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This study is concerned with the ultrasonic imagery of elastic materials like cylinders or tubes by a
diffraction tomography method. Green’s representation is used to obtain an integral representation of the
scattered field, and a discrete formulation of the inverse problem is obtained using a moment method. An
iterative non-linear algorithm minimizing the discrepancy between the measured and computed scattered
fields is used to reconstruct the sound speed profile in the target area. The minimization process is
performed using a conjugated-gradient method. An experimental study with elastic targets immersed
in water was performed. Cylindrical targets of various cross-sections have been selected. Inversions of
experimental data are presented.

1 Introduction

This study focuses on the ultrasonic characterization
and imaging of high impedance acoustical contrast
targets. The aim is to obtain information about the
shape, dimensions and sound speed profile of the studied
object. In the case of high impedance contrast targets,
ultrasonic wave propagation is greatly perturbed by
the difference in the acoustic impedance between the
scatterer and the surrounding medium (soft tissues,
water or coupling gel). The aim of this work is then
to solve this non-linear inverse scattering problem.
Analytical or algebraic approaches may be applied
generally involving in a problem of minimization of the
differences between modeling data and measurements.
Several strategies can be used to model the forward
problem and to solve the inverse problem simply,
efficiently and accurately. For many years, studies
in the fields of ultrasound and electromagnetics have
focused on directly solving the non-linear inverse
scattering problem. Various methods have been
presented in the literature, such as the Distorted Born
Iterative Method [3][16][8][9] or the Contrast Source
Method [19]. Experimental studies have been published
in the electromagnetics domain [4][1][12] and interesting
results have been obtained [2][5][7][13][6][18]. But as
far as the authors know, few ultrasonic experimental
results are available in literature [16][10][11] using
non-linear inversion algorithms of this kind. The
inversion method used in this study is based on the
minimization, by a conjugated-gradient method, of a
cost-function involving the discrepancy between the
measured and computed scattered fields [13][14]. An
experimental study was performed with cylindrical
targets made of wax.

2 Description of the Inversion
algorithm
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Figure 1: Geometry of the problem

Let us consider an inhomogeneous cylindrical (2D)
object with an arbitrary cross section (occupying
domain Ω2) surrounded by an homogeneous medium
(occupying Ω1 (see figure 1)). Both media are fluid-like,

linear and isotropic, c1 and c2( �X) are the sound speeds
therein. The densities of the two media are assumed
to be constant and equal. The object is illuminated
by a monochromatic line source of frequency f
placed at point �S : P0( �X, t) = �(p0( �X)e−iωt) with

p0( �X) = i/4H1

0
(k1‖ �X − �S‖) (ω = 2πf and k1 = ω/c1).

The time dependence e−iωt is dropped in the sequel.
The total p( �X) and scattered ps( �X) pressure fields can
be expressed via the following integral representation:

p( �X) = p0( �X)− k2
1

∫
Ω2

Λ( �X ′)p( �X ′)G0( �X
′, �X)dΩ( �X ′)

(1)

ps( �X) = −k2
1

∫
Ω2

Λ( �X ′)p( �X ′)G0( �X
′, �X)dΩ( �X ′) (2)

with G0( �X, �X ′) = i/4H1

0
(k1‖ �X − �X ′‖) the 2D free-field

Green function and Λ the object function:

Λ( �X) = 1− k2( �X)

k2
1

= 1− c2
1

c2
2
( �X)

A discrete formulation of the integral representation
is obtained by replacing the target by an array of n ×
n identical square cells each of which is small enough
to assume Λ and p to be constant therein. Based on
equations 1 and 2 we obtain:

p( �X) = p0( �X)−k21

n∑
p=1

n∑
q=1

Λ( �Xpq)p( �Xpq)

∫
Ωpq

G0( �X, �X′)dΩ( �X′)

(3)

ps( �X) = −k21

n∑
p=1

n∑
q=1

Λ( �Xpq)p( �Xpq)

∫
Ωpq

G0( �X, �X′)dΩ( �X′) (4)

Using a collocation method in equation 3 we obtain for

every point �Xij on the discretization grid:

p0( �Xij) =

n∑
p=1

n∑
q=1

[
δipδjq + k21Λ(

�Xpq)

∫
Ωpq

G0( �Xij , �X
′)dΩ( �X′)

]
p( �Xpq)

This equation can also be cast in matrix form:

P 0 =
[
I −GD [Λ]

]
P

with : P =

⎡
⎢⎣

p( �X11)
.
.

p( �Xnn)

⎤
⎥⎦ and P 0 =

⎡
⎢⎣

p0( �X11)
.
.

p0( �Xnn)

⎤
⎥⎦
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GD is an n2×n2 operator depending on the surrounding
medium Ω1 and on the discretization grid. [Λ] is a n2 ×
n2 diagonal matrix containing the values of the contrast
function at all points on the discretization grid.

Assuming that the scattered pressure field is known
for M measurements points Yj , equation 4 gives:

P s = GS [Λ]P,

where GS is an M × n2 operator depending on the
surrounding medium Ω1, on the discretization grid
and on the positions of the measurements points. The
inverse scattering problem can then be written in the
form of two coupled-equations [13]:

{
P s = Gs [Λ]P

P =
[
I −GD [Λ]

]−1

P 0
,

that can be combined to form the error-function ρ giving
the discrepancy between the measured and computed
scattered fields:

ρ(Λ) = P s −Gs [Λ]
[
I −GD [Λ]

]−1

P 0

Solving the inverse problem consists in minimizing the
cost-function J(Λ):

J(Λ) = ‖ρ(Λ)‖2

This kind of inverse problem is ill-posed and the
stability of the algorithm is improve employing a
Tikhonov regularization process.

The minimization of J(Λ) is computed using the
Polak-Ribière conjugate gradient process. Details on the
implementation of the gradient procedure can be found
in [13] [14].

3 Experimental study

3.1 Experimental Device

An experimental study was performed in a
laboratory tank (see figure 3). Ultrasounds were
generated using a pulser transmitter/receiver device
and wide-band transducers. The nominal frequency of
the transducers was 500 kHz and the usable bandwidth
range from approximately 150 kHz to 750 kHz. Figure
2 shows an example of a transmitted time signal and
its spectrum. The ultrasound Radio-Frequency (RF)
received signals were digitized (14 bits, 20 MHz) using
a data acquisition sheet.
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Figure 2: Exemple of transmitted signal : (a) time
signal, (b) spectrum

Ultrasonic measurements were performed in water
at room temperature (18.4 C). The sector scanned was

360 degrees with both transducers with an angular
increment of 10 degrees (36 x 36 signals). The
transmitter and receiver described a circle around the
target with a radius of 19 cm and 33 cm respectively
(see figure 3).

transmitter

receiver

(a) (b)

Figure 3: Experimental set-up. (a): Ultrasound
Scanner, (b): Configuration of the acquisitions

The experimental study was performed with two
targets made of wax (A and B) described in figure
4. Target A is a cylinder with a 1.6 × 1.6 cm square
cross-section. Target B is a cylinder with a 1.6 x 1.6
cm square cross-section with a circular cavity 5 mm
in diameter. Both of these targets were immersed in
water (one at a time). The cavity in target B was
filled with water. The p-wave and s-wave sound speeds
and attenuations were measured in wax samples. The
acoustic parameters of the various media used are given
in Table 1.

5 mm 16 mm

16 mm

Target B

16 mm

Target A

16 mm

Figure 4: Description of targets

3.2 Inversion results

Figures 5 show the reconstructed p-wave sound
speed for targets A and B. The frequency-hopping
method was used [17][18][8] : iterations were performed
by gradually increasing the working frequency with
4 frequencies chosen in the transducer bandwidth :
150kHz, 250kHz, 500 kHz and 750 kHz. In the case of
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Table 1: Acoustic parameters of various media.

water wax

p-wave sound speed (m/s) 1477 2050

s-wave sound speed (m/s) - 750

p-wave attenuation
(Np/m/MHz)

- 55

s-wave attenuation
(Np/m/MHz)

- 650

the iterations performed at 150 kHz, the background
(water) was used as the initial guess in the iterative
process. At other frequencies, the initial guess was
the final result of the iteration process performed at
the previous frequency. The iterative procedure was
stopped when the norm of the relative variation of the
contrast function between two steps of iteration was
less than 0.5%.
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Figure 5: Results of the inversion of experimental
data (the dashed line shows the actual target) for (a) :

target A and (b) : target B

In both cases, the size and dimensions of the targets
were accurately reconstructed : the relative error in the
dimensions was about 15%. The p-wave sound speed
was reconstructed with a relative error of 8%.

4 Conclusion

This paper deals with the two-dimensional imaging
of a high-contrast target using a non-linear inversion
method based on the minimization, using a conjugate-
gradient algorithm, of a cost-function involving the

discrepancy between the measured and computed
scattered fields. An experimental study was performed
with targets made of wax immersed in a water tank.
The results obtained show that the non-linear inversion
scheme can be used to accurately determine the shape,
size and sound speed profile of the target (the error
amounted to 8% in the p-wave sound speed and 15% in
the dimensions).
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