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the pioneering work in the 60s [1], methods that followed based on both of the ‘‘smeared crack approach’’ and
‘‘discrete crack approach’’ types [2 5], exhibited a variety of advantages and shortcomings.

The original discrete approach methods based on linear elastic fracture mechanics (LEFM) [6] first and
then also non-linear fracture mechanics (NLFM) [7] proposed a physical representation of the evolution of

Nomenclature

t traction vector
r normal stress component
s shear stress component
F fracture surface function
p parameters of F

w interface opening displacement
k plastic multiplier
m flow rule direction vector
Q potential surface
n, s interface local reference system
x,y global reference system
H softening parameter
Ctan tangential compliance matrix
c asymptotic cohesion
v tensile strength
/ asymptotic friction angle
GI

f mode I fracture energy

GIIa
f mode IIa fracture energy

Wcr dissipative energy
B matrix containing the derivatives of the shape functions
f nodal element force
r nodal inter-element force
X contributing area
Q rotation matrix
U objective function
T stress tensor
r arbitrary inter-element force
D 2 · 2 matrix
d 2-row vector
l external loading factor
D finite increment
E Young modulus
V Poisson modulus

Superscript

(i), (k), (l) referring to the ith, kth and lth interface
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individual cracks at the expense of onerous analysis due to repetitive remeshing processes. Furthermore,
the possible applications were limited by structural scale conditions, one or two cracks maximum could
develop simultaneously, and the determination of the propagation direction of the crack and its length were
aspects not totally solved.

On the other hand, methods based on the smeared approach, using a fixed mesh of continuum elements and
standard continuum-type constitutive equations with softening, also thrived at identifying macrocrack direc-



tion among the cloud of ‘‘cracking’’ Gauss points obtained, often in chaotic state of stress and strain involving
thick element bands or even substantial parts of the structure (see for instance [4,5]).

More modern techniques, such as XFEM and SDA, also require the identification of a crack path line using
the so-called ‘‘tracking algorithm’’, which still appears as an ad hoc procedure independent (or at least
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detached) from the fundamental principles of mechanics which govern the continuum behavior, and are also
intrinsically limited to handling problems with one or two (or in any case very few) simultaneous propagating
cracks [8,9].

An intermediate approach proposed very early, but developed more efficiently only since the 90s as com-
puter power became commonly available [10 14], is that of considering each line in the mesh as a potential
crack, evaluating inter-element forces and stresses, and allowing crack opening/sliding along those same lines
as appropriate strength criteria are exceeded. Although not free of shortcomings (e.g. cracks can only develop
along the initial mesh lines), at least these methods have provided a means of describing crack propagation in
a fully automatic and fully integrated way with the rest of the mechanical problem, eliminating completely the
need of tracking or remeshing and without any limitations on how many cracks open, close, reopen, branch or
bridge.

This approach has been implemented mainly in two ways. One uses in a systematic fashion the so-called
zero-thickness interface elements with double nodes. These elements are inserted along each line of the mesh
(or along a carefully chosen subset of them) so that all possible fracture patterns to be considered are ‘‘built
into’’ the FE mesh from the beginning of the analysis [13]. Initially, the interface elements are assigned a very
high elastic stiffness in order not to add spurious compliance to the structure but on the other hand be able to
provide the stress tractions r,s transmitted. When a given cracking criterion is exceeded, a fracture-based
interface constitutive law is activated, leading to energy-driven crack opening predictions. Such constitutive
laws do normally exhibit elasto-plastic structure of the work-softening type, and may be considered as
mixed-mode generalizations of the cohesive crack models by Dugdale or Hillerborg [15,16]. This approach
has led to very realistic predictions of cracking and fracture mechanisms under complex stresses in 2D and
more recently also in 3D [17], involving multiple cracks which start, get connected, arrested, bridge or branch
with other cracks, etc. all in a completely spontaneous manner. On the negative side, this implementation
requires a large number of nodes, limiting severely the maximum problem size that can be analyzed for given
computer resources.

The second way for implementating this approach is to avoid the use of interface elements and only dupli-
cate nodes along those lines for which cracking conditions are exceeded, therefore saving many nodes, reduc-
ing the problem size, and eliminating the non-physical compliance introduced by interface elastic behavior and
the potential ill-conditioning problems associated to its high stiffness values. However, among other things,
this type of implementation requires to evaluate the inter-element forces (or stress tractions between elements)
from the results of a standard FE analysis which, as simple as it may sound, turns out not a trivial problem
and may be ill-defined at the corner nodes in 2D or at the corner and edge nodes of elements in 3D. This may
explain why the existing approaches of this type in 2D have been traditionally based on inter-element force
evaluation and crack verification at the mid-side nodes of quadratic element sides, only location at which
the computation of such forces becomes trivial [11,18].

As a first ingredient of a general ‘‘interface-free’’ formulation of discrete cracking along mesh lines, in which
conditions could be checked also (and mainly) at ‘‘element corner nodes’’, the authors have recently proposed
a new procedure to evaluate the inter-element forces and stresses at the nodal ends of mesh lines [19]. The pro-
cedure, inspired on the concepts of microplane model [20,21], is based on a double minimization of the stress
tractions along all mesh lines emanating from a corner node, with respect to a Mohr circle representing the
‘‘true’’ or average stress state at the node. The final expressions boil down to a simple 2 · 2 linear system
for each corner node of the mesh, whose coefficients are evaluated as a post-processing of the results of a stan-
dard linear elastic FE analysis. The solution of such system at each node not only leads to all the stress trac-
tions along mesh lines, but as an added feature it also yields the above-mentioned average stresses at the node,
and therefore it may be also used as an (advantageous and cheap) ‘‘stress smoothing’’ procedure.

In the current paper, the authors proceed forward along this line of work investigating the conditions for
crack opening at an element corner node of the FE mesh. For this purpose, each mesh line emanating from the
node is considered a potential crack. A failure (cracking) surface is assumed for each potential crack, in terms



of the normal and shear components of the corresponding stress traction. A flow rule is also assumed, in con-
nection to the cracking surface, in full similarity to what is done in elasto-plastic interface constitutive models
[22].

After this introduction, the paper is structured as follows: the general aspects of the study, main definitions,
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possible modes of cracking, cracking criterion and other assumptions are described in Section 2. In Section 3,
the various stages of the process for crack opening at an element corner node are identified and formulated.
For each of them, the corresponding equations are established and the solution method is proposed always as
a post-processing step of a standard finite element calculation. In Section 4, two numerical examples are pro-
vided in which the cracking analysis is performed for simple rectangular meshes in which the central nodes
turn out to be critical for cracking. Among other results given are the values of the external loading factor
l, for which each of the stages in the cracking process are reached at the various points in the mesh. Finally,
the main results of the work described are summarized and commented in Section 5.

2. Main assumptions and equations

2.1. General
As indicated, this study is oriented to elucidate the cracking conditions at a corner node of a standard dis-
placement-based FE calculation, assuming that every line of the mesh is a potential crack line. A corner node is
understood in this context as any node which sits at the corner of an element of the mesh, as opposite to middle

nodes that are considered in quadratic elements. Thus, in a mesh with linear elements only (3-node triangles or
4-node quadrilaters) all nodes in the mesh are corner nodes. Among corner nodes also inner and boundary
nodes may be distinguished. Boundary nodes would be those sitting on the boundary of the domain, while
the rest are inner nodes.

The results to be obtained in this study are intended ultimately to make possible a general non-linear cal-
culation procedure in which a number of mesh lines may develop into cracks and, if required, the continuum
elements may be also considered non-linear. However, the specific objectives of this paper are to look in detail
at the cracking development process through one single corner node of the mesh, at the conditions that apply,
at the various stages involved and to find how to identify at what point the node has really satisfied all nec-
essary requirements and therefore has reached the onset of crack opening. For this purpose, and for the sake
of simplicity, one can consider the continuum elements as linear elastic and all other potential cracks closed,
which actually includes all the processes of interest before the first crack really opens and therefore corre-
sponds to simple linear elastic calculation at the FE level. In this simplified conditions, the state of displace-
ments, forces, stresses, etc. on the structure is simply characterized by a scalar loading factor l, which scale all
these quantities proportionally from the results of a single nominal load FE calculation.

2.2. Possible crack mechanisms through a corner node and FE mesh

In the most general case, the various mechanisms for the growth and propagation of a crack through a sin-

gle corner node are illustrated in detail in Fig. 1. As previously mentioned, each mesh line can be interpreted as

potential cracks that can open if certain fracture criteria are satisfied.

In Fig. 1a, N mesh lines converge at node A, inner node of a generic FE mesh made of triangular elements.
From c to e, the duplication of the interior node A is used to simulate the propagation of the crack tip (crack
tip showed in Fig. 1b), the growth and the bifurcation of the crack. One observation that arises looking at the
mechanisms in Fig. 1 is that one single crack line (out of the various converging on the node) cannot open
alone. The duplication of the interior node implies the opening of, at least, two of the concurring lines on that
node.

The same scenarios (propagation, growth and bifurcation of a crack) of Fig. 1 are presented in Fig. 2 for a
generic mesh made of triangular elements, discretizing part of a body of a fracturing material at two different
times t0 and t1. At time t0, nodes A and C represent the crack tips of two cracks inside the material, and node B
is a point within the intact part of the material. At time t1, the crack on the left side propagates, and node A



duplicates. At the same time-increment, a new crack appears in correspondence with node B, that duplicates as
well as node A. At time t1 the crack on the right side bifurcates and, consequentially, node C triplicates.

2.3. Crack failure criterion and rigid-plastic model

Fig. 1. (a) N mesh lines concurring at the interior node A; (b) crack tip at the interior node A; (c) crack propagation through the interior
node (node duplicated); (d) crack opening through the interior node (node duplicated); (e) crack bifurcation through the interior node
(node triplicated).

0
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t

Fig. 2. At time t0: nodes A and C are crack tips, node B is a point within the intact material; at time t1: node A duplicates and the crack
propagates, node B duplicates and a crack growthes, node C triplicates and the crack bifurcates.
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As already indicated, all mesh lines are considered as potential cracks. In the context of this study, cracking

conditions will be checked at the ends of those lines where they are connected to the corner nodes.
The failure criterion and subsequent evolution model for a crack line are very similar to previous elasto-
plastic constitutive models for interfaces [22], except that elastic deformations are not present and therefore
the constitutive model is of a rigid-plastic type. As such it will be defined in the following paragraphs; however,
it is important to note that since this study only considers evolution until the onset of cracking at the corner
node of the mesh, only the failure criterion and initial flow rule will really have a relevance in the present study.

At any point of the mesh line, and in particular at its ends where cracking conditions will be checked, con-
sider the stress traction vector t (r,s) defined as the collection of normal and shear components of the stress
tractions transmitted across the line. How these tractions can be computed at each stage of the analysis, is part
of the formulation developed in Section 3.

The crack failure criterion is defined in the standard way by means of a scalar loading function of the trac-
tion t components F(t,p), where p denotes a collection of parameters which define the shape and size of the
surface and that in general evolve during the cracking process. If p0 are the initial values of those parameters,
as tractions increase two situations may be distinguished:



(1) If F(t,p0) < 0 the potential crack is still closed.
(2) If F(t,p0) 0 the cracking criterion has been reached.

Note that, as in plasticity, F > 0 is not allowed, and that the cracking criterion F(t,p0) 0 is only a necessary
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condition for crack opening.
In the case that the crack would start to open, the opening direction will be given by a flow rule m in a way

also similar to standard plasticity, that is:

_w ¼ _km ð1Þ

in which w is the relative opening displacement of the crack, _k a scalar multiplier indicating the intensity of the
opening, and m is the direction of the displacement or flow rule. This direction may be conveniently defined as

the gradient of a potential surface Q(r,s):
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If the cracking model is associated, then Q F. The examples and the applications reported in this paper

the hypothesis of associated failure criterion.

though not strictly required for the purpose of this study, the rest of the rigid-plastic crack opening model
ned for completeness. The production of irreversible opening displacements in the loading and unload-
ing scenario are governed by the Kuhn Tucker conditions:

F 6 0; _k P 0 and F _k ¼ 0 ð3Þ

Opening of the crack must satisfy additionally the consistency condition:

_F ¼ n � _t� _kHh ¼ 0 ð4Þ
ich the normal n to the surface F and the hardening/softening parameter H are defined as
oF
�� oF

�� oF op
� �
n ¼
ot �p;H ¼ � ok�r ¼ � op ow

�m ð5Þ
In this equation, it has been assumed that the evolution of the parameters is governed directly (through

iants) or indirectly (through energy dissipated) by the increments of opening displacements, as it is nor-
done in elasto-plastic interface models. Finally, from Eq. (5) one can isolate the inelastic multiplier _k and

ce it into flow rule Eq. (1), to obtain the tangential compliance for the overall rigid-plastic model:
_w ¼ Ctan � _t; Ctan ¼ 1

H
m� n ð6Þ

The expressions given so far refer to a generic fracture surface F. The numerical applications presented in this
paper use the fracture energy based constitutive law of Carol et al. [13], the relevant ingredients of which are
sented in Fig. 3 and briefly described in the following.
e initial loading (failure) surface F 0 is given as a three-parameter hyperbola with the following
expression:

F ¼ s2 � ðc� r tan /Þ2 þ ðc� v tan /Þ2 ð7Þ
where tensile strength v, asymptotic ‘‘cohesion’’ c and asymptotic friction angle / are model parameters re-
ferred to as p in the previous formulas (Fig. 3a). Classic Mode I fracture occurs in pure tension. A second
Mode IIa is defined under shear and high compression, with no dilatancy allowed (Fig. 3b). The fracture ener-
I
f and GIIa

f are two model parameters. After initial cracking, v, c and tan/ decrease (Fig. 3d and e), and

the loading surface shrinks, degenerating in the limit case into a pair of straight lines representing pure friction
(Fig. 3c). The process is driven by the energy spent in fracture process, Wcr.



3. Stages to the onset of crack opening and formulation

3.1. General definitions, inter-element tractions during ‘‘Stage 0’’

Fig. 3. Interface cracking laws: (a) hyperbolic cracking surface F and plastic potential Q; (b) fundamental modes of fracture; (c) evolution
of cracking surface; (d) softening laws for v and c; (e) softening law for tan/.
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Consider a generic corner node of the mesh and the mesh lines (potential cracks) which emanate from it, as
represented in Fig. 4a. For convenience these lines are numbered counterclockwise from one of them chosen
arbitrarily, from 1 to N. A local reference system of unit vectors normal and shear to each of the lines at the
node is defined by n(i), s(i), i 1, N (also in Fig. 4a). The stress tractions transmitted across each of the lines are
denoted as t(i), i 1, N, and are represented on the right-hand side of the same figure in the Mohr’s plane, in
which also the cracking surface F 0 defined in terms of the normal and shear components of stress tractions
on a generic plane is depicted.

Note that in Fig. 4b all mesh line tractions have been represented well inside the failure envelope. This
would correspond to ‘‘stage 0’’ of the cracking process under study, in the sense that the cracking criterion
is not satisfied for any of the mesh lines concurring at the corner node.

At this stage of the loading process, the stress tractions across each of the mesh lines, t(i), i 1, N, are cal-
culated as a post-processing step from the standard results of the linear elastic FE analysis, by applying a
method recently developed by the authors [19], which is briefly described in the following.

Linear elastic standard FE analysis under nominal external loads leads to the values of nodal displace-
ments, and strains and stresses at the element Gauss points. For each element, also equilibrium nodal forces
may be recovered either by multiplication of the element displacement vector by element stiffness matrix, or by
integration of Btt over the element volume. Either way, the equilibrium forces on each of the element nodes
may be trivially obtained, and consequentially those forces on all the element tips converging on the ‘‘corner

node’’ of Fig. 4a. The latter are denoted also as fi, i 1, N (the convention used is that element tip i lies
between mesh lines i and i � 1) in Fig. 5. In the same figure the inter-element forces transmitted between adja-
cent elements are also introduced and defined by variables ri, i 1, N.

Establishing elementary equilibrium equations at each element tip between equilibrium nodal forces and
the two inter-element forces on each side, and making a simple trivial count, one obtains that there are 2N

unknown variables while only 2N � 2 linear independent equilibrium equations. So, the inter-element forces
are undetermined and their values depend on two arbitrary parameters, which for the sake of convenience are



chosen equal to the components of one the inter-element force vectors denoted as r. Now, a procedure is estab-
lished to determine these two arbitrary variables.

The inter-element forces, initially unknown, are directly related to the inter-element stresses or stress trac-
tions t(i) via the contributing area concept:

Fig. 4. (a) Elements and mesh lines around a corner node, with representation of the local reference normal and tangential unit vectors;
(b) stress state at the node before stresses at any line have reached the cracking surface (‘‘Stage 0’’).

Fig. 5. Equilibrated nodal (f) and inter element (r) forces at an interior corner node in a homogeneous medium.
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tðiÞ ¼ rðiÞ

sðiÞ

 !
¼ 1

XðiÞ
QðiÞ

rðiÞx

rðiÞy

 !
ð8Þ

where X(i) stands for the contributing area for line (i) (these areas can be determined using the principle of

virtua
tribu

At
l work in a way similar to the standard procedure to calculate nodal forces equivalent to external dis-
ted forces), and Q(i) for the rotation matrix from the global (x,y) to the local (n(i),s(i)) reference system.

the same point (corner node), an (a priori unknown) nodal stress tensor T is defined, and the following

minimization function is considered:

U ¼
XN

i 1

ðrðiÞ � nðiÞ � T � nðiÞÞ2 þ ðsðiÞ � sðiÞ � T � nðiÞÞ2
� �

ð9Þ



in which the differences between the equilibrated stress tractions (obtained by Eq. (8)) and the projections of
the (unknown) nodal stress tensor, in the normal and tangential directions, are squared and summed for all the
mesh lines converging onto the corner node. Note that, by virtue of previous Eq. (9) and of the nodal equi-
librium equations, the inter-element equilibrated stress tractions may be ultimately expressed in terms of the
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two scalar variables contained in the arbitrary indeterminate vector r. Therefore, the scalar function in Eq. (9)
depends on the three components of T and the two components of r.

The missing equations are obtained by double minimization of U. First, it is assumed that the arbitrary
force r is known, and the values of the components of the nodal stress tensor T that minimize U are obtained
by setting equal to zero the derivatives of U with respect to those same three components. This has to be done
in closed form, since the arbitrary force is actually not known in advance, and the resulting expressions are
functions of those two arbitrary force components. Then, from the three new equations obtained, the compo-
nents of the nodal stress tensor are isolated and substituted back into the expression of U (9), so that the min-
imization function becomes actually a function of the two components of r only. Then a second minimization
of the function is performed, also in closed form, this time with respect to the two components of the arbitrary
inter-element force r.

The result of the above derivation turns out surprisingly simple, leading to the linear system:

D � r� d ¼ 0 ð10Þ

from which the values of the r components can be easily obtained as the solution of a 2 · 2 linear system. From
these, using previous equations one can recover all the inter-element forces and stresses, as well as the nodal

stress
exact

tions
tensor. The values obtained in this way have been verified in several examples, and turn out to be always
for a uniform stress state (i.e. the nodal stress tensor coincides with the prescribed stress state on the
overall mesh, and the stress tractions all sit on the corresponding Mohr circle, e.g. see Fig. 4b). For a non-uni-
form stress state, the stress tractions may not sit exactly on the circle, the circle itself may not coincide exactly
with the expected stress state. However, they represent the best fit possible by the least square criteria em-
ployed, depending on the degree of refinement of the mesh and on the approximation order of the finite ele-
ments used (linear, quadratic, etc.). In any case, the overall accuracy always turns out to be equal (at least) or
(generally) better than results obtained with alternative available techniques such as stress average smoothing.
In the reference paper [19], the above theory is also extended to corner nodes on the domain boundary, as well
as on the interface between two materials.

3.2. Stage 1: cracking criterion reached for one single line

The previous derivation to obtain inter-element tractions is only valid while all of the resulting stress trac-

on the mesh lines converging onto the corner node, remain inside the cracking criterion in Mohr space,
as for instance depicted in Fig. 4b.
But for increasing external loads, eventually, one of the lines will reach the failure criterion. For the first

line crack at the first node in the FE mesh, this contact point may be easily located by numerical (e.g. mid-
point algorithm) or analytical procedures (e.g. see closed-form solutions for contact points in hyperbolic
loading surfaces in [23]), leading to the specific value of the external loading factor l1, for which this takes
place.

From this point on, for an increasing external loading factor, the formulation must change, since otherwise
the cracking criterion would be exceeded at that crack line, something it was assumed not possible in Section
2.3.

On the other hand, the question may arise whether at this point a crack may already open through the cor-
ner node. This is, however, not possible since kinematic compatibility at the node implies that, if two element
tips detached from each other, two (and not only one) lines at least would have to exhibit crack opening and
therefore also would have to have reached the cracking criterion, which at this ‘‘stage 1’’ is not the case yet.
The situation is represented in Fig. 6, where the stress traction on one of the lines is already on the cracking
surface while the others are not.



For increasing external loading factor beyond the first contact point (l > l1), the stress tensor at the node
and the corresponding line tractions must still grow, except for the mesh line for which the cracking criterion
has been reached, for which stress tractions are subjected to the condition:

ðkÞ
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F ðt Þ ¼ 0 ð11Þ

which means that they can remain constant or ‘‘slide’’ on the cracking surface. In this way, the previous con-
dition acts as a constraint on the double minimization formulation previously developed for ‘‘stage 0’’, which

other

On

which
reach

Fig. 6
surface
wise is still applicable in this case.
e way to introduce this constraint into the formulation without the need of Lagrange multipliers, con-
sists of:

(i) choosing the arbitrary inter-element force as that corresponding to the line for which the cracking cri-
terion has been reached, i.e. r ¼ XðkÞQðkÞ � tðkÞ,

(ii) using a specific cracking criterion expression to relate the two components of the stress traction on that
line, and therefore reduce the arbitrary variables from two (the components of r in the global reference
system x, y) to one (one component of the stress traction).

Using the hyperbolic cracking criterion of Section 2.3, Eq. (7), the tractions laying on the fracture surface F

may be expressed in vector form as:

tðkÞ ¼
rðsÞ
s

" #
¼

1
tan / c� ðsÞ2 þ ðc� v tan /Þ2

q� �
s

2
4

3
5 ð12Þ
means that the only arbitrary variable in the system is now the shear component s(k) at the line having
ed the cracking criterion, which for convenience has been renamed as s.
t (k)

t (N)

t(1)

. Stage 1: cracking criterion reached by one single traction, t(k), while the other mesh lines tractions are far from the fracture
F.



By using previous relation in Eq. (8), the original arbitrary forces r may also be expressed in terms of the
only unknown s:

r ¼ XðkÞQðkÞtðkÞ ¼ XQ
rðsÞ
s

� 	
ð13Þ
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and therefore all the remaining N � 1 inter-element forces and stresses may also be expressed in terms of the

same single arbitrary variable s.

Un
now

previ

equili
der these conditions, the same objective function U as in previous subsection (9) is considered, although
it only needs to be minimized with respect to s. This is done by using the chain rule:
oU
os
¼ oU

or

or

os
¼ 0 ð14Þ

The last term of previous equation, renamed for simplicity r0, may be simply evaluated by differentiation of
(13):
or ¼ r0 ¼ XQ
or
os

� 	
¼ XQ

� s

tan / s2þðc�v tan /Þ2
p" #

ð15Þ

os 1 1

Taking into account now that the derivative of U with respect to r is the same as in Section 3.1, Eq. (10),

ous Eq. (14) can be finally written in final form as:

oU
os
¼ r0T �D � r� r0T � d ¼ 0 ð16Þ
This actually constitutes a scalar equation from which the value of s can be obtained. Once s is known, the
inter-element forces of all the mesh lines around the corner node can be computed using Eq. (13) and the nodal
brium equations.
3.3. Stage 2: cracking criterion reached for two mesh lines at the node

The derivation presented for ‘‘stage 1’’ in previous section, is valid as long as only one line converging on
that node has reached the cracking criterion while the others still have not. But of course, if external loading

factor l keeps increasing (and lets remember here that from the structural/FE viewpoint this is still a linear
elastic calculation, since no cracks have opened yet), the cracking criterion will eventually be also satisfied
for a second potential crack line. Similar to previous section, the new contact point may be located by numer-
ical or analytical procedures, leading to the specific value of the external loading factor l2 for which this
second contact takes place.

From this point on, for an increasing external loading factor, the formulation must change, since otherwise
the cracking criterion would be exceeded at that second crack line, something it was assumed not possible in
Section 2.3.

On the other hand, the question may arise again whether at this point, with two lines converging on the
same node having reached cracking criterion, a crack may already open through the corner node and be ‘‘vis-
ible’’ at the structural/FE. However, in the general case these conditions are still not sufficient for crack open-
ing, due to the flow rule assumptions defined together with the cracking criterion in Section 2.3. The flow rule
defines the direction of the opening for each of the cracks independently and it must also be satisfied simul-
taneously by the two cracks. As it is illustrated in Fig. 7, the coincidence of the flow rule for the two cracking
lines in a global coordinate system is not automatically ensured only by the fact that the cracking criterion is
met for both of them. In fact, calculations show that in general this is not the case which means that, in spite of
satisfying the failure conditions for both lines, the crack cannot open yet due to kinematic incompatibility.

This situation of two concurring crack lines in failure state but without being able to open, will be main-
tained until the flow rules get realigned, which in general will take place for a higher loading factor l3 > l2.

The formulation for evaluating inter-element forces and stresses during ‘‘stage 2’’ with l2 < l < l3, does not
require any minimization. As already said in previous subsections, basic equilibrium at each element tip



between equilibrated nodal forces obtained from the FE analysis and inter-element forces, provide 2N � 2
equations. The cracking criterion applied to the two cracking lines provides two additional equations, totaling
2N, which coincides with the number of the unknown components (two for each of the N inter-element forces
or stresses).

Fig. 7. Stage 2: kinematic incompatibility between the crack lines k and l; they have reached the ‘‘stage 2’’ but they can still not produce
the opening of a crack.
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One procedure to solve the system is to write the hyperbolic failure criterion in Eq. (7) for each of the crack-
ing lines denoted by indices k and l:

ðsðkÞÞ2 ¼ ðc� rðkÞ tan /Þ2 � s2
0 ð17Þ

ðsðlÞÞ2 ¼ ðc� rðlÞ tan /Þ2 � s2
0 ð18Þ

in which for convenience the new constant s0 c � vtan/ has been introduced.

Us

terms
(Eqs.
ing Eq. (13), the 2N � 2 independent equations of equilibrium of the nodal forces can be rewritten in
of N nodal inter-element stresses t(i) r(i),s(i). Adding to this system the two failure criterion equations
(17) and (18)) for the cracking lines l and k, one gets a non-linear system whose number of unknown is
equal to the number of equations, and that, for this reason, may be solved in closed form.
Note that the system coefficients involve the equilibrated FE forces on the concurrent element tips, and

therefore the entire solution depends on the overall loading factor l. Due to the non-linearity (irrationality)
of the system, it admits four roots that may be real or complex (from the various numerical simulations per-
formed to verify the formulation, it has been observed that in general the system exhibits two complex and two
real roots, although at this point this cannot be proven to be a general rule). Among the real roots (only ones
with physical meaning) the one closer to the value of the stresses computed in the previous increment Dl is
taken as the correct one. Obviously, the stress tractions obtained on the two lines at cracking state will auto-
matically satisfy the cracking criterion imposed via the above equations.



3.4. Stage 3: Onset of crack opening

The formulation developed for stage 2 will be valid only until the kinematic compatibility for crack opening
is achieved. This may actually happen in two ways:
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(1) the stress tractions for one or more of the remaining mesh lines (other than the two already on the crack-
ing surface) also reach the cracking condition F(t(i) 0), or

(2) the flow rules of the two cracking lines become parallel.

In the first case, i.e. if one (or more) additional line(s) reaches the cracking criterion before the flow rules of the
two original cracking lines of stage 2 become parallel, the onset of cracking is actually reached on the only
condition that the various flow rules constitute a set of linearly dependent vectors. This can be easily under-
stood by considering that once the cracks start opening, kinematic compatibility requires that the sum of the
various relative displacements for each opening crack should be zero. Given the arbitrary value of the inelastic
multipliers, the satisfaction of this condition is practically ensured with three or more opening cracks, except if
some of the flow rules would happen to be parallel, which could cause the remaining one to be linearly inde-
pendent from the rest. This could happen for instance in a triple crack if two of the cracking lines are on oppo-
site sides of the node and have the same orientation (in which case in practice they could be considered as a
single ‘through’ crack line). Except in these special situations, when a third line reaches cracking conditions the
onset of cracking at the node is usually attained.

If the second condition above is satisfied first (i.e. the flow rules of the two cracking lines from stage 2
become parallel before any other line reaches the cracking criterion), that also marks the onset of cracking
at the node. The opening crack is composed of the two cracking lines, which in general are not aligned and
therefore the opening crack will exhibit a kink at the node, see Fig. 8.

The identification of the precise loading factor l3 for which this second condition takes place may be done
in two ways:

(1) via incremental computations, i.e. by increasing the external loading factor by small steps, repeating each
time the calculations of stage 2 and verifying the direction of the corresponding flow rules until they
coincide, or

(2) via limit analysis.

The step-by-step procedure does not deserve any further explanation beyond what was already presented in
the previous section. However, one numerical observation is that in the results obtained in different examples,
when the loading factor l attains the value of l3, the real roots of the system coincide, and this avoids having
to choose among the various roots of the system.
Fig. 8. Stage 3: kinematic compatibility for crack opening; the flow vectors mk and ml are parallel.



Concerning the procedure for limit analysis, that is similar to the one used for the incremental analysis, with
the difference that one new variable is introduced to the system, and as a consequence also one new equation.
The variable is the loading factor l, and the equation is the parallelism condition between the flow rule vectors
m of the cracking lines. The value of l obtained in this way is the one that satisfies simultaneously the paral-
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lelism condition of the flow rule vectors (kinematic compatibility for crack opening), the cracking criterion and
the nodal equilibrium equations.

The flow rule vector m along each cracking line is not a unit vector (i.e. kmk5 1), and it is written in the
local reference system of each crack line (n, s). Considering the fracture surface presented in Eq. (7), the asso-
ciated flow rule is:

m ¼
oF
or
oF
os

" #
¼

2 tan /ðc� r tan /Þ
2s

� 	
ð19Þ

or, clearing the stress vector t in the previous formula, it becomes:
refere

in ter
Eqs.

Ev
m ¼ �2 tan2 / 0

0 2

� 	
r

s

� 	
þ

2c tan /

0

� 	
¼ A � tþ b: ð20Þ
In order to compare the flow rule vectors of two different lines, they have to be both rotated to the global

nce system x, y:

~mðx; yÞ ¼ Q �mðn; sÞ ð21Þ
Finally, the parallelism condition can be expressed as:

~mðlÞx � ~mðkÞx ¼ 0 ð22Þ

~mðlÞy ~mðkÞy
As previously said, the solving system is composed by 2N � 2 nodal equilibrium equations (that can be written
(i)
ms of stresses or forces), two consistency conditions (F(t ) 0) for the two cracking lines presented in

(17) and (18), and the parallelism condition of Eq. (22).
en in this case the non-linearity of the system leads to the multiplicity of the solution. Among the real
roots of the system, the smaller value of l within those that are greater than l2 is taken as the correct one.
Independently of following the limit or the incremental analysis, when the flow rule coincidence is detected,

stage 3 is achieved and the real opening of the crack becomes possible at FE level, marking the end point of the
current study.

Note that when two of the mesh lines have the same orientation and are located on opposite sides of the
node, a straight crack becomes possible, and stage 2 and 3 happen at the same time, i,e. when failure condi-
tions are achieved for the second crack, at the same time flow rules turn out to be just parallel and the onset of
crack opening is reached. In a similar way, under special conditions of geometrical and loading symmetry, it
may happen that failure conditions are reached simultaneously for two crack lines, and so stage 1 and 2 would
merge as well. But under general conditions, the three stages should exist, as it will be illustrated in the fol-
lowing application examples.

4. Examples

4.1. Example 1
The first example of application consists of the mesh and loads depicted in Fig. 9. The ‘‘corner nodes’’
under study are the central node number 7 to which four potential crack lines converge, and nodes number
4, 5, 9 and 10, to which three potential cracking lines concur. The mesh is made by linear triangles elements,
which are assumed linear elastic. The mechanical parameters of the elastic continuum are: E 1000 MPa and
m 0.2. The specimen is 14 mm wide and 18 mm high. The boundary conditions are represented on the left
side of Fig. 9. The uniform stress state applied along the vertical direction is twice the stress along the hori-



Fig. 9. On the left: mesh composed by linear triangular elements, boundary conditions and numeration of nodes; on the right: the
potential cracking lines around nodes 4, 5, 7, 9 and 10 are explicitly represented and numbered.
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Fig. 10. Stage 1 for node 7 and 9 (one of the potential cracking lines satisfies the cracking criterion); stage 0 for nodes 4, 5 and 10 (the
stresses along the cracking lines are inside the rigid domain).
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zontal direction. The loading factor l rules the increment of the applied load, whose nominal value is
p0 20 MPa. The analysis is performed in plane stress.

On the right side of Fig. 9, the potential cracking lines of the mesh are explicitly represented. The cracking
criterion for these lines is the one presented in Section 2.3. The parameters of the hyperbolic failure criterion
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are: v 20 MPa, c 16.92 MPa and tan/ 0.5. The other lines concurrent to nodes 4, 5, 9 and 10 are not
taken into consideration as cracking lines. As it will be seen, the most critical node that in the end will reach
onset of cracking first is the central node No. 7. Attention will be focused mainly on this node, although ref-
erence will also be made to what happens in other nodes.

4.1.1. Stage 1: cracking criterion attained by one cracking line

For the loading factor value of l 1.0, the cracking surface is reached by the stress traction on line 1 at
node 7, as well as on line 1 at node 9. The tractions along the other lines in the mesh stay inside the cracking
criterion. The results at this stage are shown in Fig. 10.

4.1.2. Stage 2: cracking criterion attained by two cracking lines

For l 1.058855857 the situation at node 7 is the following: the traction vector of the cracking line number
1 has been moving tangentially to the fracture surface until the tractions of the cracking line number 4 have
satisfied the cracking criterion too. This state represents the end of stage 2 for node 7 (as showed in Fig. 11)
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Fig. 11. Stage 2 for node 7 (the tractions of two cracking lines lay on the fracture surface, but they still no satisfy the kinematic
compatibility for the opening of a crack); stage 1 for nodes 4 and 9; stage 0 for nodes 5 and 10.



At node 9 the stresses of line number 1 remains on the cracking criterion, but no other lines have reached
the fracture surface for 1 < l < 1.058855857.

At node 4, for l 1.04955768385, the stresses on line number 1 attained the cracking criterion, and until
l 1.058855857 no other lines have reached this condition.
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At nodes 5 and 10 no lines have reached the cracking criterion.

4.1.3. Stage 3: kinematic compatibility conditions attained

For l 1.067790745, node 7 reaches the onset of cracking condition (stage 3) since the flow vectors of the
cracking line 1 and 4 concurrent at this node become parallel. Nodes 4 and 9 remain in stage 1, and nodes 5
and 10 in stage 0. All this is represented in Fig. 12.

This point would indicate the beginning of the non-linear analysis with one opening crack, and therefore
marks the end of the current study devoted to clarify the conditions and stages until crack opening may occur.

Note that for the whole range between l 0 and onset of nodal crack opening l 1.067790745, the stress
state at the Gauss points of the continuum triangular elements is uniform and equal to the external applied
load (rx lp/2,ry lp). In contrast, during this loading process and after l 1.0, the stress tractions along
mesh lines that are potential cracks undergo some redistribution as the cracking criterion is progressively
reached. This has been shown by the different values of tractions at the nodes of the same mesh line for
the same loading factor increment.

4.2. Example 2

This second application example consists of the mesh and loads depicted in Fig. 13. The ‘‘corner nodes’’
under study are nodes 4, 5 and 6 in the center of the mesh, each with three potential crack lines. The mesh
is made by linear triangles elements, which are assumed linear elastic. The mechanical parameters of the elastic
continuum are: E 1000 MPa and m 0.2. The specimen is 13 mm wide and 14 mm high. The boundary
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Fig. 12. Stage 3 for node 7 (the flow rule vectors of the cracking line number 1 and 4 are parallel); stage 1 for nodes 4 and 9; stage 0 for
nodes 5 and 10.



conditions are represented on the left side of Fig. 13. The uniform stress state applied along the horizontal
direction is 2

5
the stress along the vertical direction. The loading factor l rules the increment of the applied

load, whose nominal value is p0 50 MPa. The analysis is performed in plane stress.
On the right side of Fig. 13, the potential crack lines of the mesh are explicitly represented. The cracking

Fig. 13. On the left: mesh composed by linear triangular elements, boundary conditions and node numbers; on the right: the potential
cracking lines around nodes 4, 5, and 6 are explicitly represented and numbered.
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criterion assigned to these is the one presented in Section 2.3. The parameters of the hyperbolic failure crite-
rion are: v 50 MPa, c 43.46 MPa and tan/ 0.5 The other lines concurrent to nodes 4, and 5 are not
taken into consideration as cracking lines. This example is presented to show the particular situation in which
two cracking lines can simultaneously satisfy the cracking criterion, but not the kinematic conditions. For this
reason, attention will be focused mainly on node No. 6, although reference will also be made also to what
happens in other nodes.

4.2.1. Stage 1 + 2: cracking criterion attained by two cracking lines simultaneously

For the loading factor value of l 1.0, the cracking surface is simultaneously reached by the tractions on
line 1 and 3 at node 6. Consequentially also cracking line 3 at node 4 and cracking line 1 at node 5 satisfy the
cracking criterion. The results at this stage are shown in Fig. 14.
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Fig. 14. Stage 1 + 2 for node 6 (two potential cracking lines satisfy simultaneously the cracking criterion); stage 1 for nodes 4 and 5 (only
one cracking line lay on the fracture surface).



4.2.2. Stage 3: kinematic compatibility conditions attained

For l 1.03628384281, node 6 reaches the onset of cracking condition (stage 3) since the flow rule vectors
of crack lines 1 and 3 at that node become parallel. Nodes 4 and 5 remain in stage 1. All this is represented in
Fig. 15.
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Fig. 15. Stage 3 for node 6 (the flow rule vectors of the cracking line number 1 and 3 are parallel); stage 1 for nodes 4 and 5.
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5. Summary and concluding remarks

In this paper, a study on the conditions for crack opening along mesh lines concurring on a FE ‘‘corner

node’’ is presented. The study is carried out in the context of a general research line pursuing the development

of new analysis methods for fracture and cracking along mesh lines, which would not require to introduce
double-node interfaces along all mesh lines from the beginning of the analysis, but at the same time would
verify cracking conditions at ‘‘corner nodes’’ rather than only at ‘‘middle nodes’’ of quadratic elements as
in existing literature. The study is a follow up of recent work published by the authors, in which a double min-
imization method was developed for the calculation of stress tractions along mesh lines concurrent on a corner
node. In this case, a cracking criterion and flow rule are established for the mesh lines; different cases are dis-
tinguished and formulations developed depending on whether those conditions are reached for none (stage 0),
one (stage 1), or two mesh lines (stage 2) and, in that case, whether the onset of nodal crack opening (stage 3) is
reached, either by opening of a third crack, or by the two flow rules becoming parallel.

Two simple examples of application have been given, illustrating some of the situations which can take
place at nodes with three or four potential crack lines. The results can be however extrapolated easily to nodes
with more mesh lines. All four stages of the cracking process occur sequentially, for increasing loading factors.
Overall, the study shows the richness and complexity of the cracking conditions at mesh lines and nodes, that
unfolds from post-processing of simple linear elastic calculations with the standard displacement-based FE
method, and a standard hyperbolic crack failure criterion. The results obtained clarify sufficiently the main
points under study, and open the door for further developments towards the main goal of the general research
line stated above.
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