known that only the waves inside
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this acoustic circle will radiate in the far field when the plate is excited by a point

force;

• the regions of high displacement amplitudes (in white) which indicate the most ex-

cited waves. They will have the largest contribution in the sum of Eq. (25). These

regions are approximately in the neighbourhood or inside a circle whose radius is the

flexural natural wavenumber of the plate (around 6 m−1 at this frequency). They

correspond to propagating Bloch-Floquet waves that are the results of the interaction

between the flexural waves of the plate and the flexural/torsional waves of the stiffen-

ers spaced periodically. This type of wave plays a strong role in the dynamic behaviour

of periodically stiffened structures, making it necessary to focus on this point.

3. Propagating Bloch-Floquet waves

As proposed in Ref. [1], the wavenumbers corresponding to these propagating Bloch-

Floquet waves can be predicted by finding the roots (kBF
x , kBF

y ) of the denominator of Eq. (21)

(assuming the system as conservative):

∆(kBF
x , kBF

y ) = [1 + S0(k
BF
x , kBF

y )Zp(k
BF
y )][1 + S2(k

BF
x , kBF

y )Ap(k
BF
y )]

− S1(k
BF
x , kBF

y )2Zp(k
BF
y Ap(k

BF
y ) = 0 (34)

This is the condition for the existence of free waves in the periodically stiffened plate. If

(kBF
x , kBF

y ) are real, the free waves propagate without attenuation across the plate. They are

called propagating Bloch-Floquet waves. When the forced response of the plate is consid-

ered, these propagating Bloch-Floquet waves dominate in the response of the plate and the

spectrum in the wavenumber space exhibits the highest amplitudes for these Bloch-Floquet

wavenumbers. In other terms, as (kBF
x , kBF

y ) cancels the denominator of Eq. (21), assuming

the system as conservative, if we introduce kx = kBF
x and ky = kBF

y in Eq. (21), consider-

ing the system is non conservative (i.e. considering the damping effect), the displacement

amplitude will be higher than the amplitude obtained for kx 6= kBF
x and ky 6= kBF

y .
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As indicated in previous studies [1, 34], explicit expressions for kBF
x and kBF

y cannot be

derived when the plate is loaded with a fluid. In order to approximate these Bloch-Floquet

wavenumbers, we define an algorithm to extract the real values of (kBF
x , kBF

y ) such that

∆(kBF
x , kBF

y ) is lower than a predefined low value ǫ. Two properties of ∆(kBF
x , kBF

y ) allow us

to restrict the interval to find kBF
x :

• S0, S1, S2 are 2π
d
-periodic function of kx, thus

kBF
x = k̄BF

x +
2πn

d
, ∀n ∈ Z with k̄BF

x ∈]− π

d
,
π

d
]. (35)

k̄BF
x can be called the propagating Bloch-Floquet wavenumbers of the first Brillouin

zone. An infinite number of Bloch-Floquet wavenumbers kBF
x (i.e. roots) can be

deduced from k̄BF
x .

• ∆(kBF
x , kBF

y ) is an even function about kx thus we can restrict the interval [0, π
d
] to find

the root k̄BF
x .

The algorithm is then written as follows:

For ki
y ∈ [0, k̄y], ∆min(k

i
y) = min

kc∈[0,
π
d
[
∆(kx, k

i
y)

• if ∆min(k
i
y) < ǫ then ki

y is a propagating BF wave characterised by

kBF
y = ki

y and k̄BF
x ∈ [0,

π

d
]/∆(k̄BF

x , kBF
y ) = ∆(kBF

y )

• if ∆min(k
i
y) ≥ ǫ then ki

y is an evanescent wave.

The BF wavenumbers presented in this paper were obtained with ǫ = 0.05 in the previous

algorithm.

The values of kBF
y obtained are indicated in figure 3 (b) by a white circle on the ky axis.

These values correspond well to the ky values for which the displacement spectrum exhibits

the highest amplitudes. Two sets of values can be observed in this figure (ky ∈ [0, 3.3] rad/m

and ky ∈ [4.9, 5.1] rad/m). A set of kBF
y is called ”pass band” and corresponds to a set of

waves propagating along the plate. A set of ky between two pass bands is called a ”stop
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band” and corresponds to a set of evanescent waves (i.e. waves with strong attenuation

across the plate). For the case of figure 3 (b), two pass bands and one stop band can be

seen. These bands are characteristic of the displacement response of the stiffened plate

excited by a point source. The numbers and the positions of these bands depend on the

frequency considered, as illustrated in figure 4. The values of kBF
y were plotted for different

frequencies between 100 Hz and 1000 Hz. It can be seen that this graph is similar in form

to the graphs obtained by different authors studying stiffened structures [1, 35]. In-depth

analyses of these types of graph can be found in these references, but they are not given

here for the sake of brevity in the present paper. Figure 4 shows that the number of pass

band and their ky positions increases with frequency. It can be seen that some pass bands

are contiguous. This is the case, for instance, at 400 Hz, where the first pass band observed

in figure 3 (b) (ky ∈ [0, 3.5] rad/m) is subdivided into two pass bands ky ∈ [0, 2.1] rad/m

and ky ∈ [2.2, 3.3] rad/m.

As we shall see in the next section, these pass bands and their positions in the wavenum-

ber space have a strong influence on the pressure radiated by the plate excited by a TBL.

C. Vibro-acoustic response of the plate excited by a TBL

The vibration of and the sound radiated from the stiffened plate excited by a TBL

(d=1m) is estimated with Eq. (25) and Eq. (26) in the frequency band [100 – 1000 Hz]. The

computations are performed on a standard PC using MATLAB and take only a few seconds

for one frequency.

The results are given in figure 5 for two observation points on the plate: the first, on

a rib (i.e. x=0 m); the second between two ribs (i.e. x=0.3 m). The results for a 50 mm

thick plate (without ribs) are proposed for comparison. As can be expected, the response

point located on a stiffener shows acceleration spectra lower than those of the point located

between two stiffeners. On the other hand, it can be seen that the vibratory response of

the stiffened plate is relatively smooth according to frequencies. This indicates that the
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pass bands do not have a significant effect on the vibratory response of the plate for a TBL

excitation. The ky positions and lengths of the pass bands depend on frequency, but as the

plate response due to the TBL is obtained by summing all the ky, the acceleration spectrum

does not depend significantly on these positions and lengths.

In contrast, as can be observed in figure 6, the pressure spectra radiated at differ-

ent distances of the plate may vary significantly as a function of frequency: for the point

located 10 m from the plate, the radiated pressure can be 15 dB higher in certain fre-

quency bands than in others. This behaviour becomes more prevalent as the distance from

the plate increases. However, a limit exists beyond which the pressure spectra remain un-

changed. To analyse this phenomenon, we propose in figure 7 summing the terms of Eq. (26),

|W̃M(z0)(k
i
x, k

j
y, ω)|2φpp(k

i
x, k

j
y, ω). We recall that the wall pressure spectra φpp(k

i
x, k

j
y, ω) are

roughly constant for these wavenumbers. The variations of the summing terms are there-

fore due to the displacement spectrum for a monopole source located at z0 from the plate,

W̃M(z0)(k
i
x, k

j
y, ω). Figure 7 shows that a filtering effect of the fluid medium occurs when

the distance from the plate increases. Only wavenumbers inside the acoustic circle (i.e.
√

k2
x + k2

y ≤ k0) or inside periodic copies of the acoustic circle have significant contributions

when the observation point is far from the plate. The periodicity of these copies is 2π
d
. For

a plate without stiffeners, the periodic copies are not observed. Only wavenumbers inside

the acoustic circle gave a contribution corresponding to the waves propagating into the fluid

medium. This explains the lower levels in figure 6 for the plate alone compared to the

stiffened plate.

The periodic copies are clearly the consequence of the periodic stiffeners of the plate.

They can be interpreted as the acoustic wave as seen from the stiffeners. Mathematically, it

corresponds to a discrete Fourier transform of the spatial field with a resolution correspond-

ing to the stiffener spacing. The result of this transform is a periodic spectrum with 2π
d

as

period.

As shown in figure 7, this filtering effect increases with distance from the plate. This

explains the previous observation in figure 6 concerning the effect of distance. A threshold
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effect is reached since the contributions of all the wavenumbers outside the acoustic circle

and its copies can be neglected.

The difference of frequency dependence observed between the plate vibration and the

radiated pressure (see figures 5 and 6) can now be explained by figure 8 in which the

summing terms of Eq. (25) and (26) are plotted for two frequencies: 400 Hz and 600 Hz.

These frequencies were chosen due to the considerable differences in the plate’s radiation

efficiency (88.2 dB at 400 Hz against 76 dB at 600 Hz for z0 = 10 m). The pass bands

about ky are indicated in figure 8 (by white circles on the ky axis) The positions of these

bands change with frequency, but the sum of terms shown in figures 8 (a) and 8 (c) give

similar results. The vibratory response between the two frequencies is therefore similar. On

the contrary, for the radiated pressure, the relative positions of the pass band compared

to the acoustic domain |ky| < k0 play an important role. Indeed, at 400 Hz, a pass band

is present in the acoustic domain. The propagating Bloch-Floquet waves fall within the

acoustic circle or its periodic copies. They radiate in the far field and lead to the relatively

high radiated noise level that can be observed. At 600 Hz, only a stop band occurs in the

acoustic wavenumber. The propagating Bloch-Floquet waves cannot radiate in the far field,

leading to a relatively low radiated noise level. This explains the difference of radiated noise

between the two frequencies.

By studying the change of the pass band positions with frequency, it is possible to

predict if the frequency spectrum of the radiated pressure in the far field shows a bump or a

hollow. To do this, the graph of figure 4 is not completely appropriate as it does not permit

indicating if the propagating Bloch-Floquet waves occur in the acoustic circle or its copies

(but only if |kBF
y | ≤ k0).

As the kBF
y Bloch-Floquet wavenumbers (see Eq. (35)) and the periodic copies of the

acoustic circle are 2π
d
-periodic about kx, it is only necessary to verify if the Bloch-Floquet

wavenumber of the first Brillouin zone is contained inside the acoustic circle. In this case,

the Bloch-Floquet wavenumber considered should be k̄BF =
√

(k̄BF
x )2 + (kBF

y )2. If k̄BF ≤ k0,

a propagating Bloch-Floquet wave radiates in the far field. It should be emphasised that
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this criterion does not indicate the magnitude of the BF wave or if it is located in the first

Brillouin zone or in another zone. It only indicates whether a propagating Bloch-Floquet

wave radiates in the far field or not.

To verify this criterion, we consider three plates with different stiffener spacings: 1 m,

1.35 m and 1.5 m. Their Bloch-Floquet wavenumbers k̄BF are plotted versus frequency in

figure 9 and their values are compared to the acoustic wavenumber, k0. A set of frequencies

for which almost one BF wave radiates are called ”frequency pass bands”. These bands are

symbolised by black circles on the frequency axis of figure 9. When the stiffener spacing

increases, it can be seen that their number increases and their positions shift toward the

low frequencies. This must be reflected in the spectra of the radiated pressure when the

plate is excited by a TBL. This is shown in figure 10 which superposes the spectrum of the

radiated pressure level at 10 m from the plate over the frequency pass bands determined

in the previous figure. The bumps of radiated noise clearly occur inside the frequency pass

bands. This validates our assumption about the radiation efficiency of the BF waves. It is

noteworthy that the length of the bumps is not always equal to the length of the frequency

pass bands. This may be explained by the fact that these bands indicate only that a

propagating BF wave radiates, without indicating its magnitude.

In conclusion, this section permitted illustrating typical results obtained by the present

approach and highlighting the effect of the pass band on the radiated noise when the stiffened

plate is excited by a TBL.

VI. CONCLUSIONS

A process based on the so-called (k,M) reciprocity relation was proposed in this paper to

estimate the vibro-acoustic response of a periodically stiffened plate under a turbulent layer

excitation. The (k,M) reciprocity principle allows avoiding time-consuming calculations of

plate responses excited by different plane waves representing TBL excitation. Indeed, only

the displacement field of the panel in the wavenumber domain for a point excitation is
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required with the methodology proposed. In accordance with this principle, the excitation

point must be located at the point for which the response of the plate excited by the TBL is to

be estimated. To predict the flow induced noise from the stiffened plate at a receiving point,

the displacements in the wavenumber space for a monopole source located at the receiving

point must be calculated. For the case of an infinite periodically stiffened plate, analytical

expressions of the displacement fields are available for a mechanical point force on the plate

or for an acoustic monopole source in the fluid. The numerical calculations with the present

approach are then reduced to a numerical integration for which criteria have been proposed.

Analysis of results from a naval test case highlights a difference in the effect of stiffeners

between the vibration of the plate and the far field pressure radiated for TBL excitation:

although adding stiffeners to a flat plate slightly reduces its vibrations, it enhances the noise

in the far field in certain frequency bands. It was shown that this enhancement occurs

when propagating Bloch-Floquet waves radiate in the far field, that is to say when their

wavenumbers (in the first Brillouin zone) are lower than the acoustic wavenumber. Thus

the frequency bands for which the stiffened plate may radiate more noise than the flat plate

can be predicted by estimating the wavenumbers of the propagating Bloch-Floquet waves.

The present methodology was applied to infinite plates with regularly spaced stiffen-

ers and can be extended to non-periodically stiffened plates of finite size. The theoretical

formulation of section 2 and the (k,M) reciprocity relation remain valid. For this case, the

displacement field in the wavenumber space could be estimated from Discrete Fourier Trans-

forms of the displacement field in physical space for a point excitation. From the modelling

standpoint, this field can be estimated using classical discretization approaches like finite

element and boundary element methods. From the experimental standpoint, a scanning

laser vibrometer can be used to measure the vibrations of the plate excited by a shaker or a

loudspeaker. These two possibilities should be studied in the future. They are necessary to

validate the present process experimentally. The results of the present approach concerning

panels of finite sizes will permit comparisons with measurements in a wind tunnel or hy-

drodynamic tunnel. Moreover, it would be possible to verify whether the stiffener effect of
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radiated noise enhancement is always observed on finite panels. For submarine applications,

which is one of the authors’ areas of interest, this process could be used for estimating the

vibration and radiated noise of the pressure hull excited by a turbulent flow. As the char-

acterization of the wall pressure fluctuations proposed in the literature generally concerns

canonical flat plates, it is logical to assume that the wall pressure models established for

plates give a satisfactory approximation for cylindrical shells. The vibro-acoustic behaviour

of a submerged irregularly ribbed shell can be predicted by the Circumferential Admittance

Approach [36]. This approach is based on coupling an analytical model of the shell sub-

merged in a fluid with finite element models of its internal frames (i.e. stiffeners, bulkheads).

One intermediate result of this approach is the radial displacement field of the shell in the

wavenumber space. This result can be used directly in the present approach for predicting

the response of the non-periodically stiffened shell excited by the TBL.

APPENDIX A: RESPONSE OF THE PERIODICALLY STIFFENED PLATE

IN THE WAVENUMBER SPACE

The problem described in section III can be solved in the wavenumber domain by using

the space-Fourier transform defined by

f(x, y) → f̃(kx, ky) =

∫

R2

f(x, y)e−j(kxx+kyy)dxdy (A1)

where kx and ky are the wavenumbers for the x and y axis.

By applying this transform to the equation of motion (16), we deduce

[D∗(k2
x + k2

y)
2 − ω2ρh]W̃ (kx, ky) = F̃ − p̃(kx, ky, 0)

− 1

d
(E∗

pIxk
4
y − ω2ρpSp)

∑

n∈Z

W̃ (kx +
2πn

d
, ky)

− kx
d
(G∗

pJpk
2
y − ω2ρpI0)

∑

n∈Z

(kx +
2πn

d
)W̃ (kx +

2πn

d
, ky) (A2)

where W̃ (kx, ky) and p̃(kx, ky, 0) are the plate displacement and the wall pressure in the

wavenumber space, respectively.
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On the other hand, by taking the space-Fourier transform of the Helmholtz and Euler

equation and resolving the z differential equation and applying the Sommerfeld conditions

on Σ∞, the pressure may be written as















p̃(kx, ky, z) =
ρ0ω

2ekzz

kz
W̃ (kx, ky) if

√

k2
x + k2

y 6= k0,

p̃(kx, ky, z) = C, W̃ (kx, ky) = 0 if
√

k2
x + k2

y = k0,

(A3)

where C is a constant and kz = −
√

k2
x + k2

y − k2
0 with the convention Im(ky) ≤ 0 if Re(ky) =

0.

Introducing Eq. (A3) in Eq. (A2), one has if
√

k2
x + k2

y 6= k0

W̃ (kx, ky) =
1

Z(kx, ky)
[F̃ − Zp(ky)ξ(kx, ky)− kxAp(ky)ζ(kx, ky)] (A4)

where

Z(kx, ky) = D∗(k2
x + k2

y)
2 − ρω2h− ρ0ω

2

√

k2
x + k2

y − k2
0

, (A5)

Zp(ky) =
1

d
(E∗

pIxk
4
y − ω2ρpSp), (A6)

and Ap(ky) =
1

d
(G∗

pIpk
2
y − ω2ρpI0) (A7)

are respectively the fluid-loaded plate impedance, the flexural and the torsional stiffener

impedances, and



















ξ(kx, ky) =
∑

n∈Z

W̃ (kx +
2πn

d
, ky)

ζ(kx, ky) =
∑

n∈Z

(kx +
2πn

d
)W̃ (kx +

2πn

d
, ky)

(A8)

are a notation for convenience.

Note that ξ and ζ are 2π
d
-periodic with respect to kx (i.e. ξ(kx +

2πn
d
, ky) = ξ(kx, ky)).

In order to evaluate these quantities, W̃ is replaced by its periodised expression in the sums
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of Eq. (A8)






















































ξ(kx, ky) =
∑

n∈Z

1

Z(kx +
2πn
d
, ky)

[F̃ − Zp(ky)ξ(kx, ky)

− (kx +
2πn

d
)Ap(ky)ζ(kx, ky)]

ζ(kx, ky) =
∑

n∈Z

(kx +
2πn
d
)

Z(kx +
2πn
d
, ky)

[F̃ − Zp(ky)ξ(kx, ky)

− (kx +
2πn

d
)Ap(ky)ζ(kx, ky)].

(A9)

Now, the excitation F̃ is expressed in the form: F̃ = P0Λ, P0 being the amplitude of the

excitation source and Λ being given by

Λ(kx, ky) =















e−jkxx0 for a force excitation at (x0, 0)

e−kzz0

−kz
for a monopole source at (0, 0, z0).

(A10)

Then Eq. (A9) can be rewritten






































ξ(kx, ky) = P0T0 − S0Zp(ky)ξ(kx, ky)

− S1Ap(ky)ζ(kx, ky)

ζ(ky, ky) = P0T1 − S1Zp(ky)ξ(kx, ky)

− S2Ap(ky)ζ(kx, ky)

(A11)

where






















Sp =
∑

n∈Z

(kx +
2πn
d
)p

Z(kx +
2πn
d
, ky)

Tp =
∑

n∈Z

(kx +
2πn
d
)pΛ(2πn

d
, ky)

Z(kx +
2πn
d
, ky)

.

(A12)

Eq. (A11) is a linear system with unknowns ξ and ζ . Solving it, their expressions are

obtained and can be replaced in Eq. (A4). This operation gives the final result:

W̃ (kx, ky) =
P0

Z(kx, ky)

[

Λ(kx, ky)

− Zp(ky)(T0(1 + S2Ap(ky))− T1S1Ap(ky))

∆

− kxAp(ky)(T0S1Zp(ky)− T1(1 + S0Zp(ky)))

∆

]

. (A13)

with

∆ = ((1 + S0Zp(ky))(1 + S2Ap(Ky))− S2
1Zp(ky)Ap(ky)) (A14)
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LIST OF FIGURES

FIG. 1: Panel excited by a TBL with flow speed U∞.

FIG. 2: Lyamshev reciprocity relation for elastic structures excited by point forces.

FIG. 3: (a), Wavenumber spectrum of the TBL wall pressure at 400 Hz, Chase model (dB,

ref. 1 µPa.Hz−0.5.rad−1). (b), Wavenumber spectrum of the plate displacement at

400 Hz for a force excitation on a rib (dB, ref. 1m.N−1). Stiffener spacing: 1 m.

Propagation zones are indicated by white circles on the ky axis.

FIG. 4: Propagation zones (lined) and attenuation zones in (f, ky) space for the plate with

rib spacing of 1m.

FIG. 5: Frequency spectrum of the plate acceleration for a TBL excitation (Sγγ = ω4Sww).

Plate without ribs, solid line; plate with ribs spacing of 1 m, response at x=0 m,

dashed line; and response at x=0.3m, dashed-dotted line. (dB, ref. 1 µm.s−2.Hz−0.5).

FIG. 6: Frequency spectrum of the radiated pressure of the stiffened plate at different

positions (0, 0, z0) from the plate: z0=0.05 m (solid line); z0=0.2 m (dash line); z0=1

m (dashed-dotted line); z0=10 m (dotted line); Frequency spectrum of the radiated

pressure at z0=10 m of the plate without stiffeners, symbolized by point marker (dB,

ref. 1 µPa.Hz−0.5).

FIG. 7: Values of the summing terms of Eq. (26) in the wavenumber space for different po-

sitions of the monopole source: (a), z0=0.2 m; (b), z0=1 m; (c), z0=10 m. Frequency:

600 Hz (dB, ref. 1 µPa.m.Hz−0.5.rad−1).

FIG. 8: (a), (c), values of the summing terms of Eq. (25) for an observation point on

the plate at (0,0). Propagation zones symbolised by white circles on the ky axis; (b),

(d), values of the summing terms of Eq. (26) for an observation point in the acoustic

domain at (0,0,10 m). Two frequencies: (a), (b), 400 Hz; (c), (d), 600 Hz. Stiffener

spacing: d=1 m.
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FIG. 9: Propagation zones (lined) and attenuation zones in (f, k) space for plates with

different rib spacing: (a) d=1m, (b) d=1.35 m, (c) d=1.5 m. k̄BF =
√

(k̄BF
x )2 + (kBF

y )2.

Full line, acoustic wavenumber k0 = 2πf/c0. Black circle on the frequency axis,

frequencies showing the propagation zone in the acoustic domain.

FIG. 10: Frequency spectrum of the pressure radiated at (0,0,10 m) for plates with different

rib spacings: (a), d=1 m; (b), d=1.35 m; (c), d=1.5 m. Black circle on the frequency

axis, frequencies showing the propagation zone in the acoustic domain (dB, ref. 1

µPa.Hz−0.5).
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