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Studies on propagation of high amplitude N-waves in turbulent atmosphere are relevant to the sonic boom problem

which involves high interest due to development of new civil supersonic aircrafts. In this problem it is important

to predict the effect of turbulence on the statistical characteristics of random variations of the wave amplitude and

shock rise time. In the present work, in relation to the sonic boom problem, the propagation of high amplitude

spark-generated N-waves through a layer of thermal turbulence was studied in a model laboratory-scale experiment

which is more controlled and reproducible than field measurements. Evolution of statistical distributions of the

wave amplitude and shock rise time was investigated at different propagation distances from the spark source. The

results were compared to experimental data known from the literature, where N-waves were propagated through

a kinematic turbulence. It was shown that for similar propagation distances, turbulent length scales, and index

fluctuations in both experiments, kinematic turbulence leads to stronger distortion of the N-wave field. Moreover,

with kinematic turbulence the probability to observe intense focusing at caustics is to 2 or 3 times greater than with

thermal turbulence.

1 Introduction
Generation and propagation of noise from supersonic air-

crafts is an important problem in modern aeroacoustics due

to interest in development of new civil supersonic aircrafts [1].

Due to nonlinear effects, a multi-shock wave transforms to

a N-wave at some distance from the airplane and propagates

through the inhomogeneities of the atmosphere boundary layer

[2], which leads to random redistribution of the acoustic field

on the ground [3]. The noise level on the ground is therefore

a random variable which statistical characteristics depends

on properties of atmospheric inhomogeneities. Random vari-

ations of the wave amplitude and the shock rise time, which

determine subjective loudness [4], can be very significant [5].

To provide ecological security, it is necessary to predict sta-

tistical characteristics of random noise of sonic boom on the

ground in different atmospheric conditions.

At first, sonic booms were studied experimentally dur-

ing outdoor flight tests [3, 5]. The main advantage of the

outdoor experiments is that the sonic boom problem is stud-

ied in its natural conditions. However, the field measure-

ments have important disadvantages: a lack of control on at-

mosphere conditions; a poor knowledge of turbulence along

propagation path of the N-wave; difficulties to acquire suffi-

ciently large statistical database. These inherent drawbacks

complicate the analysis of the influence of different physi-

cal effects on the statistics of N-wave distortions. As an

alternative to outdoor measurements, the study of N-wave

propagation through turbulent media can be carried out us-

ing laboratory-scale experiments [6–8]. In the model experi-

ments, characteristic scales of the real atmosphere are down-

scaled to fit laboratory scale. The downscaling factor is gen-

erally between 1:10000 and 1:1000. In such experiments,

the turbulence, the acoustic source and the geometry are well

controlled.

Distortions of statistics of N-wave parameters (peak pos-

itive and negative pressure, rise time, arrival time) depend

on type of atmosphere inhomogeneities, which can be scalar

or vector type. Scalar-type inhomogeneities of sound speed

are the result of temperature fluctuations. Kinematic (vector-

type) inhomogeneities are related to fluctuations of mean wind

due to vortex formation. Homogeneous isotropic turbulence

fields of scalar and vector types have different spectra and

properties [9]. Therefore, according to the theoretical anal-

ysis of linear wave propagation [10] done using approxima-

tion of geometrical acoustic, this difference in spectra leads

to different impact of turbulence on the statistics of the wave

distortions, even if the acoustical refraction index rms μrms

and the outer scale L0 are equal for both types of turbulence.

The reliable experimental comparative data are not yet re-

ported in the literature, except some preliminary results [7].

In this paper a model experiment on propagation of high-

amplitude N-wave through a layer of thermal (scalar-type)

turbulence is presented. Statistical distributions of ampli-

tude and shock rise time of the N-wave were investigated

and broadening of distributions with increasing propagation

distance was shown. Statistical data of aforementioned pa-

rameters of N-wave were compared to statistics obtained in

another experiment known in literature, where N-wave was

propagated through kinematic turbulence (M.V. Averiyanov

et al., 2011) [8]. It was shown that in the case of turbu-

lent layers with the same parameters (width, characteristic

scales, rms values of the fluctuations of refractive index), the

kinematic turbulence leads to stronger distortions of the peak

pressure and the shock rise time of the N-wave.

2 Experimental setup
The schema of the experiment is shown in Fig. 1. A

spherical N-wave generated by a spark source propagates

through the field of thermal turbulence created by a special

heating grid. The signal is recorded with microphones lo-

cated at the same height as the source at the distance r from

it. As a result of the propagation through the inhomogeneous

medium the initial N-shaped wave is distorted. For exam-

ple, in the focusing zones (caustics) a U-shaped waveform is

formed.
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N-wave
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thermal
plumes
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in a baffle

Figure 1: Schematic view of the experiment on the

propagation of N-wave in thermal turbulence.

The experimental setup was placed in the anechoic cham-

ber of the Acoustic Center of the Laboratory of Fluid Me-

chanics and Acoustics (LMFA) in Ecole Centrale de Lyon
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(ECL). It was equipped by a three-dimensional positioning

system. The thermal turbulence was generated using a heat-

ing grid of resistors. The dimensions of the grid, which was

located at height of 1.2 m above the floor, were 4.4× 1.1 m2.

To measure the temperature two thermal probes Dantec type

55P31 were used. Signals from the thermal probes were

recorded during 30 sec.

For the acoustic measurements, two 1/8 inch broadband

condenser microphones (Brüel & Kjær, model 4138) were

connected to preamplifiers (B & K type 2670) and 4-channel

amplifier (B & K Nexus with an extended bandwidth up to

200 kHz). The microphones were mounted in a rectangular

baffle to postpone diffractive wave. The microphones were

separated by an interval of 2 cm along the direction perpen-

dicular to the source-microphones line. Signals were dig-

itized using a National Instruments digital acquisition card

(PXI 1033) with sampling rate of 10 MHz and a digitization

of 12 bits. Calibration of the microphones was carried out

according to the method described in [11]. During measure-

ments ambient temperature, barometric pressure, and relative

humidity were controlled.

3 Characteristics of the thermal tur-
bulence

Temperature fields were measured in the horizontal plane

(x, y), located at the height z = 1640 mm above the grid.

Spatial scans were performed on different days in three areas;

the obtained data were then concatenated into a single map.

The mean-square μrms = Δcrms/c0 = 0.5Trms/ < T > of the

refractive index fluctuations corresponding to the measured

temperature data are shown in Fig. 2. Here c0 is the mean

sound speed, Δcrms is the rms of sound speed, Trms is the rms

of temperature, and <T > is the mean value of temperature.
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Figure 2: The rms of the refractive index fluctuations μrms in

a horizontal plane. The source position is shown by a white

dot S . ”Source- microphones” line is traced by a thick

dash-dot line. Contours of two sections of the grid are

marked by thin dashed lines.

The spark source was placed in the point with coordi-

nates (x, y) = (−745,−126) mm, which is marked by a white

circle at point S in Fig. 2. The propagation path of the N-

wave (source-microphones line) is marked in Fig. 2 by a

thick dash-dotted line. Average level of mean-square of the

refractive index fluctuations μrms along the propagation path

was estimated to be equal to 0.85%. The ”effective” width of

turbulent layer for r = 200 cm was about 180 cm.

The next step in the characterization of the turbulence

was the determination of the outer scale L0. For this pur-

pose, correlation measurements were carried out in a hori-

zontal direction along the axis x near the point with coordi-

nates (x, y) = (175,−30) mm. Evaluating the correlation as

< T1(x + Δx)T2(x) > /T1rmsT2rms, where T1 and T2 are sig-

nals of the first and the second thermal probes, the averaging

time was 90 sec. The value of outer scale L0 was obtained

as the best fit of experimental correlation data by a theoret-

ical curve. Theoretical correlation was calculated from von

Kàrmàn model spectrum [9]:

G(k) = 0.7924 <μ2>
k2

L2/3
0

exp (−k2/k2
m)

(k2 + k2
0
)11/6

, (1)

where <μ2>= 0.25<T 2
rms>/<T >2, k0 = 1/L0, km = 5.92/l0,

and l0 is the inner scale.
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Figure 3: Comparison of one-dimensional experimental

spectrum (red line) with theoretical spectrum (dashed line)

derived from von Kàrmàn model with L0 = 20 cm and l0 = 5

mm. Straight line corresponds to Kormogorv’s k−5/3 law.

Theoretical and experimental one-dimensional spectra of

refractive index are compared in Fig. 3. For the theoretical

spectrum, the parameters L0 = 20 cm and l0 = 5 mm were

set. The mean-square < μ2 > for the theoretical spectrum is

taken from the experimental data. Experimental and theoret-

ical spectra fairly well correspond with each other in a range

of scales between outer and inner scale. Decrease of experi-

mental spectra in the inertial range is very well described by

Kolmogorov’s k−5/3 law.

Thus, measurements of temperature fluctuation showed,

that thermal turbulence generated in our experiment had μrms =

0.85% on average along the acoustical propagation path. The

spectrum of the turbulence is well described by von Kàrmàn

model with an outer scale of 20 cm and an inner scale of 5

mm.

4 Acoustical measurements results

4.1 Propagation of the N-wave in still air
Parameters of the N-wave in homogeneous air were de-

termined according to the method described in [11]. Loca-

tions of microphones were the same as in measurements in

the presence of turbulence. There were 9 source-microphones

distances in the range from r = 40 cm up to r = 200 cm with

an increment of 20 cm. It was found that the amplitude p0 =
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430 ± 25 Pa and the half-duration T0 = 21.8 ± 0.2 μs at dis-

tance r = 40 cm from the source. The following Tab. 1 sum-

marizes the experimental data at several distances r: peak

positive pressure, half-duration and rise time. The values in-

dicated in the Tab. 1 are obtained by averaging of 200 wave-

forms at each given distance r.

Table 1: Parameters of the N-wave, measured in

homogeneous air at several distances r.

r, cm 40 80 120 140 180 200

pmax0, Pa 430 194 121 100 73 64

T , μs 21.8 23.3 24.3 24.6 25.0 25.1

τsh, μs, exp. 3.26 3.32 3.41 3.46 3.56 3.59

τsh, μs, th. 0.48 0.85 1.24 1.43 1.80 1.97

The rise time of the N-wave was defined using the width

of the peak of the waveform derivative [8]. A threshold level

equal to e−1 was set to calculate the width of the derivative

peak. For the case of N-wave measurements in homogeneous

air, this definition corresponds to the rise time, defined alter-

natively as the time during which the acoustic pressure on the

shock increases from 0.05 to 0.95 of the peak positive pres-

sure. The definition using waveform derivative was applied

further to the N-waves distorted after propagation through

turbulent layers.

The theoretical rise time (last row of the Tab. 1) was cal-

culated using numerical simulation of spherical N-wave prop-

agation [12]. This theoretical rise time is much smaller than

the experimental rise time. Discrepancy between experimen-

tal and theoretical rise times is explained by the limited fre-

quency response of the measurement system and was largely

discussed in [11, 12].

4.2 Propagation of the N-wave through ther-
mal turbulence

Typical examples of distorted waveforms measured after

propagation through a turbulent layer are shown in Fig. 4.

The obtained examples are in good agreement with sonic

booms, measured in the atmosphere [5] and waveforms from

other model experiments [6, 8]. For example, even after the

large distance (r = 2 m) of propagation through the turbu-

lence the classical N-waveform can be maintained (Fig. 4a).

When crossing a caustic a high amplitude U-wave is formed

(b). Scattering by inhomogeneities increases the rise time of

the shock up to 10 − 15 μs (c). In defocusing areas, jagged

waves of small amplitude and very long duration can be de-

tected (d).

One of the most important characteristics of the N-wave

that determines its noise impact, is the peak positive pressure

pmax [4]. Fig. 5 shows the histograms of the peak positive

pressure, normalized to the values measured in homogeneous

medium, P+ = pmax/pmax0, corresponding to the four differ-

ent distances r. On each histogram the mean value m and

standard deviation s are given. Histograms show conven-

tional broadening of the statistical distributions with increas-

ing distances r, accompanied by an increase of the standard

deviation and a decrease of the mean value. At short dis-

tances from the source, the distributions are almost symmet-

rical, but far from the source the maximum of the distribu-
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Figure 4: Typical distorted waveforms measured at a

distance r = 200 cm from the source.

tion is shifted toward smaller values of the amplitudes and at

high amplitudes a long ”tail” is formed. One can note, that at

large distance (r = 2 m) there is non-null probability to ob-

serve pulses with pmax which is 3-3.5 times higher than the

pmax0 measured in homogeneous media. This is the effect of

random focusing in the turbulence.
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Figure 5: Histograms of the statistical distributions of the

normalized peak positive pressure. Black dashed line shows

the mean value. The numerical value of the mean is denoted

by m and of the standard deviation by s.

Histograms of the rise time τsh are given in Fig. 6. As for

peak positive pressure, conventional broadening of the sta-

tistical distributions with increasing distances r is observed.

Mean value and standard deviation of τsh also increase. Due

to limited bandwidth of B&K 4138 microphones, shocks with

rise time less than 2.7 μs are not observed. Statistical distri-

butions for small values of the rise time are distorted: the

waveforms with steep shocks are accounted as waveforms

with 2.7 μs rise time. So, noise effect of sonic boom is under-

estimated in the given measurements. At large propagation

distances (Fig. 6d) the maximum observed rise time is of 15-
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20 μs, which is consistent with results obtained in another

study [8]. A significant increase of the shock rise time of

strongly distorted waveforms is very important for decreas-

ing of noise effects of the sonic boom, since the wave with

smoothed shock front causes less discomfort [4].

0
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W(τ
sh
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s  = 0.2 μs
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m  = 5.5 μs
s  = 2.0 μs

Figure 6: Histograms of the statistical distributions of the

shock rise time, given in microseconds. Notations are the

same as in Fig. 5.

5 Comparison of statistical distributions
of N-wave parameters in thermal and
in kinematic turbulence

The authors of the study [8] provided the database of the

experiment on the propagation of an N-wave in kinematic

turbulence. In this experiment, measurements were made at

different levels of turbulent fluctuations of the refraction in-

dex, namely at μrms = 0.33, 0.47, 0.56, 0.74, 0.89 and 1%. In

the main series of measurements, microphones were placed

at a distance of 220 cm from the spark source, and the ”effec-

tive” width of the fully developed turbulence layer was about

180 cm. Thus, in both experiments the width of the turbulent

layers was approximately the same. The outer scale of kine-

matic turbulence was also L0 = 20 cm. The inner scales were

different: 5 mm for the thermal turbulence and 1.3 mm for

the kinematic turbulence. However, this difference of inner

scales is not critical, since the amplitude of the correspond-

ing inhomogeneities is very small in comparison to the most

energetic large-scale inhomogeneities.

The statistical distribution functions for the normalized

peak pressure P+ = pmax/pmax0 (a) and the shock rise time

τsh (b) are compared in Fig. 7. Additionally, in Tab. 2 the

mean and standard deviation for these wave parameter, as

well as the probability of exceeding thresholds of P+ equal

to 1, 1.5 and 2 are presented.

First we consider series of measurements, where the rms

values of the refractive index μrms in both experiments are

approximately the same (0.85% for thermal and 0.89% for

kinematic turbulence). Presented results show, that the dis-

tribution function of P+ in the case of kinematic turbulence
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0.5

1

1.5

2

p
max

/p
max0

W(p
max

/p
max0

)

a)

0 10 20
0

0.1

0.2

0.3

0.4

τ
sh

, μs

W(τ
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kin. 0.89 %
th. 0.85 %

Figure 7: Comparison of the probability distributions of the

normalized peak positive pressure P+ = pmax/pmax0 (a) and

the shock rise time τsh (b) between the cases of the N-wave

propagation in turbulent air flow (red line, μrms = 0.89%,

green line, μrms = 0.33%) and in thermal turbulence (blue

line, μrms = 0.85%).

Table 2: Comparison of the mean value (noted by bar) and

standard deviation (δ) of the normalized peak positive

pressure P+ and the shock rise time τsh. Cumulative

probability W(P+ > α), % of exceeding some value α is

denoted here as Pα+.

turb., μrms P̄+ δP+ τ̄sh δτsh P1
+ P1.5

+ P2
+

1 t., 0.85% 0.76 0.3 5.5 2.0 18 2.9 0.4

2 k., 0.89% 0.74 0.4 7.1 2.8 20 5.1 1.3

3 k., 0.33% 0.97 0.3 5.6 1.8 39 5.8 0.7

is wider (Fig. 7a) and has higher standard deviation for the

same mean value < P+ > (compare lines no. 1 and no. 2

in Tab. 2). The most important differences can be noted

by comparing the cumulative probability Pα+ of exceeding

threshold α. For example, the probability of exceeding the

amplitude in homogeneous medium, P1
+, is about the same in

both cases (18% and 20%). However, for higher thresholds

α = 1.5 and α = 2 the kinematic turbulence gives a 2-3 times

greater probability (see P1.5
+ and P2

+) than the thermal turbu-

lence. Thus, kinematic turbulence is much more effective in

terms of the appearance of intense focusing. Meanwhile the

kinematic turbulence also leads to more efficient smoothen-

ing of the shock front (Fig. 7b). The corresponding distribu-

tion function (red line) is shifted toward larger values of τsh,

has larger mean value and standard deviation than the distri-

bution function in the case of the thermal turbulence (blue

line).

Also we consider here two cases with comparable degree

of distortion of the N-wave parameters in turbulence fields

of two different types. For example, it is the case of kine-

matic turbulence for μrms = 0.33%, which is shown in Fig. 7

by green line. In Tab. 2 relevant data are shown in line no.

3. Although the mean peak pressure differs, the width of the

distributions, defined by the standard deviation, is the same

(δP+ = 0.3). Nevertheless, as previously, the probabilities of

observing N-waves with large amplitudes, P1.5
+ and P2

+, in the

kinematic turbulence case are 2 times greater than in the case

of thermal turbulence. For the shock rise time, the distribu-

tion functions were found to be very close each to another

(Fig. 7b). Thus, comparable level of distortions of the N-
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wave propagating in the kinematic turbulence is achieved at

significantly lower turbulence intensity than in thermal tur-

bulence (μrms is smaller by 2-3 times).

6 Conclusion
Propagation of high amplitude N-pulses (430 Pa at 40 cm

from the source) in thermal turbulence was investigated ex-

perimentally. Measurements of turbulent field showed that

the spectra of refraction index fluctuations are well described

by the von Kàrmàn model spectrum with the following pa-

rameters: outer scale L0 = 20 cm, inner scale l0 = 5 mm, and

mean-square value of μrms = 0.85% on average.

Statistical distributions of the peak positive pressure and

rise time of the N-wave were obtained at different propaga-

tion distances from the source in the range from 40 cm to 200

cm. Classical effects of broadening of the probability distri-

butions of the N-wave parameters and trends for the mean

and standard deviation with increasing propagation distance

were demonstrated [6,8,13,14]. The appearance of strong fo-

cusing in the caustics, where the waveform is U-shaped and

its amplitude is more than 3 times greater than the N-wave

amplitude in homogeneous media, was also observed.

The results of the present experiment were compared to

the results of the experiment on N-wave propagation in kine-

matic turbulence [8]. For similar conditions in terms of acous-

tic source and turbulence parameters (characteristic scale L0,

turbulence intensity μrms, propagation distance) it is shown

that kinematic turbulence leads to much stronger distortions

of the peak pressure and the shock rise time of the N-wave.

In addition, the kinematic turbulence was shown to be much

more efficient in terms of appearance of strong focusing: in

comparison to the case of thermal turbulence, it produces 2-

3 times greater cumulative probability for the peak positive

pressure to exceed two times the amplitude of the N-wave

propagated in homogeneous air. Kinematic turbulence also

leads to stronger smearing of the shock front. Comparable

level of distortions of the peak pressure and the shock rise

time is achieved in the kinematic turbulence at much lower

values of turbulence intensity – for μrms 2.5 times lower than

in the thermal turbulence.

In perspective, the obtained comparative results of the

two experiments should be validated using numerical model-

ing of N-wave propagation at least in 2D geometry. Prelim-

inary numerical simulations have been done using computa-

tional resources provided by MSU supercomputer center.
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