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In this article, we study the wave propagation in a anisotropic porous piezoelectric layer which is in contact with a fluid on 
both sides.  The Christoffel equation for the wave propagation is derived and solved to give the roots that represent the 
slownesses of all the quasi-waves that may propagate along a given direction in such a medium.  A scenario is modelled where 
a elastic wave coming, from the fluid, is incident on the layer, resulting into reflected and transmitted waves in the fluid. 
Analytical expressions for the reflection and transmission coefficients are obtained. Various effects on wave propagation in the 
porous piezoelectric are observed for a particular model.  

 

1 Introduction 
Piezoelectric materials with their unique 

electromechanical coupling characteristics have been 
widely recognised for their potential utility in a large 
number of sensor, actuator and transducer applications [1]. 
These materials have been applied in many important fields 
such as geophysics, electronics, communication, 
instrumentation, non-destructive evaluation and testing of 
materials [2-3]. Some piezoelectric layers are embedded in 
laminated composite structures to form smart structures. 
But due to their brittle nature failure of devices take place 
easily under mechanical or electrical loading[16].  

Introduction of porosity in piezoelectric materials used 
in can improve the signal to noise ratio, the acoustical 
impedance matching with air, and the sensitivity 
characteristics make porous piezoelectric materials of great 
interest. They are of technological importance in ultrasonic 
applications such as hydrophones, actuators and underwater 
transducers [9-14]. In order to obtain a fundamental 
understanding of the effects of porosity on the effective 
electromechanical response of piezoelectric materials, 
several analytical models  have been developed. Different 
experimental studies have been conducted on selected 
classes of porous piezoelectric materials related to 
synthesis, characterizations, fabrication and microstructure 
of these materials. Ceramic foams with good mechanical 
properties have been synthesized using piezoelectric 
materials[15]. 

In the present paper, we study the mechanical wave 
propagation in anisotropic porous piezoelectric 
material(APPM). The Christoffel equation is derived, and, 
solved for roots to get slownesses. Analytical expressions 
for the reflection and transmission coefficients for an 
APPM layer immersed in fluid are derived.  

2 The Christoffel equation for 
anisotropic piezoelectric materials and  
its solution 

 
The equations of motion for a fluid-saturated porous 

piezoelectric medium, in the absence of body forces and 
dissipation and free charge density are 
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 where ij and  are the stress components acting on 

solid and fluid parts of porous aggregate. iu and iU  are the 
components of displacements of solid and fluid particles.  

1211,  and 22  are dynamical coefficients related to the 

porosity ( f ), the tortuosity ( ), the density of porous 
aggregate ( ), the pore fluid density ( f ) and the inertial 
coupling  parameters. The subscripted comma denotes 
partial differentiation.  

The constitutive equations for porous piezoelectric 
medium are 

    ** , 

 * *R *m , 

 
* *D = e ,

 * * * *D =  .   (2) 

where , / ,* *  are the stress, strain tensor on solid/ 

fluid phase of porous aggregate. * *, / ,D E D E are the 
electric displacement and electric field vectors for solid/ 
fluid phase of porous bulk material respectively. 

* *c,e,  are the elastic, piezoelectric and 
dielectric tensors for solid/ fluid phase respectively. 
m;  are the tensors that take into account the elastic; 
piezoelectric; dielectric coupling between the two phases of 
porous aggregate.  

The elastic strain tensors ( / * ) and the electric field 

vectors ( / *E E ) corresponding to solid/fluid phase are 
* * *1 , , ,

2
T *    ,                   

where  */u U  and */  are mechanical displacement 
tensors and electric potentials corresponding to solid/ fluid 
phase of porous aggregate. 

For plane wave propagation in the 1 3x x  plane, 
formal solutions of equations (1) can be sought in the form 

  

 
1

3

1
3

exp ,

* exp , 1,2,3

i i i i
xu U S F i q x t
c

xG H i q x t i
c

   

        (5) 
where 1 ,  is the angular frequency and q  is 

the slowness vector. c  is the apparent phase velocity given 
by sinc v , with v  the phase velocity of a wave 

propagating in 1 3x x plane, along an direction making an 

angle  with - 3x  axis. 1 3 1 3, , , , ,S S F F G H are wave 
amplitudes. 

Substitution of solutions (5) into the equations (1) 
through equations (4), provides a homogeneous linear 
system of six equations in 1 3 1 3, , , , ,S S F F G H , which 
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yields a tenth degree polynomial equation relating q  to c  
as 
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The coefficients 621 ,.......,, TTT  depend on c and on 
the material properties. Equation (6)  gives ten distinct roots 
for q or more precisely, five roots for 2q , thereby describing 
five wave modes in porous piezoelectric material. These are 
called quasi-waves. 

Hence the formal solutions for the propagation of plane 
waves in anisotropic piezoelectric porous layer are 
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3   Mode conversion at piezoelectric 

porous layer completely immersed in a 
fluid 

 
We consider the case where a transversely isotropic 

porous piezoelectric material layer, with thickness H, is 
loaded with fluid on both sides.  A plane wave, making an 
angle  with - 3x  axis, is assumed to be incident at the 
interface. This wave results in one reflected mode in upper 
fluid, five transmitted modes in the transversely isotropic 
porous piezoelectric layer and one transmitted mode in 
lower fluid. The wave propagation in fluid is described by 
the following equations. 

 
In the upper fluid, the displacement evolutions are given 

by:  
 

txq
c
xtxq

c
xRu fufu

f
u 3

1
3

1
1 expexp , 

 

txq
c
xqtxq

c
xRqu fuffufu

f
u 3

1
3

1
3 expexp . 

And the stress field by: 

txq
c
x

txq
c
x

Rc fufufuu 3
1

3
1

33 expexp

   
For the lower fluid, the formal solution consists of 

transmitted components and is given by 
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Here /fu lc  is the longitudinal incident wave velocity in 

fluid medium. R  and T are reflection and transmission 
coefficients in upper and lower fluids respectively. The 
boundary conditions on both sides of the plate are given by 

 
(a) Mechanical Boundary Conditions 
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(b) Electrical Boundary Conditions  

        *

0,
0

 

The subscripts u  and l  in the above expressions 
correspond with the entities in upper and lower fluids, 
respectively. f is the porosity of the layer. Inducing 
displacement components and electric potentials into the 
boundary conditions on both sides of the plate, we obtain 
twelve equations in twelve unknowns

TRfff ,,....,,........., 1021 . We can write the resulting set 
of equations as 

AX B , 
where     
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ijaA  is a matrix of order twelve. The expressions 

for the reflection and transmission coefficients are given by  
 

11 12, ,R T  

where ija  and 11 , 12  are the determinants of 

matrices obtained by Cramer´s rule. 
 
 
4 Analysis of numerical simulation 

 
Based on the analytical expressions obtained in the 

previous section, we have numerically computed the 
reflection and transmission coefficient for a particular 
material 3BaTiO  which is considered to be transversely 
isotropic (6mm).   Values for the elastic, piezoelectric and 
dielectric constants were taken from Gupta and Venkatesh 
[13] and are given in the Table 1. 
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Table I: Elastic constants, Piezoelectric constants 
and Dielectric constants     

 
Elastic constants ( GPa ) 

11 12

13 33

44 11

33

150.4, 65.63,
65.94, 145.5,
43.86, 8.8,
5.2, 20

c c
c c
c m
m R

 

Piezoelectric constants ( 2C m ) 
15 31

33 15

31 33

*
3 3

11.4, 4.32,
17.4, 4.56,

1.728, 6.96,

3.6, 7.5,

e e
e

e

 

Dielectric constants ( nC Vm ) 

11 33
* *
11 33

11 33

10.8, 13.1

11.8, 13.9
12.8, 15.1A A

 

 

 
 

 
 

Figure1: Effect of porosity on frequency dependence of 
a plane sound wave incident at 60° on a 6mm APPM layer 

of 3BaTiO . 
 

Figure 1 depicts the frequency dependence of the 
reflection coefficient for a plane acoustic wave in air 
incident on the 3BaTiO  layer at an angle 60°. Figure 1a and 

1b show the effect of a varying porosity. The reflection 
coefficient and along with that the acoustic impedance 
depends linearly on porosity of the layer. That could be 
quantitatively by considering the gradually introducing the 
fluid phase, in which sound wave velocity is far lower than 
in the solid phase. The reduction of the acoustic impedance 
by increasing the porosity gives a handle for acoustic 
matching. Figure 2a and 2b demonstrate the effect of 
thickness of layer along with porosity. Figure 2a shows the 
effect if the porosity is .65 and figure 2b shows the effect if 
the porosity is .85. As we notice from the figure,  the 
amplitude attains its maximum and minimum at lower 
frequency if the layer is thicker. Also the reflected energy is 
sensitive to small changes in the thickness of the layer. This 
sensitivity may be due to the fact that small change in the 
thickness of the layer can result in a relatively large change 
in the gradient of the velocity profile.   

      
 
 

Figure2: Effect of thickness on frequency dependence 
of a plane sound wave incident at 60° on a 6mm APPM 

layer of 3BaTiO . 
 
 

Conclusion 
 
Wave propagation in an anisotropic piezoelectric porous 

layer loaded on both sides with an elastic fluid, was 
investigated.  Analytical expressions for the reflected and 
transmitted coefficients were obtained. The reflected energy 
turns out to be quite sensitive to changes in the thickness of 
the layer. This sensitivity may be due to the fact that small 
change in the thickness of the layer can result in a relatively 
large change in the gradient of the velocity profile. The 
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developed calculation tool is expected to have applications 
for stimulating the performance of smart piezoelectric 
transducers used for the ultrasonic inspection of composites 
and structures. Also engineering applications in surface 
acoustic wave devices, composite materials characterization 
and smart structures require the analysis of acoustic wave 
interaction with anisotropic and piezoelectric multilayered 
structures.   
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