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o preparo do fat́ıdico “pot de thèse”, o companheirismo, digo, a co-autoria, foi excepcional.
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la thése. Merci aussi pour les discussions toujours clarifiantes et motivantes. Robson, muito

obrigado pelos ensinamentos sobre os phonons, sem os quais o cap.4 nao existiria como tal.

Igor, considero-te como mais um irmão, não somente cient́ıfico, mas sobretudo na lista dos

grandes amigos. Obrigado pelo conv́ıvio, sempre agradável, e pelas discussões onde sua peculiar

erudicao aflorava acompanhada de um bom humor natural. Dudu, meu outro irmão feito ao

longo dos últimos anos, obrigado pela acolhida em BH, pelo bom humor contagiante e pelas tro-

cas de ideia sempre motivantes. Pierre, obrigado por ser esse “menino de ouro”. A sua amizade
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Abstract

The thesis focuses on quantum optical effects in semiconducting artificial atoms. We first in-

vestigate theoretically a single emitter coupled to a one-dimensional waveguide. This system

allows for light propagation while preserving sensitivity at the single-photon level, which has

motivated proposals for quantum gates and single-photon transistors. A scheme to monitor

stimulated emission at the single-photon level in this one-dimensional open space is proposed,

using an excited emitter (e.g. a quantum dot) and a classical pump (laser). We show that

light is emitted in the stimulating mode and that the atom performs classical Rabi oscillation.

The fully quantum dynamics is also explored, where a single-photon packet interacts with an

initially excited emitter. In contrast with the case of a classical pump, stimulation by a sin-

gle photon is irreversible, i.e., no oscillation takes place. Stimulation is optimal for a packet

three times shorter than the spontaneously emitted one. We show how this optimal irreversible

stimulated emission can be applied to perform universal quantum cloning. The same device

provides either optimal quantum cloning or maximally entangled photon pairs, depending only

on the size of the incoming packet.

In the second part of the thesis, we investigate the spontaneous emission spectrum of a semicon-

ducting quantum dot weakly coupled to a microcavity. In particular, we address the problem

of cavity feeding, where the quantum dot spontaneously emits photons at the frequency of an

off-resonance cavity. The influence of phonons in the cavity feeding mechanism is analysed. An

important distortion of the apparent cavity peak induced by the presence of phonons is demon-

strated. These effects are topical and can be implemented in state-of-the-art semiconducting

devices.
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Introduction

Photons and atoms

“I am incessantly busy with the question of radiation... This quantum question is so

uncommonly important and difficult that it should concern everyone.” (Letter from

Einstein to Laub, 1908) [1].

The concept of light has radically changed since the beginning of the last century. This

change starts with the revolutionary work by Planck [2] on the spectrum of blackbody

radiation, where the concept of quantum of energy is introduced. Further development

of this idea is made by Einstein, who derives from Planck’s law the energy fluctuation

of blackbody radiation [3], displaying the wave-particle duality, or complementarity, of

light.

In his theory of light-matter interaction, Einstein rederives Planck’s law from three

basic components: spontaneous emission, absorption and stimulated emission of radia-

tion [4]. A series of practical developments is made, based on the concept of amplification

through stimulated emission. This culminates in the work by Maiman [5], which brings

about a second revolution in the concept of light. Lasers work in a regime that is far from

thermal equilibrium, so the statistical distribution it generates is markedly different from

Planck’s law. A proper theoretical framework to describe both the quantum statistics

and the optical coherence of a laser field is developed mainly by Glauber, Sudarshan

5



CONTENTS 6

[6, 7, 8, 9] and Mandel [10].

The modern perspective put forward by Glauber allowed the demonstration of non-

classical behaviour of light in the resonant fluorescence of an atom. Two-photon corre-

lation measurements evidenced the phenomenon of antibunching, where two successive

photon clicks are separated by a time delay corresponding to the natural re-excitation

period of the atom [11, 12, 13].

Single photon and single atom in a cavity

At the beginning of the 70’s, quantum optics started challenging traditional ideas of

quantum physicists, as pointed out by E. Schrödinger: “We never experiment with just

one electron or atom or (small) molecule. In thought-experiments we sometimes assume

that we do; this invariably entails ridiculous consequences...”, British Journal of the

Philosophy of Sciences, 3, 1952 [14].

Quantum optics is greatly developed within the field of cavity quantum electrody-

namics, ‘CQED’. The aim in this field is to study how the radiative properties of atoms

are modified when they radiate close to boundaries. A pioneering work in CQED is made

by Purcell [15], which shows a change in the spontaneous emission rate of a dipole due

to the presence of a resonant cavity. CQED is also at the heart of the development of

lasers [5, 16, 17, 18].

Research in CQED offers the possibility to perform experiments with a single atom

and a single photon [14]. In the group of Serge Haroche, for instance, huge atomic

dipoles are obtained by preparing the atoms in very excited Rydberg states. Mirrors of

huge reflectivity are constructed. In the case of microwave light, for instance, mirrors

are made of highly reflecting superconducting material. Innovative experiments reveal

the field graininess and reproduce thought-experiments dating from the foundations of

quantum mechanics.
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Semiconducting artificial atom in a solid-state environment

Nowadays, quantum optics and condensed matter physics are converging, creating a field

called “solid-state CQED”. From the perspective of fundamental research, understanding

the influence of the environment on a quantum system is still a timely task. In solid-

state CQED, novel engineered electromagnetic environments are obtained. Besides, the

solid-state reservoir itself can modify the dynamics of the emitter. It establishes connec-

tions with the field of open quantum systems, where the influence of the environment

on energy dissipation and coherence loss of a quantum system is investigated [19, 20].

Open quantum systems can have their quantum correlations and coherences either sup-

pressed or mediated by the environment [21, 22, 23, 24], properties that can be exploited

for quantum information processing. From the perspective of applications, solid-state

devices are promising systems for quantum information processing, as an appreciable

ensemble of them can be fabricated on a chip [25, 26]. The control of the environment

is a fundamental step towards practical realizations of quantum information protocols.

In nanophotonics, a quantum dot (QD) plays the role of single emitter. By confining

charges in all three directions at the nanometer scale, it creates discrete bound states,

providing sharp optical transitions. Quantum dots are thus recognized as artificial atoms.

In Fig.1 (a) (resp b), InAs quantum dots are placed randomly (resp. organized) in a

GaAs matrix. Fig.1 (c) shows photoluminescence of a single QD [27, 28].

Solid-state microcavities are of two types. Photonic crystal planar cavities, Fig.2, are

built by construction of a hole pattern in the semiconducting material [27]. Micropil-

lar cavities, Fig.3, are Bragg mirrors built from a series of layers of contrasting index

refraction [27, 28, 29]. Recently, an outstanding application of microcavities has been

obtained to perform subpicosecond optical switches [30, 31].

Recently, another engineered solid-state reservoir has been fabricated, namely, a pho-

tonic nanowire. A photonic wire is a waveguide that is made of a high refractive index

material, and which is surrounded by a low index cladding (air or vacuum). The large

contrast in refractive index between the material and the cladding leads to two effects:
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Figure 1: (a) InAs QDs placed randomly. (b) Organized pattern of InAs QDs. (c) Photolumi-

nescence of a single QD.

  

Figure 2: Planar photonic crystal cavity.

Figure 3: Micropillar cavity.

first, the guided mode is confined very tightly in the structure, allowing a good coupling

to the embedded emitter. Second, a dielectric screening effect inhibits the coupling to

the continuum of ‘leaky’ modes. These two effects result in an efficient control of sponta-
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neous emission, that is maintained over a large operation bandwidth. These waveguides

preserve the single-photon sensitivity of the single emitter, yet for propagating photons,

opening novel perspectives. For instance, it is possible to control correlation in photon

pairs and realize photon blockade effect [32].

Photonic wires have recently been used to realize an ultrabright on-demand single-

photon source [33]. As shown in Fig.4, the upper tip features a conical shape, in order to

obtain a directive far-field emission pattern. These results open a wealth of interesting

perspectives for the realization of advanced quantum light sources [34].

Figure 4: (a) State-of-the-art cavity-based single photon sources, 40% of efficiency. (b) Con-

ventional nanowire. (c) Reflective tappered nanowire reaching 70% of efficiency.

Outline of the thesis

The present thesis explores theoretical perspectives opened by artificial atoms coupled

to one-dimensional (1D) waveguides and microcavities.
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In the first chapter, we revisit the giant optical nonlinearity at the single-photon

level of an atom coupled to a 1D waveguide. We first show that it behaves as a perfectly

reflecting medium when probed by a resonant laser at low powers. Then we explore this

nonlinearity at the single-photon level when the atom is inverted in population. In that

case, we revisit the effect of stimulated emission by a classical probe.

In the second chapter we explore the fully quantum dynamics of 1D atoms. In

particular, we introduce the effect of stimulated emission by a single propagating photon

packet. Under that condition, the novel phenomenon of optimal irreversible stimulated

emission is demonstrated.

In the third chapter we apply optimal irreversible stimulated emission to quantum

information. We present a protocol to realize either optimal universal quantum cloning

or entanglement. The broadband aspect of the waveguide is an essential ingredient to

the versatility of the device.

In the fourth chapter we model a quantum dot in a microcavity. We study the

influence of phonons in the spontaneous emission. We finally show that an important

distortion in the apparent cavity mode is provided by the influence of phonons.



Chapter 1

The one-dimensional atom: a

semiclassical approach

In the beginning, there was nothing. God said: “Let there be light”. And there was light.

There was still nothing, but you could see it a whole lot better.

Ellen DeGeneres.

A single photon interacting with a single emitter has been a major goal in quantum

optics. So far, this has been successfully achieved in high-quality factor microwave [35]

or optical cavities [36]. An efficient trapping of the photons is required to achieve high

atom-field couplings. This limits, however, the potential of these systems to be explored

for practical purposes. Alternatively, the emitter can be coupled to a one-dimensional

(1D) electromagnetic environment. Termed 1D atom since its pioneering realization

[37], it has firstly been implemented in an atom coupled to a leaky directional cavity

[38]. Nowadays, 1D atoms consist not only in single atoms [39] or molecules [40] in

tightly focused beams, but also in solid-state artificial atoms coupled to solid-state 1D

environments. The most prominent examples for the latter are quantum dots embedded

in photonic wires [33] (Fig.1.1-a), in photonic crystals [41], or in plasmonic waveguides
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[42], and superconducting qubits coupled to transmission lines in circuit QED [43, 44]

(Fig1.1-b).

The natural directionality of 1D atoms allows a high mode matching to be reached

between the resonant incoming and the scattered light. This provides saturation of the

emitter with a single propagating photon [45] as well as an efficient interference between

the two fields, motivating proposals for single-photon transistors [42] and two-photon

gates [46].

The next three chapters are devoted to quantum optical properties of a single emitter

coupled to this 1D environment. In the present chapter, we study the quasi-classical

regime where the 1D atom is probed by a monochromatic laser. We revisit the effect of

destructive interference that gives rise to total reflection of light [40, 41, 44, 45, 47]. Still

in the quasi-classical regime, we explore this highly nonlinear behaviour when atomic

population is inverted. This allows us to revisit the concept of stimulated emission at

the single-photon level in 1D atoms.

1.1 Heisenberg equations

The model of the 1D atom consists in a few-level emitter coupled to a 1D continuum

of modes of the electromagnetic field, as illustrated in Fig.1.1 (c). In this section, we

describe the quantum time evolution of the system. We derive the Heisenberg operators

firstly for the atom and then for the field.

1.1.1 Model

We consider a two-level system (TLS) having a transition frequency νA between

the ground state |g〉 and the excited state |e〉. The electric dipole of the transition is

~d = e 〈g|~R|e〉, where ~R is the electron position operator and e is its elementary charge.

The dipole operator is D = d (d̂ σ− + d̂∗ σ+), where σ− = |g〉〈e|, σ+ = σ†− and ~d = d d̂,
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Figure 1.1: Illustrative examples of the 1D atom. (a) InAs quantum dot (red triangle) coupled

to a GaAs photonic nanowire. (b) Superconducting artificial atom (flux qubit), based on

Josephson junctions, coupled to a superconducting transmission line. (c) Model based on a

generic two-level system coupled to an infinite 1D waveguide.

yielding the atom Hamiltonian [14, 19]

Hatom = ~νA σ+σ−. (1.1)

The field normal modes are separated into aν and bν [48], respectively accounting for

the forward and backward propagating fields of frequency ν. The free field Hamiltonian

reads

Hfield =
∑
ν

~ν (a†νaν + b†νbν). (1.2)

The continuum limit is obtained by introducing the 1D density of modes ρ1D so that∑
ν →

∫
dν ρ1D.

The emitter-field dipole interaction is described in the rotating-wave approximation

[14, 19], valid for a coupling constant gν � νA. By setting the atom at position zA, the
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Hamiltonian writes

Hint = −i~
∞∑
ν=0

gν
[
σ+(aν e

iνzA/c + bν e
−iνzA/c)− H.c.

]
. (1.3)

In the following we assume the reference frame where zA = 0. The total hamiltonian is

finally given by

H = Hatom +Hint +Hfield. (1.4)

1.1.2 Evolution of the atom

We denote the Heisenberg operators by OH(t). The atomic operators then read

σH− (t), σH+ (t) and σHz (t) ≡ (σH+ (t)σH− (t)− σH− (t)σH+ (t))/2.

Then we define new operators σ−(t), σ+(t) and σz(t) by evidencing the fast-rotating

terms,

σH− (t) ≡ σ−(t) exp (−iνAt) and σH+ (t) ≡ σ+(t) exp (+iνAt), (1.5)

and σHz (t) = σz(t) ≡ (σ+(t)σ−(t)− σ−(t)σ+(t))/2.

In the same way, the field operators in the Heisenberg picture are aHν (t) and bHν (t).

The fast rotating terms are evidenced, so the new operators aν(t) and bν(t) are defined

by

aHν (t) = aν(t) exp(−iνt) and bHν (t) = bν(t) exp (−iνt). (1.6)

The atomic evolution equations are obtained for those new operators,

d

dt
σ−(t) = 2σz(t)

∑
ν

gν [aν(t) + bν(t)]e
−i(ν−νA)t (1.7)

and
d

dt
σz(t) = −

∑
ν

gν
{
σ+(t)[aν(t) + bν(t)]e

−i(ν−νA)t + H.c.
}
. (1.8)

The field equations are formally integrated,

aν(t) = aν(0) + gν

∫ t

0

dt′σ−(t′)ei(ν−νA)t′ . (1.9)

Analogous expression holds for bν(t).
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Eq.(1.9) is then applied to Eqs(1.7) and (1.8). The time integration is solved by

noting that
∑

ν g
2
ν e
−i(ν−νA)(t−t′) varies much faster than σ−(t′) for optical frequencies

[49], so that a Markovian approximation [19, 49] can be applied:

σz(t)
∑
ν

g2
ν

∫ t

0

dt′ σ−(t′) e−i(ν−νA)(t−t′)

≈ σz(t)σ−(t)

∫ t

0

dt′
∑
ν

g2
ν e
−i(ν−νA)(t−t′). (1.10)

We then use that [49]∫ t

0

ei(ν−νA)(t′−t)dt′ ≈ iP
(

1

ν − νA

)
+ πδ(ν − νA), (1.11)

solving the time integration. The imaginary part gives the frequency shift that will be

incorporated in the definition of νA. The real part provides the decay rate

γ1

2
≡ 2π

∑
ν

g2
ν δ(ν − νA). (1.12)

Note that γ1 depends on the 1D density of modes ρ1D, γ1 = 4πρ1Dg
2
νA

. The decay rate

derived here is in accordance to Fermi’s golden rule for the spontaneous decay of the

atomic excitation. With the help ot the relation σzσ− = −σ−/2, the Heisenberg-Langevin

equations for the atom are derived,

d

dt
σ−(t) = −γ1

2
σ−(t) + 2σz(t)

( d
i~
Ea,free(zA = 0, t) +

d

i~
Eb,free(zA = 0, t)

)
eiνAt, (1.13)

and

d

dt
σz(t) = −γ1(σz(t) + 1/2)

−
{
σ+(t)

[ d
i~
Ea,free(zA = 0, t) +

d

i~
Eb,free(zA = 0, t)

]
eiνAt + H.c.

}
, (1.14)

where Ea,free(z, t) ≡ i
∑

ν ενaν(0)e−iν(t−z/c) and Eb,free(z, t) ≡ i
∑

ν ενbν(0)e−iν(t+z/c). The

electric field per photon is εν and the relation ~gν = dεν has been applied.
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1.1.3 Evolution of the field

The electromagnetic field operator in Heisenberg representation is

EH(z, t) = EH (+)(z, t) + EH (−)(z, t), (1.15)

being EH (−)(z, t) =
(
EH (+)(z, t)

)†
and

EH (+)(z, t) = i
∑
ν

εν
[
aHν (t)eikνz + bHν (t)e−ikνz

]
, (1.16)

where kν = |~kν | = ν/c gives the linear dispersion relation. The direction of propagation

of the fields is indicated in the signs of the exponentials. The expression for the field per

photon is εν =
√

~ν/(2ε0V ) [14], being ε0 the vacuum permittivity and V the volume of

quantization1.

Equations (1.6) and (1.9) are substituted in the definition of the electric field, Eq.(1.16),

yielding a linear combination between free and emitted fields,

EH (+)(z, t) = Ea,free(z, t) + Eb,free(z, t) + Eσ(z, t), (1.17)

where

Ea,free(z, t) = i
∑
ν

ενaν(0)e−iν(t−z/c) (1.18)

and

Eb,free(z, t) = i
∑
ν

ενbν(0)e−iν(t+z/c), (1.19)

consistently with the respective direction of propagation, Ea,free(z, t) = Ea,free(z − ct, 0)

and Eb,free(z, t) = Eb,free(z + ct, 0).

The emitted field is given by Eσ(z, t) = Ea
σ(z, t) + Eb

σ(z, t), where

Ea,b
σ (z, t) = i

∑
ν

εν

(
gν

∫ t

0

dt′σ−(t′)ei(ν−νA)t′
)
e−iνt e±ikνz

= i
∑
ν

ενgν

∫ t

0

dt′σ−(t′)ei(ν−νA)(t′−[t∓z/c])e−iνA(t∓z/c), (1.20)

1the volume of quantization is given by V = AL, where L is the length of quantization of the 1D waveguide

(L→∞) and A is the cross-section area as defined in Ref.[48].



CHAPTER 1. THE ONE-DIMENSIONAL ATOM: A SEMICLASSICAL APPROACH 17

where the sign depends on the mode under consideration. A Markovian approximation

is applied here. The relation ενgν = ~g2
ν/d allows us to immediatly identify Eq.(1.10),∑

ν

g2
ν

∫ t

0

dt′ σ−(t′) e−i(ν−νA)([t∓z/c]−t′) e−iνA(t∓z/c)

≈ σ−(t∓ z/c)
∫ t

0

dt′
∑
ν

g2
ν e
−i(ν−νA)([t∓z/c]−t′) e−iνA(t∓z/c), (1.21)

where σ−(t′) ≈ σ−(t∓ z/c) is valid for 0 < t′ < t, that is, for

0 < t∓ z/c < t. (1.22)

Note that the inequality above states a crucial difference from the previous case. The

fact that for z > 0, t′ = t − z/c < t, and for z < 0, t′ = t + z/c < t, allows us to

approximate, for ±z > 0,∫ t

0

ei(ν−νA)(t′−[t∓z/c])dt′ ≈
∫ ∞
−∞

e(i(ν−νA)(t′−[t∓z/c]))dt′ = 2πδ(ν − νA). (1.23)

Eq.(1.23) applies to σ−(t′) ≈ σ−(t ∓ z/c) (i.e., t′ ≈ t ∓ z/c and z 6= 0), differently from

Eq.(1.11), which is adequated to the case where σ−(t′) ≈ σ−(t) (i.e., t′ ≈ t).

The lefthand side of inequality (1.22),

0 < t∓ z/c,

states that the argument of the atomic operator must be positive. That is, the time “t”

at which we detect the electric field, at position “z”, must be bigger than the time spent

by the light, “|z|/c”, to arrive at that position.

The righthand side of inequality (1.22),

±z > 0,

states that for propagation towards +k, only detection at z > 0 contains information

about the atomic emitted field. Analogously, a detector at z < 0 can only be able to

measure the signal coming from the emitted field propagating in the −k direction.



CHAPTER 1. THE ONE-DIMENSIONAL ATOM: A SEMICLASSICAL APPROACH 18

By denoting Θ(z) the Heaviside step function, we include the above statements and

obtain the emitted field

Eσ(z, t) = i
(∑

ν
~
d
g2
ν 2πδ(ν − νA)

) {
σH− (t− z/c)Θ(z)Θ(t− z/c)

+σH− (t+ z/c)Θ(−z)Θ(t+ z/c)
}
. (1.24)

Finally, the full electric field equation for the 1D atom is established,

EH (+)(z, t) = Ea,free(z, t) + Eb,free(z, t)

+η
{
σH− (t− z/c) Θ(z) Θ(t− z/c)

+σH− (t+ z/c) Θ(−z) Θ(t+ z/c)
}
, (1.25)

where η ≡ i~γ1/(2d) is the constant of proportionality. In the following we choose the

initial state of the quantum evolution.

1.2 Incident field: a pure coherent state

In this chapter we will be interested in modeling the experimental condition in which a

continuous-wave monochromatic laser is injected in the waveguide to probe the atom, as

illustrated in Fig.1.2. This can be modeled by introducing a time-dependent c-number

in the evolution equation of the atom. Equivalently, it can be modeled by a pure initial

coherent state. This equivalence is presented below.

1.2.1 Canonical transformation

A single mode of frequency νL is in a coherent state denoted here by |αL〉. By

definition, the coherent state is an eigenstate of the destruction operator [6],

aνL
|αL〉 = αL|αL〉, (1.26)

where |αL|2 gives the average number of photons of that state. Using this definition, it

can be shown that the coherent field is a displaced vacuum state [7],

|αL〉 = D[αL]|0νL〉, (1.27)
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Figure 1.2: The incident field is a laser of frequency νL. This is modeled by a pure initial

coherent state in the mode aνL . The laser-atom detuning is denoted by δL = νL − νA.

where the displacement operator reads D[αL] = exp [αLa
†
νL
− α∗LaνL ]. It can also be

shown [7] from bosonic commutation relations that

D†[αL] aνL D[αL] = aνL + αL. (1.28)

The coherent state properties shown above can now be applied to our particular case.

Eqs.(1.14) and (1.13) are averaged by the initial state

d

dt
〈αL|σ−(t)|αL〉 = −γ1

2
〈αL|σ−(t)|αL〉

+2
d

i~
eiνAt 〈αL|σz(t)Ea,free(0, t)|αL〉

+2
d

i~
eiνAt 〈αL|σz(t)Eb,free(0, t)|αL〉 (1.29)

and analogously for 〈σz(t)〉. We develop Eq.(1.29) using Eq.(1.27), the identity operator



CHAPTER 1. THE ONE-DIMENSIONAL ATOM: A SEMICLASSICAL APPROACH 20

I = D†[αL]D[αL], and defining σ̃−,z(t) ≡ D†[αL]σ−,z(t)D[αL],

d

dt
〈0νL|σ̃−(t)|0νL〉 = −γ1

2
〈0νL|σ̃−(t)|0νL〉

+2
d

i~
eiνAt 〈0νL|σ̃z(t)D†[αL]Ea,free(0, t)D[αL]|0νL〉

+2
d

i~
eiνAt 〈0νL|σ̃z(t)D†[αL]Eb,free(0, t)D[αL]|0νL〉 (1.30)

Using the definition of Ea,free(z, t) and Eq.(1.28) we write

D†[αL]Ea,free(0, t)D[αL] = i
∑
ν

εν D†[αL]aν(0)D[αL] e−iνt

= i
∑
ν 6=νL

εν (aν(0)) e−iνt + iενL(aνL + αL)e−iνLt

= i
∑
ν

εν aν(0) e−iνt + iενLαLe
−iνLt

= Ea,free(0, t) + iενLαLe
−iνLt. (1.31)

We have supposed that the coherent state is within the aν modes, so it does not change

modes bν , i.e., D†[αL]Eb,free(z, t)D[αL] = Eb,free(z, t).

Now we apply Eq.(1.31) to Eq.(1.30). We also define the time-dependent c-number

corresponding to the classical input field,

Eain(z, t) ≡ iενL αL e
−iνL(t−z/c), (1.32)

finding

d

dt
σ̃−(t) = −γ1

2
σ̃−(t)

+2
d

i~
eiνAtσ̃z(t) [Ea,free(0, t) + Eain(0, t)]

+2
d

i~
eiνAt σ̃z(t)Eb,free(0, t), (1.33)

for the transformed initial vacuum state |0νL〉. The same equation is obtained by in-

troducing an external time-dependent potential of frequency νL and energy ~Ωclassical =

2dενLαL = 2~gνL αL. The parameter Ωclassical is the Rabi frequency.
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This shows that modeling a laser by a classical field, described by a time-dependent

c-number, is equivalent to modeling the initial state of the quantum field as a pure

coherent state. This analysis is found in Refs.[49] and [50].

1.2.2 Optical Bloch equations

The input field in a coherent state drives the atomic evolution via the so called

optical Bloch equations [49]. In what follows, we show its expression firstly in the ideal

case. Then we extend the result to include waveguide loss and pure dephasing of the

two-level system. Finally, we discuss the solution of those equations in all regimes:

transient/steady-state and linear/saturated.

We define the atomic operators in the frame rotating at the laser frequency νL,

σH− (t) = S−(t) e−iνLt and σHz (t) = Sz(t), (1.34)

which is equivalent to write S−(t) = σ−(t) eiδLt, where δL ≡ νL − νA is the laser-atom

detuning. This eliminates the explicit time dependence in the coefficients.

Ideal case: no pure dephasing, no waveguide loss

Transformation (1.33) yields the following evolution for the atomic averages:

d

dt
〈S−〉 = −

(γ1

2
− iδL

)
〈S−〉+ Ω1 〈Sz〉,

d

dt
〈Sz〉 = −γ1

(
〈Sz〉+

1

2

)
− Ω1 <[〈S−〉], (1.35)

where < stands for the real part and the Rabi frequency here is given by Ω1 = 2dενLαL/~ =

2gνLαL = 2αL
√
γ1/(4πρ1D). We define a normalized (unitless) laser power p so that γ1p

is the average number of photons per atomic lifetime,

p ≡ |αL|2

2πρ1Dγ1

. (1.36)

This definition is motivated by the fact that ρ1D = L/(2πc), that is, 2πρ1D is the time

L/c the photon takes to propagate across the length of quantization L. So, (2πρ1Dγ1)−1
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gives a flux in units of lifetime γ−1
1 . Applying this definition to the Rabi frequency gives

Ω1 = γ1

√
2p. (1.37)

Note that, in this particular 1D geometry, Rabi frequency is proportional to the atomic

decay rate.
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Nonideal case: pure dephasing and waveguide loss

Figure 1.3: Realistic imperfections of 1D atoms:

pure dephasing γ∗ and decay to the waveguide

leaky modes γ0. The waveguide efficiency is β =

γ1/γ, where γ = γ0 + γ1.

Waveguide loss is described by an extra decay

rate of the atom γ0 (see Fig.2.2). Population

decay rate now reads

γ ≡ γ0 + γ1,

so the ratio

β ≡ γ1

γ

describes the relative coupling to the 1D envi-

ronment, i.e., β is the waveguide efficiency. Co-

herences also decay with a modified rate, given

by γ/2.

Similarly, pure dephasing rate γ∗, typically

present in solid-state artificial atoms [33, 56], can be included by adding a decay term

in the coherence decay rates,
γ

2
→ γ + γ∗

2
, (1.38)

while populations are left unchanged2,

d

dt
〈S−〉 = −

(
γ + γ∗

2
− iδL

)
〈S−〉+ Ω 〈Sz〉,

d

dt
〈Sz〉 = −γ

(
〈Sz〉+

1

2

)
− Ω <[〈S−〉], (1.39)

the symbol < denoting the real part.

The Rabi frequency is modified to

Ω = γ
√

2pβ, (1.40)

2Extra decay and pure dephasing can be modeled by coupling the system to extra environments. The

former comes from a dipolar coupling to an extra continuum of modes (cν), while the latter comes from a

coupling like Hint = |e〉〈e|
∑
ν,ν′ c

†
νcν′ [19]. Equivalently, Lindbladian operators [14, 19] can be used, yielding

Lγ0 [ρ] = − γ0
2

(σ+σ−ρ+ ρσ+σ−− 2σ−ρσ+) for spontaneous emission in 3D space and Lγ∗ [ρ] = − γ
∗

4
(ρ− 4σzρσz)

for pure dephasing [19].
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where the normalized laser power is now given by

p =
|αL|2

2πρ1Dγ
. (1.41)

The η factor in Eqs.(1.25) is rewritten as

η = iενL

√
β

2

√
2πρ1Dγ. (1.42)

This expression for η evidences its dependency on the efficiency of the atom-waveguide

coupling, given by the β factor. The term
√

2πρ1Dγ naturally cancels out with the same

factor that also appears in the transformation αL =
√
p
√

2πρ1Dγ, when the photodetec-

tion signals are computed.

Transient and steady-state regimes

At short times t < γ−1, atomic populations 〈Sz(t)〉 and coherences 〈S−(t)〉 are time-

dependent quantities. This is called transient regime.

At long times t∞ � γ−1, atomic averages 〈Sz(t∞)〉 and 〈S−(t∞)〉 acquire a stationary

value, so d〈S−〉/dt = d〈Sz〉/dt = 0. This defines the steady-state regime.

Linear and saturated regimes

In steady-state, the linear or saturated regimes are distinguished by a saturation param-

eter s. It is defined with respect to the steady-state excited-state population,(
〈Sz〉+

1

2

)
=

1

2

(
s

1
β

+ s

)
(1.43)

where the saturation parameter is [49]

s ≡ 4p
1 + γ∗/γ

(1 + γ∗/γ)2 + (2δL/γ)2
.

So, if s� β−1 the excited-state population is vanishingly small, 〈Sz〉+ 1
2
� 1, and grows

linearly with s. For s� β−1, the excited state can no longer increase with s, becoming

saturated at 〈Sz〉+ 1
2

= 1/2.
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Still in steady-state, we study how the linear/saturation transition affects the coherent

atomic dipole 〈S−〉. Given the incident field Eain(z, t) from Eq.(1.32), the atom dipole

satisfies

〈S−〉 = χ Ẽain(0, t), (1.44)

where Ẽain(0, t) ≡ Eain(0, t) eiνLt = iενLαL, and the complex atomic susceptibility, or the

atomic polarizability is

χ = −1

η

(
1

1 + γ∗

γ
− i2δL/γ1

)
1

1
β

+ s
, (1.45)

In the linear regime, χ is a constant with respect to the incident field intensity. The phase

of the atomic dipole becomes locked with respect to the phase of the field, behaving like

a classical dipole. In the nonlinear, or saturated, regime the dipole coherence vanishes.

In the ideal 1D atom, β = 1, γ∗ = δL = 0, nonlinearity starts at the level of a single

photon per atomic lifetime, p ∼ 1, what is called a giant optical nonlinearity.

Linear or saturated regime is settled depending upon the pump power p ∝ (Ω/γ)2.

In the transient regime, low pump p < 1 leads to monotonic behaviour of the atomic

populations and coherences, defining the linear regime. A very high pump p � 1 en-

forces the atom to realize many optical transitions between ground and excited states,

performing the so called Rabi oscillations [14].
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1.3 Interference between incoming and scattered fields

Figure 1.4: Detector placed in the transmission

(reflection) channel measures transmission (reflec-

tion) light power T (R).

In this section we study interference effects be-

tween the classical pump and the field radiated

by the atom. We first concentrate on aver-

age transmitted and reflected fields. Then we

discuss second-order field correlations that evi-

dence quantum properties of the fields.

The field detected in the transmission chan-

nel, ET (z, t), and the field detected in the reflec-

tion channel, ER(z, t), correspond to the quan-

tum operators

ET (z, t) ≡ Ea,free(z, t) + η Θ(z) Θ(t− z/c) σH− (t− z/c) (1.46)

and

ER(z, t) ≡ Eb,free(z, t) + η Θ(−z) Θ(t+ z/c) σH− (t+ z/c), (1.47)

obtained from Eqs.(1.25), (1.18) and (1.19). With the above definitions we explore the

photodetection relations in the following sections, illustrated in Fig.1.4.

1.3.1 Field expectation values

Transmitted and reflected powers

Photodetectors measure the rate of photon arrival. These rates are given by the trans-

mitted power T and the reflected power R,

T = γ
〈E†T (zd, t)ET (zd, t)〉

ε2νL

and R = γ
〈E†R(zd, t)ER(zd, t)〉

ε2νL

, (1.48)

both in units of number of photons per atomic lifetime, measured at position zd at time

t. From the definitions above, the power of the incident field is

I = γ
〈E†a,free(zd, t)E

†
a,free(zd, t)〉

ε2νL

= γ
Eain∗(zd, t)Eain(zd, t)

ε2νL

= γα2
L = γp (2πρ1Dγ). (1.49)
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Transmittance and reflectance

The ratio between the transmitted (reflected) and incident powers defines the transmit-

tance T (reflectance R),

T =
T
I

and R =
R
I
, (1.50)

where the definitions from Eqs.(1.48) and (1.49) have been applied.

In the steady-state regime, we obtain from Eq.(1.45) the solution

T = 1 + (2− β) <[η χ] and R = −β <[η χ], (1.51)

where the real part is denoted by <. Note that for a nondissipative waveguide, β =

1, total energy is conserved, R + T = 1 for all p, γ∗ and δL. If β < 1, then R +

T < 1. For a resonant laser δL = 0 in the linear regime p � 1, and under ideal
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Figure 1.5: Left– transmittance (blue) and reflectance (red) as a function of the laser-atom

detuning, showing total dipole-induced reflection at resonance in the linear regime, p � 1.

Right – transmittance (blue) and reflectance (red) as a function of laser power, showing the

giant optical nonlinearity at the single-photon level p ∼ 1. In both cases the ideal condition is

assumed, γ∗ = 0 and β = 1.

conditions γ∗ = 0 and β = 1, Eq.(1.51) yields T = 0 and R = 1. This perfect reflection

occurs because the mean value of the field emitted by the atom has a π-phase shift3

3this π-phase shift has an instructive classical analog. First we shall remind that in the low-saturation limit,

the average atomic dipole behaves classically, as a harmonic oscillator. The average incoming field is also a
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with respect to the incoming field, i.e., η χ = −1, causing a destructive interference

between incoming and scattered fields. This is illustrated in Fig.1.5 (left), where we

have plotted the transmittance and reflectance as a function of the detuning. It shows a

sharp bump around the resonance, the width being given by γ. Fig.1.5 (right) shows the

power dependence of the same functions at resonance. It demonstrates the giant optical

nonlinearity arising at the single-photon level, p ∼ 1. The nonideal case is studied in

Ref.[45], modeling a semiconductor quantum-dot embedded in a micropillar.

Interference ceases when the atom is in the saturated regime, p � 1, so T = 1 and

R = 0. Null reflection is a consequence of the laser power surpassing by far the saturated

atomic contribution. It is worth noting that, even though transmission is maximal, the

net transmission T−1 is still smaller then reflection, (T−1)−R = − (〈Sz〉+ 1/2) /p < 0.

In particular, net transmission is negative, (T − 1)/R = 1 − 2/β < 0, showing that the

reflection channel is still favored with respect to the transmission channel.

Transmission and reflection

By performing homodyne detection [14], the mean fields 〈ET (R)(zd, t)〉 can be measured.

This experiment provides, thus, access to the complex transmission t and the complex

reflection r,

t ≡ 〈ET (z, t)〉
Eain(z, t)

and r ≡ 〈ER(z, t)〉
Eain(z, t)

.

These are also the kind of signals measured in circuit QED experiments [44]. The mean

fields oscillate at the frequency of the pump. Therefore, at moderate powers p ∼ 1,

|t|2 + |r|2 6= 1, even for β = 1. That is, incoherent atomic contributions (fluctuations)

prevent energy conservation at that particular frequency.

harmonic oscillator. Therefore, the problem reduces to two resonantly coupled classical harmonic oscillators,

where one of them is imposed to oscillate sinusoidally with a well defined frequency. The solution of the other

oscillator in steady-state is shown to be proportional to exactly the same sinusoidal function, apart from a π/2

phase shift. Evidently, the same effect happens between the dipole and its emitted field. Hence, another π/2

phase is added, creating a π/2 + π/2 = π phase shift in the emitted field with respect to the incoming one.
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In the steady-state regime, the explicit solution reads

t = 1 + ηχ and r = ηχ. (1.52)

In both extreme low and high saturated regimes the transmission and transmittance

coincide, |t|2 → T , as well as reflection and reflectance, |r|2 → R. The equality holds in

the highly saturated regime because the signals are normalized by the incoming pump,

so the contribution from the atom becomes negligible as compared to the huge incoming

coherent power.

1.3.2 Field second-order correlation functions

Now we study the field second-order correlation functions [6]. They evidence quantum

aspects of the field that are not captured by the average intensities [1] and are measured

in Hanbury Brown and Twiss experiments [51].

The definitions for the transmission and reflection channels read

g
(2)
T (R)(t, t+ τ) =

〈E†T (R)(t)E
†
T (R)(t+ τ)ET (R)(t+ τ)ET (R)(t)〉

〈E†T (R)(t)ET (R)(t)〉 〈E†T (R)(t+ τ)ET (R)(t+ τ)〉
. (1.53)

The numerator describes the probability density that a photon is detected at time t and

another at time t+ τ . The position dependence is hidden.

We compute the correlations in the long-time (steady-state) limit, g
(2)
T (R)(t∞, t∞ + τ),

in the extreme linear regime, p = 0.0001, using quantum regression theorem [19, 49].

The result is equivalent to that from Ref.[42].

Fig.1.6 shows g
(2)
R (t∞, t∞ + τ). No interference between input and emitted fields

take place in the reflected channel. Therefore, the correlation is characteristic from a

single two-level system in free space. That is, the reflected field shows antibunching [19],

featuring the signature of a single-photon source.

The photon correlation in the transmitted field, Fig.1.7, is in clear contrast: instead of

anti-bunching, it performs a huge bunching. Actually, the bunching diverges (g
(2)
T (0)→

∞) in the perfect waveguide limit (β → 1) [42, 52]. This is due to the interference
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Figure 1.6: Antibunching arising from spon-

taneous emission as measured in the reflection

channel.
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Figure 1.7: Huge bunching arising from

destructive interference in the transmission

channel.

between incoming and emitted fields, that reduces arbitrarily close to zero the chance of

a single-photon to pass by the atom. But, whenever it does, it can only have been because

of a two-photon fluctuation of the incoming coherent field, that instantaneously saturates

the atom, making it transparent and thus letting the photon pair being transmitted. In

both figures, β = 2/3.

1.4 Reversible stimulated emission at the single-photon level

The concept of stimulated emission has been introduced by Einstein in the problem

of black-body radiation spectrum [4]. Its signatures appear both in matter and field.

Stimulated emission affects the atomic dynamics, that can realize accelerated emission

[14, 53] or negative absorption [54]. It also induces emission in the stimulating mode. In

what follows, we study stimulated emission in 1D atoms by inverting its population [55],

as illustrated in Fig.1.8. We explore both the transient and the steady-state regimes.
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Figure 1.8: A monochromatic laser of power p stimulates the emission of an excited atom.

Atomic emission is accelerated, performing negative absorption, while light is preferentially

emitted in the stimulating mode aνL .

1.4.1 Power gain and negative absorption in 1D atoms

From Eq.(1.48), we find for the 1D atom

T = γp+ Ω<[〈S−〉] +
γβ

2

(
〈Sz〉+

1

2

)
(1.54)

and

R =
γβ

2

(
〈Sz〉+

1

2

)
, (1.55)

valid for all atomic regimes. The reflected power is simply proportional to the excited

state population. It can thus be interpreted as a spontaneous emission contribution,

which feeds equally the transmission and reflection channels. It also feeds the side-

emission channel if β < 1, defined by S = (1−β)(〈Sz〉+ 1/2). The transmission channel

carries the incoming power γp plus an interference term, Ω<[〈S−〉]. This interference

term plays a key role in the 1D geometry under study, as it gives destructive interference

in the perfect reflection scenario or constructive interference in the present scenario.

Following the notations of a seminal paper by Mollow [54], we point out that the

atomic coherent absorption rate is described by

W = −Ω<[〈S−〉], (1.56)
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as it can be seen from the optical Bloch equations (1.58). Then, we identify from

Eqs.(1.54) and (1.55) that the net transmitted power T − γp, when compared to the

reflected one R, yields precisely the negative of the atomic absorption rate W , related

to the interference term,

T − γp−R = −W . (1.57)

This means that gain in transmission power, T − γp > R, is followed by a negative

absorption rate W < 0 of the atom. So, light is emitted in the stimulating mode aνL ,

breaking the spontaneous emission symmetry between net transmission and reflection.

These signatures of stimulated emission, peculiar to 1D atoms, are explored in the

following subsections. Both transient and steady-state regimes are analyzed. In the

former, inversion of population assumed as the initial condition. In the latter, inversion

is obtained through incoherent pump.

1.4.2 Direct monitoring: transient regime

To analyse the transient regime, we prepare the atom in the excited state |e〉 at the

initial time t = 0, and follow the temporal evolution of the field powers and the atomic

excited-state population.

The case p = 0 corresponds to spontaneous decay, characterized by the exponential

exp(−γt) in Fig.(1.9). Increasing the pump power reduces the time the atom spends

excited, stimulating its emission. However, stimulated emission does not happen to

make the atomic decay faster, but reversible: this is the nonlinear regime of Bloch

equations, characterized by the coherent exchange of photons between the atom and the

field (Rabi oscillations) at the rate Ω. This regime is reached when Ω overcomes the

typical dephasing and damping rates γ and γ∗. When γ∗ = 0, this condition simplifies

to p ∼ β−1 [see Eq. (1.58)], which corresponds to p ∼ 1 in the ideal 1D case plotted in

the figure. Therefore, a single photon per lifetime is enough to saturate a 1D atom, as

previously evidenced.

If β < 1, a higher pump power will be necessary to reach the nonlinear regime. Single-
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Figure 1.9: Top: Excited-state population Pe(t) as a function of time (in units of γ−1) for

p = 0 (blue, monotonic decrease), p = 1 (red, lower-frequency oscillation), and p = 10 (green,

higher-frequency oscillation). Bottom: T − γp (blue, left arrow) and R (red, right arrow;

both in units of γ) for p = 30, showing that net transmission overcomes reflection whenever

stimulated emission takes place, in the transient regime. Remind that R ∝ Pe. Dashed curves

correspond to γ∗ = 10γ. For all cases, β = 1.

photon sensitivity is also altered by pure dephasing, as is shown in Fig. 1.9 where we

have plotted the population with γ∗ = 10γ, a typical value for quantum dots [56] (note

that this is an upper bound, pure dephasing rates as low as γ∗ = 0.15γ being currently

reached in circuit QED [44]). Still, with realistic parameters, the power needed to reach

stimulation remains of the order of a few photons per lifetime, so that the great sensitivity

of the device is preserved.

Fig.(1.9) shows the evolution of the radiated fields in the regime of stimulated emis-

sion, p = 30. Rabi oscillations are also visible in the reflected and transmitted fields. In

particular, one observes that each decrease in R corresponds to the stimulated emission

of a photon, which feeds the transmission channel. These processes have T − γp > R,
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confirming that the “stimulated channel” T is favored. Note that, on the other hand, if

the atom is initially prepared in the ground state |g〉, emission is favored in the reflection

channel at the initial time, as we have already discussed.
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1.4.3 Direct monitoring: steady-state regime

Figure 1.10: Level scheme of the 1D-atom, inverted under incoherent pumping. Incoherent

pump can be obtained by weakly and resonantly pumping an ancilla level |m〉 and adiabatically

eliminating it afterwards.

Steady-state population inversion is obtained by an incoherent pumping, in our mod-

eling. It can be introduced in Bloch equations by a rate ξ obeying two conditions: it

destroys coherence and inverts population, so that Pe(ξ →∞) = 1,4

d

dt
〈S−〉 = −

(
γ + γ∗ + ξ

2
− iδL

)
〈S−〉+ Ω 〈Sz〉,

d

dt
〈Sz〉 = −(γ + ξ)

(
〈Sz〉+

1

2

)
+ ξ − Ω <[〈S−〉]. (1.58)

It is worth mentioning that this pump mechanism can be effectively described by a third

ancilla level (denoted by |m〉 in Fig.1.11) coherently pumped at rate γp that decays

towards |e〉 at rate γe. When γp � γe the ancilla can be adiabatically eliminated, and

we are left with an effective incoherent pump rate ξ ≈ 4γ2
p/γe for the two-level system.

Now we study the influence of the resonant light on the steady-state (d〈S−〉/dt =

d〈Sz〉/dt = 0) atomic population Pe and radiated fields R and T − γp [55]. The pop-

ulation is pictured in Fig. 1.11 as a function of p. We have plotted the results for two

4The corresponding Lindbladian is Lξ[ρ] = − ξ
2
(σ−σ+ρ+ ρσ−σ+ − 2σ+ρσ−).
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different values of the incoherent pump ξ = 3γ and 15γ, yielding two different population

inversions when p = 0. We also show the net total rate of photons emitted by the atom,

N ≡ T − γp+R+ S. (1.59)

Moreover, we have defined and plotted the ratios βR(βT ) of photons emitted in the

reflection (transmission) channel in the following way:

βR ≡
R
N

and βT ≡
T − γp
N

. (1.60)

These quantities measure the propensity of the atom to emit in the reflection (trans-

mission) channels and appear as natural figures of merit for stimulated emission in

steady-state. Two regimes can be observed in the figure. A vanishing pump p → 0

gives rise to an incoherent regime characterized by the spontaneous emission of photons.

The excited-state population reads Pe = ξ
γ+ξ

and the net total rate of emitted photons

is N = γPe. In this regime, no channel is favored, and the net transmitted and reflected

fields are equal.

Increasing the pump p to arbitrarily high values sets up the coherent regime of Rabi

oscillations. The excited-state population Pe decreases, eventually becoming equal to

the ground-state population Pg, which is the usual limit of Bloch equations when the

atom is saturated [49]. This means that the more coherent power is injected in the input

channel, the less intensely light is reflected, given that the reflected power and excited

state population are proportional. Simultaneously, the net total rate of photons increases

to N = ξ/2. This is an unusual situation where the emitted light power does not follow

the same evolution as the atomic population. As a matter of fact, the rate N represents

the rate of photons exchanged between the atom and the field, which scales as the Rabi

frequency Ω and increases with the pump power p. Simultaneously, the transmission

channel is markedly favored with respect to the reflection channel (βT > βR
5). The

transition between these two regimes happens when

p > pth =
(γ + γ∗ + ξ)(γ + ξ)

4βγ2
,

5note that βT → 1 if ξ is sufficiently large, but still smaller than p (only for β = 1, of course).



CHAPTER 1. THE ONE-DIMENSIONAL ATOM: A SEMICLASSICAL APPROACH 37

which simplifies to pth = 1
4
(1 + ξ

γ
)2 for β = 1 and γ∗ � γ. This confirms that Rabi

oscillations appear when coherent processes, quantified by p, overcome incoherent ones,

quantified by ξ. As in the transient case, pure dephasing and lower β increase the

threshold needed to reach the coherent regime, up to values that remain of the order of

a few photons per lifetime in the physical systems modeled.

Figure 1.11: Top: Steady-state population (red, left arrows) of the excited level (proportional

to reflected power) as a function of the resonant pump for ξ = 3γ (light red, lower) and 15γ

(dark red, upper). Increasing net rate of emitted photons N (green, right arrow; in units of

γ) ranging from γPe to ξ/2 (plotted with ξ = 3γ ). Bottom: Ratios βT (blue, upper) and βR

(red, lower) showing predominance of emission in the transmission channel for p > 1. Dashed

curves: γ∗ = 10γ. We took β = 1.

The analytic solutions for the atomic averages are shown below:

〈S−〉 = −
(
γ − ξ
γ + ξ

)
γ
√

2pβ(γ + γ∗ + ξ + 2iδL)

(γ + γ∗ + ξ)2 + (2δL)2 + 4γ2pβ
(
γ+γ∗+ξ
γ+ξ

) , (1.61)

and

Pe =
ξ

γ + ξ
+

(
γ − ξ
γ + ξ

) 2γ2pβ
(
γ+γ∗+ξ
γ+ξ

)
(γ + γ∗ + ξ)2 + (2δL)2 + 4γ2pβ

(
γ+γ∗+ξ
γ+ξ

) . (1.62)
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Note, from Eq.(1.61), that the destructive interference which causes perfect reflection

is turned into a constructive interference, causing stimulated emission, when ξ becomes

larger than γ. This can be seen by the change of sign in 〈S−〉, implying a change of

sign in the interference term Ω<[〈S−〉]. At the same time, Eq.(1.62) shows population

getting inverted when ξ crosses γ.

1.4.4 Indirect monitoring

Figure 1.12: Level scheme of the 1D-atom, in the quantum-dot case (exciton |X〉 and biexciton

|XX〉), under coherent two-photon excitation at rate Λ2/∆. By directly observing transition

|XX〉 → |X〉, one obtains information on the net transmitted power, indirectly.

Measurement of the ratios βR and βT is experimentally quite demanding. As a

matter of fact, it requires the ability to quantify the total power radiated by the atom,

in particular the net transmitted power T − γp, and hence to filter the pump to extract

a tiny atomic emission. Therefore, we propose [55] an experimentally feasible way to

measure this quantity, by exploiting a third atomic level |XX〉 as pictured in Fig. 1.13.

This three-level structure can model the biexcitonic and the excitonic transitions of

a quantum dot [33, 57], a terminology that we shall use from now on without losing

the generality of the scheme. Population inversion on the excitonic transition (PX >

Pg) is reached by resonantly pumping a biexciton in the dot using the two-photon-
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absorption technique. This mechanism can be described by an effective Hamiltonian

H2ph = ~Λ2/∆(|XX〉〈g|e−iνt + H.c.), where ∆ = (EXX − EX)/2 and Λ is the Rabi

frequency of the pump [58]. As usual, Lindbladians describe the decays |XX〉 → |X〉,

with rate ΓXX, and |X〉 → |g〉, with rate ΓX.

The populations of the excitonic PX and biexcitonic states PXX are computed in the

steady-state regime, as a function of the resonant probe p. The results are plotted in

Fig. 1.13. When p = 0, the presence of a large pump power Λ2/∆ > ΓXX leads to

equalization of the populations of the ground and biexcitonic states, whereas detailed

balance conditions require PX/PXX = ΓXX/ΓX. The usual quantum dot parameters

satisfy ΓXX ≈ 2ΓX [33], leading to PXX = Pg = 1/4 and PX = 1/2. Increasing the probe

power p leads to the depletion of the excitonic level because of stimulated emission, and

thus to the increase of the steady-state biexcitonic population, as is shown in Fig. 1.13.

This increase can be monitored by measuring the rate of photon emission ΓXXPXX at

the biexcitonic frequency, which provides an easily observable signature of stimulated

emission at the single-photon level.

Moreover, we have verified from the equations for the three levels that

ΓXXPXX = ΓXPX −W [p] = N, (1.63)

where W [p] is the interference term between the probe and the light emitted at the

excitonic frequency, as defined in Eq.(4.27), and N is the net total rate of photons, from

Eq.(1.59). Namely, the rate of photon emission in the biexcitonic line exactly equals the

rate N emitted in the excitonic one, taking into account stimulated processes. Stimulated

emission of the excitonic transition can thus be simply monitored by measuring the rate

of photon emission at the biexcitonic frequency. This rate can be used to build the ratio

βR defined above, without having to measure the net transmitted power. This is also

represented in Fig. 1.13, where we have plotted

β3L
R =

ΓX
2
PX

ΓXXPXX
, (1.64)

the index 3L standing for three levels. This definition simply comes from the fact that
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R = γ
2
Pe = ΓX

2
PX , in addition to Eq.(1.63) and the definition for βR = R/N . For the

sake of comparison, we have plotted on the same figure the quantity βR defined in the

case of a two-level atom. The equivalence between the models is clearly shown in the

coincidence of the two curves for low power p (Ω = γ
√

2βp < Λ2/∆). A divergence

becomes unavoidable when p is strong enough to generate Autler-Townes splitting [59]

of the ground level. The biexcitonic transition thus becomes out of resonance with the

driving field. So the population of the biexciton state drastically decreases, making the

ratio β3L
R arbitrarily large and equalizing exciton and ground-state populations.

A possible drawback of experiments performed with quantum dots can be imperfect

two-photon absorption, leading to incoherent feeding of the excitonic level via phonons,

even for large ∆ [60]. However, a recent experimental work [61] shows that the two-

photon transition can be made very clean, so that the incoherent exciton pumping is

negligible in this case. Finally, note that a scheme to fully protect entanglement has

been proposed using the same mechanism of biexcitonic pumping and readouts of the

light emitted in each possible transition [62].
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Figure 1.13: Top: Populations (left arrows) PX (blue, upper) and PXX (green, lower) of the

three-level system vs p. Net rate of photon emission N (black, right arrow; in units of γ) in

the exciton transition. Bottom: Comparison between the ratios of emission given by the two

(βR, red, lower) and three (β3L
R , blue, upper) levels, assuming ξ ∼ 3γ and Λ2/∆ ∼ 4ΓX . In

both cases, γ∗ = 0 and β = 1.

1.4.5 Field second-order correlation functions

We finish the chapter with a brief discussion that naturally arises in this context,

namely, whether photon bunching occurs in the transmitted field as a consequence of

stimulated emission.

Fig.1.4.5 (left) shows g
(2)
T (τ) at p = 1 and ξ = 4γ. Indeed, it shows a tiny bunching

at initial times of g(2)(0) = 1.2.

Fig.1.4.5 (right) shows that this value decreases for increasing p, though. That is

because the coherent field contributions dominate over the atomic signature for p � 1,

leading to g(2)(0) → 1. In Fig.1.4.5 (right) we plot g(2)(0) as a function of the coherent

pump power p, for fixed ξ = 4γ. We see that for vanishing pump, p → 0, the atom

is inverted and spontaneously emitting single photons, thus realizing antibunching. We
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then increase the pump and see that bunching happens around the standard value for

stimulation, p ∼ 1. Then, for p� 1, the coherent pump overcomes the stimulated emis-

sion, making a mostly classical field in the transmission channel, g(2)(0) = 1. Note that

in the correlation function one cannot simply subtract the incoming power to have access

to the net transmitted field, as done in the previous analysis with the field intensities.

A possible strategy to effectively filter the pump could be to compute cross-correlations

between transmitted and reflected fields (∝ 〈E†T (t)E†R(t+τ)ER(t+τ)ET (t)〉). Intuitively,

one can expect that stimulation appears as vanishing cross-correlation at τ = 0. The

reason would be that once a photon is detected at the transmitted channel the other

photon, emitted by stimulation, should also be found in the transmitted channel and not

in the reflected one.
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Figure 1.14: Left– Second-order correlation function g(2)(τ) as a function of the time delay τ

(in units of γ−1), for ξ = 4γ and p = 1. A tiny bunching occurs in the transmitted channel.

Right – Second-order correlation function g(2)(0) as a function of power p, for ξ = 4γ. For low

powers, there is antibunching coming from the atomic inversion of population. For moderate

powers p ∼ 1, there is a tiny bump coming from stimulated emission, which generates a two-

photon correlated state. For huge powers p� 1, the coherent pump contribution surpasses the

atomic emission, so the field becomes mostly classical again, i.e., with poissonian distribution

g(2)(0) = 1.
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1.5 Conclusions

In the first part of this chapter we presented the one-dimensional atom. It has been

characterized by means of the electric fields in the output channels and the atomic

evolution, given by the optical Bloch equations. In that context, we have shown the

dipole induced reflection that arises through destructive interference between incoming

and emitted fields. We have also demonstrated the giant optical nonlinearity of 1D

atoms, at the single-photon level.

In the second part, we have evidenced signatures of stimulated emission at the single-

photon level, giving rise to potentially observable effects with state-of-the-art solid-state

atomic devices interacting with 1D light fields. In particular, we propose an experiment

to probe the stimulated (optical) transition, based on the monitoring of an ancillary

transition.



Chapter 2

Optimal irreversible stimulated

emission

Things should be made as simple as possible, but not any simpler.

Albert Einstein

In Chapter 1 we have investigated optical properties of 1D atoms when probed by

a monochromatic classical field. In particular, we have shown that it can behave either

as a perfect mirror for beams of very low intensity, based on dipole-induced reflection,

or as an amplifier, based on stimulated emission. The single-photon sensitivity of those

effects are due to the fact that the coupling with 1D modes are much stronger than

the coupling with 3D free-space modes. In principle, this can be achieved in a strongly

dissipative directional cavity [37, 38, 47, 45, 63]. However, the perspectives offered by

a genuinely broadband waveguide go way beyond cavity-based schemes, as it allows for

free propagation of wavepackets with finite bandwidth. In Chapters 2 and 3, we explore

regimes where this broadband aspect is of utmost importance, allowing for effects that

could not be obtained otherwise.

In Chapter 2, we describe a fully quantized dynamics in a semi-infinite waveguide,

where the input field is a single photon, and investigate emission stimulated by a single-

44
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photon wavepacket. This situation is drastically different from stimulated emission ob-

tained by a classical pump, as it is by essence irreversible. The effective lifetime of the

atom is reduced by a factor of 2, which is optimal. Contrary to what could be expected,

this optimization occurs when the spectral linewidth of the incoming photon packet is

three times as large as the atomic linewidth.

2.1 The semi-infinite 1D waveguide

Figure 2.1: Illustrative representation of the semi-infinite 1D waveguide model, involving a

single input channel and a single output channel.

We focus on the case in which a semi-infinite waveguide is coupled to a two-level

system. This is modeled by the new Hamiltonian H = Hfield + Hatom + Hint, where

propagation occurs in the a modes [64],

Hint = −i
∞∑
ν=0

~gν [aνσ+ − H.c.] . (2.1)

The semi-infinite waveguide model corresponds, in principle, to a physical situation

where a mirror [65], or a metallic nanotip [66], is placed close to the atom, as illustrated

in Fig.2.1. It has been chosen because it maximizes stimulation, as discussed below.

The atom and field Hamiltonians are unchanged, Hfield =
∑∞

ν=0 ~ν a†νaν and Hatom =

~νA σ+σ−.
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2.1.1 Single-excitation subspace

Describing the complete light-matter system with a pure quantum state |ψ(t)〉 is suit-

able for the problem under consideration, where the number of excitations is conserved.

In the case of a two-level system in the single-excitation subspace,

|ψ(t)〉 = ψA(t) |e, 0〉+
∞∑
ν=0

φν(t) a
†
ν |g, 0〉. (2.2)

The temporal evolution follows from Schrödinger equation,

∂

∂t
ψA = −iνAψA −

∑
ν

gνφν

and
∂

∂t
φν = −iνφν + gνψA. (2.3)

In the following we solve the equations above for two different initial conditions.

Spontaneous emission: the Wigner-Weisskopf theory revisited

Figure 2.2: Level scheme for spontaneous emis-

sion. The atom-field starts at state |e, 0〉 and ir-

reversibly decays towards the continuum |g, 1k〉.

The dashed arrow represents the virtual reabsorp-

tion that leads to g2
k in the coupled equations.

The spontaneous emission scenario ideally cor-

responds to the initial condition of an inverted

atom ψA(0) = 1 and the field in vacuum state

φν(0) = 0. We formally integrate Eq.(2.3),

φν(t) =

∫ t

0

dt′ gν e
−iν(t−t′)ψA(t′) (2.4)

and substitute it back into the equation for ψA,

∂

∂t
ψ̃A(t) = −

∞∑
ν=0

2g2
ν

∫ t

0

dt′ e−i(ν−νA)(t−t′)ψ̃A(t′)

(2.5)

in the frame rotating at the atomic frequency

ψA(t) = ψ̃A(t)e−iνAt. Within Markovian ap-

proximation, the time integration gives πδ(ν − νA) as real part and the imaginary part
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gives the usual frequency shift, so that

∂

∂t
ψ̃A(t) = −Γ

2
ψ̃A(t), (2.6)

where Γ =
∑∞

ν=0 2πg2
νδ(ν − νA) = 2πg2

Aρ1D, as derived by Fermi golden rule. Thus,

ψA(t) = ψA(0)e−(Γ/2+iνA)t so the excited-state population is

|ψA(t)|2 = exp (−Γt). (2.7)

We finally define the real-space representation for the spontaneously emitted photon,

φ(r, t) =
∞∑
ν=0

φν(t) e
ikνr, (2.8)

in which we substitute Eq.(2.4), giving

φ(r, t) =

∫ t

0

dt′ψA(t′)
∞∑
ν=0

gν e
iν( rc−(t−t′)).

By assuming the continuum limit
∑

ν →
∫
dν ρ1D and gν ≈ gA, we find that

φ(r, t) = 2πgAρ1D Θ(r)Θ
(
t− r

c

)
ψA

(
t− r

c

)
, (2.9)

where Θ(r) is the Heaviside step function. Combining the above result with the solution

of Eq.(2.6), we find

φ(r, t) =
√

2Γπρ1D Θ(r)Θ
(
t− r

c

)
e−(Γ

2
+iνA)(t− r

c
). (2.10)

The resulting wavepacket will be used as the initial condition in the dynamics of stimu-

lated emission. Eqs.(2.7) and (2.10) are Wigner-Weisskopf theory [67] applied to the 1D

geometry.

Single-photon scattering: the π-phase shift revisited

In Chapter 1 we have shown that a monochromatic coherent field of very low power is

reflected by the 1D atom with a π-phase shift. Here we revisit this effect in the case

where the atom scatters a single-photon wavepacket. The atom initially in groud state
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|g〉, ψA(0) = 0. The initial photon packet has been spontaneously emitted by another

ficticious atom,

φ(r, 0) = NΘ(−r)e(
∆
2

+iνL) rc , (2.11)

where N 2 = 2πρ1D∆ is the normalization factor and ∆ is the packet linewidth, i.e., its

inverse gives the typical time duration of the pulse. The monochromatic condition is

obtained in the ∆ � Γ limit. The central frequency of the photon is νL, so that the

detuning is δL = νL − νA.

Given the new initial conditions, the evolution equations become

∂

∂t
ψA = −

(
Γ

2
+ iνA

)
ψA −

√
Γ

2πρ1D

φ(−ct, 0) (2.12)

and

φ(r, t) = φ(r − ct, 0) +
√

2πρ1DΓ Θ(r)Θ
(
t− r

c

)
ψA

(
t− r

c

)
. (2.13)

We integrate the excited-state amplitude, finding

ψA(t) = −
√

Γ∆ e−(Γ
2

+iνA)t

[
e(

Γ−∆
2
−iδL)t − 1

Γ−∆
2
− iδL

]
.

Note that in the monochromatic limit ∆ � Γ the atom acquires almost no excitation

|ψA(t)|2 < 4∆/Γ� 1. Still in the ∆� Γ regime, and at resonance (δL = 0), we find the

outgoing wavepacket

φ(r, t) ≈ φ(r − ct, 0)− 2 NΘ(t− r/c)e−(∆
2

+iνA)(t−r/c) = −φ(r − ct, 0), (2.14)

where we have neglected the relatively fast decaying spontaneous contribution exp(−Γt).

The outgoing field is π-phase shifted with respect to the highly monochromatic input

field [68].

2.2 Single-photon packet interacting with excited 1D atom

The calculations in the previous section were a prelude to the study of stimulated

emission by a single propagating photon [69]. From now on the two-excitation subspace
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(a) (b) 

Figure 2.3: (a) Real-space scheme of the two-level atom at position rA stimulated by a single

photon pulse of size ∆−1. The spontaneous decay rate is Γ and the transition frequency is νA.

The direction indicated by the arrows is the only allowed one. The light field is detected by

a photodetector positioned at rd, put sufficiently far from the atom. (b) The same scheme,

in frequency domain. The photon is prepared centered at νL with linewidth ∆. The dashed

arrow represents spontaneous emission (virtual reabsorption) while the solid arrow represents

real reabsorption of the atom.

is considered, where the incoming packet is scattered by an initially excited atom. The

new Ansatz is constructed as

|ψ(t)〉 =
∞∑
ν=0

ψν(t) a
†
ν |e, 0〉+

∞∑
ν1,ν2=0

φν1,ν2(t) aν
†
1aν
†
2|g, 0〉, (2.15)

that evolves according to the Schrödinger equation,

∂

∂t
ψν = −i(νA + ν)ψν − 2

∞∑
ν′=0

gν′φν,ν′ , (2.16)

and
∂

∂t
φν,ν′ = −i(ν + ν ′)φν,ν′ +

1

2
(gν′ψν + gνψν′). (2.17)

Our initial state of interest is an excited atom with an incoming photon wavepacket

centered at frequency νL and having linewidth ∆, |ψ(0)〉 =
∑∞

ν=0 ψν(0) a†ν |e, 0〉, as

illustrated in Fig.2.3. The two-photon components satisfy φν1,ν2(0) = 0.
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2.2.1 Excited state amplitude in real-space representation

Here again we adopt a real space representation of the quantum state,

ψ(r, t) ≡
∞∑
ν=0

ψν(t) e
ikνr,

where kν = |~kν | = ν/c. With the help of the transformation∑
ν

ν ψνe
ikνr = −ic∂r

∑
ν

ψνe
ikνr, (2.18)

we rewrite Eq. (2.16) in the form[
∂

∂t
+ c

∂

∂r

]
ψ(r, t) = −iνA ψ(r, t)− 2

∑
ν,ν′

gν′ φν,ν′e
ikνr. (2.19)

Note that in the trivial uncoupled case gν = 0 the solution to the equation above is

simply a product of a free time-dependent atomic evolution f(t) = exp(−iνAt) and a

propagating pulse p(r − ct), where p(r) is the initial pulse wavefunction.

We integrate Eq.(2.17),

φν,ν′(t) =
1

2

∫ t

0

[gν′ψν(t
′) + gνψν′(t

′)]e−i(ν+ν′)(t′−t), (2.20)

choosing the initial condition φν,ν′(0) = 0, and reinsert it into Eq.(2.19). We assume

the fast rotating reference frame, ψ(r, t) = ψ̃(r, t) exp(−iνAt) exp(−iνL(t− r/c)), where

νL is the central frequency of the incident wavepacket. The first term arising from the

substitution is ∫ t

0

dt′ψ̃(r − c(t− t′), t′)
∑
ν′

g2
ν′e
−i(ν′−νA)(t−t′) =

Γ

2
ψ̃(r, t),

under Markovian approximation. The decay constant is Γ ≡
∑

ν′ 2πg
2
ν′δ(ν

′ − νA), just

as before. The other term plays the role of a source and can be shown to satisfy∑
ν,ν′

gν′

∫ t

0

gνψν′(t
′)e−i(ν+ν′)(t′−t)eikνr = ΓΘ(r)Θ(t− r/c)e−iδLr/cψ̃(−r, t− r/c),
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under the usual approximations gν ≈ gνA and the continuum limit
∑

ν →
∫
dνρ1D.

Finally, we have been able to eliminate self-consistently the dependence on the two-

photon amplitude, finding[
∂

∂t
+ c

∂

∂r

]
ψ̃(r, t) = −Γ

2
ψ̃(r, t)− Γ Θ(r)Θ(t− r/c)e−iδLr/cψ̃(−r, t− r/c). (2.21)

As expected, in the high detuning limit, δL � Γ, the solution is simply ψ̃(r, t) =

e−
Γ
2
tψ̃(r − ct, 0), i.e., the product of a decaying atom and a freely propagating photon.

The general solution for Eq.(2.21) reads

ψ̃(r, t) = ψ̃(r − ct, 0) e−
Γ
2
t − Γ Θ(r) Θ(t− r/c) e−

Γ
2
t e−(Γ

2
−iδL)(t−r/c)

×
∫ t

t−r/c
e(

Γ
2
−iδL)t′ ψ̃(−ct′, 0) dt′, (2.22)

where the initial condition of the wavepacket is written in ψ̃(r, 0). Here we study the

case of an incident photon of exponential shape, as if it had been spontaneously emitted

by a neighboring atom of natural linewidth ∆ and central frequency νL, i.e.,

ψ(r, 0) = N e(
∆
2

+iνL) rcΘ(−r),

where N 2 = 2πρ1D∆ stands for normalization, just as in Eq.(2.11) and illustrated in

Fig.2.3.

2.2.2 Two-photon amplitude in real-space representation

The two-photon component are also defined in real space as

φ(r1, r2, t) ≡
∑
ν,ν′

φν,ν′(t)e
ikνr1+ikν′r2 .

Within the same approximations done before, we find

φ(r1, r2, t) =

√
πρ1DΓ

2
[Θ(t− r2/c)Θ(r2)ψ(r1 − r2, t− r2/c)

+Θ(t− r1/c)Θ(r1)ψ(r2 − r1, t− r1/c)] (2.23)
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written in the original reference frame. In the limit of vanishing interaction between the

incoming photon and the atom (e.g., δL � Γ), the two-photon wavefunction consist in

a symmetrized product of two independent single-photon wavefunctions, one describing

spontaneous emission (ψsp.em.(r, t) = exp[−(Γ/2 + iνA)(t− r/c)]) and another describing

the free propagation of the field (ψfree prop.(r − ct, 0)).

In the limit of t∞ � 1/Γ, the excitations are entirely in the field and the dynamics

also reduces to free propagation, so that one can define the function φ∞ satisfying

φ(r1, r2, t∞) = φ∞(ct∞ − r1, ct∞ − r2). (2.24)

2.3 Time-resolved signatures of stimulated emission

We address now the signatures of stimulated emission. We first compute the excited-

state population of the atom ρee(t) as a function of time. We define an effective lifetime

τeff of the atom and show that such quantity is minimized when stimulation takes place.

The light field is characterized by the two-time correlation function G(2)(t, t+ τ), which

shows optimal photon bunching.

2.3.1 Excited-state population dynamics

The reduced density matrix for the atom is obtained by tracing out the field. Its

excited-state population is given by the matrix element corresponding to the |e〉 state,

ρee(t) = 〈e|Trfield[|ψ(t)〉〈ψ(t)|]|e〉 =
1

2πρ1Dc

∫ ∞
−∞
|ψ(r, t)|2 dr.

Given our choice for the initial state, it reads

ρee(t) = e−(Γ+∆)t

{
1 + |1 +Q|2(e∆t − 1) + |Q|2 ∆

Γ
(eΓt − 1)

−2<
[
(Q∗ + |Q|2)

2∆

Γ + ∆ + 2iδ
(e

Γ+∆+2iδ
2

t − 1)

]}
, (2.25)

where we have defined the factor Q ≡ 2Γ/(Γ − ∆ − 2iδL) and < stands for the real

part. First, we note that in the strongly detuned case δL � Γ (Q → 0), the atom is
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transparent to the incident photon,

ρee(t)|δL→∞ = exp(−Γt),

and spontaneous emission is recovered.

Optimal stimulation

By definition, stimulation is optimal when it minimizes the effective atomic lifetime. The

adimensional effective lifetime is defined here as

τeff ≡ Γ

∫ ∞
0

ρee(t) dt.

Using Eq.(3.9) at resonance, δL = 0, we find

τeff = 1− 4Γ

Γ + ∆
+

8Γ2

(Γ + ∆)2
, (2.26)

which is minimized at

∆ = 3Γ ⇒ τeff =
1

2
. (2.27)

Note that the wavepacket presenting mode matching with spontaneous emission, ∆ = Γ,

does not stimulate atomic decay, τeff = 1, in contrast to intuition.

Eq.(2.27) shows that effective atomic lifetime is reduced by a factor of 2 in the optimal

case. In what follows, we present the limitations of simple analogies or explanations to

the effect we present in this chapter.

Can τeff = 1/2 be explained simply from rate equations?

An intuitive derivation of the optimal effective lifetime can be obtained by modelling the

1D atom as an ultimate gain medium, e.g. a single emitter initially inverted, irreversibly

decaying into a collection of modes {nj}. Einstein rate equations for the excited-state

population can be written [4, 53]

d

dt
ρee

?
= −Γ(1− β)(1 + nl) ρee − Γ(1 + nk)β ρee,

1

1The symbol “
?
= ” expresses hypothesis. The equations where it appears are a näıve explanation for the

reduction of the effective lifetime of the emitter, as if it could be explained using standard laser theory. We show
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where nk is the number of photons in the stimulating mode, nl the number of photons

in the other modes. β is the fraction of coupling with the one-dimensional (1D) channel

with respect to the 3D continuum of modes, as defined in the previous chapter [55]. Let

us assume that nl = 0. In the conventional 3D scenario, β � 1, the emitter’s decay

is not modified unless nk > β−1. In the 1D case under consideration, β = 1, a single

photon, nk = 1, is enough to stimulate the transition and shorten the lifetime by a factor

of 2,

ρ̇ee
?
= −2Γρee.

Even though it is intuitive, this simplified picture does not capture all the physics

of the problem. The atomic evolution presented here does not obey a rate equation,

justifying the Hamiltonian resolution adopted here. To give an example, let us consider

the best stimulation condition, ∆ = 3Γ. In that case,

ρee = −2e−4Γt + 3e−3Γt, (2.28)

so

dρee

dt
= 8Γe−4Γt − 9Γe−3Γt 6= −2Γ ρee, (2.29)

clearly evidencing a difference between standard laser systems and the present scenario.

Can optimal irreversible stimulation be reached with a cavity?

In non-dissipative monomode cavities, the dynamics of the two-excitation subspace is

accelerated by a
√

2 factor when compared to the single-excitation subspace, gνA →√
2gνA [67]. This

√
2 factor yields optimal stimulation, but reversible. To understand

roughly the link between the
√

2 factor and τ−1
eff = 2, a näıve (but incomplete, as shown

by Eq.(2.29)) analysis can be applied, describing stimulation by a modified decay rate,

in a Fermi golden rule framework: Γ ∝ g2
νA
→ (
√

2gνA)2 ∝ 2Γ.

In a dissipative cavity, atomic emission cannot be optimally stimulated by an addi-

tional photon injected in the mode of the cavity. As a matter of fact, this photon would

in Eq.(2.29) that the novel effect we find cannot be explained by that näıve explanation.
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escape the cavity in a typical time 1/κ, way too fast to stimulate any atomic emission

that would take place on κ/g2, where the atom-cavity coupling strength g checks in the

weak coupling regime g � κ. Hence, stimulated emission by a single photon can only

be simultaneously optimal and irreversible with pulse-shaped photons propagating in

broadband waveguides.

Another important remark is that no stimulation occurs when one substitutes the

two-level system inside the waveguide by a single-mode cavity of good quality (κ ∼ Γ).

As it is shown by Rephaeli and Fan [70], the reduction of the effective lifetime is absent

in that case, i.e., τ cav
eff > 1 for all finite ∆. This reinforces the fundamental need for

nonlinearity to generate stimulated emission.

Stimulation is irreversible

The dynamics described by Eq.(2.25) is completely different from the one obtained

through a classical pump, as studied in the previous chapter, where stimulated emis-

sion was reversible (classical Rabi oscillations). Reversible dynamics is also found in

monomode cavities in the strong coupling regime, where a single photon in the cavity

stimulates the emission of an excited atom, which reabsorbs back the excitation (quan-

tum Rabi oscillations).

Here, although emission is stimulated by a single photon, no strong coupling takes

place. That is, optimal stimulation is irreversible in 1D atoms. This fact can be seen

from Eq.(2.29), which shows that excited-state population never increases under ideal

stimulation ∆ = 3Γ, dρee

dt
= Γe−4Γt(8− 9eΓt) ≤ 0.

Other regimes shown by ρee(t) and τeff(∆)

Fig. 2.4 shows the plots of Eqs.(2.25) and (2.26). The case ∆ � Γ corresponds to a

very short pulse in time and also gives rise to free propagation of the pulse followed by

spontaneous atomic decay (τeff = 1) as the spectral overlap with the atom is negligible.

On the opposite case, a highly monochromatic photon (∆� Γ) increases the effective
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Figure 2.4: Left – Excited-state population ρee(t). The blue dot-dashed curve, for ∆ = Γ, shows

stimulation for very short times and reabsorption after 2Γ−1. The red solid curve represents

the maximally stimulated relaxation, for ∆ = 3Γ, which for times smaller (bigger) than Γ−1

goes above (below) the reference exp (−2Γt) (green dotted). The black dashed curve represents

the spontaneous emission evolution exp (−Γt). Right – Effective population lifetime τeff as a

function of ∆. The dashed line indicates the optimal value τopt = 1/2.

lifetime due to the efficient absorption of the incident wavepacket, after the atom has

spontaneously relaxed.

If ∆ = Γ, the integrated effect of the stimulation exactly compensates for the total

absorption and τeff = 1. The atom can absorb a tail from the incoming photon after

having emitted, causing a small re-excitation bump. This effect reduces the efficiency

of the stimulating process. To lower such chance for the atom to absorb the incoming

photon, a shorter packet in time domain must be prepared, or equivalently, a pulse

larger then the atom in frequency domain. Shortening of the atomic lifetime induced by

stimulation can be observed for Γ < ∆ . 100Γ. The case where ∆ = 3Γ minimizes the

reabsorption effect.

2.3.2 Temporal correlations in the output field

A consequence of the atomic relaxation enhancement is the emergence of bunching

in the output field. Photodetection signals are registered with a detector positioned
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at rd � c/Γ as pictured in Fig.2.5, so that all the excitations are in the light field.

This regime corresponds to free propagation, so that the characteristics of the field only

depend on the variable r − ct and eq.(2.24) is valid. We shall use the reference frame of

the photodetector, of origin rd and td = rd/c. The density of probability to detect one

click at time t and one click at time t+ τ is obtained from the second-order correlation

function [7] that in our case checks

G(2)(t, t+ τ) = |φ∞(ct, c(t+ τ))|2.

From Eqs.(2.22) and (2.23), we find for τ > 0

G(2)(t, t+ τ) = ∆Γe−(Γ+∆)t
∣∣∣(1 +Q)e−

Γ
2
τ + (1−Q)e−(∆

2
+iδL)τ

∣∣∣2 , (2.30)

where Q = 2Γ/(Γ − ∆ − 2iδL) is the effective coupling factor as defined in the atomic

population dynamics. A clear interpretation can be given to the expression above. Be-

tween time t and time t + τ , the system is projected on the single excitation subspace,

giving rise to two interfering quantum paths. In one case, the first click comes from the

incident field. The remaining excitation is in the atom, that will finally spontaneously

relax: this corresponds to the dynamics exp [−Γτ/2] of weight 1 +Q. In the other case,

the photon emitted by the atom clicks before the incident one. This second situation,

related to stimulated emission, gives rise to the component exp [−(∆/2 + iδL)τ ] weighted

by 1−Q. The condition 1 +Q = 0 allows to cancel spontaneous emission and to maxi-

mize stimulated emission. This is obtained exactly for ∆ = 3Γ and δL = 0, i.e., the very

same condition that minimizes the atomic lifetime.

This optimal regime for stimulated emission leads to the emission of both photons

in a typical time 1/3Γ, giving rise to bunching in the output field. The effect can be

observed on Fig.2.5, where we have plotted the probability P (τfinal) of detecting the two

photons within a time τfinal,

P (τfinal) =

∫ τfinal

0

dτ

∫ ∞
0

dt G(2)(t, t+ τ) (2.31)

at resonance, for different values of the parameter ∆. The fastest convergence is obtained

for ∆ = 3Γ. Keeping this optimal value of ∆ we have plotted the same function, on Fig.
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2.5, for different detunings, clearly showing as well the importance of the resonance on

the stimulation efficiency.
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Figure 2.5: Left – Probability P (τfinal) of detecting 2 photons within a time interval τfinal for

∆ = 0.1Γ (blue), 1Γ (green), 3Γ (red), and 100Γ(black). Right – Same function at ∆ = 3Γ for

different detunings: δL = 0 (red), δL = 5Γ (blue), and δL →∞ (green).

2.4 Applications to amplification

Stimulated emission can be exploited to obtain preferential emission of light in the

stimulated mode rather than in other empty modes. With this aim, we explore in this

section the case of an atom interacting with two one-dimensional electromagnetic fields

a and b, the former containing a single propagating photon and the latter being in

the vacuum state. Two paradigmatic systems are considered in the light of the time-

resolved study performed above (see Fig.2.6). The first is a two-level atom in a transmit-

ting/reflecting infinite waveguide [70], where the fields a and b correspond respectively

to photons propagating to the right and to the left. In this case, an amplification of the

classical information encoded in the direction of propagation of the photon is obtained.

The other system is a lambda-shaped three level atom in a semi-infinite waveguide [71],

the fields a and b corresponding to photons of two orthogonal polarizations in the half

waveguide. This corresponds to amplification of the quantum information encoded in

the polarization of the incoming photon.
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Figure 2.6: Comparison between different types of two-continua of modes in 1D atoms. On the

left, the reflection b/transmission a are the two degrees of freedom. On the right, the degrees

of freedom are represented by the a/b polarizations. The decay of the excited-state population

is the same in both cases. In contrast, the probabilities of emission in each channel, pab and

pbb, crucially differ.

2.4.1 Two-level atom in a transmitting/reflecting waveguide

Atomic population dynamics

The Hamiltonian for such system reads H = H1D +Hatom +Hint and the new interaction

is given by

Hint = −i
∞∑
ν=0

~gν [(aν + bν)σ+ − H.c.] , (2.32)

where aν is the forward and bν is the backward propagating modes [48]. Following

the approach from Ref.[70], one can decompose the problem in two parts by using the

even êν = (aν + bν)/
√

2 and odd ôν = (aν − bν)/
√

2 field modes. The new interaction

Hamiltonian (2.32) depends only on the even modes,

He
int = −i

∞∑
ν=0

~
√

2gν [êνσ+ − H.c.] , (2.33)
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while the odd modes contribute only to the free evolution. The spontaneous emission

rate Γ′ of the transmitting 1D atom is doubled with respect to the case of an atom in

a closed waveguide, i.e. Γ′ = 2Γ, which is due to the doubling of the resonant modes

available for atomic relaxation2.

In the case of stimulated emission under study, the initial state of the field writes

|1a, 0b〉, which checks |1a, 0b〉 = (|1o, 0e〉 + |0o, 1e〉)/
√

2, where |1o〉 (resp. |1e〉) is the

corresponding propagating photon in the odd (resp. even) mode. Hence, the system

can have two equiprobable dynamics, stimulated and spontaneous emission, so that the

excited state population of the full transmitting/reflecting 1D atom checks

ρfull
ee (t) =

1

2
ρsemi

ee (t) +
1

2
e−Γ′t, (2.34)

in terms of the population ρsemi
ee (t) of the semi-infinite two-level 1D atom.

As previously, the minimal value of the effective atomic lifetime for this system is

obtained at ∆ = 3Γ′. Because of intrinsic spontaneous emission in odd modes, the

effective lifetime is averaged and increases to τopt = 3/4 as demonstrated in [70].

Potential for single-photon amplification

The emission in the stimulated mode is conveniently quantified by the density of

probability G
(2)
aa (t, t + τ) of detecting a click at time t and t + τ in that mode. In both

the transmitting/reflecting waveguide and the lambda systems this is given by

G(2)
aa (t, t+ τ) = ∆Γ′e−(Γ′+∆)t

∣∣∣(1 +Qf ) e
−Γ′

2
τ + (1−Qf ) e

−(∆
2

+iδL)τ
∣∣∣2 , (2.35)

where Qf = Γ′/(Γ′ −∆ − 2iδL) = Q/2 is the new effective coupling factor. Again, the

term evolving like e−Γ′τ/2 corresponds to spontaneous emission of the atom in mode a

while the second term, e−(∆
2

+iδL)τ , is linked to stimulated emission of the atom in the

same mode. Extinction of spontaneous emission is realized when 1+Qf = 0. This yields

∆opt = 2Γ′, a condition which does not minimize the effective lifetime, as it was the

2Note that this result is consistent with the definition from the previous chapter, γ1 = Γ′, obtained from a

Heisenberg picture formalism.
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case in the half waveguide case. Nevertheless, it maximizes the probability paa that two

photons are emitted in the stimulated mode a. This signature of stimulated emission is

analogous to the net transmitted power in the semiclassical problem. We have calculated

that3

paa =
∆

2Γ′
4 + ∆/Γ′

(1 + ∆/Γ′)2
, (2.36)

that visibly reaches its maximum, paa = 2/3, at ∆ = 2Γ′ [70]. The signature of optimal

stimulation we have used for atomic population is now found in the field:

paa = 2 (pab + pbb), (2.37)

that is, emission in the stimulated mode is twice more probable than emission in the

empty modes. pij is the probability of one photon emitted in mode i and another in j.

A convenient figure of merit for this device is the fidelity of copying the incident

photon (a→ aa),

F = paa +
pab

2
, (2.38)

which provides access to the amplification ratio A, defined below, and to the average

number of transmitted photons NT ≡ 2F , in the transmitting waveguide case. It gives

the transmission fidelity FT in the present case and also the cloning fidelity in the lambda

case.

For the transmitting/reflecting waveguide case,

pab =
1 + (∆/Γ′)2

2(1 + ∆/Γ′)2
(2.39)

and, evidently, pbb = 1− (paa +pab). With results (2.36) and (2.39) we can plot the func-

tion FT (see Fig.2.7), where the superscript simply specifies the transmitting waveguide

case.

The transmitting atom can be used as an ultimate gain medium to efficiently amplify

the classical state of the photon, encoded in the direction of propagation. The convenient

3a detailed explanation of this result is reserved for Chapter 3.
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criterium in that case is the amplification ratio (called visibility in [72] and gain in [44])

A ≡
FTopt(δL = 0)−FT (δL →∞)

FT (δL →∞)
. (2.40)

The upper bound for the amplification ration is Amax = 1/9. This can realized by noting

that Fmax = 5/6, obtained when paa = 2/3 and pab = 1/3. Besides, FT (δL →∞) = 3/4,

given that paa = pab = 1/2, as expected from a completely spontaneous emission scenario.

This upper bound is not reached in the transmitting waveguide case. This is due to

the nonvanishing chance of double reflection, pbb 6= 0, as previously discussed. The

transmission fidelity is plotted in fig.2.7 as a function of the packet linewidth, its maximal

value being FTopt = (39/40)× (5/6), that is,

FTopt = 97, 5%× 5

6
,

reached at ∆ = 3Γ′. We find then A = 1/12 ≈ 8, 3%, that means almost one order of

magnitude higher than previously reported gains, around ∼ 1% [72, 44], working in the

regime where the probe is continuous as studied in the previous chapter and in Ref. [55].

The short wavepacket limit (∆ � Γ′) corresponds to the spontaneous emission

regime, where the incoming packet passes by without interacting and the atom has

a chance of one half to emit to each side. Then, paa = pab = 1/2 and, of course,

FT (∆ → ∞) = FT (δL → ∞) = 3/4. The opposite limit is much more interesting,

though. In that case, the photon is highly diluted in time. It then keeps scattering

through the atom much after it has spontaneously emitted. The incident photon is also

highly monochromatic (∆ � Γ′). These are the precise conditions for dipole induced

reflection, studied in Chapter 1. Indeed, the spontaneous emission feeds equally both

channels and the incident photon is totally reflected, so that paa = 0 and pbb = pab = 1/2.
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Figure 2.7: Transmission fidelity FT as a function of the packet width ∆. The optimal value

is FTopt = 97, 5% × (5/6), found for ∆ = 3Γ′. The dashed line indicates the maximal value

FTmax = 5/6.

2.4.2 Lambda-shaped atom in reflecting waveguide

Atomic population dynamics

In the case of a three level atom in the lambda configuration coupled to a half waveguide,

the initially excited atom |e〉 can decay by emitting an a or a b polarized photon, ending

up in state |ga〉 or |gb〉 respectively. The interaction Hamiltonian writes now

Hint = −i
∞∑
ν=0

~gν
[
(aνσ

†
a + bνσ

†
b)− H.c.

]
, (2.41)

where σa = |ga〉〈e| and σb = |gb〉〈e| are the lowering atomic operators. As above, the

spontaneous emission rate is doubled, and the system evolution in the presence of a

single propagating photon in mode a also splits into two paths, namely spontaneous

emission in mode b, or stimulated emission in mode a. This formal analogy leads to the

same excited-state population decay as in Eq.(2.34), and thus to the same conditions of

minimization of the effective atomic lifetime.
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Potential for quantum cloning

The crucial difference between these two systems is embodied in the probability for

each photon being emitted in a different channel pab and, consequently, also in pbb. This

difference comes from the fact that after having spontaneously emitted a photon in mode

b, the atom in state |g〉 can still interact with the incoming field in mode a. Thus, it

is possible to finally get two photons in mode b, so that pbb 6= 0, lowering the fidelity.

This situation is forbidden for a lambda atom that relaxes in state |gb〉 and becomes

transparent to the incoming field, making pbb = 0, for all ∆.

By preventing emission of two photons in the unwanted mode b, pbb = 0 and paa is

given by Eq.(2.36). Thus, pab = 1 − paa. This implies that pab = 1/3 when paa = 2/3,

at ∆ = 2Γ′, which means that, contrary to the transmitting waveguide case, the lambda

atom saturates the upper bound for the fidelity, Fmax = 5/6. In Chapter 3 we show the

connection between this fidelity and optimal universal quantum cloning.

2.5 Conclusions

We have shown the influence of the incoming photon on the atom decay as a function

of the packet shape. An irreversible and maximally accelerated stimulated emission

occurs for the broadband mode-matching condition where the incoming photon is three

times shorter than the spontaneously emitted one. We have also studied the influence

of stimulation on the output field two-photon correlation function, which shows optimal

photon bunching.

Finally, we added a second one-dimensional field to explore quantum and classical

amplification. In the classical case, amplification has been shown in the average transmit-

ted field, which reaches 97.5% of the ideal case. This effect has led to a transistor-like

amplification that can overcome the continuous-wave approach by a factor 8. In the

quantum case, the possibility to achieve universal optimal cloning of polarization has

been announced and will be explored in the next chapter.





Chapter 3

Cloning and entanglement in 1D

atoms

Physics is like sex: sure, it may give some practical results,

but that’s not why we do it.

Richard Feynman

The present chapter is devoted to an application of irreversible stimulated emission

in 1D atoms to quantum cloning, as announced in the previous chapter. We show

that a three-level atom in a semi-infinite waveguide achieves both optimal and universal

quantum cloning [71].

Quantum cloning is a key concept in quantum mechanics as well as in quantum

information science. If it could be implemented in a perfect manner, that would allow

the ascertainment of the exact state of a single quantum system by replicating it as far as

needed. However, perfect quantum cloning of an arbitrary state is not at all possible, as

establishes the so called no-cloning theorem [74]. This fact guarantees the impossibility

of faster-than-light communication through quantum nonlocality [75, 76]. It can also be

applied in quantum cryptography, since any eavesdropper who tries to copy the shared

quantum information will be detected, in principle. Interestingly, a finite optimal bound

66
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exists for quantum cloning. Understanding the limits and implementations of optimal

quantum cloning is still an open problem.

Another key concept in quantum information theory is quantum entanglement, that

provides correlations that are genuinely quantum [77]. We demonstrate that the same

three-level 1D atom creates quantum entanglement in the polarization of two photons

[71]. The selection between the two processes is solely due to the linewidth of the input

wavepacket. The broadband character of 1D waveguides is a key ingredient to guarantee

the versatility of the device.

3.1 Quantum cloning

Quantum cloning is the copy of information encoded in an arbitrary quantum state |ψ〉.

The ideal process could be represented as |0〉|ψ〉 → |ψ〉|ψ〉, where |0〉 is the initial state

of the clone. Some basic concepts are discussed in the following subsection.

Basic concepts

The no-cloning theorem is a consequence of the linearity of quantum mechanics. A sketch

of the proof is given, based on Ref.[75].

No-cloning theorem.– The most general evolution for a quantum state can be im-

plemented by adding an ancilla state |M〉, representing here the cloning machine state,

then performing an unitary evolution U in the whole system and finally tracing out the

ancilla1. We assume that we know how to clone a well-defined state | ↑〉 by the process

U |0〉| ↑〉|M(0)〉 = | ↑〉| ↑〉|M(↑)〉, where | ↑〉 is the input state and |0〉 is the empty state

in which the copy is written. Since the transformation is unitary, it equally applies to

the othogonal state | ↓〉, U |0〉| ↓〉|M(0)〉 = | ↓〉| ↓〉|M(↓)〉. Because of the linearity of

quantum mechanics, this applies to an arbitrary superposition |ψ〉 = α| ↑〉 + β| ↓〉 as

U |0〉(α| ↑〉 +β| ↓〉) |M(0)〉 = α| ↑↑〉|M(↑)〉+ β| ↓↓〉|M(↓)〉. But this state does not obey

the definition of the clone, i.e., (α| ↑〉+β| ↓〉) ⊗(α| ↑〉+β| ↓〉) ⊗|M(↑ + ↓)〉. This shows

1this is an operational realization of the so called trace-preserving completely-positive (CP) maps
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that no quantum operation exists that can duplicate perfectly an arbitrary quantum

state.

While perfect copies of unknown quantum states are prohibited, unperfect quantum

clones are allowed. In particular for two-level systems (qubits), an optimal fidelity has

been derived for a universal quantum cloning machine,

Fn→m =
mn+m+ n

mn+ 2m
,

where n and m are respectivelly the initial and final number of copies [78, 79]. In

the 1 → 2 case, F1→2 = 5/6. The most compact proof for that result is based on a

link between quantum cloning and state estimation [73]. This emphasizes the fact that

cloning provides ascertainment of the state of a single quantum system, although not

with complete certainty. We sketch the calculations contained in Ref. [73].

Optimal fidelity.– The input qubit is assumed in pure state |ψin〉, that can be written

as %in ≡ |ψin〉〈ψin| = 1
2
(1+~µ . ~σ), where ~µ is the original Bloch vector and ~σ = (σx, σy, σz)

is the vector of Pauli operators. This notation allows for a simple representation of the

output reduced state, %out = 1
2
(1 + ηn,m~µ . ~σ) where ηn,m is the shrinking factor of

the mixed state. This factor satisfies the simple property that, for two concatenated

cloning steps, n → m → ∞, they multiply; in the optimal case, ηoptn,mη
opt
m,∞ = ηoptn,∞, i.e.,

ηoptn,m = ηoptn,∞/η
opt
m,∞. It can be shown using quantum state estimation that ηoptn,∞ = ηoptn =

n/(n+ 2), where ηoptn is the optimally estimated shrinking factor for n identical replicas

of an unknown pure state %in. Therefore, ηoptn,m = n(m+2)
m(n+2)

. Moreover, the fidelity is given

only in terms of the shrinking factor, F ≡ 〈ψin|ρout|ψin〉 = Tr[%in%out] = (1 + ηoptn,m)/2 =

(mn + m + n)/(mn + 2m), which completes the sketch. Note that the fidelity does not

depend on ~µ, i.e., it is the same for all input states. This is the definition of universality.

Universality allows, thus, the preparation of optimal clones. To obtain optimality

one pays the price of losing the possibility of cloning perfectly the state of the basis. For

instance, the optimal cloning machine assumed in the proof of the no-cloning theorem

is able to duplicate the orthogonal states | ↑〉 and | ↓〉 with 100% fidelity. This gives a

hint on the reason why cloning is somehow possible in spite of the linearity of quantum
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mechanics.

A two-level system in a transmitting/reflecting waveguide is not enough

A first attempt to implement quantum cloning in 1D atoms is to copy direction of

propagation in a transmitting/reflecting waveguide. The two degrees of freedom would

be represented by the photons propagating to left, |left〉 = |b〉, or to right, |right〉 = |a〉.

The interaction Hamiltonian in that case is not invariant under basis rotation. On the

contrary, it naturally establishes a preferential coupling basis, namely, the even modes,

(a + b)/
√

2, while the odd modes, (a − b)/
√

2, evolve freely, as we have shown in the

previous chapter. This introduces the first limitation: cloning is not universal for two-

level atoms in transmitting/reflecting waveguides.

We have also analyzed in Sec. 2.4.1 the (transmission) fidelity for that cloning process,

which yields FT = 97.5% × 5
6
, in the best case ∆ = 3Γ′. So, cloning is not optimal for

two-level atoms, even under ideal conditions, where we neglect dissipation to 3D modes

and pure dephasing.

The Hamiltonian of a three-level atom in lambda configuration is invariant under

basis rotation, keeping its form σ†u u + σ†v v = σ†a a + σ†b b for any u = α a + β b,

v = β∗ a − α∗ b so that |α|2 + |β|2 = 1. Here, modes a and b represent polarization

degrees of freedom rather than direction of propagation. Hence, lambda atoms provide

universality. In the following, we study the fidelity of the cloning protocol.

3.2 Lambda-atom in semi-infinite waveguide

Model

A three-level atom in lambda configuration is composed of two ground states, |gA〉 and

|gB〉, and one excited state |e〉. Here, the two ground states will be assumed to be

degenerated so the free Hamiltonian of the atom is Hatom = ~νA|e〉〈e|. The two optical

transitions are coupled to two continua of mutually orthogonal polarization modes, aν
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and bν , through the Hamiltonian

HI =
∑
ν

−i~
[
gaν aνσ

a
+ + gbν bνσ

b
+ − H.c.

]
, (3.1)

where σa+ = |e〉〈gA|, σb+ = |e〉〈gB| and the coupling constants are denoted by gaν and gbν .

This system is illustrated in Fig. 3.1. The initial condition is chosen similarly to the

previous chapter, namely, the product of an excited atom and a single-photon packet

with exponential temporal profile.

Figure 3.1: Scheme of the 1D atom in lambda configuration with incoming photon of arbitrary

polarization and exponential wavepacket shape. In the model, the atom at position rA is

embedded in a semi-infinite 1D electromagnetic channel, so that the emitted light propagates

only in the forward direction and is detected at rd arbitrarily far from the emitter.

Ansatz of the state vector

The Ansatz for this new configuration in the two-excitation subspace is composed of

six types of amplitudes. Two of them describe the atomic excited state, one for each

polarization mode, ψaν and ψbν . Other two kinds of amplitudes describe the possible

photonic configurations when the atom is in ground state A: either both photons are

in the same polarization mode, φaaν1,ν2
, or in different ones, φabA ν1,ν2

. Finally, it follows
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analogously to ground state B, where we have either φbbν1,ν2
or φabB ν1,ν2

, so

|ψ(t)〉 =
∑
ν

[ψaν(t) a
†
ν + ψbν(t) b

†
ν ]|e, 0〉+∑

ν1,ν2

[φaaν1,ν2
a†ν1
a†ν2

+ 2φabA ν1,ν2
a†ν1
b†ν2

]|gA, 0〉+

[φbbν1,ν2
b†ν1
b†ν2

+ 2φabB ν1,ν2
a†ν1
b†ν2

]|gB, 0〉. (3.2)

Note that amplitudes involving two photons in polarization a and the atom in B, or vice

versa, evolve freely. Therefore they are not of interest in the problem under consideration

given our choice for the initial state.

Evolution equations

The evolution is obtained from Schrödinger equation, yielding

∂

∂t
ψaν = −i(νA + ν) ψaν − 2

∑
ν′

[gaν′ φ
aa
ν,ν′ + gbν′ φ

ab
B ν,ν′ ]

∂

∂t
ψbν = −i(νA + ν) ψbν − 2

∑
ν′

[gbν′ φ
bb
ν,ν′ + gaν′ φ

ab
A ν′,ν ] (3.3)

for the excited-state amplitudes and

∂

∂t
φ
aa(bb)
ν,ν′ = −i(ν + ν ′)φ

aa(bb)
ν,ν′ +

1

2
(ga(b)
ν ψ

a(b)
ν′ + g

a(b)
ν′ ψa(b)

ν )

∂

∂t
φabA ν,ν′ = −i(ν + ν ′)φabA ν,ν′ +

1

2
gaν ψ

b
ν′

∂

∂t
φabB ν,ν′ = −i(ν + ν ′)φabB ν,ν′ +

1

2
gbν′ ψ

a
ν . (3.4)

Real-space solutions

We use real-space representation, ψ(r, t) =
∑

ν ψν(t)e
ikνr. Assuming identical couplings

for both transition, gaν = gbν , the excited-state amplitudes satisfy[
∂

∂t
+ c

∂

∂r

]
ψa(b)(r, t) = −

(
Γ′

2
+ iνA

)
ψa(b)(r, t)

−Γ′

2
Θ(r)Θ

(
t− r

c

)
ψa(b)(−r, t− r/c), (3.5)
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where the decay rate is Γ′ =
∑

ν 4πg2
νδ(ν − νA), as defined in Chapter 2. The solution

for the above equation reads

ψa(b)(r, t) = ψa(b)(r − ct, 0)e
−
(

Γ′
2

+iνA

)
t −Γ′

2
Θ(r)Θ(t− r/c)e−( Γ′

2
+iνA)te

−
(

Γ′
2

+iνA

)
(t−r/c)

×
∫ t

t−r/c
e

(
Γ′
2

+iνA

)
t′
ψa(b)(−ct′, 0) dt′. (3.6)

The two-photon amplitudes are also written in real-space representation,

φaa(bb)(r1, r2, t) =
√
πρ1DΓ′

2
[Θ(t− r2/c)Θ(r2)ψa(b)(r1 − r2, t− r2/c) +

Θ(t− r1/c)Θ(r1)ψa(b)(r2 − r1, t− r1/c)],

φabA (r1, r2, t) =

√
πρ1DΓ′

2

[
Θ(t− r1/c)Θ(r1)ψb(r2 − r1, t− r1/c)

]
,

φabB (r1, r2, t) =

√
πρ1DΓ′

2
[Θ(t− r2/c)Θ(r2)ψa(r1 − r2, t− r2/c)] , (3.7)

that can be promptly computed using the result from eq.(3.6).

The initial state is ψa(r, 0) = NΘ(−r) exp
(

∆
2

+ iνL
)
r
c

for polarization mode a and

vacuum state for mode b, ψb(r, 0) = 0. We denote ∆ the spectral width of the wave

packet, δL = νL − νA its detuning with respect to the atomic frequency νA and N =
√

2πρ1D∆ the normalization. Note that the problem is totally symmetrical with respect

to any change of polarization basis, so that we can choose an arbitrary polarization a

for the incident photon, without restricting the generality of the problem.

Excited-state population

Similarly to what has been shown in the previous chapter, the excited-state population

of the lambda atom is a sum of the population of the two-level atom, where stimulated

emission can take place, and an exponential decay, describing spontaneous emission, i.e.,

ρ3L
ee (t) =

1

2
ρ2L

ee (t) +
1

2
e−Γ′t, (3.8)
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where ρ2L
ee (t) is shown in Chapter 2,

ρ2L
ee (t) = e−(Γ′+∆)t

{
1 + |1 +Q|2(e∆t − 1) + |Q|2 ∆

Γ′
(eΓ′t − 1)

−2<
[
(Q∗ + |Q|2)

2∆

Γ′ + ∆ + 2iδL

(
e

Γ′+∆+2iδL
2

t − 1

)]}
, (3.9)

being Q = 2Γ′/(Γ′ −∆− 2iδL) the same factor as previously defined.

Average number of photons

We are interested in the average number of photons Na emitted in mode a, and N b for

mode b,

Na = 〈ψ(t∞)|
∑
ν

a†νaν |ψ(t∞)〉 and N b = 〈ψ(t∞)|
∑
ν

b†νbν |ψ(t∞)〉.

We assume the long time limit t∞ � max [Γ′,∆], where all excitations are in the field,

so that Na +N b = 2. These averages are written in terms of the probabilities pij of the

atom to emit one photon in mode i and another in j,

Na = 2paa + pab and N b = 2pbb + pab. (3.10)

The explicit expressions for those probabilities are

paa =
∑
ν,ν′

2|φaaν,ν′(t∞)|2 =
2

(2πρ1Dc)2

∫ ∞
−∞
|φaa(r, r′, t∞)|2 drdr′

and

pab =
∑
ν,ν′

4(|φabA ν,ν′(t∞)|2 + |φabB ν,ν′(t∞)|2)

=
4

(2πρ1Dc)2

∫ ∞
−∞
|φabA (r, r′, t∞)|2 + |φabB (r, r′, t∞)|2 drdr′,

and pbb =
∑

ν,ν′ 2|φbbν,ν′(t∞)|2 = 1− (paa + pab).
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Signatures of optimal stimulation in the field

It is straightfoward to see from Eqs.(3.6) and (3.7) that once the initial state for mode b

is vacuum, then ψb(r, r′, t) ≡ 0 for all t and, similarly, φbb(r, r′, t) ≡ 0. This implies that

pbb = 0 whenever the initial packet has polarization a. After performing the integrations,

one finds that

paa =
∆(4Γ′ + ∆)

2(Γ′ + ∆)2
and pab =

1

2

(
1 +

Γ′2 − 2∆Γ′)

(Γ′ + ∆)2

)
, (3.11)

at resonance, which are plotted in Fig.3.2. In the very short packet limit, ∆ � Γ′,

spontaneous emission takes place, so the two probabilities equalize. In the case of optimal

stimulation, ∆ = 2Γ′, we have

paa =
2

3
and pab =

1

3
. (3.12)

Optimal stimulated emission reduces the effective atomic lifetime by a factor of 2. As

far as the field is concerned, the probability of emission in the stimulating mode is 2

times the probability of spontaneous emission in the vacuum modes. That is verified in

Eq.(3.12), where optimal stimulation yields paa = 2 pab. The implications of that are

discussed in the next section.

Although the long packet limit ∆� Γ′ also corresponds to spontaneous emission of

the atom, the properties of the field are surprisingly different from the opposite limit. In

particular, the probability of two photons being in polarization a vanishes. This point

is tackled in section 3.4.

3.3 Cloning of a single-photon polarization state

We have pointed out that optimal stimulation saturates the bound of probability that

the emitted photon is identical to the stimulating one, paa = 2/3 at ∆ = 2Γ′. We have

also noticed that such copying process is independent of the input polarization. That

is, it works equally well for all |a〉 = ϑ|H〉 + ϕ|V 〉, where |H〉 and |V 〉 are respectivelly

horizontal and vertical polarization states with arbitrary complex normalized coefficients
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Figure 3.2: Probabilities paa (solid blue curve) and pab (dashed red curve) for two photons

created with the same polarizations and orthogonal polarizations, respectively.

ϑ and ϕ. These facts strongly indicate that optimal stimulated emission provides optimal

universal quantum cloning in 1D lambda atoms.

Actually, stimulated emission was the first process thought of as a concrete example

for copying quantum states [74]. However, along with stimulation, there is always spon-

taneous emission. It was soon realized the intrinsic connection between the unavoidable

presence of spontaneous emission and the impossibility of perfectly cloning arbitrary

states via stimulated emission [80].

More recently, this connection has been studied quantitatively: it has been shown that

stimulated emission can provide optimal cloning [81], saturating the bound imposed by

spontaneous emission. We outline an intuitive picture of that result. The probabilities of

two photons in the same mode, pequal, and in different modes, pdiff , have to be determined.

Once those probabilities are known, the cloning fidelity via stimulated emission Fstim can

be found,

Fstim = pequal Fequal + pdiff Fdiff ,

where Fequal is the fidelity of a perfectly correct cloning, Fequal = 1, and Fdiff is the
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fidelity for two different photons, the initial one in the correct mode and the other one

in the wrong mode, Fdiff = 1/2. Stimulated emission can give rise to pequal = 2/3 and

pdiff = 1/3, at best, so

Fstim =
2

3
× 1 +

1

3
× 1

2
=

5

6
, (3.13)

which coincides with the value previously shown, Fstim = F1→2.

In Ref.[81], the probabilities pequal and pdiff are calculated for two scenarios: (i) a

non-dissipative monochromatic cavity coupled to three-level atoms and (ii) a nonlinear

crystal.

In case (i), V-shape atoms are chosen, where transitions correspond to orthogonal

polarization states of the photon, equally coupled to the cavity. The atoms are prepared

in a symmetric mixture, where both excited states are populated with a half probability,

which guarantees universality under polarization basis. A photon is initially prepared in

the cavity mode corresponding to polarization a, orthogonal to b. The time-dependent

probabilities p(k, l) are obtained, for k photons having polarization a and l photons

having polarization b. The presence of N photons in a given polarization stimulates by

a
√
N + 1 factor the quantum Rabi oscillations with respect to the other polarization

mode, initially in the vacuum state. Thus, for very initial times, the fidelity is indeed

optimal. The temporal region where optimality occurs is thoroughly short. It is so short

that the average number of photons in the cavity, hence of clones, is as small as N ∼ 1.1.

Hence, the clones are optimal though their presence is quite unlikely. Another drawback

of that scheme for any practical reason is that the cavity does not dissipate, keeping the

clones trapped inside.

In case (ii), two nonlinear crystals are pumped by two intense classical pulses. The

first one produces the photon that eventually stimulates emission of another photon from

the second crystal. In turn, the second crystal produces two more photons, either by

stimulation or spontaneously, depending on the mode-matching. The obtained clones are

once again optimal and universal. In this case, the clones do not get trapped. On the

other hand, the whole process is probabilistic, with quite low efficiency. Under reported
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experimental conditions [82], the probability for each input pulse to contain a photon

is 5 × 10−2, the probability of producing a downconverted pair is 10−3, and the overall

detection efficiency is 0.10 per photon. That gives 5 × 10−6 of efficiency for the whole

process.

We can now make a comparison with 1D atoms. The fact that Eq.(3.11) gives

paa = 2/3 at ∆ = 2Γ′ turn 1D atoms into a novel platform to realize optimal uni-

versal quantum cloning. Indeed, it checks F = paa × 1 + pab × 1/2 = 5/6. One practical

advantage of 1D atoms is that the cloned photon packet propagates freely. Another one

is that it is deterministic, as a consequence of the irreversible nature of the stimulation

process. Theoretically, the main difference with respect to the previous proposals is the

broadband character of the packet. In both cases previously shown, light is effectively

monochromatic: the cavity is non-dissipative and the nonlinear crystal Hamiltonian does

not depend on frequency [81]. It is not evident a priori whether a pulse, which has a

finite bandwidth, can realize optimal cloning. Here we have presented an affirmative

answer to that theoretical question.

3.4 Quantum entanglement

Basic properties

A pure state |ψAB〉, composed by two subsystems A and B, is entangled if and only if it

satisfies |ψAB〉 6= |ψA〉⊗|ψB〉 [77]. In other words, knowlegde about the complete system

is fully available, described by |ψ〉. In contrast, knowledge about each subsystem is only

partial. The subsystem cannot be described by an independent pure state, but rather

by the reduced mixed state ρA ≡ TrB[|ψAB〉〈ψAB|] (or, ρB ≡ TrA[|ψAB〉〈ψAB|]). The

degree of uncertainty, or mixedness, of a quantum state is given by the von Neumann

entropy, S(ρ) = −Tr[ρ lnρ]. Note that S(ρA) = S(ρB) for a pure state |ψAB〉. The

von Neumann entropy of the reduced state can be used as a quantitative measure of

entanglement of pure bipartite quantum states. Actually, it is the unique entanglement
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measure E satisfying the following criteria: (1) invariant under local unitary operations,

(2) continuous, and (3) additive over several copies of the system, E(|ψAB〉 ⊗ |φAB〉) =

E(|ψAB〉) + E(|φAB〉).

Once we know how to quantify entanglement, we can identify four maximally entan-

gled two-qubit states, also known as Bell states, that form a complete orthonormal basis

for the two-qubit Hilbert space,

|φ±〉 =
1√
2

(|0〉A|0〉B ± |1〉A|1〉B),

|ψ±〉 =
1√
2

(|0〉A|1〉B ± |1〉A|0〉B). (3.14)

Entanglement in three-level 1D atoms

We now focus on the photonic state created in the long photon limit (∆� Γ′) and show

how it is related to Bell states [71]. In that limit, the analysis can be made in two steps:

(i) spontaneous creation of one photon, followed by (ii) scattering of the incoming one.

(i) At short times, t . 1/Γ′, the atomic excited-state population decays exponentially,

as a result of spontaneous emission. Formally, one can write the Ansatz in the single

excitation subspace for process (i),

|ψ(t)〉 = ψx(t)|e, 0〉+
∑
ν

φaν(t) a
†
ν |gA, 0〉+ φbν(t) b

†
ν |gB, 0〉, (3.15)

and compute the time evolution with Schrödinger equation. One promptly finds the

decay of population, |ψx(t)|2 = exp [−Γ′t]. After the excitation has left the atom, the

system reaches an entangled final state between the two ground states of the atom and

the two photon polarization states,

|ψ(T )〉 = |gA〉 ⊗

(∑
ν

φaν a
†
ν |0〉

)
+ |gB〉 ⊗

(∑
ν

φbν b
†
ν |0〉

)
, (3.16)

where ∆−1 � T � Γ′−1. Given that φaν(t) = φbν(t), this state is nothing but a Bell state

|φ+〉. The temporal size of the spontaneously created wavepacket is of the order of Γ′−1.

We shall call it a short packet, as compared to the size of the long input photon of the

order of ∆−1 � Γ′−1.
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(ii) The long photon scatters through the atom left in the state from Eq.(3.16). From

the linearity of quantum mechanics, the two state components follow independent time

evolutions. The component |gB〉, corresponding to ground state B, is transparent to

the incoming photon of polarization a. The resulting component is thus |gB〉 ⊗ |bS〉|aL〉,

where the subscript S corresponds to the short (spontaneously emitted) wavepacket and

L to the long (incoming) one. On the opposite, component |gA〉 follows a remarkable

path. If Eq.(3.15) is solved now for the initial condition |ψ(0)〉 = |gA〉|a〉, it is found that

φa,b(r, t) = φa,b(r − ct, 0) +
√

Γ′πρ1D Θ(r)Θ(t− r/c) ψx(t− r/c), (3.17)

while

ψx(t) = −

√
Γ′

πρ1D

N e−
(

Γ′
2

+iνA

)
t

(
e( Γ′−∆

2
−iδL)t − 1

Γ′ −∆− 2iδL

)
. (3.18)

In the regime under analysis, δL = 0 and ∆� Γ′, that implies

Θ(t− r/c) ψx(t− r/c) ≈ −
1√

Γ′πρ1D

φa(r − ct, 0),

where we have neglected the fast decaying term exp [−Γ′t]. This is the three-level anal-

ogous to the π-phase shift studied at section 2.1.2 of Chapter 2. For r > 0, this results

in

φa(r, t) = φa(r − ct, 0)− φa(r − ct, 0) = 0,

φb(r, t) = φb(r − ct, 0)− φa(r − ct, 0) = 0− φa(r − ct, 0). (3.19)

Eqs.(3.19) tell us that the long photon packet of polarization a is totally scattered

into polarization b, while keeping the same packet profile apart from a π-phase shift,

|aL〉 → −|bL〉. Meanwhile, atomic population is adiabatically transfered into ground

state B as well, |gA〉 → |gB〉. The full map for that component is then |gA〉|aS〉|aL〉 →

−|gB〉|aS〉|bL〉. Combining the two components, we recognize that the atom disentangles

from the field, while transfering its entanglement to the two photons,

|ψ(t∞)〉 = |gB〉 ⊗
1√
2

(|bS〉|aL〉 − |aS〉|bL〉), (3.20)
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forming a Bell state |ψ−〉 of polarizations. Note that the separation in two steps we

did is valid only if the overlap between the two photons is negligible, as it occurs for

∆ � Γ′. In that case, a short packet is completely distinguishable from a long packet,

〈aL|aS〉 = 〈bL|bS〉 = 2
√

∆/Γ′/(1 + ∆/Γ′)→ 0.

The final state shown in Eq.(3.20) has no component with both photons in the same

polarization a. It gives, thus, a clear explanation to the values of the probabilities,

pab = 1 and paa = 0, calculated from Eqs.(3.11) at ∆/Γ′ → 0.

3.5 Possible experimental error sources

The model developed in the last two chapters is suitable for the case where both waveg-

uide losses and pure dephasing of the emitter are absent. The model can be artificially

adapted to include waveguide loss, by adding an imaginary term to the atomic Hamil-

tonian, −i(Γ3D/2)|e〉〈e|, where Γ3D is the decay to modes outside the waveguide, still

describing the whole system with a wavefunction |ψ〉. Nevertheless, this approach cannot

be extended to treat pure dephasing. No effective Hamiltonian can mimic phase fluctua-

tions of a quantum state, just as no state vector |ψ〉 can represent a mixed state. Density

operators are the only formalism that encompass both pure dephasing and waveguide

loss.

It is possible to rough estimate small imperfections, using the results from Chapter

1 to find how coherences are affected. Coherence, hence interference, is related to W =

−Ω<[〈S−〉] ∝ β(1 +γ∗/γ+β)−1 ≈ β(1−γ∗/γ) +O(β2) in stationary regime for γ∗ � γ,

where γ∗ is the pure dephasing rate, and the β-factor gives the ratio between 1D and

total decay rates, β = Γ′/γ < 1, being γ = Γ′ + Γ3D.

Experimental values for β achieve 0.98 in 1D nanophotonic systems made of photonic

wires [33] or 1D waveguides in photonic crytals [83], and almost 1 in circuit QED [84].

Pure dephasing rates of γ∗ ≈ 0.1γ have been measured in quantum dots [85] and su-

perconducting qubits [44]. Such imperfections would affect the cloning fidelity and the

entanglement by a factor of the order ∼ β(1− γ∗/γ), for β ≈ 1 and γ∗ � γ, given that
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both cloning and entanglement are coherence-dependent effects. This would lower the

real cloning fidelity and entanglement to about 90% of their optimal values for circuit

QED systems and 88% for nanophotonic systems.

3.6 Conclusions

We have presented a unique versatile device that can realize either universal optimal

cloning or maximal entanglement in photon polarization, depending only on the spectral

shape of the incoming photon. Optimal irreversible stimulated emission, reached for a

pulse spectrally twice as large as the atomic linewidth, is a resource for optimal cloning

of a broadband propagating packet.

For a highly monochromatic photon, a π-phase shift has been responsible for adia-

batic transfer of population, redirecting the spontaneous atom-photon entanglement to

photon-photon entanglement. A realistic single-photon pulse shape has been considered,

yielding maximal efficiencies on both processes.



Chapter 4

Phonon-assisted cavity feeding

Attraction is beyond our will or ideas sometimes.

Juliette Binoche

The field of cavity quantum electrodynamics has seen great advances during the past

decades. While pioneering experiments used real atoms coupled to cavities in free space,

recent developments have achieved single emitter-single photon interaction in solid-state

systems [14]. A quantum dot is a nanodimensional semiconducting drop (e.g., InAs) with

a bandgap smaller than the semiconducting matrix in which it is embedded (e.g., GaAs),

strongly confining single electron-hole pairs (called excitons) [86]. This confinement

creates discrete states, so the recombination of excitons provide sharp optical transitions.

Therefore, quantum dots are considered as artificial atoms, as illustrated in Fig.4.1.

Remarkable experimental advances have allowed for deterministic coupling between a

single quantum dot and a single-mode microcavity, reaching Purcell factors of the order

of ten or more. Deterministic coupling has been achieved, for instance, in photonic planar

cavities [87] and in semiconducting micropillar cavities [88], as illustrated in Fig.4.1. This

guarantees that the simple model of a single emitter coupled to a single cavity mode is

appropriate.

82



CHAPTER 4. PHONON-ASSISTED CAVITY FEEDING 83

Understanding the deviations of artificial atom-cavity system from the standard

atom-cavity behaviour became a promising research topic. A representative example

of such deviation is the anomalous cavity emission at frequencies way above the quan-

tum dot optical transition [89], as illustrated in Fig.4.2. This effect, now commonly

called cavity feeding, consists in the main motivation for our study.

An intuitive picture of this effect is provided by noting that, in general, a solid-state

environment broadens the optical transition of the emitter, as it creates off-resonance

mechanisms (due to charge fluctuations, or phonons, for instance). This allows for

eventual emission at the frequency of the cavity, even if cavity and emitter are quite

off-resonance. Finally, the rate of emission at the cavity frequency is enhanced due to

Purcell effect, so an efficient off-resonance emission occurs. This intuitive picture has

been quantitatively analyzed in Ref.[90], where the broadening mechanism is modeled

by a pure dephasing rate in a two-level system.

In this chapter we will be interested in how the coupling with phonons affects the

spontaneous emission of a quantum dot. Two types of electromagnetic environment are

considered: free space and an optical microcavity.



CHAPTER 4. PHONON-ASSISTED CAVITY FEEDING 84

GaAs InAs GaAs 

Figure 4.1: Level scheme of a InAs

quantum dot embedded in a GaAs ma-

trix. Exciton recombines emitting a

sharp linewidth photon. Micropillars de-

terministically coupled to quantum dots

(Dr. Pascale Senellart – LPN/CNRS)

  

Figure 4.2: Photonic crystal cavity built around

the quantum dot. The cavity peak is identified

off-resonance, fed by the excitonic transition (K.

Hennessy et. al., Ref.[89]).

4.1 Spontaneous emission of a quantum dot in the presence of

phonons

This section is devoted to spontaneous emission in free space, where the emitter is not

subjected to any cavity but only to the unstructured vacuum state of the electromagnetic

field. We first present the model of the system under analysis. Then we develop a

formalism to compute the spectrum of light spontaneously emitted.

4.1.1 Model

In a quantum dot, the excited state |e〉 corresponds to a confined exciton, at the

size of a few nanometers . The ground state |g〉 is the empty quantum dot. The lattice

vibrations of the bulk cause compression and strain of the quantum dot. An exciton in

the quantum dot responds to single quanta of vibration excitations, called phonons. In

the ground state there are no bound excitons, so phonons are exclusively coupled to the
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excited state. This interaction can be modeled by the Hamiltonians Hphonon +Hqd−phonon

[86, 91],

Hqd = ~ω0 |e〉〈e| (4.1)

Hphonon =
∑
~q

~ω~q a†~qa~q (4.2)

Hqd−phonon =
∑
~q

~λ~q |e〉〈e|
(
a†~q + a~q

)
. (4.3)

The expressions for the electron-phonon coupling λ~q and phonon dispersion ω~q depend

on the type of phonons, that can be acoustic or optical. We specify this in the following

subsection. In any case, the Hamiltonian defined by Hibm = Hqd +Hqd−phonon +Hphonon

defines the so called independent boson model [92] and can be exactly diagonalized.

We analyse the problem in the |e〉 subspace by applying the projection |e〉〈e|Hibm|e〉〈e| =

|e〉Heff
ibm〈e|. The diagonalization of

Heff
ibm = ~ω0 +

∑
~q

~λ~q
(
a†~q + a~q

)
+
∑
~q

~ω~q a†~qa~q (4.4)

is obtained by means of the transformation

a~q = ã~q + Λ~q, (4.5)

where Λ~q is a c-number to be determined. By choosing Λ~q = −λ~q
ω~q

, the Hamiltonian can

be rewritten as

Heff
ibm =

~ω0 −
∑
~q

~
λ2
~q

ω~q

+
∑
~q

~ω~q ã†~qã~q. (4.6)

The excited state thus creates new eigenstates of dressed phonons
∏

~q |ñ~q〉 from the

non-dressed phonon states
∏

~q |n~q〉, defined by

ã~q|0̃~q〉 = 0 (4.7)

and
(
ã†~q

)n
|0̃~q〉 =

√
n~q |ñ~q〉. Inserting Eq.(4.5) into (4.7), we notice that the dressed state

|0̃~q〉 is an eigenstate of the original destruction operator,

a~q |0̃~q〉 = Λ~q |0̃~q〉. (4.8)
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Figure 4.3: For each wavevector ~q, the lat-

tice harmonic vibration of frequency ω~q is

displaced by Λ~q when an exciton of energy

E0 = ~ω̃0 is present. The transitions a, b and

c respectively correspond to zero-phonon, one-

phonon emission and one-phonon absorption.

It means that the dressed zero-phonon state is a

coherent state of the phonon field, displaced from

vacuum by the amount Λ~q, proportional to the

coupling λ~q. That is, |0̃~q〉 = D[Λ~q]|0~q〉, where

the displacement operator is given by D[Λ~q] ≡

exp [Λ~q a
†
~q − Λ∗~q a~q]. Besides, it can be shown that

this relation holds for all n~q, i.e.,

|ñ~q〉 = D[Λ~q]|n~q〉. (4.9)

This means that the exciton shifts the equilib-

rium lattice position, as illustrated in Fig 4.3.

In addition to the coordinate shift, the coupling

to phonons lowers the exciton energy to ω̃0 =

ω0 −
∑

~q ~λ2
~q/ω~q.

The optical transition between |e〉 and |g〉 is

sharp and can have a homogeneous linewidth about six orders of magnitude below the

transition frequency. This subsystem is described by Hqd +Hlight +Hqd−light, where

Hlight =
∑
~k

~ω~k b
†
~k
b~k (4.10)

Hqd−light =
∑
~k

~g~k
(
|e〉〈g| b~k + |g〉〈e| b†~k

)
. (4.11)

The dipole coupling is ~g~k = d [~ω~k/(2ε0V )]1/2, where d is the dipole constant, ε0

is the vacuum permitivity and V is the free-space volume of quantization. The vol-

ume V is taken to infinity by introducing the free-space density of states ρfree(ω~k) =

4V ω2
~k
/[(2π)2c3], so that ρfree(ω~k)g

2
~k

remains finite.

In Fig.4.3, three optical transitions from excited state |e〉 to ground state |g〉 have been

shown: a is a zero-phonon transition of frequency ω̃0, b contains one-phonon emission

resulting in a lower frequency ω̃0−ω~q and c contains one-photon absorption resulting in

a higher frequency ω̃0 +ω~q. Variation in the number of phonons in mode ~q simply comes
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from the finite overlap 〈ñ~q|n~q〉 between different equilibrium positions of the atoms in the

crystal lattice according to the presence (ñ~q) or the absence (n~q) of an exciton trapped

in the quantum dot. This qualitative discussion will be analysed quantitatively in the

following subsection.

4.1.2 Spectrum

Figure 4.4: Typical emission

spectrum of a single quantum dot

at low temperature, T = 30K.

Lorentzian fit does not match ex-

perimental data.

Experiments with single quantum dots (QD) have clearly

shown that spontaneous emission (photoluminescence)

spectra do not fit a single Lorentzian function [93]. Fig.4.4,

taken from Ref.[93], shows a typical low temperature spec-

trum for QD emission. The solid line is a Lorentzian fit,

which does not match the “wings” around the central peak.

The wings are a consequence of the coupling with acoustic

phonons [93], as we show in the following.

The emission spectrum S(ω) is defined as the rate of

emission in a given frequency ω [50]. In the case of spon-

taneous emission (denoted here by |initial〉 → |final〉),

Fermi’s golden rule can be used to access the spontaneous

emission spectrum. It gives the decay rate at each final

frequency Γ(ωf ), so the total decay rate Γ is a sum over all frequencies,

Γ =

∫
dωf ρ(ωf ) Γ(ωf ), (4.12)

where ρ(ω) is the density of final states. Denoting the perturbation potential by V ,

Γ(ωf ) =
2π

~2
|〈final|V|initial〉|2 δ(ωf − ωi). (4.13)

The normalized spectrum is then obtained,

S(ω) = ρ(ω)× Γ(ω)/Γ. (4.14)
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Note that this method does not take quantum fluctuations of the vacuum into account.

In the case where 〈final|V|initial〉 = ~gk, for instance, S(ω) = 2πg2
kρ(ω0) δ(ω − ω0). The

natural linewidth is included phenomenologically.

Figure 4.5: Frequency-dependent decay rate Γ(ωk) given by Fermi golden rule. Left– Two-

level system emitting a photon at frequency ωk = ω0 (sharp transition). Right– quantum dot

emitting a phonon of frequency ωq and a photon of frequency ωk = ω0−ωq (broad transition).

The coupled phonon bath is illustrated at zero temperature, |0̃〉. Our model is valid for arbitrary

temperatures and exciton-phonon couplings.

We now concentrate on our particular case, where the continuum of phonons is taken

into account. Our initial state is an excited emitter, a thermal distribution of dressed

phonons with probability P {n} and vacuum state in the electromagnetic field,

|initial〉 = |e〉 ⊗
∏
~q

|ñ~q〉 ⊗
∏
~k

|0~k〉. (4.15)

The final states are all possibilities for emission of one-photon of frequency ω~k and

emission of m~q − n~q phonons (i.e. absorption, if m~q < n~q) in mode ~q,

|final〉 = |g〉 ⊗
∏
~q

|m~q〉 ⊗ |1ω~k〉
∏
~k′

|0~k′ 6=~k〉. (4.16)

The electromagnetic potential is V = Hqd−light (Eq.4.11), that couples |e〉 and |g〉 with
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constant gk independent of the phonon states, so we finally have

Γ(ωk) = 2πg2
k

∑
{n}

P {n}
∑
{m}

∏
~q

|〈m~q|ñ~q〉|2 δ

ω̃0 − ωk −
∑
~q

(m~q − n~q) ω~q

 . (4.17)

We used the compact notation {n} = {n~q1 , ..., n~q∞}, so that
∑
{n} =

∑
n~q1

...
∑

~q∞
=∏

~q

∑
n~q

. The thermal probability distribution is P {n} =
∏

~q e
−βn~q~ω~q/Zphonon, being β =

(kBT )−1, kB the Boltzmann constant and T , the phonon bath temperature. Eq.(4.17)

is a sum of multiphononic transitions, namely, zero-phonon line, one-phonon line and so

on.

For spontaneous emission in free space, the density of modes does not vary appreciably

in the region of optical frequencies, ρ(ω) ≈ const. So the spectrum of the quantum dot is

SQD(ω) = Γ(ω). On the other hand, for spontaneous emission in a cavity, the density of

modes is a Lorentzian ρ(ω) = Scav(ω), so the total normalized spectrum of the composite

system is S(ω) = Scav(ω)×SQD(ω)/Γ. S(ω) is experimentally obtained by collecting the

emission through the cavity channel.

Note that the term 〈m~q|ñ~q〉 gives the overlap between the dressed and non-dressed

phonon states. At zero dot-phonon coupling (λ~q = 0), for instance, one has 〈m~q|ñ~q〉 =

〈m~q|n~q〉 = δm,n. The result for spontaneous emission of a sharp two-level system is thus

reobtained, given that
∑
{n} P {n} = 1.

The influence of phonons on the spontaneous emission of a quantum dot is totally

embodied in the overlap term 〈m~q|ñ~q〉. This is what we have to calculate in order

to obtain an explicit expression for Γ(ω). This task will be accomplished using two

different approaches. The first one gives an exact mathematical treatment, following

some algebraic identities as used in Ref.[92]. The second one gives a more physical

picture, following the ideas of a seminal paper by Huang and Rhys [94].
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Exact approach

We rewrite Eq.(4.17) as the Fourier transform of a time-dependent function with the

help of Eq.(4.9),

Γ(ωk) = g2
k

∑
{n}

P {n}
∑
{m}

∏
~q

〈n~q|D†(Λ~q)|m~q〉〈m~q|D(Λ~q)|n~q〉

×
∫ ∞
−∞

dt ei(ω̃0−ωk−
∑
~qm~qω~q+

∑
~q n~qω~q)t. (4.18)

This allows us to transfer the time evolution into the matrix element,

Γ(ωk) = g2
k

∫ ∞
−∞

dt e−iωkteiω̃0t
∑
{n}

P {n}
∑
{m}

∏
~q

〈n~q|e
i
~HphtD†(Λ~q)e

− i
~Hpht|m~q〉〈m~q|D(Λ~q)|n~q〉.

(4.19)

The closure relation can be applied at this point,
∑
{m}
∏

~q |m~q〉〈m~q| = I . We also

denote D†[Λ~q, t] ≡ e
i
~HphtD†(Λ~q)e

− i
~Hpht and get

Γ(ωk) = g2
k

∫ ∞
−∞

dt e−iωkteiω̃0t
∑
{n}

P {n}
∏
~q

〈n~q|D†[Λ~q, t]D[Λ~q, 0]|n~q〉. (4.20)

We rearrange the product of displacement operators into a product of two simple expo-

nentials. This is done with the help of the Baker-Campbell-Hausdorff formula. In our

specific case, [A, [A,B]] = [B, [A,B]] = 0, so exp (A+B) = exp (A) exp (B) exp−1
2
[A,B],

where A = Λ~q a
†
~q and B = −A†. It gives

∑
{n}

P {n}
∏
~q

〈n~q|D†[Λ~q, t]D[Λ~q, 0]|n~q〉 =
∏
~q

∑
n~q

e−βn~q~ω~q

Zph

= 〈n~q|D†[Λ~q, t]D[Λ~q, 0]|n~q〉

=
∏
~q

(
1− e−β~ωω~q

)
e−Λ2

~q(1−e−iω~qt) ×

∞∑
n~q=0

e−βn~q~ω~q 〈n~q|eΛ~q a
†
~q (1−eiω~qt)e−Λ~q a~q (1−e−iω~qt)|n~q〉. (4.21)

We use the following relation, proven in Ref.[92],

(
1− e−β~ω~q

) ∞∑
n~q=0

e−βn~qω~q〈n~q|eu
∗
~qa
†
~qe−u~q a~q |n~q〉 = e−|u~q |

2N~q , (4.22)
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where N~q = [exp (β~ω~q) − 1]−1 is the Bose-Einstein distribution and, in our case, u~q =

Λ~q(1− e−iω~qt). This yields∑
{n}

P {n}
∏
~q

〈n~q|D†[Λ~q, t]D[Λ~q, 0]|n~q〉 =
∏
~q

e−φ~q(t), (4.23)

where

φ~q(t) = Λ2
~q[(N~q + 1)(1− e−iω~qt) +N~q(1− eiω~qt)] =

Λ2
~q

{
2N~q + 1− [N~q(N~q + 1)]1/2

(
e−iω~q(t+i~β/2) + eiω~q(t+i~β/2)

)}
=

Λ2
~q

{
2N~q + 1− [N~q(N~q + 1)]1/22 cos[ω~q(t+ i~β/2)]

}
. (4.24)

We get rid of the cosine in the exponential by expanding it in a series of Bessel functions

of complex argument Ip(z),

ez cos θ =
∞∑

p=−∞

Ip(z)eipθ, (4.25)

so we identify z = 2Λ2
~q[N~q(N~q + 1)]1/2 and θ = ω~q(t + i~β/2). Finally, we obtain from

Eq.(4.20)

Γ(ωk) = 2πg2
k

∞∑
{p}=−∞

∏
~q

Wp~q [ω~q] δ

ω̃0 − ωk −
∑
~q

p~qω~q

 , (4.26)

where

Wp~q [ω~q] =

(
N~q + 1

N~q

) p~q
2

e−Λ2
~q(2N~q+1) Ip~q

(
2Λ2

~q

√
N~q(N~q + 1)

)
. (4.27)

In the delta function of Eq.(4.26), p~q indicates that p phonons are emitted in mode ~q, with

frequency ω~q. The weight with which such phonon emission occurs is given by Wp~q [ω~q],

as described by Eq.(4.27). The above calculations provide the same spectrum previously

used to describe spontaneous emission of a single quantum dot interacting with acoustic

phonons [93]. In section 4.41 we particularize the general expressions above to the case

of zero temperature.

Huang-Rhys approach

We now compare the exact approach developed above with the method used by Huang

and Rhys [94]. They calculated the absorption spectrum by bound charges in F-centres,
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coupled to phonons. Their result became a paradigm for this kind of system, what makes

this comparison worth.

Huang and Rhys have shown that each electronic state displaces differently the equi-

librium position of the atoms in the lattice, in perfect agreement with our calculations,

where we have introduced the displacement operator D(Λ~q). In our formalism, their

notation is translated as the Taylor expansion of the displacement operator,

〈m~q|ñ~q〉 = 〈m~q|
∞∑
j=0

(−τ~q)j

j!
p̂j~q |n~q〉, (4.28)

where τ~q ≡ iΛ~q and p̂~q ≡ i(a†~q − a~q) is the momentum operator. In real-space basis, the

momentum operator generates the coordinate derivatives of the positions of the atoms

in the lattice, as originally described by the authors.

The major difference between our exact approach, Eqs.(4.18)-(4.27), and Huang-Rhys

analysis comes now. The distinguishing step is to take advantage of the degeneracy of

the phonons, i.e., ω~q = ω|~q|. This property implies the following: for each phonon mode

within a given frequency, transitions involving 2 or more phonons in that particular

mode are negligible. It means that if p phonons are created at a frequency ωq, the only

finite contributions are those in which s+p modes gain one quantum, s modes loose one

quantum, while all the others remain unchanged, under the condition that all such modes

~q satisfy ω~q = ω|~q| = ωq. This statement is justified a posteriori, below Eq.(4.30). From

now on we deal with transitions satisfying m~q − n~q = ±1, 0, ∀~q checking ωq = constant.

This allows us to compute
∏

~q |〈m~q|D(Λ~q)|n~q〉|2 by counting all possible combinations

in which phonons are distributed along the modes. Suppose that s + p modes, labeled

by l′, l′′, ..., l(s+p) acquire one quantum while s modes, r′, r′′, ..., r(s), are lowered by one

quantum each of them. Then we can separate the product into modes l and r,∏
~q

|〈m~q|ñ~q〉|2 =

∏
~j

|〈n~j|D(Λ~j)|n~j〉|
2

~r(s)∏
~r=~r′

|〈n~r − 1|D(Λ~r)|n~r〉|2

|〈n~r|D(Λ~r)|n~r〉|2

~l(s+p)∏
~l=~l′

|〈n~l + 1|D(Λ~l)|n~l〉|2

|〈n~l|D(Λ~l)|n~l〉|2
, (4.29)
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where the denominators are inserted to let ~j span all modes. We now need to perform

the sum over all possible combinations of distribution of quanta, as prescribed by
∑
{m}.

The sum of products is rewritten as∑
{m}

∏
~q

|〈m~q|ñ~q〉|2 =

∞∑
p=−∞

∞∑
s=0

1

s!(s+ p)!

∑
~l

|〈n~l + 1|D(Λ~l)|n~l〉|2

|〈n~l|D(Λ~l)|n~l〉|2

(s+p)(∑
~r

|〈n~r − 1|D(Λ~r)|n~r〉|2

|〈n~r|D(Λ~r)|n~r〉|2

)s

×
∏
~j

|〈n~j|D(Λ~j)|n~j〉|
2, (4.30)

where the terms s! and (s + p)! eliminate the excess of repetitions. While |Λ~q|2j ∝ 1
V j

,

the above summation yields
∑

~q →
V

(2π)3

∫
d3q. So, terms containing two phonons in

the same mode are proportional to V/V 2 → 0 in the thermodynamic limit (V → ∞),

justifying the assumption of only zero- and one-phonon transitions in degenerate modes.

Explicit calculation gives

|〈n~q + 1|D(Λ~q)|n~q〉|2

|〈n~q|D(Λ~q)|n~q〉|2
= Λ2

~q (n~q + 1) and
|〈n~q − 1|D(Λ~q)|n~q〉|2

|〈n~q|D(Λ~q)|n~q〉|2
= Λ2

~q n~q . (4.31)

Defining S↑ ≡
∑

~l Λ
2
~l
(n~l + 1) and S↓ ≡

∑
~r Λ2

~r n~r, Eq.(4.30) is written

∑
{m}

∏
~q

|〈m~q|ñ~q〉|2 =
∞∑

p=−∞

(
∞∑
s=0

S
(s+p)
↑ Ss↓

s!(s+ p)!

)∏
~j

|〈n~j|D(Λ~j)|n~j〉|
2. (4.32)

The inner sum is solved using Bessel functions Ip[z] of complex variable,

∞∑
s=0

S
(s+p)
↑ Ss↓

s!(s+ p)!
=

(
S↑
S↓

) 1
2

Ip[2
√
S↓S↑]. (4.33)

The number of phonons n~q in each mode ~q of the initial state is determined by a thermal

distribution n~q = Nq = [exp (β~ωq)− 1]−1. Thus,

S↑
S↓

=

∑
~l Λ

2
~l

(Nq + 1)∑
~r Λ2

~r Nq

=
Nq + 1

Nq

and
√
S↓S↑ =

∑
~q

Λ2
~q

√
Nq(Nq + 1). (4.34)
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The thermal equilibrium of the initial state also yields∣∣∣∣∣∣
∏
~q

∑
n~q

e−βn~q~ωq

Z~q
〈n~q|D(Λ~q)|n~q〉

∣∣∣∣∣∣
2

=

∣∣∣∣∣∣
∏
~q

e−Λ~q
2

∞∑
n~q=0

(e−β~ωq)n~q

Z~q
〈n~q|eΛ~qa

†
~qe−Λ~qa~q |n~q〉

∣∣∣∣∣∣
2

,

(4.35)

where we have used the Baker-Campbell-Hausdorff formula. The Laguerre polynomial

Ln(x) of order n is used to compute the matrix element

〈n~q|eΛ~qa
†
~qe−Λ~qa~q |n~q〉 =

n~q∑
l=0

(Λ2
~q)
l

(l!)2

n~q!

(n~q − l)!
= Ln~q(Λ

2
~q). (4.36)

The sum over Laguerre polynomials is performed using that

e−
z

1−zu
2

= (1− z)
∞∑
n=0

Ln(u2)zn, (4.37)

where we identify z = e−β~ωq , recalling that Z~q =
∑∞

µ=0(e−β~ωq)µ = [1− e−β~ωq ]−1. This

gives
∞∑

n~q=0

(e−β~ωq)n~q

Z~q
〈n~q|eΛ~qa

†
~qe−Λ~qa~q |n~q〉 = e−Λ2

~q Nq . (4.38)

Inserting Eq.(4.38) into Eq.(4.35) and applying the result to Eqs.(4.32), (4.33) and (4.34)

we finally obtain, for a constant frequency ωq, the spectrum

Γ(ωk) = 2πg2
k

∞∑
p=−∞

Wp[ωq] δ(ω̃0 − ωk − p ωq), (4.39)

where

Wp[ωq] =

(
Nq + 1

Nq

) p
2

e−(
∑
~q Λ2

~q)(2Nq+1) Ip

2

∑
~q

Λ2
~q

√Nq(Nq + 1)

 (4.40)

and the sum is performed over all phonon modes ~q that have the same frequency ω~q = ωq.

Eqs.(4.39) and (4.40) are the result found by Huang and Rhys for a constant fre-

quency. The frequency restriction is introduced in Huang-Rhys calculations because

they intended to study longitudinal optical phonons, which have constant dispersion

relation, ω~q = ωLO.
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To reobtain Eqs.(4.26) and (4.27) from Eqs.(4.39) and (4.40), Huang-Rhys reasoning

can be directly applied. One just has to notice that the continuum of phonon modes

consists in an ensemble of concentric shells, each shell defined by a constant wavevector

radius |~q| = q. Given that the wavevector radius is constant, so is the frequency, ω~q = ωq.

The degeneracy inside each shell comes from all possible wavevector directions q̂, such

that ~q = |~q| q̂. So, for each shell, Huang-Rhys approach is valid, clearly providing the

same result as in Eqs.(4.26) and (4.27).

We will be interested in the modeling of longitudinal acoustic phonons, which have

linear dispersion relation, ω~q = cs|~q|, being cs the speed of sound in the material. Thus,

acoustical phonons obey the condition we have imposed, ω~q = ω|~q|.

4.1.3 Free-space spontaneous emission at zero temperature

We study now a specific case of the general framework introduced above. We focus

on the zero temperature regime. Our intention is to provide the most clear example of

how phonons modify the spontaneous emission of a two-level system.

The initial quantum state of a phonon bath in equilibrium at temperature T = 0K

is the vacuum state,
∏

~q |0̃~q〉. Our spectrum is then given by

Γ(ωk) = 2πg2
k

∑
{m}

∏
~q

|〈m~q|0̃~q〉|2 δ

ω̃0 − ωk −
∑
~q

m~q ω~q

 . (4.41)

Note that only phonon emission is allowed, given that no phonons are available for

absorption.

As we have stated in Eq.(4.8), the displaced vacuum is a coherent state, whose com-

ponents in Fock states are given by

〈m~q|0̃~q〉 = e−
1
2
|Λ~q |2

Λ
m~q

~q√
m~q!

. (4.42)

This allows us to write Eq.(4.41) as a sum of the zero-phonon line (ZPL), one-phonon

line (1PL) and so on. The ZPL contribution reads

ΓZPL(ωk) = 2πg2
ke
−S δ(ω̃0 − ωk), (4.43)
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where S =
∑

~q |Λ~q|2. We introduce a finite lifetime for the QD phenomenologically,

replacing the delta function by a normalized Lorentzian [93],

δ(ω0 − ω)→ L(ω) =
1

π

γ
2(

γ
2

)2
+ (ω0 − ω)2

, (4.44)

where γ includes pure dephasing rate [90], as discussed at the beginning of this chapter.

The one-phonon line is given by

Γ1PL(ωk) = 2πg2
ke
−S
∑
~q

|Λ~q|2 δ(ω̃0 − ωk − ωq). (4.45)

Direct calculations show that, at zero temperature, transitions involving two or more

phonons contribute much less (one order of magnitude) than the one-phonon transition

and hence will be neglected.

The acoustic phonon coupling [91] depends on the wavefunctions of the electron |ψe〉

and the hole |ψh〉 through

Λ~q =
|Dege(~q) +Dhgh(~q)|

~ωq

√
~ωq

2c2
sρmV

, (4.46)

where

ge,h(~q) = 〈ψe,h| ei~q.~r |ψe,h〉, (4.47)

being ~r the particle coordinate operator, De,h the deformation potentials for the electron

(e) and the hole (h), cs the speed of sound in the solid and ρm the bulk mass density.

The wave functions of both electron and hole can be approximated by Gaussians with

extensions σe,h, ψe,h(~r) = (4πσ2
e,h)
− 3

4 exp [−r2/(8σ2
e,h)], so the Fourier transform reads

ge,h(~q) = e−σ
2
e,h q2

. (4.48)

We use the acoustic phonon dispersion relation ωq = csq and perform the integration

in the continuum limit, ∑
~q

→ V

(2π)3

∫
d3q,
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finding

Γ1PL(ωk) =
g2
k e
−S

2π~ρmc4
s

(
ω̃0 − ωk
cs

) ∣∣∣∣Dee
−
(
σe

ω̃0−ωk
cs

)2

+Dhe
−
(
σh

ω̃0−ωk
cs

)2
∣∣∣∣2 Θ(ω̃0 − ωk),

(4.49)

where S = 1
(2π)2~ρmc3s

(
D2
e

4σ2
e

+
D2
h

4σ2
h

+ DeDh
σ2
e+σ2

h

)
and Θ(x) is the Heaviside step function.

To finally obtain the spectrum, we still need to multiply the function Γ(ω) = ΓZPL(ω)+

Γ1PL(ω) by the density of states ρfree(ω) of the vacuum of electromagnetic fields in 3D

space (see Eq.4.14),

ρfree(ω) =
V

π2c3
ω2, (4.50)

where c is the speed of light. The divergence of volume V is compensated by the coupling,

g2
k = d2ωk

2~ε0V , as defined in Chapter 1. Note that the function g2
kρfree(ωk) is effectively flat in

the region of optical frequencies, leaving no net contribution apart from a multiplicative

constant ≈ g2
0ρfree(ω̃0).

In Fig.4.6, we plot the spontaneous emission spectrum

SQD(ω) = ρfree(ω) [ΓZPL(ω) + Γ1PL(ω)],
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Figure 4.6: Spontaneous emission spectrum S(ω) of a quantum dot coupled to acoustic phonons

at temperature T = 0K (solid black curve). Dashed red: one-phonon emission contribution.

Dotted blue: zero-phonon line lorentzian.
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The dotted blue curve is the zero-phonon line, given by the standard Lorentzian found

in the spontaneous emission spectrum of a two-level system [19]. The dashed red is the

one-phonon emission contribution, governed by the inverse of the spatial extension of the

quantum dot wavefunctions (∼ 1/σe,h). Only the low frequency contribution appears at

zero temperature, given that only phonon emission is allowed. These are commonly

called phonon wings, as they provide a wing-shaped pedestal that strongly modifies the

usual Lorentzian profile. In the plot we used the parameters listed in Table 4.1, based

on typical values for InAs/GaAs quantum dots [93, 95, 96].

ω̃0 1357.4 meV

γ 10 µeV

De 12.50 eV

Dh 6.25 eV

σe 3.0 nm

σh 1.5 nm

cs 5000 m/s

ρm 5320 Kg/m3

Table 4.1: Parameters of the quantum dot and its solid-state matrix.

4.1.4 The low temperature limit

Now we show how to extend the model to low (finite) temperatures. We define low

temperature as T . TR, where the reference temperature TR is related to the population

of the maximally coupled phonon mode (maximum of the phonon wing) of frequency

ωm,

Nm(TR) =
1

e
~ωm
kBTR − 1

. 1. (4.51)

The parameters here used give ωm ≈ 600µeV, so that TR ∼ 10K.

The expression for the low-temperature regime follows from intuitive considerations.

We assume that phonon emission is enhanced (stimulated) by a factor Nωph
(T ) + 1. We
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also consider that phonon absorption is proportional to the average number of phonons

Nωph
(T ) available in a given mode ωph. The modified one-phonon line is then

ΓT1PL(ω) = [Nωph
(T ) + 1] Γ1PL(ω) + [Nωph

(T )] Γ̃1PL(ω), (4.52)

where Γ̃1PL(ω) is the spectral component related to phonon-absorption, defined here

as the mirror image of Γ1PL(ω) around ω̃0, i.e., Γ̃1PL(ω) ≡ Γ1PL(2ω̃0 − ω). Note that

ΓT=0
1PL (ω) = Γ1PL(ω).

The resulting spectrum from Eq.(4.52),

SQD(ω) = ρfree(ω) [ΓZPL(ω) + ΓT1PL(ω)], (4.53)

is plotted in Fig.4.7 for temperatures T = 0K (black), T = 1K (blue), T = 3K (red)

and T = 10K (green). Our result for low temperatures is qualitatively similar to the

experimental outcome from Ref.[95], by E. Peter and colleagues, obtained at T = 7K

and T = 15K, which is consistent with the data from Ref.[93] (Fig.4.4). Both present

asymmetric non-Lorentzian piedestals. The asymmetry occurs because phonon emission

(∝ Nq + 1) is more likely than absorption (∝ Nq).
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Figure 4.7: Left: Spontaneous emission spectrum Sfree(ω) of a quantum dot coupled to acoustic

phonons at low temperatures T = 0K (black), T = 1K (blue), T = 3K (red) and T = 10K

(green). Right: QD emission spectra (µ-PL, thick lines) in the experiment from Ref.[95] at

temperatures T = 7K and 15K. The thin lines represent Lorentzian profile.
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We finish this subsection with a quantitative justification for Eq.(4.52), derived from

the low temperature limit of Eqs.(4.26) and (4.27). The first step is expanding Γ(ω) in

a sum of zero and one-phonon transitions,

Γ(ω) =
∑
{p}

∏
~q

Wp~q(ωq) δ(ω0 − ω −
∑
~q

p~qωq)

=

∏
~q′

W0(ωq′)

 δ(ω0 − ω) +

+

∏
~q′

W0(ωq′)

∑
~q

W1(ωq)

W0(ωq)
δ(ω0 − ω − ωq)

+

∏
~q′

W0(ωq′)

∑
~q

W−1(ωq)

W0(ωq)
δ(ω0 − ω + ωq)

+O(2 phonons), (4.54)

where the term containing W−1(ωq) represents phonon absorption. The denominator

has been introduced so that the product spans all modes. The expression for Wp(ω),

Eq.(4.27), involves modified Bessel functions Ip(x), with integral representation, for

Re[x] > 0,

Ip(x) =
1

π

∫ π

0

ex cos θ cos(pθ)dθ − sin(pπ)

π

∫ π

0

e−x cosh(t)−p tdt, (4.55)

allowing us to compute the Taylor expansions

I0(x) = 1 +O(x2) and I1(x) =
x

2
+O(x3). (4.56)

From Eqs.(4.46) and (4.27) it follows that x ∝ 1/V , where V is the volume of quantiza-

tion for the phonons. Assuming the thermodynamical limit V → ∞ (i.e., V � σ3
e , σ

3
h),

the above expansion is justified. Then we have

W0(ωq) = e−Λ2
~q(2Nq+1)I0(2Λ2

~q

√
Nq(Nq + 1)) −→ e−Λ2

~q , (4.57)

where both V →∞ and Nq � 1 limits have been applied, so that∏
~q

W0(ωq)→ e−
∑
~q Λ2

~q = e−S, (4.58)
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where S has been defined in the previous subsection. By keeping the condition V →∞,

the finite temperature case of Eq.(4.58) can be readily computed, yielding nothing but

a different pre-factor in the spectrum. We also have, in the limit V →∞,

W1(ωq)

W0(ωq)
→
(
Nq + 1

Nq

) 1
2 1

2
2Λ2

~q

√
Nq(Nq + 1) = Λ2

~q (Nq + 1) (4.59)

and
W−1(ωq)

W0(ωq)
→
(
Nq + 1

Nq

)− 1
2 1

2
2Λ2

~q

√
Nq(Nq + 1) = Λ2

~q Nq. (4.60)

Inserting the above expressions into Eq.(4.54), we get exactly what is obtained by using

Eqs.(4.52), (4.43) and (4.45). This concludes the quantitative justification of Eq.(4.52).

4.2 Phonon-assisted off-resonance cavity feeding

In what follows, we model the spontaneous emission of a quantum dot weakly coupled

to a dissipative single-mode cavity, in the presence of phonons. The cavity is introduced

within the formalism developed in the previous sections. We present evidence that

acoustic phonons can be responsible for cavity feeding, i.e., the efficient spontaneous

emission of a photon at the frequency of a cavity that is very far from resonance.

Two-level system (no phonons) weakly coupled to a cavity: Purcell effect

A cavity weakly coupled to an emitter affects its electromagnetic environment by

changing the density of modes [14],

ρfree(ω) =
V

π2c3
ω2 −→ ρcav(ω) =

1

π

ωc
2Q(

ωc
2Q

)2

+ (ωc − ω)2
, (4.61)

characterized by the central frequency ωc and the quality factor Q ≡ ωc/κ, where κ is

the cavity decay rate (linewidth).

Another difference introduced by a cavity is the finite volume Vc, in contrast to

the infinite free-space volume V . The cavity volume Vc is obtaining by integrating the
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modulus square of the spatial dependence of the electromagnetic field inside the cavity.

The emitter-cavity coupling is given by g2
c (ω) = d2ω

2~ε0Vc .

We can now use Fermi’s golde rule to compute the decay rate Γc of a two-level system

under the influence of a cavity,

Γc = 2πρcav(ω0)g2
c (ω0). (4.62)

We disregard phonons at this point.

Suppose, for instance, the resonant condition δc = ωc − ω0 = 0. Let us call Γ0 the

decay rate in free space, Γ0 ≡ 2πρfree(ω0)g2(ω0) =
d2ω3

0

πε0~c3 . Then,

Γc = ηPurcell Γ0, (4.63)

where

ηPurcell ≡
Γc
Γ0

=
ρcav(ω0)g2

c (ω0)

ρfree(ω0)g2(ω0)
=

1

4π2

Q

Vc
λ3
c , (4.64)

and λc = 2πc/ωc is the wavelength of the cavity field. Parameter ηPurcell is the so called

Purcell factor [15]. A small (Vc < λ3
c) and good (Q > 4π2) cavity yields ηPurcell > 1,

increasing the emitter decay rate. On the other hand, if δc � κ, the cavity can inhibit

spontaneous emission. The Purcell effect is this modification of emission rate resulting

from a structured electromagnetic vacuum with a given density of modes. Purcell effect

plays a key role in cavity feeding.

4.2.1 Spectrum of the quantum-dot–cavity system in weak coupling regime

The formalism based on Fermi’s golden rule, developed in the previous sections,

allows us to compute the spectrum S(ω) of the composite system by simply introducing

the cavity density of modes ρcav(ω) = Scav(ω),

S(ω) = Scav(ω)× SQD(ω), (4.65)

where SQD(ω) = Γ(ω). At low temperatures, we have

S(ω) = Scav(ω) [ΓZPL(ω) + ΓT1PL(ω)]. (4.66)
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Note that the zero-phonon contribution leads to the decay rate Γc e
−S. If phonon

coupling is turned off (Λ~q = 0), then S = 0 and the result from a two-level system

is reobtained.

In the figures below we plot two superimposed curves:

• Black (solid): S(ω), asymmetric with cavity-QD detuning δc.

• Blue (dotted): SZPL(ω) ≡ Scav(ω)ΓZPL(ω), representing the pure dephasing cavity

feeding (no-phonon), symmetric with detuning.

In Fig.(4.8), we plot cavity-QD spectrum at T = 0K, for a cavity of Q = 3000

(κ ≈ 450µeV) with two different detunings, δc = ∓600µeV (resp. left/right frame). The

QD parameters are the same as before, Tab.4.1. The influence of phonons in the cavity

feeding process becomes evident.
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Figure 4.8: (a) S(ω) (solid black) and SZPL(ω) (dotted blue) at δc = −600µeV. (b) the same

for δc = 600µeV. In both cases, Q = 3000 and T = 0K.

The cavity feeding mechanism can be understood in terms of Purcell effect. Phonons

allow the emitter to create photons at the frequency of the cavity mode. Then, the

efficiency of this process is dramatically enhanced by the cavity, which increases the

density of electromagnetic modes in that frequency region. The ratio between the reso-

nant cavity-phonon wing and the off-resonance cavity-phonon wing gives a Purcell factor

for the feeding process. The visibility of the cavity-like peak increases, thus, with the

quality factor.



CHAPTER 4. PHONON-ASSISTED CAVITY FEEDING 104

In Fig.4.9 we do the same analysis as before (keeping T = 0K, δc = ∓600µeV), but

for a huge quality factor of Q = 30 000 (κ ≈ 45µeV).
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Figure 4.9: (a) S(ω) (solid black) and SZPL(ω) (dotted blue) at δc = −600µeV. (b) the same

for δc = 600µeV. In both cases, Q = 30 000 and T = 0K

We now reobtain, in a qualitative manner, the result from Fig.4.2, taken from Ref.[89].

In that experiment, the cavity peak has a much higher frequency than the ZPL (smaller

wavelength), giving δc ≈ 2800µeV. The experiment is performed for a Q factor between

12 000 and 30 000, with temperatures around 4.2K. We can only feed high-frequency

cavities with a reasonable efficiency by increasing temperature. In Fig.4.10 we use δc =

2000µeV, Q = 30 000 and T = 10K. The resulting cavity-like peak is broader and about

three times shorter than the ZPL.

The role of phonons in cavity feeding has been the subject of other studies. Particular

examples are an experiment by Ates and colleagues [97] and a theoretical work by Hughes

and colleagues [98]. In what follows, we position our model with respect to the formalism

developed by Hughes et. al..
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Figure 4.10: Left: S(ω) (solid black) and SZPL(ω) (dotted blue) at δc = 2000µeV, T = 10K and

Q = 30 000. Right: Experiment [89], wavelengths corresponding roughly to 943nm ≈ 1325, 56

meV and 945nm ≈ 1322, 75 meV, so that δc ≈ 2800 µeV; Q ∼ 12 000–30 000 and T ∼ 4K.

Link with the formalism for strong-coupling

A quantum dot in free space coupled to acoustic phonons exhibit non-Lorentzian spectral

profile, due to phonon emission/absorption. This feature is preserved under the influence

of a weakly coupled cavity and must remain so in the strong coupling regime. Many

approaches to the modeling of strongly coupled cavity-quantum dot have been developed.

In Ref.[99], for instance, the problem is treated under an approximation valid only when

the coupling is much smaller than the maximal frequency of the phonon wings, which

in our case means gc � ωm ∼ 1meV. A solution for higher coupling strengths has been

provided in Ref.[100]. While in Ref.[99] the non-Lorentzian aspect has been reproduced

in the spectrum, this did not happen in Ref.[100], where the phonon-related asymmetry

has appeared only in the decay rate. A complete solution for this problem has been

provided by Hughes et. al. [98], which is valid for arbitrary coupling strengths and

properly describes non-Lorentzian spectra.

The key point of the model by Hughes is the solution of the quantum field operators

by Green’s function, instead of using a master equation for the density matrix of the

system. Without phonons, both approaches are equivalent, but the Green’s function
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formalism is directly extendable for phonons in a quite natural way.

From the Hamiltonian of the atom-cavity system (Eq.4.11), they derive the Heisen-

berg equations for the cavity fied Ê(t) and the atomic operator σ̂(t). Then a Fourier

transform is applied, yielding Ê(ω) and σ̂(ω) which are solved by Green’s function for the

atom initially excited and the cavity in vacuum state. Note that this corresponds to the

same initial state from our spontaneous emission spectrum. Their solution is valid for a

low cavity excitation. Finally, normalized spectrum is obtained, S(ω) = 〈Ê†(ω)Ê(ω)〉.

Their general procedure is particularized for the simplest case, namely, the sponta-

neous emission of a two-level system in free space, in the absence of phonons. Their

normalized spectrum reads

SQD(ω) = γ

∣∣∣∣ ω0 + ω

ω2
0 − ω2 − iωγ

∣∣∣∣2 = 2π Lω0(ω), (4.67)

where we apply our notation. The rate γ is introduced phenomenologically, just as we do

for the ZPL. The normalized Lorentzian, Lω0(ω) = 1
π
γ
2
[
(
γ
2

)2
+ (ω0 − ω)2]−1, is explictly

used here just to compare with our previous result: Eq.(4.67) corresponds to Eqs.(4.43)

and (4.44) under proper normalization.

Still in the absence of a cavity, they show how phonons are introduced,

Sph
QD(ω) = γ

∣∣∣∣ ω0 + ω

ω2
0 − ω2 − iωγ − ωΣph(ω)

∣∣∣∣2 , (4.68)

where Σph(ω) is the phonon self-energy from the independent boson model. It is obtained

as follows, in which we use Hughes’ notations. The quantum-dot polarizability αQD(t)

is given by

αQD(t) = αQD(0) e−i(ω̃0−i γ2 )t eφH(t), (4.69)

where

φH(t) =

∫ ∞
0

dω
J(ω)

ω2

[
coth

(
β~ω

2

)
cos(ωt)− i sin(ωt)

]
, (4.70)

and the spectral function is defined as

J(ω) = J0 ω
3 exp(−ω2/2ω2

b ), (4.71)
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being J0 a phenomenological constant and ωb a cutoff frequency. The Fourier transform

for αQD(t) is computed, yielding

α̃QD(ω) =
d22ω̃0/~ε0

ω2
0 − ω2 − iωγ − ωΣph(ω)

, (4.72)

which is connected to spectrum, giving Eq.(4.68).

The model used by Hughes et. al. is the same we have been using, namely, the

independent boson model. Therefore, the two results for spectrum must be equivalent.

To map notations and clarify the equivalence we show that φH(t) = −
∑

~q φ~q(t), where

φ~q(t) is given by Eq.(4.24), that we rewrite below:

φ~q(t) = Λ2
~q

{
2N~q + 1− [N~q(N~q + 1)]1/2

(
e−iω~q(t+i~β/2) + eiω~q(t+i~β/2)

)}
. (4.73)

Simple algebra shows that

[N~q(N~q + 1)]1/2
(
e−iω~q(t+i~β/2) + eiω~q(t+i~β/2)

)
= coth

(
β~ω

2

)
cos(ωt)− i sin(ωt). (4.74)

Besides, using the continuum limit
∑

~q →
V

(2π)3

∫
d3q, the dispersion relation for acoustic

phonons ωq = cs q and Eqs.(4.46), (4.47) and (4.48), we find

∑
~q

Λ2
~q →

∫ ∞
0

dω ω

∣∣∣∣Dee
− (ω−ω̃0)2

(cs/σe)2 +Dhe
− (ω−ω̃0)2

(cs/σh)2

∣∣∣∣2

= J0

∫ ∞
0

dω

(
ω3 e

− ω2

2(cs/2σe)2

)
ω2

=

∫ ∞
0

dω
J(ω)

ω2
, (4.75)

where it is assumed that σe = σh and we identify the cutoff frequency ωb = cs/(2σe).

Together, equations (4.74) and (4.75) show that our method gives identical results as

the model by Hughes. That is, Sph
QD(ω) = NfreeΓ(ω), given a normalization factor Nfree.

Now the cavity is finally introduced in the modeling. For the coupled cavity-QD

system of arbitrary coupling strengh gc, the normalized spectrum writes

S(ω) = κ

∣∣∣∣∣ gc 2ωc
ω2
c − ω2 − iωκ

× ω0 + ω

ω2
0 − ω2 − iωγ − 4g2

cωcω0

ω2
c−ω2−iωκ

∣∣∣∣∣
2

. (4.76)



CHAPTER 4. PHONON-ASSISTED CAVITY FEEDING 108

Comparison between Eqs.(4.76) and (4.68) makes it straightforward to include phonons,

Sph(ω) = κ

∣∣∣∣∣ gc 2ωc
ω2
c − ω2 − iωκ

× ω0 + ω

ω2
0 − ω2 − iωγ − ωΣph(ω)− 4g2

cωcω0

ω2
c−ω2−iωκ

∣∣∣∣∣
2

. (4.77)

Eq.(4.77) is Hughes’ general result, valid for all temperatures and coupling strenghs.

The weak-coupling limit, gc � γ, is easily obtained, yielding

Sph(ω; gc � γ) ≈ κ

∣∣∣∣ gc 2ωc
ω2
c − ω2 − iωκ

∣∣∣∣2 ∣∣∣∣ ω0 + ω

ω2
0 − ω2 − iωγ − ωΣph(ω)

∣∣∣∣2 . (4.78)

That is, the weak coupling limit is a product of the Lorentzian peak from a bare cavity

and the non-Lorentzian peak from a quantum-dot coupled to phonons. Eq.(4.78) is

nothing but Sph(ω; gc � γ) = Nph ρcav(ω) Γ(ω) = Nph S(ω), under proper normalization

Nph. This clearly shows that our modeling for the cavity is consistent with the weak

coupling limit from the general approach where strong coupling is allowed.

4.3 Exploring the spectral behaviour of the cavity

In this section we study intriguing effects that arise in the spectrum of the cavity mode

[101]. Emission spectroscopy is often used to investigate the optical mode properties,

measuring its frequency and quality factor. Nevertheless, the consequences of the solid-

state environment on the measured emission spectra have been scarcely addressed [102].

Emission at the cavity mode energy is still considered as broad quantum dot (QD)

emission “filtered” by the cavity, resulting in the idea that emission spectroscopy can

be used to measure the cavity properties. Here we show that this image breaks down.

The emission at the mode energy is just a mirage of the cavity mode, leading to mode

narrowing or broadening, and mode pulling or hoping. So, it cannot be used to measure

the cavity properties. These effects result from the competitive emission of a single

photon in either the zero- or one-phonon line into the cavity mode.
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4.3.1 Experimental evidences of the cavity mode distortion

This experiment is performed in a semiconducting micropillar cavity, as presented at

the beginning of this chapter, Fig.4.1. The cavity quality factor is in the range of few

thousands, so the QD-cavity system operates in the weak coupling regime. At spectral

resonance with the cavity mode, the QD line experiences a Purcell factor between 5 and

10. The emission intensity as a function of temperature (detuning δc increases linearly

with temperature) and energy is shown in Fig.4.11 (top). QD emission lines are spec-

trally narrow, with a strong energy dependence with temperature. The broad emission

presenting a smaller energy variation with temperature corresponds to emission at the

cavity mode energy. In Fig.4.11 (bottom), the strong increase of the QD emission at

resonance with the cavity mode is the signature of the efficient light extraction resulting

from the Purcell effect.

The central frequency of the mode is apparently pushed about 200µeV from the

central QD peak when going towards resonance and shows an abrupt jump when it goes

to the high energy side. The apparent linewidth of the mode also decreases by a factor

of 2 along with intensity of emission and increases again at the high energy side. A

comparison between deterministically matched and unmatched mode-QD is shown in

Fig.4.12, evidencing the crucial importance of deterministic coupling in the experiment.

More recently, another set of data has been extracted from similar yet cleaner samples

and presents the same behaviour, as it can be seen in Fig.4.15 (a-f). Note that two types

of materials have been used, namely, InAs/GaAs (III-V) and CdTe/ZnTe (II-VI) [101].

The fit procedure is based on a double-Lorentzian function, i.e., in a sum of two

Lorentzians. However, as we have shown above, the spectrum is rather a product between

the bare cavity, Scav(ω), and bare QD, SQD(ω), peaks, S(ω) = Scav(ω) × SQD(ω). The

QD contributes independently with the zero- and one-phonon lines, SQD(ω) = SZPL(ω)+

S1PL(ω). The 1PL contribution is usually considered much broader than the cavity. So,

the cavity “filters” its own frequency, becoming predominant. On the other hand, the

cavity is broader than the ZPL, so the ZPL “filters” the cavity and becomes predominant.
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This reasoning yields the following approximation:

Scav(ω)× SQD(ω) = Scav(ω)× SZPL(ω) + Scav(ω)× S1PL(ω)

≈ SZPL(ω) + Scav(ω). (4.79)

This somehow justifies the common double-Lorentzian fitting. On the other hand, it

displays the limitations of that procedure, evidencing that, if the cavity and the phonon

wing have similar linewidths, deviations from the usual scenario should appear.

Figure 4.11: Top: Experimental Mode-

QD spectra for varying detuning (temperature-

tuning). Bottom: Double Lorentzian fit of the

experimental data for representative cases a-f;

the mode is in red (broad) and QD in black (nar-

row).

Figure 4.12: Left: Fitted results for a coupled mode-QD.

The central energy of the mode is pushed from the ZPL around

resonance. The cavity linewidth decreases when it approaches

resonance. Intensity of emission also decreases. Right: un-

matched mode-QD, showing the absence of those effects.
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4.3.2 Theoretical analysis: “attractive phonon wings”

The problem described above is understood from the perspective of phonon wings in

a rather intuitive manner. By feeding the cavity, the wings “attract” the mode towards

its own frequency region. Consequently, the apparent center of the mode is shifted

towards the maximum of the wing. The mode is also “stretched” or “squeezed” by the

phonon wings, causing either apparent broadening when off-resonance and narrowing

when close-to-resonance.

Fig.4.13 shows two contrasting situations: (a) close to resonance negative detuning,

which experimentally represents the low-temperature regime (here, T = 2K) and (b) the

off-resonant positive detuning, experimentally obtained for T ∼ 40K. SQD(ω) is plotted

in the dotted blue curve. The dashed red shows the bare-cavity spectrum Scav(ω). The

dashed green curve represents the dressed mode obtained from a double-Lorentzian fit,

as usually done experimentally. The mode pushing from the ZPL becomes clear as well

as the narrowing effect. Figure 4.13 (b) shows mode attraction towards the phonon

wings, as well as broadening. Fig. 4.14 shows the data from a recent experiment.
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Figure 4.13: (a). Mode attracted by low-temperature phonon wing, close-to-resonance δc = −100µeV,

causing mode pushing from ZPL (red-shift) and linewidth narrowing. Solid black: S(ω). Dotted blue:

SQD(ω) at T = 2K. Dashed red: Scav(ω). Dashed green: fitted cavity. (b) Mode attracted by moderate-

temperature phonon wing, far-off-resonance δc = 1100µeV, causing mode pulling by the ZPL (red-shift)

and linewidth broadening. Solid black: S(ω). Dotted blue: SQD(ω) at T = 37K. Dashed red: Scav(ω).
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Fig.4.15 presents a quantitative analysis of the double-Lorentzian fit from the theo-

retical curves, comparing to the fitting of the data from Fig.4.14. To be consistent with

experiment, we assume a detuning-dependent temperature T (δc) = A δc + B. In the

plots, we use T (−200µeV) = 0K and T (500µeV) = 20K. Fig.4.15 (g) shows the central

position of the fitted mode, plotted in blue, for a maximum phonon wing around 600µeV

(large QD: σe = 3nm and σh = 1.5nm). In black we plot a phonon wing put further

apart, around 900µeV (small QD: σe = 2nm and σh = 1nm). The red line is the bare

mode frequency. Note the cavity hopping around resonance, of the order of 200µeV. The

difference between the blue and black curves simply comes from the relative position

between the cavity and the maximum of the phonon wings. Fig.4.15 (h) shows the rela-

tive intensity, defined by the ratio between the integrated Lorentzian peak of the mode

and the integrated sum of Lorentzians. The asymmetry evidences the role of phonons in

the cavity feeding. In Fig.4.15 (i) the linewidth of the fitted cavity is shown to decrease

up to κ ∼ 200µeV, at δc = −100µeV. At smaller absolute detunings, the mode peak is

ill-defined. Higher positive detunings show larger effective linewidths, κ = 600µeV at

δc = 1100µeV. The bare cavity quality factor is Q = 3000, i.e., κ = 450µeV.

Figure 4.14: Spectra recently obtained from III-V (InGaAs) and II-VI (CdTeZn) samples [101].
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Figure 4.15: Double-Lorentzian fit of recent experimental results, showing respectively mode pushing

(hopping) around resonance, asymmetric cavity feeding intensity and mode narrowing/broadening de-

pendent on detuning (temperature). (a, b, c): InGaAs, (d, e, f): CdTeZn. (g, h, i): Double-Lorentzian

fit of theoretical curves, qualitatively reproducing experimental features. Black: small QD (σe = 2nm,

σh = 1nm); Blue: large QD (σe = 3nm, σh = 1.5nm).

4.4 Conclusions

In this chapter we have modeled the spontaneous emission of a quantum dot under

the influence of phonons. We have developed a formalism to compute spectra based on

a Fermi’s golden rule approach. We have shown that our formalism describes well the

emission both in free space and in a leaky cavity and that phonons allow far-off-resonance

cavity feeding. We have also shown that this feeding mechanism modifies the apparent

spectral properties of the cavity, leading to hopping and narrowing/broadening effects

when passing through resonance with the quantum dot. These effects must be taken into

account in photoluminescence experiments aiming at measuring optical mode properties.



Conclusions and perspectives

In the first part of this thesis we presented the one-dimensional atom. We have shown

the dipole induced reflection that arises through destructive interference between in-

coming and emitted fields. We have also demonstrated the giant optical nonlinearity

of 1D atoms, at the single-photon level. In the second part, we have evidenced signa-

tures of stimulated emission at the single-photon level that arises through constructive

interference between incoming and emitted fields. This is potentially observable with

state-of-the-art solid-state atomic devices interacting with 1D light fields. In particular,

we propose an experiment to probe the stimulated (optical) transition, based on the

monitoring of an ancillary transition.

We have shown the influence of the incoming photon on the atom decay as a function

of the packet shape. An irreversible and optimal stimulated emission occurs for the

broadband mode-matching condition where the incoming photon is three times shorter

than the spontaneously emitted one. We have also studied the influence of stimulation on

the output field two-photon correlation function, which shows optimal photon bunching.

Application of that effect to amplification has been discussed both in the classical and

quantum cases.

By further exploring the optimal irreversible stimulation effect, we have presented

a unique versatile device that can realize either universal optimal cloning or maximal

entanglement in photon polarization. The choice depends only on the spectral shape

of the incoming photon. For a highly monochromatic photon, a π-phase shift has been

responsible for adiabatic transfer of population, redirecting the spontaneous atom-photon

114
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entanglement to photon-photon entanglement. A realistic single-photon pulse shape has

been considered, yielding maximal efficiencies on both processes.

In the last chapter we have modeled the spontaneous emission of a quantum dot

under the influence of phonons. We have developed a formalism that describes well the

role of phonons in far-off-resonance cavity feeding. We have also shown that this feeding

mechanism distorts the apparent spectral properties of the cavity.

Our work suggests that 1D atoms are promising candidates for photodetectors, based

on an avalanche of stimulated emission. This study starts at treating two atoms sepa-

rated by a varying distance and initially excited. If by increasing the number of input

excitations the transmission channel is correspondingly favored, then the effect would be

of practical interest.

1D atoms have been studied as a resource for creation of correlated photons. It is of

fundamental interest to understand the influence of correlated input two-photon packets

on the transmission/reflection probabilities. In particular, it is an open question whether

temporal correlation of photons affect stimulated emission of a single atom.

The role of phonons in the dynamics of a cavity-quantum dot system is still an

open field of research. Modeling the solid-state induced dephasing during particular

quantum information protocols is an important step towards practical applications of

nanophotonic devices in future quantum technologies.
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Senellart, Distortion of cavity mode in the emission of coupled quantum dot-cavity

devices, submitted.

[102] T. Tawara, H. Kamada, T. Tanabe, T. Sogawa, H. Okamoto, P. Yao, P. K. Pathak,

and S. Hughes, Cavity-QED assisted attraction between a cavity mode and an exciton

mode in a planar photonic-crystal cavity, Opt. Express 18, 2719 (2010);


