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Abstract
This paper proposes an extensionalist analysis of computer simulations (CSs). It puts the emphasis not on lan-
guages nor on models, but more precisely on symbols, on their extensions, and on their various ways of refer-
ring. It shows that chains of reference of symbols in CSs are multiple and of different kinds. As they are distinct 
and diverse, these chains enable different kinds of remoteness of reference and different kinds of validation for 
CSs. Although some methodological papers have already but implicitly taken into account the heterogeneity 
and variety of the relationships of reference in CSs, hence of cross-validations, this diversity is still overlooked 
in the epistemological literature on CSs. As a consequence, a particular outcome of this analytical and expli-
citly extensional view is an ability to classify existing epistemological theses on the epistemic status of CSs 
according to what their authors choose to select and put at the forefront: either the extensions of symbols, or 
the symbol-types, or the symbol-tokens, or the internal denotational hierarchies of the CS seen as a whole or the 
references of these hierarchies to external denotational hierarchies seen as wholes. Through the adoption of this 
extensionalist view together with its precise conceptual differentiations, it also becomes possible to explain 
more precisely the reasons why some complete reduction of the epistemic role of CSs to classical epistemic 
paradigms such as “experience”, “experiment”, or “theoretical argument” remains doubtful. On this last point, 
in particular, this paper is in agreement with what many epistemologists already have acknowledged. But it 
proposes new conceptual means - new in this context - to explain the situation further.

Keywords
computer simulation, numerical simulation, agent-based simulation, epistemology, reference, chains of reference, 
extensionalism, computation, epistemic status of simulations, denotational hierarchy, inscriptionalism

Les chaînes de la référence dans les simulations 
informatiques

Résumé
Cet article introduit une analyse extensionnaliste des simulations informatiques. À cette fin, il ne se focalise ni sur 
les langages ni sur les modèles mais, plus finement, sur les symboles, sur leurs extensions et sur leurs différents 
modes de référence. Il montre que les chaînes de la référence des symboles intervenant dans des simulations infor-
matiques sont multiples et de différents types. Comme ces chaînes sont diverses et distinctes, elles autorisent 
différents types de distance - ou éloignement, remoteness selon N. Goodman - entre symboles et référence, et, par 
là, différents types de validation pour les simulations informatiques. Bien que certains articles méthodologiques 
aient déjà implicitement pris en compte le rôle de ces relations hétérogènes et variées entre les symboles et leurs 
références ainsi que le rôle des validations croisées dans les simulations informatiques, cette diversité reste négli-
gée dans la littérature épistémologique. Une des conséquences de l’approche analytique explicitement extension-
naliste que nous proposons d’introduire ici est dans un premier temps le développement d’une capacité à classer 
les thèses épistémologiques existantes au sujet du statut épistémique des simulations selon ce que leurs auteurs 
choisissent de mettre en avant, à savoir notamment : tantôt les extensions des symboles elles-mêmes, tantôt les 
types de symboles, tantôt les tokens de symboles tantôt les hiérarchies dénotationnelles internes à la simulation prise 
comme un tout, ou les références de ces hiérarchies à des hiérarchies dénotationnelles externes prises comme des 
touts. Dans un second temps, en adoptant explicitement une telle conception extensionnaliste ainsi que ses dis-
tinctions conceptuelles précises, il devient également possible d’expliquer les raisons pour lesquelles il reste dou-
teux d’espérer que l’on puisse réduire tout uniment le rôle épistémique des simulations informatiques aux para-
digmes épistémiques classiques comme « l’expérience », « l’expérimentation » ou encore « l’argument théorique 
». Sur ce dernier point, en particulier, cet article est en accord avec ce que maints épistémologues des simulations 
ont déjà reconnu. Mais il propose des moyens conceptuels nouveaux (nouveaux dans ce contexte) pour expliquer 
davantage les facteurs qui sont à l’origine de cette situation.

Mots-clefs
simulation informatique, simulation numérique, simulation à base d’agents, épistémologie, référence, chaînes 
de la référence, extensionnalisme, computation, statut épistémique des simulations, hiérarchie dénotationnelle, 
inscriptionalisme
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Introduction 

There still exists no general agreement 
on the epistemic status of computer 
simulations (CSs) in science; it seems 
doubtful that there ought to be one. 

Both the scientific and the epistemological litera-
tures show a huge diversity of practices and asso-
ciated epistemic functions for CSs1. Furthermore, 
the recent spreading of complex computer-aided 
computations of simulation models in disciplines 
traditionally distinct from mathematically groun-
ded ones2 such as developmental biology, human 
geography, computational sociology or computa-
tional archeology, has reactivated the quite old, 
but specific debate on the empiricity of CSs3. 
In front of this pervasive diversity of practices 
and meanings of CSs, a prima facie strategy for 
the epistemologist could be to adopt a cultura-
list standpoint. Many social and historical stu-
dies of contemporary sciences using models and 
simulations have convincingly shown that idio-
syncratic material cultures, social dynamics and 
philosophical preferences operating in various 
research programs can, to some extent, explain 
this diversity4.
Our approach is based on the idea that this 
diversity does not only rely on such idiosyncra-
sies. It is based on the hypothesis that it could 
be worth letting the conceptual analysis of the 
nature and status of individual symbols at stake 
in each CS go a bit further. For instance, it could 
be worth going further than simply assuming 
that the diversity of viewpoints and interpreta-
tions of complex simulations is a matter of lan-
guages, of cultures or even of worldviews. Positive 
hints in favor of this working hypothesis towards 
a more scrutinized analysis of symbols (and not 
only of “languages” which is much more restric-
tive) emerge from the fact that the computational 

1. For the epistemological literature only, see e.g. Humphreys 
(1990), Rohrlich (1990), Hartmann (1995), Dietrich (1996), 
Galison (1996, 1997), Bedau (1998), Winsberg (1999), 
Stöckler (2000), Di Paolo et al. (2000), Varenne (2001), Peck 
(2004), Livet (2007), Winsberg (2009), Morrison (2009), 
David et al. (2010), Peschard (forthcoming).
2. Like mathematical physics, chemistry, engineering 
sciences, mathematical economics or molecular biology.
3. For this debate, see: Sugden (2002), Humphreys (2004), 
Peck (2004), David et al. (2005), Mäki (2005), Morgan 
(2005), Winsberg (2009), Morrison (2009), Phan & Va-
renne (2010), Reiss (2011), Peschard (forthcoming).
4. For this approach, see Hacking (1983), Galison (1996, 
1997), Keller (2002a, 2002b), Küppers et al. (2006).

turn occurring in sciences since the 90s has led 
simulation practitioners, especially those working 
in computational life sciences and computatio-
nal social sciences, to admit that not all compu-
ter simulations can meaningfully be reduced to 
some numerical simulations of an explicit pre-
given mathematical model of their target sys-
tem. That is: even if practitioners still call them 
simulations, computer-aided computations of 
complex models of simulation appears to them 
as putting at the forefront a new computer-aided 
mode of operating on symbols, significantly dif-
ferent in their referential commitments from the 
ones used by traditional computer-aided nume-
rical simulations. For instance, in the domain of 
computer simulation for economics, practitioners 
noticeably emphasize the conceptual differences 
between the traditional simulations of mathema-
tical models firstly introduced by Jay W. Forres-
ter in the 1960s5 and the agent-based simula-
tions currently developed in ACE (Agent-based 
Computational Economics)6. In the domain 
of agent-based social simulation too, the diffe-
rence is particularly underlined7. In fact, since the 
spreading of object-oriented programming and 
object-oriented modeling techniques8, it appears 
that some conceptual distinctions clearly have to 
be made between at least three different types of 
computer simulations according to the diverse 
nature and meaning of their mode of operation on 
symbols: 1. model-driven simulations (numerical 
simulation), 2. rule-driven simulations (algorith-
mic simulations) and 3. object-driven simulations 
(software-based simulation)9.
Our general method in this paper will consist 
first in substantiating more precisely the distinc-
tive elements between these three avowed types 
of CS. Our auxiliary working hypothesis is that 
this first substantiation will help us to uncover 
more largely how the distinctive levels of symbols 
can diversely operate in a computer simulation’s 
function of referring.
In order to apply this method with the desired 
precision, we will choose to adopt an extensio-
nalist approach of symbols. The content of this 
approach will briefly be recalled and explained in 

5. Forrester (1968).
6. See e.g. Tesfatsion (2002).
7.  Gilbert (2007), Varenne (2010).
8.  Hill (1996), Hill & Coquillard (1997).
9.  Varenne (2007), Phan & Varenne (2010).
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the first sections. The very reason why we choose 
this approach so as to cope with our specific ques-
tion on simulations won’t be given a priori, i.e. in 
the beginning of the paper. First, because it would 
be out of its scope to begin with an overall jus-
tification of such a choice as it largely depends 
on a whole theory of symbols, depictions and 
descriptions. Second, because this choice will 
be shown fruitful at the end of the paper, in its 
last sections, particularly in its ability to concep-
tually discriminate between current and some-
times contradictory interpretations of computer 
simulations as they appear in the epistemologi-
cal literature on CSs. Third, because, following 
a remark of Goodman (1977) on this point, an 
extensionalist approach involves a poor onto-
logical commitment. So, although such a claim 
may seem disputable or counterintuitive at first 
glance, an extensionalist approach of the function 
of referring for symbols is not directly contradic-
tory with ontologically more dispendious sys-
tems like intensionalist or platonician ones. And 
thanks to this property of ontological minima-
lism, an extensionalist approach can play the role 
of a minimal base of agreement between different 
systems of philosophy of language and philoso-
phy of knowledge; at least as far as an inquiry on 
the epistemic status of computer simulation is 
concerned.

Extensionalism on 
computations 
Computation, symbols and 
reference
The aims of this paragraph are first to present a 
sketch of the contemporary extensionalist gene-
ral theory of symbols chiefly due to the analy-
tical works of Goodman, Scheffler and Elgin10 
and second to begin to substantiate the idea that 
computer simulations could valuably be analyzed 
and discriminated through some of the analytical 
tools developed by this theory.
First of all, let us ask the question: does a CS have 
anything to do with symbols? And if it does, is 
this relationship essential or only contingent? 
Briefly said: what is a computer simulation? A 
distinctive characterization will be given in sec-
tion 2. But, beforehand and following the com-
mon knowledge on this matter, it is possible to 

10. Goodman (1968, 1978), Scheffler (1979), Goodman 
(1981), Elgin (1983), Scheffler (1997). 

characterize it roughly as a kind of computer aided 
computation. From the viewpoint of contemporary 
computer scientists and programmers, a computa-
tion itself is generally seen as a kind of calculation.
But, by claiming this, one reduces a computation 
to only one of its possible use: computation on 
numbers. Comparatively, Colburn (2004:318) is 
more prudent:

Computer science is a science concerned with 
the study of computational processes. A com-
putational process is distinguished from, say, a 
chemical or electrical process, in that it is stu-
died “in ways that ignore its physical nature” 
(Hailperin et al. 1999:3).

Hailperin et al. (1999) themselves give the fol-
lowing precisions:

A process is a dynamic succession of events 
– a happening. When your computer is busy 
doing something, a process is going on inside 
it. What differentiates a computational pro-
cess from some other kind of process (e.g., a 
chemical process)? Although computing ori-
ginally referred to doing arithmetic, that isn’t 
the essence of a computational process: For 
our purpose, a word, for example, enjoys the 
same status as a number, and looking up the 
word in a dictionary is as much a computa-
tional process as adding numbers (Hailperin 
et al. 1999:3).

The problem of reducing computation to calcu-
lation is often overlooked. It insidiously leads to 
underestimate the main ideas which originate 
the conception of Turing-Machines: 1) the role 
of symbols in general, and not only numbers, 
and 2) the role of simulation. On this point, it 
is worth following the argument of Copeland 
(2004). Going back to the seminal ideas of com-
puter aided computation in Turing works, Cope-
land shows that because they still are designed as 
approximate Turing-Machines11, contemporary 
computers have to be thought first as simulating 
machines. Hence, they don’t have to be reduced to 
calculating machines.
Here, it seems as if we enter a circular charac-
terization of a CS: a simulation is a computa-
tion, which itself is a simulation. In fact, Turing-
Machine computations are not conceptually 
designed to simulate anything: they specifically 

11. “Approximate”  because, contrary to real Turing-Ma-
chines, their memory is non-infinite.
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have to simulate a human behavior. More preci-
sely, they have to emulate such a behavior. For a 
given system S, an emulation S* of S is another 
system which behaves exactly in the same way 
(with exactly the same outputs) as the system S, 
and this for every input and initial parameters. 
Hence, from a more general and fundamental 
perspective on contemporary classic computers, a 
computer first of all has to be characterized as a 
machine simulating a human behavior, in the sense 
of emulating it. But the crucial point here is that 
not all human behavior can directly be emulated 
this way, only this behavior in which human beings 
manipulate discrete symbols or, more precisely, 
tokens of discrete symbols (i.e. events or instances of 
discrete symbols). Then, in any of its operations, a 
classic computer computes in that it emulates this 
particular human behavior or task consisting in 
any decomposable and explicit (i.e. non-opaque) 
operation on symbols. From this more general pers-
pective, a computation is any step-by-step operation 
on discrete symbols.
It still is possible to see any operation of this kind 
as a calculation. But, by doing this, one commits 
oneself to a disputable reduction. One reduces 
any discrete symbols to its only ability to refer 
to numbers (among other things or classes or 
aspects of things). The generality of the function 
of referring through these (tokens of ) symbols 
which are at stake in any computer-aided com-
putation is overlooked. It is no wonder that von 
Neumann (1961) very soon (in 1949) underli-
ned not the fact that digital computers were cal-
culating machines but, more generally, that such 
approximate Turing-Machines are automata that 
aim at simulating nothing else than computation 
in general, just the same way von Neumann sup-
posed computation was physically performed by 
the human brain12. 
As far as agent-based social simulation is concer-
ned, a similar approach to the one we will suggest 
here has been proposed by David et al. (2005). 
One of the key claims of this paper is that, in this 
context, computation is more than an uninterpre-
ted formal calculus. We agree with this claim. But, 
according to the authors, “the semantic signifi-
cance of computer programs conveys not only a 

12.  If we have to agree on the former point, this does not 
mean that we have to adopt the latter, i.e. the so-called com-
putationalist thesis in the philosophy of mind. It suffices to 
recognize the seminal role of symbols in computations, the 
term being taken in its most general meaning.

causal capability, but also an intentional capability” 
(David et al. 2005, §3.9)13. By “intentional capa-
bility” of a social computer simulation the authors 
mean:

the recognition that since computation is in 
one way or another a symbolic phenomenon, 
or representational, or information-based, or 
semantical, it is intentional insofar as we as-
sume that the behaviors of computers stand 
for other things in the world (David et al 
2005:§3.10).

The authors equate the property of a compu-
ter program to be “a symbolic phenomenon” or 
to “stand for other things in the world” with the 
property they call “intentional capability”. This is 
where our approaches split. In the philosophy of 
mind, to be intentional means more strictly “to be 
about”. This aboutness is said to be a typical pro-
perty of mental states, for instance; whereas “stan-
ding for” is an adequate characterization for “refe-
rence” or “symbolization” as recalled by Goodman 
(1981:121). Then, by directly making  these two 
different properties adequate, the authors remain 
ambiguous. Do they mean “reference” by “inten-
tion”? Or, do they mean “intension” (with an 
“s”, i.e. in the sense of “sense” or “meaning”) by 
“intention”? Remaining in this ambiguity, they 
are in danger of facing the question of the sub-
jectivity of interpretations in social sciences. By 
identifying symbolization and intentionality, 
they commit themselves ontologically to using 
inner representations in their explanations as we 
can see in the lines preceding their definition of 
intentional capability:

The acceptance of a social simulation by a com-
munity of observers depends on interpretative 
aspects that go beyond empirical adequacy, for 
the semantic significance of computer pro-
grams conveys not only a causal capability, but 
also an intentional capability (ibid.).

Even for the sake of science, to admit the very 
existence of inner representations and of their 
subjectivity is not in itself a problem. It becomes 
problematic when we intend to convoke and use 
such admitted entities to try to publicly and 
explicitly (i.e. scientifically) explain social pheno-
mena. The problem is that this can lead to the 
acceptance of possibly incommunicable then 
incomparable idiosyncratic inner representations 
and interpretations. The vagueness, opacity and 

13.  Our emphasis.
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unreliability of so-called intensions are some of 
the reasons why contemporary philosophers of 
language have developed an alternative approach 
of symbols and reference called extensionalism.
Here, we briefly characterize first what symbols 
and references are, according to this approach.

“Symbol” is used here as a very general and 
colorless term. It covers letters, words, texts, 
pictures, diagrams, maps, models, and more, 
but carries no implication of the oblique or 
the occult (Goodman, 1976:xi).
“Reference” as I use it is a very general and 
primitive term, covering all sorts of symbo-
lization, all cases of standing for (Goodman 
1981:121), his emphasis.

An extension of a symbol is all the things or 
aspects of things (objects, persons) referred to by 
this symbol. An intension is the idea of the proper-
ties all these things are supposed to share so that they 
can be told to belong to the same extension. If one 
admits the existence of intensions, it has an onto-
logical consequence on extensions: one has to see 
extensions as plain and real classes having some 
kind of real existence. Intensionalism is a label 
which denotes a theory of symbols that assumes 
the existence of intensions, ideas and/or classes. 
Extensionalist is a label which denotes a theory 
that refuses them. It denotes a theory of symbols 
that exclusively focuses on the extensions of sym-
bols, not on their intensions14. Such a view refuses 
to ground any analysis of the functioning of sym-
bols on unclear and disputable entities.

Denotation, null labels and 
secondary extension
Denotation is “the application of a word or picture 
or other label to one or many things” (Goodman 
1981:121). Naming is the paradigmatic case for 
referring through denotation. There is a denota-
tion when there is a label. In this section, we will 
show that, even for an extensionalist approach, 
there are different ways of referring for symbols 
and that denotation is only one of them. 
It is often objected with respect to extensionalism 
that symbols exist which refer to nothing. For 
instance, the term “unicorn” or the term “Pega-
sus”, a unicorn picture or a winged horse picture 
are symbols with no extension. Such a symbol 

14. “Extensionalists are committed to basing interpretations 
on nothing, but extension”, Scheffler (1997:91).

exists in itself (be it a term, a label, a picture), but 
its extension is null. Goodman calls them null-
labels. But the problem is the following: because 
it refuses intensions, does the extensionalist view 
entail that we are saying nothing when we speak 
of a unicorn? Goodman answers:

When we speak of a picture as depicting a 
unicorn, even though there are no unicorns to 
depict, what we are saying, in effect, is rather 
that the picture is a unicorn-picture; we are 
saying not that the picture denotes anything, 
but rather that it is denoted by the term “uni-
corn-picture” (Goodman 1981:125).

As our schematic representation shows (Figure 
1), for this particular mode of reference, the 
extensionalist answer consists in: first, admitting 
that null-labels denote nothing but that this is 
not the proper meaning of our speech, second, 
adding a symbolic level up (Level 1) to the sym-
bolic level of the null-label (Level 0), third, dis-
placing the up-down denotation relation so that it 
operates not between Level 0 and a hypothetical 
sub-level of nonentities ,but between Level 1 and 
Level 0, fourth, admitting that there still exists 
a non-null extension (referred to by a symbol), 
because it is the unicorn picture which now serves 
as an extension as it is denoted by the implicit 
term “unicorn-picture”.

Figure 1 –  
Mode of reference for null-labels

Terms level (Level 1)   unicorn picture
 

  
Things or null-labels {unicorn picture}15 
level (Level 0)

Even if it is possible to accept symbols that 
denote nothing, another objection to extensiona-
lism is that symbols with no extension still seem 
to have different meanings, hence perhaps dif-
ferent intensions. For instance, even though the 
terms unicorn and centaur denote nothing, few 
would admit that they mean the same thing. The 
problem is the following: if one refuses to admit 

15.  Our convention will be that the curly brackets symbols 
“{ }” indicate the thing itself, not the symbol denoting the 
thing.

X

 
 

 

Denotes
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and hypostatize the intensions of null-labels, as 
they all have no extension at all, how is it pos-
sible to account for their persistent difference in 
meaning in ordinary discourses? To answer this 
objection, Goodman suggests considering the 
parallel compounds of each symbol denoting 
nothing. A parallel compound of a symbol is ano-
ther symbol formed by adding “picture” or “des-
cription” to it (Scheffler 1997:34). For instance, 
a parallel compound of the term “unicorn” is the 
term “unicorn-picture”. Then, Goodman suggests 
considering not the extension of the initial sym-
bol, but the one of its parallel compounds. Good-
man calls it the secondary extension of the initial 
symbol. As can be seen in the example of the pair 
“unicorn-picture” and “centaur-picture”, 

Terms, in general, have the same meaning if 
and only if they have the same primary and 
secondary extensions (Scheffler 1997:34).

Hence, even if “unicorn” and “centaur” have the 
same extension (null), as “unicorn-picture” and 
“centaur-picture” have not the same extension, 
it follows that “unicorn” and “centaur” have dif-
ferent meanings.

Reference via mention-selection
But, a third objection to extensionalism still can 
arise. For instance, when we say that “a rose is a 
rose”, we mean something like “things are what 
they are whatever our discourses on them”. And, 
by assuming this meaning, we assume that the 
first instance (the first word-token) of the term 
or word-type “rose” has not the same meaning as 
the second one. Had these two tokens exactly the 
same meaning, the sentence would have no mea-
ning at all (at least no empirical content). But, it 
has meaning. Hence, the strategy of the parallel 
compounds is of no use in this case.

The notion of parallel compounds implies that 
they are syntactically distinguishable and assi-
gnable to the two tokens differing in meaning. 
And, the latter condition fails for replicas16 

16.  A replica of a symbol (or true-copy, or copy without fault) 
is one event of this symbol. It is one given (concrete) in-
stance of this symbol. Replicas do not exist in all systems of 
symbols. They exist in notational (or at least inscriptional) 
systems of symbols such as writing. For instance, in alpha-
betical writing, an event (or token) of a letter has to belong 
to a character (for instance, the character “a”) whatever the 
paper, the pen, the ink, the screen or the police of character 
this letter-event has used. See Goodman (1976:131): “A nec-
essary condition for a notation, then, is character-indifference 
among the instances of each character”. Analogously to let-

differing in meaning (Scheffler 1997:47).
In order to answer to this new objection, Scheffler 
notes that we sometimes “apply the term ‘man’ to 
select not a man, but a picture” and that “we here 
apply the term not to what it denotes, but rather 
to a mention thereof ” (Scheffler 1997:48). From 
this observation, it follows that “man” not only 
denotes men, but can be applied mention-selecti-
vely to man-pictures. This functionality of sym-
bols depends on the way these complimentary 
uses were implicitly taught to us when we were 
children. Just because we were taught how to use 
the term “unicorn” by being shown not unicorns, 
but only pictures or verbal descriptions of uni-
corns, we simultaneously were taught to use the 
term 1) as referring to nothing, 2) as referred to 
by its compounds, 3) but also as mention-selecti-
vely referring to pictures and descriptions of uni-
corns. As a consequence, Scheffler suggests intro-
ducing mention-selection as another and plain way 
of referring for symbols.
Beware that a mention-selection is not a denota-
tion. As Quine had underlined in his Mathema-
tical logic, “mention” of symbols has to be distin-
guished from their “use”: “we mention x by using a 
name of x” (Quine 1981:23). For instance, in the 
sentence “Boston is populous”, the place-name is 
used and the city is mentioned. But, in the sentence 
“ ‘Boston’ is disyllabic”, a quotation is used and the 
place name is mentioned (ibid.). In an extensiona-
list view on symbols, a denotation is the relation-
ship between a label and its extension. It selects 
this extension. This happens in the case where we 
use the label. But, this label can also mention other 
labels or descriptions known to have the same 
extension. In this case, the label does select nei-
ther its extension nor the extension of its parallel 
compounds, because it is not used. But, it more 
largely mentions some other symbols which stand 
at the same symbol level and which are known to, 
sometimes, denote the same things. According to 
this last conceptual distinction, it can be explai-
ned that, depending on the context, only some 
replicas of the word-type “rose” mention-selects 
certain other terms having a given extension, 
whereas other replicas of the same word-type 
“rose” mention-selects certain other terms having 
another given extension (see Figure 2).

ters, in alphabetical writings, two distinct word-tokens of the 
same term are replicas of a given word-type.
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Notice that, in this case, we can speak of a remote-
ness of reference in the sense of Goodman (1981). 
That is: in the sentence “a rose is a rose”, the term 
“rose” is not used; it denotes nothing, but it never-
theless refers to something in that it refers (diver-
sely) to some extensions via a variety of mention-
selection relationships. Hence, even if “rose” is 
not used in its ability to directly denote a rose, 
it refers to {extension 1, a rose} and to {extension 2, a rose} via the 
function of mention-selection. Here, we have a 
first example of a chain of reference. It is a two-
links chain of reference.

Exemplification
There is another important mode of reference 
that will be useful for our analysis of computer-
aided computations in CSs; this is exemplification. 
A color sample, for instance, does not denote the 
color of my tapestry. But, it exemplifies this color. 
It exemplifies only the color, but no other feature 
of my tapestry (its size, texture, etc.).

Exemplification is reference by a sample to a 
feature of it (Goodman 1981:124).
Exemplification, then, far from being a variety 
of denotation, runs in the opposite direction, 
not from label to what the label applies to, but 
from something a label applies to back to the 
label (or the feature associated with that label). 
Exemplification, indeed, involves denotation, 
by inversion, yet cannot be equated with the 
converse of denotation; for exemplification is 
selective, obtaining only between the symbol 
and some, but no others of the labels deno-
ting it or properties possessed by it (Goodman 
1981:125).

Hence, exemplification is another way of refer-
ring. It refers via a return reference to a denoter 
by a denoted (ibid.). In our case, the denoter is 
“the color of my tapestry” and the denoted is the 
color of the color sample (see Figure 3).

Figure 2 – Reference via mention-selection

things having the biolo-
gical properties of rose

rose things having existence 
regardless of discourses
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Figure�3�–�Reference�via�exemplification
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As we will see, symbols occurring and operating 
in complex CS often use this kind of indirect way 
of referring. It is important to understand this 
point if we do not want to reduce a priori all the 
diverse kinds of validation of a CS only to some 
structural external validity17, i.e. to some isomor-
phism between syntactic relationships, between 
symbols occurring at the same level, within the 
model of simulation or within the computation, 
on the one hand, and correlative relationships 
between field data or models of data, on the other 
hand. For instance, a term-to-term, but indirect18 
relationship of reference can exist in individual-
based simulations in ecology or in ab initio mole-
cular dynamic simulations19. Of course, de jure, 
this term-to-term relationship is not contradic-
tory with an ex post validation thanks to isomor-
phism detection. But, the point is that the initial 
conception and the identification procedure of 
such models of simulation and of their variables 
are not primarily based on an isomorphic-view, 
but on the implementation of various individual 
features diversely exemplified in the symbols that 
will operate in the computation.

17.  Guala (2003).
18.  This indirectness is due to the remoteness of such a refe-
rence via exemplification.
19.  See Morrison (2009:45) on this particular claim in the 
case of molecular dynamics simulations.

Chains of reference in denotational 
hierarchies
Three distinct ways of referring are now at our dis-
posal: denotation (available even for null-labels), 
mention selection and exemplification20. Through 
our precedent explanations and figures, we have 
seen that, in order to make each of these ways of 
referring work, symbols have to be developed or 
represented as belonging to distinct levels. Fur-
thermore, each symbol belongs to a given system 
of symbols which, itself, constitutes a level.
All those levels taken as a whole constitute what 
Goodman (1981) calls a denotational hierarchy 
(DH). It is a hierarchy in which the direction mat-
ters: there is a directional arrangement of these 
levels. For instance (see our schematic represen-
tation in Figure 4), denotation always has to be a 
relationship of referring going downward, from a 
label to its labeled, whereas exemplification has 
to be represented as going in the opposite direc-
tion. Whether this direction has to be downward 
or upward is a matter of representational conven-
tion here. The point is that this direction has to 
be defined once and for all and that it must not 
change thereafter.

20.  There are other ways of referring for symbols such as 
expression and reenactment. But we will not use them for our 
analysis of CSs as they suppose direct reference to human 
emotional behaviors or gestures. See Goodman (1976), El-
gin (1983) and Scheffler (1997).

Figure 4 - A denotational hierarchy

adapted from Goodman (1981) and Phan & Varenne (2010)
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In Figure 4, one can see that we often use labels 
of labels such as the word “words”. It serves to add 
another level upward and, in this specific case, to 
denote distributively each of the words we ordi-
narily use in the level below. There could be an 

infinite number of levels up because, through the 
reiterate adding of quotation marks, it is always 
possible to form a label of label of label and so on.
In this context, an example of a particular chain of 
reference is given by Goodman:

Figure 5 – Chain of reference to symbolize the USA

A picture of a bald eagle denotes a bird that may exemplify a label such as “bold and free” that in 
turn�denotes�and�is�exemplified�by�a�given�country�(Goodman�1981:127).

As one can see in Figure 5, a chain can have 3 
links. In our case, those are 3 successive and ato-
mic21 routes of reference which form the chain: 1. 
denotation, 2. exemplification, 3. denotation. 
What is striking here is the lateral move wit-
hin the same level that is enabled through this 
remoteness of reference and this indirect way of 
referring. The move is from a given bald eagle 
(because, for instance, the bald eagle at the level 
1 is a photograph of the given bald eagle1 occur-
ring at the level 0) to a given country, the USA.

Computer simulations and 
denotational hierarchies
Computer simulations: a 
characterization

21.  A single link is an atomic route of reference in the sense 
that it is not made up of other routes of reference.

The characterization of CS we will give is not 
properly a definition as we will not show that no 
other practice can match this characterization 
too. But, this characterization seen as a necessary 
condition will be sufficient for our purpose.
In its broadest meaning, a computer simulation 
(or computational simulation22) can be characte-
rized as a strategy of symbolization within which 
there is at least 1) one step-by-step operation on sym-
bols and 2) for which this operation involves at least 
one change of level of symbols.
Moreover, such a strategy of symbolization has to 
present two major phases:
1st phase (operative phase): a phase of step-by-step 
operations running on symbols denoting entities 

22.  As opposed to analog simulation, for which no step by 
step operation on symbols is necessary, de jure, a computa-
tional simulation can be perfomed with papers and pencils, 
without a computer. But, de facto, their spreading in science 
is due to the use of computers.
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which are supposed to denote either real or fic-
tional entities, reified rules or micro-behaviors in 
global phenomena.
2nd phase (observational phase): a phase of obser-
vation or measure or any mathematical or com-
putational re-use of the results of the 1st phase 
(e.g.: the simulated “data” taken as input data for 
a model of pattern recognition or for another 
simulation, etc.). These results are taken as new 
symbols standing at another symbolic level than 
the one occupied by the symbols operating in the 
1st phase.
If there is no change of levels of symbols at all, 
one is facing a formal procedure on discrete sym-
bols not a simulation. Current softwares enabling 
formal calculus use the notational aspect (i.e. 
character indifference, syntactic unambiguity) 
of high-level programming languages. Thanks to 
these languages, a computer can be user-friendly 
and emulate some formal motor of deductions.
But, a CS is a strategy of symbolizing, i.e. of refer-
ring. As such, it may, but it does not have to, refer 
to something existing externally to the systems of 
symbols at stake, be it real or fictive. CS often use 
null labels. Hence, a CS may have a target sys-
tem or not. This is the reason why there are two 
familiar and apparently incompatible meanings 
of CS in the literature: 1. a computation of a 
model (where a model is defined as a dynamic for-
mal construct possessing unity, formal homogeneity 
and simplicity23), 2. a simulation in the sense of an 
imitation of a target system (Ören 2005 ; Yilmaz 
et al. 2006). In the former familiar characteriza-
tion, CS has not to simulate any external target 
system. But, it still is a CS in that operates step-
by-step and through a change of level of symbols.
A crucial aspect of a computer simulation is this 
emphasis on a change of levels for its operating 
symbols. In their conceptual presentation of a 
general theory of systems, (Klir & Elias 1985) 
particularly focus on the hierarchical aspect of the 
relationships between systems specifications24. 

23. This “simplicity” of a model is not absolute, but relative 
to our instrument of control, representation, conception 
and/or manipulation of the models which are available or 
preferred at a given time in the history of science. Today, it 
is often supposed to be the length or the readability of an 
equation (for a non-aided human mind). But it also can be 
a writeability in a preferred axiomatic, or a manipulability, a 
communicability, a publishability, a translatability or other 
rhetorical, instrumental and contextual reasons.
24. For a brief recall, see Varenne (2010a:68-70).

Following this hierarchical presentation, (Zeigler 
et al. 2000) suggest seeing a simulator itself as a 
system specification standing on a level below 
the level of the initial model and, thanks to this 
change of level, generating the behavior of this 
model. In Zeigler et al. (2000), the change of level 
is crucial as a simulator is defined as “any compu-
tation system […] capable of executing a model 
to generate its behavior”.
Hence, we see that even for an overall and 
theoretical standpoint as Zeigler’s, executing a 
model by its micro-behaviors necessitates that 
we change the level of variables and of their cor-
related symbols specifications. Here, we find a 
notable agreement between our analysis of the 
hierarchy of systems of symbols in denotatio-
nal hierarchies and this theoretical definition of 
computer simulations proposed by practitioners. 
From this agreement, it follows that a CS seems 
to be a question of levels of symbols and not only 
a matter of levels of languages. Nevertheless, such 
a characterization of a CS by Zeigler et al. still 
is grounded on the notion of model. From this, 
it logically follows that any CS can be reduced 
to a “calculus of a model” again. But, as we have 
already put it into perspective, this reduction is 
due to the prior adoption of a theoretical view on 
systems in general, of a general theory of systems, 
for which 1) models are seen as systems i.e. as 
formal constructs closed under composition, and 
2) where only one DH (denotational hierarchy) 
appears and that incorporates the target system 
itself (in the case there is one).

Due to the unique hierarchization and to the 
integration of all the target objects within the 
same hierarchy, a change of level can be seen 
as an explicitation of what is already there, but 
implicit. As a consequence, simulation cannot 
appear as anything other than a simulation 
of model as we defined it above (a set of tar-
get objects being always seen as a system-model). 
As underlined by Zeigler et al. (2000), “in the 
M&S context, one major form of systems ana-
lysis is computer simulation which generates 
data under the instructions provided by a model” 
(my emphasis) (Varenne 2010a:70).

In this closed systemic view, there is no external 
referring function for symbols of a CS. It entails 
that individual symbols of a CS do not refer to 
some things or aspects of things existing outside 
the specifications of the model and the simulator: 
there has to exist no other concurrent DH than 
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the only one supposed to operate in the model 
and in its simulator. It is not surprising: a general 
system theory becomes mathematically fruitful to 
the extent that it entails such an internalization of 
external denotation functions of symbols25. His-
torically, this theoretical view on CSs by Zeigler 
and his colleagues can be understood. It came 
from practices that first appeared in operational 
research and in the specific engineering sciences, 
not in empirical sciences in general.
But, the problem is the following: In this sys-
tem-theoretic perspective on CS, the paradigm 
that serves to think simulation implicitly remains 
emulation although numerical simulations, them-
selves, do not emulate the formal calculus of the 
model they simulate. They are based not on emu-
lation, but on functions of approximate refer-
ring: The validity of a numerical CS of a model 
is based on available mathematical theorems that 
show that approximate atomic computations on 
micro-behavior of the model generated on dis-
crete elements (or discrete differences) converge 
for this precise model. Hence, it is based on an 
accredited knowledge which is not indicated in 
the symbols themselves and which is external to 
the hierarchy. Moreover, it is this external accre-
dited (mathematical) knowledge which gives 
its legitimacy to the functions of internal labe-
ling in the DH which are used for the step-by-
step computations. More precisely, this external 
knowledge legitimates that the names of variables 
distributively denote numerical tokens and that 
we have the right to see them, at the same time, 
as instances of such variables in the hierarchy. 
Consequently, if it is already the case for nume-
rical CS, computer simulation, in general, cannot 
be a matter of emulation.
Furthermore, if we follow the strict characteriza-
tion of CSs given by Zeigler et al., it is not pos-
sible to explain further the difference between the 
strategy of symbolization of a numerical simula-
tion of a mathematical model and the strategy of 
an agent-based simulation. Of course, at the level 
of the numerical electronic components or even 
at the level of the machine language or of micro-
programming, all programs performed on a clas-
sical computer are de jure reducible to recursive 
statements in first-order logic. From this techni-
cal fact, it is sometimes concluded that all CSs are 
of the same kind. But, such an extreme viewpoint 
logically leads to some excessive and disputable 

25. See Varenne (2010a) for further discussions on this point.

claims such as: “all which is performed on com-
puters is computer simulation” or “all formal cal-
culi emulated by a computer are also computer 
simulations”.
Our aim here is to explain why the vision that 
practitioners have on CSs is much richer and 
not logic oriented nor mono-leveled. And it is to 
show too that, for this aim, it is not necessary to 
make use of inner representations, of intensions, 
of cultural preferences or of deference. It is to 
show that an extensionalist approach of symbols 
suffices if we want to discriminate 1) between any 
running of a computer and a CS, and 2) between 
types of CSs.
By doing this, we follow Epstein (2006) in his 
answer to the classical objection made by theore-
tical computer scientists:

In any event, the issue is not whether equiva-
lent equations exist, but which representation 
(equations or programs) is most illuminating. 
To all but the most adept practitioners and 
perhaps to them as well, the recursive func-
tion representation would be utterly unreco-
gnizable as a model of social interaction, while 
the equivalent agent model is immediately in-
telligible as such (Epstein 2006:xiv).

Hence, a prior problem is that many reflections 
on CSs often overlook two facts, whch are 1) the 
fact that not one, but many denotational hierar-
chies (DHs) are indeed operating in the same 
CS at the same time and 2) the fact that exter-
nal DHs cannot be always and a priori reduced 
to internal DHs (because simulation is not emu-
lation except for some computational simulations 
simulating computational systems) even if it is 
more simple and intellectually comfortable, from 
both a theoretical and epistemological viewpoint, 
to authoritatively internalize the functions of 
external referring.

Denotational hierarchies and types 
of computer simulations
In the following sections, we will show why the 
notion of external denotational hierarchy is relevant 
when we want to explain the epistemic diversity 
of current computer simulations. But, firstly, let us 
think more about our characterization of CS. Let 
us specify it further in front of empirical observa-
tions of existing practices of computer simulation.
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In previous historical and empirical works26, it 
has been suggested that we can find at least three 
different kinds of CS in the current practices of 
sciences:
1. A CS is model-driven or numerical when it 
proceeds from a unique internal DH. In such 
a CS, a unique model lies at the Label level of 
the DH. The change of level of such a CS fol-
lows a 2-links+computation chain of reference 

26.  Varenne (2003, 2007, 2009, 2010a), Phan & Varenne (2010).

(see Figures 6 & 7). Namely: 1) a discretization 
of the continuous variables of the model which 
goes from labels of variables of the model to their 
exemplifications by numerical tokens in the level 
below, 2) a computation consisting in interactions 
between these exemplifying elements during the 
operative phase (at the same level), 3) a return to 
another level up which can be seen as the new 
labeling and denotating level for the aggrega-
ted results of the operative phase (observational 
phase using visualizing, measuring procedures, 

Figure 6 – A Numerical Computer Simulation and its internal denotational 
hierarchy

adapted from Phan & Varenne (2010)

Figure 7- Chain of reference in a Numerical Computer Simulation
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statistics, etc.). In the literature on CS, it is often 
noticed that what we call here “exemplifying 
elements” in such a model-driven or numerical 
simulation (be they finite elements or finite diffe-
rences) can be unrealistic, such as are fictive dis-
crete elements in computational fluid dynamics. 
They are said to be syntactic conventions which 
enable some approximate evaluations of the 
behavior of the model. This view is correct, pre-
cisely to the extent that finite elements of a nume-
rical CS are null-labels in the internal DH of the 
CS. As such, they are used in the computation just 
the same way “unicorn” or “centaur” are used in 
ordinary language discourses and in their asso-
ciated denotational hierarchies. Their function of 
denoting is denied. They stand at the bottom level 
of the DH. But their functional capacity of inte-
raction as tokens is what is put at the forefront 
and used by the computational system.
In Figure 7, “FE” is an abbreviation of Finite Ele-
ment. “FE1’-FE2’-FE3’” denotes the final aggre-
gate that is formed as a result of the interactions 
between FE1, FE2 and FE3. In this aggregate, 
FE are noted FE’ as step #2 takes time and leads 
to another moment of time. At step #3, such an 
aggregate is recognized or categorized, hence 
labeled (either by the computer program itself or 
by a human external observer or by an external 
device of signal or pattern recognition), so as to 
be newly denoted by the level above.

2. A CS is rule-driven or algorithmic when it does 
not start from an overarching unique aggregative 
model. It starts from symbols that are taken as 
null-labels in the internal DH. Those symbols 
exemplify some features of individual symbolic 
entities occurring in the internal DH. And they 
also and directly refer to properties of entities that 
are supposed to exist outside the internal DH of 
the computation. For instance, CSs using gene-
rative grammars, such as Chomsky’s grammars 
for computational linguistics, rewriting systems 
or L-systems by Lindenmayer (1968a, 1968b) 
for computational developmental biology, are 
based on the assumption that elementary inte-
raction rules between symbols directly refer to 
analog rules occurring between external entities 
such as phonemes or cells. Such a CS presents a 
1-link+computation chain of reference (see Figure 
8). The important point is that, contrary to model-
driven CSs, the legitimacy of its exemplifying 
elements does not come from a discretization of 
pre-given labels belonging to the internal deno-
tational hierarchy. But it comes from an external 
knowledge that each time 1) gives a verifiable 
meaning to the term “analog” in the expression 
analog rules and 2) that accordingly serves to legi-
timate the link between those elements that stand 
at the bottom of the internal DH and some field 
data and/or observations or measures that belong 
to some or to only one external DH. This exter-
nal hierarchy is crucial as it works and operates in 
ordinary language too. As such, it serves to root 

Figure 8- Chain of Reference in a Rule-Based Computer Simulation
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the references27 of its own labels through public 
procedures and through shareable instruments 
which give access to data. As recently underlined 
by Peschard (forthcoming), this access to data via 
instruments is an indirect one. But it is based on 
direct causal interactions between things, between 
properties of instruments and properties of real 
entities. On the contrary, the function of refer-
ring does not have to be based on such causal 
interactions: this is the reason why CSs are no 
direct substitutes for real experiments (ibid.) even 
if, at their level, they are experiments on the pos-
sible outcomes of the multifarious interactions 
between computational elements28. Nevertheless, 
thanks to this final function of laterally referring 
to an external DH, it remains possible for a chain 
of reference of a CS too to be a public, shareable 
and rigid one: no idiosyncratic intensions nor 
deference nor social enrollment process need to 
be convoked here to legitimate the knowledge 
that can be acquired when operating with a CS. 
Another important point on rule-based CS is that 
it operates on only one internal DH, because 
only one axiomatic is at stake: Hence, there are 
frequent confusions between such CS and some 
recursive mathematical models. This unique-
ness of axiomatic is mostly seeable in generative 
grammars (Lindenmayer 1968a&b), in many ele-
ments-based computational approaches or even 
in some of the first rule-based knowledge systems 
(Davis & Lenat 1982).

27.  As a nominalist, but relativist, Goodman (1976, 1978, 
1981) had contested the idea that we could root the final 
references of our terms or symbols in an ultimate bed of 
real entities. This is a reason why he chose to entitle his fa-
mous article on chains of references “Routes of reference”. 
Through this title, he clearly alluded to the book of Quine 
(1974), The roots of reference, while at the same time refus-
ing Quine’s view on this very point. Meanwhile, Scheffler 
(1997) has shown that adopting an extensionalist approach 
does not entail adopting relativism: we still can make a dif-
ference between the world and a world version. Followingly, 
our suggestion here, is to rejoin Quine on this possibility of 
sometimes rooting our symbols, while assuming at the same 
time that the routes of reference are multiple, complex and 
sometimes entangled. 
28.  Note that, it is the very fact that computational elements 
are operating as tokens and not as types which implicitly 
troubles experiments-minded epistemologists. Indeed, this 
fact wrongfully encourages them to conceive computer sim-
ulations as having the same epistemic status as experiments 
made on those entities referred to by the symbols occurring 
in the CS. CSs are experiments in themselves. But they are 
no exact (neither emulating) substitute of real experimenta-
tions even if they symbolize them, sometimes even to some 
very precise and multifarious extent.

3. A CS is object-driven or software-based when 
it starts from a deliberate objectification29 of 
denoted entities (even if the target system is not 
objectual in that it can be conceptual or fictitious) 
and from a discretization of associated properties 
and behaviors. Such CS is facilitated by the use 
of high-level languages and of softwares dedica-
ted to object-oriented modeling such as UML 
(Booch et al. 1998). Beware that this objectifica-
tion does not necessarily entail any ontological 
commitments toward objects, concrete entities, 
as opposed to processes, for instance. From the 
viewpoint of the question of the epistemic status 
of CSs, its main goal is methodological. Such a 
multidimensional discretization of entities, pro-
perties and behaviors is mostly desirable as it 
enables the co-computation of a multiplicity of 
internal denotational hierarchies. Through indivi-
dual-based CSs (in ecology) or agent-based CSs 
(in social sciences), these diverse internal deno-
tational hierarchies can work and interact quasi-
simultaneously30 in the computation. What is 
common with rule-based CSs is that such CSs 
often start from exemplifying elements rather 
than from labels. But such CSs are sometimes 
complex as they are mixing not only denotational 
hierarchies, but also numerical simulations and 
rule-based simulations. For instance, even in a 
simple theoretical agent-based social simulation 
such as Sugarscape (Epstein & Axtell, 1996), the 
heterogeneity of a geographical environment (its 
content in sugar) can firstly be described through 
some continuous mathematical functions. Then, 
these functions are discretized and instantiated 
in discrete elements so that these elements of 
environment finally can interact with particu-
lar agents. For this procedure, we have a 2-links 

29.  The term object does not necessarily denote what Good-
man (1977), for instance, calls concreta, but only what he calls 
complexes. “A concretum is a fully concrete entity in that it 
has among its qualities at least one member of every cat-
egory within some sense realm” (ibid.:145). In this context of 
a constructionist philosophy of entities through qualia given 
by senses, a complex is an entity that has more that only one 
qualia. Analogously, and grounding our own argument of 
what is called an object in object-oriented programming, we 
can say that an object in the implementation of the internal 
denotational hierarchies of an object-driven CS is analogous 
to a complex: in order to be the result of an objectification in 
this sense, it does not have to refer to all the facets of its cor-
responding entities that are assumed in some real or fictional 
world but only to some of them.
30.  In classic computers (sequential machines), simultane-
ity of processes can only be simulated, i.e. not emulated, but 
approximately reproduced. On this important point, see Co-
quillard & Hill (1997).
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chain of reference. But, these agents themselves are 
given features which have been directly identified 
thanks to their external direct reference to some 
experimental data or to some previous theoretical 
model of social mechanisms. For this procedure, 
we have a 1-link chain of reference.
In Figure 9, “AA” is an abbreviation of “Aspect of 
agent” and “AA1 (1)” is an abbreviation of “Aspect 
#1 of agent #1”.
Note that what we call “direct reference to external 
data” in Figure 8 refers to data that belong, them-
selves, to some denotational hierarchies which are 
assumed to be external to the hierarchy used by 
the computation itself. Its content can be nume-
rical data, a qualitative pattern or some theore-
tical and/or a hypothetical representation of a 
physical, biological or social mechanism. As we 
soon will see, although it can be contested at first 
glance, it is fruitful to assume that these external 
data belong to some denotational hierarchies too. 
Furthermore, each level of a given internal DH of 
a CS can refer to symbols belonging to some level 
of another but external DH. The various ways of 
referring to an external DH for symbols in a CS 
is what we can characterize as the various proce-
dures of reference rootings. This rooting has not to 
be taken in any absolute sense. Contrary to what 
Quine (1974) assumes in his own inquiry, it suf-
fices to suppose here that such a rooting operates 
though a recognized and stabilized routine of 

extraction of data or of theorizing or of represen-
ting hypothetical mechanisms31.
As we can see in Figure 10, tokens of interac-
ting agent aspects are at the crossings of mul-
tiple Internal DH (IDH). Each of these multiple 
IDHs independently finds its rooting in some 
External DH (EDH). But these rootings do not 
necessarily occur at the same level. Rootings can 
occur at the bottom of the IDH or at another 
level. For instance, Figure 10 (IDH1’s rooting in 
EDH1) shows that the rooting and qualitative or 
numerical identification of one aspect of agents 
has been made a level above the level of the inte-
racting computational elements, whereas another 
IDH (IDH 2) can have its rooting at the elemen-
tary or “things or null-labels” level. Moreover, it is 
not necessary that a given level (i.e. with a given 
rank in the hierarchy) of an IDH refers to the 
same level (i.e. with the same rank) in the corres-
ponding EDH. For instance, the bottom level of 
an IDH (see IDH2 in Figure 10) does not have 
to refer to any qualia level nor to any foundatio-
nal level. It means that an EDH does not have to 
go down to some real things or qualia level. Even 
if they are said to be external, external denota-
tional hierarchies do not have to be ontologically 
grounded: their hierarchical recognizable arran-
gement suffices to ground the agreement between 

31. As in computational analytical sociology for instance, see 
Demeulenaere (2011) on this point.

Figure 9 – Numerical CS and Agent-Based CS with their denotational hierarchies

adapted from Phan & Varenne (2010)
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designers and practitioners of the CS, even if it is 
floating, ungrounded. It follows that an applied 
epistemology of CSs does not need to assume 
any constructionist ontology, even if it can make 
a fruitful use of its conceptual instruments, par-
ticularly on the complex functioning of the rela-
tionships between symbols and between things 
and symbols.

External reference in computer 
simulations as mention-selection 
One could object that the relationship between 
EDHs and IDHs still is not clear. This is true. 
Until now, we have seen that all cases of stan-
ding for or of symbolization have to be thought 
via the assumption of a single pre-given (socially 
accepted or verifiable) hierarchy of denotations 
and exemplifications. But what about the rela-
tionships between symbols and/or entities belon-
ging to different hierarchies? Is this relationship 
still a way of referring? When two denotational 

hierarchies are referring to each other, does this 
mean that they both belong to a third one? This 
solution would lead to useless complications.
Let us see if one finds some better clarification 
if one conceives external reference in computer 
simulations as a mention-selection relationship. As 
we had written in Section1.3, a symbol does not 
only denote (when it is used) its extension, but 
when it is not used, it still “mentions some other 
symbols which stands at the same symbol level and 
which are known to sometimes denote the same 
things”. It is not necessary to assume that both 
the symbol and the other symbols it mentions-
selects stand at the same level of the same denota-
tional hierarchy. On the contrary, even if Scheffler 
(1997) does not enter into many more details on 
this question of the variety of extensions in rela-
tion with denotational hierarchies, it is coherent 
to assume that mention-selection can - and most 
frequently has to - occur between different deno-
tational hierarchies. Hence, the split appearing in 

Figure 10 – Internal Denotational Hierarchies and their cross-references to Exter-
nal Denotational Hierarchies in an Object-Driven Computer Simulation
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Figure 2 can be interpreted as representing two 
different hierarchies. Accordingly, the chain of 
reference goes from one hierarchy to another and 
not only from one level to another in the same 
hierarchy.
Beware that it does not imply that any symbol can 
mention-select any other symbol in another DH, 
because an important constraint gives ground to 
this relationship: the symbol and what it mention-
selects must have been taught simultaneously to 
be linked in a durable, shareable and public rela-
tionship of mention-selection. As has been shown 
by Scheffler (1997), mention-selection is a wea-
ker relationship than iconicity even if they both 
entail some similar epistemic constraints, among 
which the constraint of simultaneous teaching. 
As we understand now, iconicity in its strongest 
sense32 is very often, but wrongly confused with 
mention-selection.
Hence, we suggest that the relationship of exter-
nal referring between internal DHs of a CS and 
external DHs are relationships of mention-selec-
tion. A sign of the fruitfulness of such a sugges-
tion can be seen in the fact that practitioners 
are speaking of “agents” when they are speaking 
either of the tokens of formal constructs occur-
ring in the running of the CS or of real “human 
agents” occurring within human society. Recall 
that, similarly, the word “man” both denotes men 
and mentions-selects representations of men in 
a picture. What is more, Scheffler (1979) and 
Scheffler (1997) insisted on the important fact 
that, contrary to classical symbolic ambiguity or 
linguistic puns, the two chains of reference occur-
ring in a relationship of mention-selection have 
to occur simultaneously to be really operative. In 
the example of “a rose is a rose”, we see that the 
sentence is meaningful if and only if both chains 
of reference are simultaneously available. Through 
that point, another sign of fruitfulness of our sug-
gestion appears: To be grounded and justified, a 
CS has to use symbols that belong to some IDH 
and that denote or exemplify other symbols wit-
hin this IDH and which corresponding mention-
selected symbols simultaneously denote some veri-
fiable extension via some public, shareable and 
reproducible rooting procedures.

32.  Iconicity traditionally involves at least one identity or 
feature between the denoted and the denoter. But see Phan 
& Varenne (2010) on some recent and weaker meaning of 
“iconicity” and on its application to DHs in CSs.

Epistemological 
applications: a sample
In this section, we apply this extensionalist pres-
entation of symbols, denotational hierarchies and 
chains of references in computer simulations of 
some classical and still disputed questions.

Chains of reference in multimodel-
based, multiscale and integrative 
simulations

The role of axiomatic heterogeneity within CS
Thanks to our extensionalist approach, it is pos-
sible to explain further recent trends in the history 
of CSs. As shown in previous works33, even if it can 
be interpreted from an ontological point of view, 
in particular within research programs fascinated 
by some atomistic ontology (for instance, in some 
programs belonging to AI, ALife or computatio-
nal biology), the strategy of increasing the num-
ber of links in the chains of references in a CS first 
of all has a technical and methodological motivation.
The important point is that the function of refer-
ring via exemplifying enables all the different 
IDHs to meet on the same elementary symbo-
lic level. Through that, each IDH reaches a com-
mon operative level: mathematically heteroge-
neous formal representations of things, of agents, 
of aspect of things are objectified and discretized 
and treated step-by-step so as to become co-com-
putable. After these co-computations, each IDH 
can go upward on its own again so that it refers 
more intelligibly or more “illuminatively” (Eps-
tein 2006:xiv) to a given aspect of physical, bio-
logical or social reality. From that, it is possible to 
understand why the multi-model based approach 
in integrative computer simulations of plant growth 
succeeded comparatively to the current collapse of 
classical mathematical modeling in this domain34.
Since the 1990s, thanks to discretization and 
exemplification via object-driven CSs, a more 
exact modeling of composite things and of phe-
nomena possessing a strong inner heterogeneity 
has become possible. This success can be seen in 
the recent spreading of CSs of growth and mor-
phogenesis processes particularly occurring in 
biological, environmental and social systems35.

33.  Varenne (2007, 2008, 2009b).
34.  On this particular point, see Varenne (2007).
35. See, for instance: Michaewicz (1997), Kohler & 
Gumerman (2000), Kohler & van der Leeuw (2007).



Chains of Reference in Computer Simulations 21/32

Fondation Maison des sciences de l’homme - 190 avenue de France - 75013 Paris - France
http://www.msh-paris.fr - FMSH-WP-2013-51

Scales and hierarchies
Today, more and more efforts are done towards 
so-called multi-scale computer simulations. It is 
particularly the case in the domains of brain 
simulation, human body simulation, ecological 
simulation, social simulation and bio-geo-chemi-
cal-simulation. A confusion can occur from the 
meeting between our epistemological use of the 
term hierarchy and this technical trend. It could 
seem as if we were speaking about the hierarchies 
which are supposed to really exist in nature such 
as ecological scales. But our presentation makes 
us understand that these denotational hierarchies 
do not have to be taken as ontologically grounded. 
It suffices to assume that they are, to some veri-
fiable extent, rooted in available data through veri-
fiable procedures. The term “scale” denotes a kind 
of real arrangements and ontological dependence 
between levels of entities. Contrary to the term 
“level”, when we use the term “scale” we assume 
that the corresponding level possesses a natura-
lity which is not necessarily present in denotatio-
nal hierarchies36. As they are goal-oriented, but 
shareable hierarchical frameworks of things and 
symbols, not only of things, neither IDHs nor 
EDHs do have to rely upon any realistic assump-
tion concerning the leveling of things.

Integrative simulations and objectification
As we have already noticed, what we call objec-
tification is not a complete reification. That is: 
when we say that an object-driven CS relies on 
some objectification, it does not mean that its 
IDH have to completely symbolize an entity 
concretely existing in some assumed reality. As a 
consequence, it becomes understandable to epis-
temologists that, when practitioners say they are 
designing integrative CS, they are not saying that 
they are designing any total nor exhaustive CS 
of a given portion of reality. More modestly and 
technically, they are saying that they are doing no 
numerical CS but, instead, an object-driven CS 
which itself relies on many cross-ways of referring 
to diverse types of data and/or scales of data.

36. Some mathematically minded modelers keep on assum-
ing that mathematical hierarchies (such as those built in the 
mathematical theory of category for instance) are of natural 
kind too. As a consequence, the epistemology of theses mod-
elers often overlooks the distinction between denotational 
hierarchies in models and simulations, on the one hand, and 
ontological scales, on the other hand.

Cross-validations in computer simulations
An important technical problem of complex CSs, 
particularly of agent-based ones, is their valida-
tion37. The notion of validation is rather ambi-
guous in the literature. Roughly speaking and 
most frequently, a model is said to be validated 
when it represents or reproduces correctly the 
elements, the mechanisms and/or the behaviors 
of some target system. Many ambiguities here 
come from the fact that we seek either representa-
tions of things (or mechanisms) or reproductions of 
behaviors. We will not enter into this debate here.
It is note worthy that if a research program 
chooses to use computer simulation and not 
statistical modeling, it certainly means that its 
applied epistemology of models does not rely on 
some classical instrumentalism such as that of 
Friedman (1953). A CS enables some detailed 
representations of hypothetical mechanisms at 
some micro-scale as well as representations of 
(in the sense of reference to) intermediary data. 
Regarding this advantage, and its counterbalance 
in the drawback of its difficult manipulation, a CS 
is rarely used as a pure phenomenological model 
of prediction. As the motivation for modeling 
through a CS is generally more ambitious than 
it is for pure phenomenological modeling, prac-
titioners are often facing this classical objection 
coming from arguments on the under-determi-
nation of models by data and on the dissymmetry 
between deduction and induction: “even if you 
have increased the realism of the simulation by 
compelling it to follow some detailed and inter-
mediary data, you can never show that there exist 
no other plausible mechanisms for the same phe-
nomenon”. The modelers Ormerod & Rosewell 
(2009) present the dispute between economists 
on this point in the following terms:

Both the present authors, and the experience 
is widely shared among ABM [Agent-Based 
Models] modelers, have encountered from 
economists a view which can be summarized 
as follows: you have presented one set of beha-
vioural rules to explain your chosen phenome-
non, but there must be many such sets which 
do this, so how do you know yours are correct? 
Some economists even go on to imply that it 
is easy to construct successful ABMs, an opi-
nion which merely reveals their ignorance of 
the difficulties involved. The fact that they do 

37. See Hill (1995), Amblard et al. (2007), Ormerod & 
Rosewell (2009).
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not appear to appreciate that the rules of be-
havior incorporated into much standard eco-
nomic analysis are of very special kind which 
does not stand up well to experiment should 
not blind us to the need to provide a sound 
basis for choice of the rules of behavior for 
any individual ABM application (Ormerod & 
Rosewell 2009:135)

But, if it is surely desirable, what could be a 
“sound basis” for such a choice? This is where, to 
some extent, the authors’ view meets our own on 
the chain of reference and on some rootings of the 
denotational hierarchies in data. Because they 
answer:

One key test is that the behavioural rules 
should be capable of justification using evi-
dence form outside the model. The better this 
evidence, the more credible the rules (ibid., 
our emphasis).

Notice that the evidences coming from “outside 
the model” are not supplementary logical argu-
ments. They are evidences in the plain sense of 
the term, as are data. The authors here try to coin 
some extensionalist approach for which symbols 
of the CS could directly denote some external evi-
dence. From their viewpoint, then, two possibili-
ties appear: either evidences are present, or they 
are absent. If they are absent, one has to choose 
simple rules so that they can be at least easily 
understood. If they are present, the CS must be 
designed to meet with the highest accuracy these 
evidences. But no additional concepts nor analy-
sis on this meeting are given by the authors.
The authors go on with a more polemic tone: 

The inherent methodology of ABMs is far 
more scientific than that of conventional eco-
nomics. We identify a set of empirical macro-
features, and plausible behavioural micro rules 
are designed from which the macro properties 
emerge. This is much more scientific metho-
dology than econometrics, for example, much 
of which is mere curve fitting and is not mo-
deling in any real sense of the word (ibid: 136).

We will not enter here in the other and difficult 
question of the comparison between econome-
trics and ABM in economics. By quoting these 
lines, we underline the importance recognized 
by practitioners of these multiple ways of referring 
to direct evidences for complex computer simu-
lations. Many other practitioners, such as Axtell 

(2000), Edmonds (2007), Moss (2001, 2005) or 
Conte (2000), more or less agree on this idea that 
when evidences are available, a CS 1) has to be 
more detailed and 2) has to refer to these evi-
dences so as to increase its credibility.
But, although increasingly more modelers publish 
these kinds of arguments (alluding to the reference 
of symbols in IDHs to intermediary evidences in 
EDHs), not many economists nor sociologists, 
for instance, are convinced: it seems to them as 
if another kind of fitting, but at a micro-level 
this time, had replaced the curve-fitting of eco-
nometricians. So, their questions become the fol-
lowing: Where does the epistemic novelty stand? 
And, where should the increase in credibility 
come from in agent-based computer simulations?
A more structured and discriminating answer 
comes from what Moss and Edmonds (2005) 
have called cross-validation of agent-based 
models and simulations. From our viewpoint, this 
method is interesting in that, even if its concepts 
are technical rather than epistemological, it is 
the first one to explicitly rely on a kind of multi-
level way of referring through CS. A sketch of this 
method and its correlated arguments is given by 
Neumann (2009):

The notion of cross-validation implies that 
agent-based models, validated at the micro 
level, allow the generation of statistical pat-
terns at the macro-level which are in accor-
dance with empirical observations: there are 
a widespread number of cases where the ag-
gregate data exhibits unpredictable cluster of 
volatility. In fact, this feature can be repro-
duced by the means of agent-based simula-
tion models. Moss and Edmonds stress that 
“this result does not occur because we tune our 
models to produce this kind of time series but 
rather seems to be a consequences of the cha-
racteristics we put into our models” (Moss & 
Edmonds 2005:1121).
[…]
Hence the notion of cross-validation implies 
the assumption that validations on the micro- 
and macro levels are independent of one ano-
ther. This however, means that the statistical 
macro patterns cannot be derived analytically 
from the designs of the agents on the micro-
level […] (Neumann 2009:81).
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Hence, cross-validation designates a method 
which makes use of two independent qualitative 
and quantitative ex post comparisons (not ex ante 
fittings) between external data and some results 
(time series) of the simulation extracted at two 
different levels of its denotational hierarchies.
To this remarkable auto-justification and reinfor-
cement of the justification of their own practice 
by practitioners, we suggest adding that it is not 
necessary to think of cross-validation as relying on 
only two levels. The vision of these two levels comes 
from a traditional approach in social sciences: the 
individual agents and the groups or institutions 
(states, churches, etc.). Note that, in this context, 
this restriction itself is reinforced by the persistent 
confusion (denounced above) between scales and 
levels. The implicit syllogism is the following: 
1) If you assume that there are only two major 
and real scales in the social reality (individuals 
and groups or institutions); 2) If you assume that 
levels in IDH are directly referring to (denoting) 
real scales and not to intermediary or other levels 
of information or formulation of the social; 3) You 
should conclude that any validation of your social 
CS has to be worked upon at only two levels.
Of course, from a general point of view on vali-
dation in complex software-based CS, one can 
extrapolate that cross-validation does not have to 
limit itself to such a two-level approach except 
if our aim is to take part to some theoretical 
researches on emergence as it is the case in the 
Neumann’s (2009) article. As there can be a mul-
tiplicity of IDHs in the same object-driven CS 
(see section 2.2), the number of possible cross-
validations shall increase. What will remain a 
problem of course is the question of mutual inde-
pendency of such validations. But as many formal 
representations and symbols in those different 
IDHs are axiomatically heterogeneous, it can be 
inferred that such independence won’t be too rare 
nor too difficult to show.

On computer simulations and 
the multiplicity of their epistemic 
statuses
In this section, we will give only a sample of the 
consequences this extensionalist approach of the 
function of referring via computer simulations 
can have for an applied epistemology of CS. We 
will insist on the ability it gives us not to reject, 
but to understand and classify some current epis-
temological arguments on CS.

Two popular meanings of CS in the 
literature: simulation of model, model of 
simulation
As we have seen, an extensionalist approach gives 
a meaning to the notion of chains of reference via 
computer simulation. It appeared that a computer 
simulation always involves at least one change of 
level in some denotational hierarchy. Thanks to 
this characterization, we have had the possibility 
to reconcile the two popular, but divergent mea-
nings of the expression “computer simulation” in 
the literature: 1) the step-by-step calculation of 
a mathematical model and 2) the simulation of 
a target system through a model of simulation. 
Thanks to our characterization, we can unders-
tand that the following sentence, which is often 
implicit in many articles of practitioners, is not 
completely absurd nor meaningless: “We simula-
ted our model of simulation”.
This sentence has a meaning in that its two repli-
cas of the same term “simulation” do not refer 
to the same extension. With the first replica, by 
“simulation” we mean a simulation of model: the 
emphasis is put on the exemplification of elemen-
tary behaviors of a pre-given model, i.e. on the 
change of level within an IDH. With the second 
replica, by “simulation” we put the emphasis on 
the fact that a CS is also a strategy of external 
referring and that, as such, it entails some IDHs 
that are designed to refer to (i.e. to mention-select) 
some external denotation hierarchies.
Hence, if we apply our general characterization 
of a CS, we find precise grounds that justify the 
two familiar uses of the same term to denote two 
practices that seem to be so different in nature. 
And, it becomes explainable that we go on mer-
ging in the same terms these two ways of refer-
ring to different practices.

On some divergent standpoints on CSs: 
CSs as experimental or theoretical 
arguments?
From this overlooked ambiguity, there follows a 
number of divergent epistemological standpoints 
on CS. We will not propose here a systematic 
classification, but only a few examples thanks to 
which we will show the power of analysis that our 
extensionalist view can give.
First, if you prefer to overlook the referential 
function of CS and if you insist on the fact that a 
CS involves a change of level in a unique DH (this 
uniqueness being questionable as we have seen), 



Chains of Reference in Computer Simulations 24/32

Fondation Maison des sciences de l’homme - 190 avenue de France - 75013 Paris - France
http://www.msh-paris.fr - FMSH-WP-2013-51

you will argue that CSs are only computations of 
some pre-given models and, consequently, that 
CSs essentially are homogeneous to theoretical 
arguments (see e.g. Stöckler 2000).
Second, if one prefers to insist on the fact that 
this change of level is felt by the practitioners to 
be an obliged path when they want to get some 
results of some complicated computation, one 
will argue that CSs are a kind of experiment. From 
this viewpoint, a CS is a kind of experiment in 
the sense that its results are surprising us (Mor-
gan 2005) as we do not have the possibility to 
go faster (i.e. with less mathematical nor intellec-
tual steps) via some abridged formal calculus and 
deduction: surely, as simulation is no emulation, 
the necessary internal chain of reference cautiously 
has to be followed by a computer-aided series of 
operations on symbols.
Third, if one substantiates first the notion of 
“thought experiment” and if one prefers to draw a 
strong parallel between thought experiments and 
machine delegated experiments on discretized 
elements standing at the bottom of the IDH 
(things or null-labels level), one will insist on ano-
ther experimental aspect of CS (Di Paolo et al. 
2000).
Fourth, if one focuses on the fact that the specific 
epistemic power of CSs, contrary to mathema-
tical modeling, does not mainly rely on any glo-
bal nor formal validation, but on a certain amount 
of term-to-term referential relationships between 
features of physical objects and features of the 
simulation model elements (i.e. on the ability 
of a CS to mention select symbols or things of an 
EDH through symbols of an IDH), then one will 
choose to overlook the classical argument that 
says that, in a CS, the model is an insurmoun-
table obstacle between symbols and reality. And, 
implicitly grounding one’s argument on the roo-
tings of references in CSs, one will prefer to claim 
that some CSs present a kind of “materiality” not 
“in the machine itself, but rather in the simula-
tion model” (Morrison 2009:45). From that, one 
will conclude “that the object of inquiry is also 
the physical system and that the knowledge we 
obtain is of that system” (ibid.).
We do not have enough room to give more 
examples of such conceptual elucidations on see-
mingly contradictory theses on CS. Many other 
epistemological claims on the status of CSs can 
be classified and render complementary rather 

than contradictory thanks to our referentialist 
and extensionalist viewpoints. The important 
point here is that such a view and its following 
elucidations are tolerant to many epistemolo-
gical arguments. This does not mean that “any-
thing epistemological goes”; we hope not, having 
shown that they do not involve any accommoda-
ting pragmatism grounded on some conceptual 
vagueness. Through its analytical tools, this view 
tries to explain further and for each case the very 
reason why a given epistemological thesis is jus-
tified, and why it can prevail from other avowed 
viewpoints on CS.

Inscriptionalism and the experimental 
nature of CSs
For the last application of this view on the ques-
tion of the status of CS, it is necessary to go a 
little further than simple extensionalism and to 
adopt a strict inscriptionalist approach. Inscrip-
tionalism is an extreme form of extensionalism 
that “takes for granted only the individual tokens 
and the individual things that may be denoted” 
(Scheffler 1979:9). For instance, Goodman still 
gives a role to types of symbols, whereas Scheffler 
tries to avoid types.
We have previously insisted on the fact that 
symbols at stake in a CS are not types of sym-
bols but rather tokens of symbols. They are events 
of symbols, such as replicas of word-types in a 
text. CSs are machine delegated computations 
on symbols. As a machine does not work with 
classes nor ideas nor intensions, it is important 
to understand that a real computer operates at 
every moment of its operating time, not on types 
of symbols, but on singular inscriptions of symbols. 
These inscriptions exist in the causal world as 
they are sets of real electrical levels which are real 
properties of some electronic components called 
gates (N.AND or N.OR gates). Hence, there is a 
possibility to argue - as did Fetzer (2004) - that 
symbols in a CS plainly are submitted to causa-
lity. As a consequence, one can infer that a CS is 
a real experiment in itself, because it is an experi-
ment in a causal world. In this context, an inscrip-
tionalist view permits to make a clear distinction 
between a symbol type and its tokens: it shows 
where exactly the “good” reasons that support this 
thesis lie.
In general, the objections to this view rely on the 
claim that these electronic levels are not uncon-
trolled variables contrary to what we implicitly 



Chains of Reference in Computer Simulations 25/32

Fondation Maison des sciences de l’homme - 190 avenue de France - 75013 Paris - France
http://www.msh-paris.fr - FMSH-WP-2013-51

assume when we say that they operate the same 
way real properties operate in a real experiment. 
Another answer consists in recalling that a CS is 
a strategy of symbolization. It consists in focusing 
on the symbolic counterparts of electrical levels. 
And it is true too that, when a computer func-
tions correctly, these levels are exactly emulated 
by a symbolic system written in first-order logic. 
This symbolic system is completely equivalent to 
electrical levels but at another level in that its way 
of operating use types not token. Consequently, 
from our viewpoint, and if we assume that any 
computer works in perfect conformity to its 
theoretical representation, it can be accepted too 
that the ontological separation between a word-
type and its material correlate has no epistemic 
consequence.
Notwithstanding, our view enables to persist in 
thinking that a token remains different from its 
type and that a token may not be reliably nor 
constantly linked to its type, just the way an equi-
valent logical system has to assume it is when 
applied to computers. Thanks to this persistent 
and understandable distinction, for instance, 
the problem of the correctness and of the equi-
valence of effective compilers operating in dif-
ferent machines38 still can be understood. It can 
be thought as an open empirical question and, 
then, in all its real, i.e. technical, dimensions wit-
hout being submitted to any previous reduction 
to logic only (Varenne 2009:47).

Conclusion
This paper has presented an extensionalist ana-
lysis of computer simulations and a sample of its 
epistemological applications. As this approach is 
still not used nor well represented in the literature 
on CSs, the first sections have given an overview 
of its consequences for the philosophy of symbols 
in general. Then, an argument in favor of a large 
characterization of computer simulations (CSs) 
has been proposed. Whereas, most characteriza-
tions of CSs focus on their being a calculation of 
a model, where the model is assumed to be writ-
ten in an unique mathematical language, our cha-
racterization suggests focusing on a more fine-
grained level, namely on the symbols that operate 
in any CS. Of course, these symbols operate 
and interact each time at a given level. As such, 

38.  Leading itself to the debate on the nature of the veri-
fication of programs: empirical or theoretical? See Varenne 
(2009a) and its bibliography on this debate.

computers not only simulate, but they also can 
emulate some formal calculi. But the first concep-
tual refinement that our characterization permits 
is the necessary introduction of denotational hie-
rarchies of symbols, null-labels and things in any 
CS.
Accordingly, a CS can be distinguished from a 
formal calculus 1) as it always involves at least 
one change of level in its denotational hierarchy 
and 2) as its functioning as a plain CS entails 
that it really works as a strategy of symbolization. 
This second condition implies that its denotatio-
nal hierarchy constantly and diversely has to refer 
to things or symbols that are different from and 
external to (at least in principle) the symbols ope-
rating in the implementation.
Another fruitful consequence of our analysis 
relies on the fact that this necessity to refer to 
something does not imply that practitioners, nor 
stakeholders nor epistemologists of CS shall pos-
sess and share such questionable entities as inner 
representations or intensions. It is possible to make 
these analyses without any recourse to something 
other than extensions.
Through the analytical instrument of denotatio-
nal hierarchy, it has been possible too to explain 
precisely the nature and the diversity of the chains 
of reference that can occur in different kinds of 
CSs. Thanks to this, it has been possible to give 
conceptual grounds to a first classification of CSs.
Finally, this paper has proposed some applications 
of this analytical view to some classical questions 
in epistemology of CSs. The first important out-
come is that this approach can explain on what 
conceptual reasons the methodology of cross-
validation can be grounded. Hence, it gives us 
clues on why this approach probably will succeed 
and spread in the coming years, particularly in the 
growing domain of integrative and multi-scale 
CSs. The second important outcome consists in 
the fact that this extensionalist view is tolerant 
to many epistemological theses on CS. Finally, it 
appears fruitful too in that it permits to uncover 
what aspects of CS authors have implicitly chosen 
to take into account when they try to show that, 
for instance, CSs are not experiments or are only 
a kind of experiment or even a kind of theoretical 
argument.
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