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As a preprocessing technique of nearfield acoustic holography, sound field separation technique could separate 
the non-free field into two parts: the outgoing field and the incoming field. Generally, the former is used for 
sound source reconstruction. In fact, the outgoing field consists of the field radiated by the source in a free-field 
and the field scattered on the source surface caused by the incoming field. When the scattered field could not be 
neglected, the reconstruction using the outgoing field would be erroneous. To separate the radiated field and 
scattered field, a free-field recovery technique using the spherical wave superposition method is proposed. A 
theoretical description is first given, and then two numerical simulations are used to demonstrate the validity of 
this technique. 

1 Introduction 
Near-field acoustic holography (NAH) [1,2] has been 

proved to be a powerful tool for sound field visualization 
and reconstruction since it was first proposed in 1980s. The 
conventional NAH requires the sound field is free, that is to 
say, the sound field just contains the outgoing wave 
radiated by the target source. However, in practice the 
sound field is often disturbed by the incoming wave due to 
the reflection or the disturbing source. In order to reduce or 
remove the disturbance from the incoming wave, two 
methods can be used. One is to carry out the measurement 
in the very near field of the target source to get high signal-
to-noise ratio (SNR) signals, and combine with the use of 
regularization method to reduce the influence of the 
incoming wave in the reconstruction process. This method 
is especially effective when the particle velocity is used to 
reconstruct the sound field [3]. The other is to remove the 
incoming wave using sound field separation technique 
(SFST). Several different SFSTs have been developed for 
this purpose [4-8]. Moreover, in practice the outgoing wave 
contains not only the wave radiated by the target source in 
the free field, but also the wave scattered on the target 
source surface caused by the incoming wave. When the 
scattering effect could not be neglected, the reconstruction 
using the outgoing field would be erroneous. To remove the 
scattered field from the outgoing field, a separation method 
based on boundary element method was proposed by 
Langrenne et al. [9,10]. Hald et al. [11] also realized this 
separation by using sound intensity method based on 
statistically optimized nearfield acoustic holography. 
Recently, the equivalent source method is used for the same 
purpose by Bi and Bolton. [12]. In this paper, an alternative 
method based on the spherical wave superposition is 
utilized to realize this separation. 

2 Theoretical background 

2.1 Spherical wave superposition method 
For the exterior problems, the sound field can be 

presented by a series of spherical harmonics expansion. The 
sound pressure at any point in the spherical coordinate 
system  can be approximated by  
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where ),( φθm
nY  is spherical harmonics function, 

12 +++= mnnj , 2)1( += NJ , )(krhn  is Hankel 

function of the first kind, and N is the cutoff order of 
spherical harmonics. 

Eq. (1) can be written in a matrix form as 
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where p is sound pressure column vector on any 
measurement surface, the superscript “T”’ denotes the 
matrix transpose, ri represent the ith measurement point, M 
is the number of measurement points, Ψ  is the spherical 
wave source matrix of pressure, and C  is the weight 
coefficient column vector. 

For the interior problems, )(krhn  in the above equations 
needs to be replaced by )(krjn . 

2.2 Separation of incoming field and 
outgoing field 

When the disturbing source exists, the sound field can 
be separated into the incoming field and the outgoing field. 
The sound pressure on any measurement surface can be 
expressed as 

inout ppp += ,                               (6) 

where 

out
out
pout CΨp = ,                            (7) 

in
in
pin CΨp = .                                (8) 

In Eqs. (6)-(8), the quantities with the symbols “in”, “out” 
and the subscript “p” imply that they are related to the 
incoming field, the outgoing field and the pressure, 
respectively, out

pΨ  is the outgoing spherical wave source 

matrix of pressure constructed by ),()( φθm
nn Ykrh , and in

pΨ  
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is the incoming spherical wave source matrix of pressure 
constructed by ),()( φθm

nn Ykrj . 
 

 

Figure 1: Separation diagram: the spherical wave sources 
are located at the center of the least circumscribed sphere of 

sound source. S0 is the target source surface. The 
measurement surfaces are two closely spaced spherical 

surfaces S1 and S2. 

To solve the outgoing weight coefficient column vector 
outC  and the incoming weight coefficient column vector 

inC , the measurements need to be performed on two 
surfaces S1 and S2 as shown in Fig. 1. Then the measured 
two sound pressure column vectors 1p  and 2p are 
combined into one vector and expressed by using Eqs. (6)-
(8) as 
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where the numbers “1” and “2” denote the measurement 
surface S1 and the measurement surface S2, respectively. 
Finally the weight coefficient column vectors outC  and 

inC , can be solved by the inversion of Eq. (9) as 
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Once outC  and inC  are obtained, the outgoing pressure 
on the measurement surface S1, can be calculated by 

out
out
pout CΨp 1,

,1 = ,                            (11) 

and the incoming pressure and normal velocity on the 
source surface S0 can be also calculated by 

in
in
pin CΨp 0,

,0 = ,                               (12) 

in
in
vin CΨv 0,

,0 = ,                               (13) 

where the symbol “0” denotes the source surface, and 0,in
pΨ  

and 0,in
vΨ  are the incoming spherical wave source matrices 

of pressure and particle velocity, respectively. 

2.3 Separation of radiated field and 
scattered field 

On the target source surface S0, when the scattering 
caused by the incoming waves exists, the relationship 
between sound pressure and normal particle velocity can be 
represented by 

)( ,0,00,0,0 scatinscatin ppYvv +=+ .                 (14) 

In Eq. (14), the symbol “scat” denotes the scattered field, 
0Y  is admittance matrix of the target source surface, in,0p  

and in,0v  can be calculated by using Eqs. (12) and (13), and 
the scattered pressure and normal velocity scat,0p  and scat,0v  
is expressed, respectively,  as 

scat
scat
vscat CΨv 0,

,0 = ,                            (15) 

scat
scat
pscat CΨp 0,

,0 = ,                            (16) 

where scatC  is the weight coefficient column vector of 

scattered field, and 0,scat
pΨ  and 0,scat

vΨ  are the scattering 
spherical wave source matrices of pressure and particle 
velocity, respectively. Generally, 0,scat

pΨ  and 0,scat
vΨ  can be 

replaced by 0,out
pΨ  and 0,out

vΨ , respectively. 
Substituting Eqs. (15) and (16) into Eq. (14), and 

replacing 0,scat
pΨ  and 0,scat

vΨ  with 0,out
pΨ  and 0,out

vΨ  
respectively, yields 
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p
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By the inversion of Eq. (17), the weight coefficient column 
vector of scattered field scatC  can be obtained as 

)()( ,00,0
0,

0
0,

inin
out
p

out
vscat pYvΨYΨC −+−= + .   (18) 

Note that when the target source surface S0 is rigid, that is 
the admittance matrix of the target source surface 0Y  is a 
zero matrix, Eq. (18) can be simplified into 

in
out
vscat ,0

0, )( vΨC +−= .                     (19) 

Once scatC  is obtained, the scattered pressure on the 
measurement surface S1 can be calculated by 

scat
out
pscat CΨp 1,

,1 = .                         (20) 

Finally, the free-field pressure rad,1p  radiated by the 
target source on the measurement surface S1 is recovered by 
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subtracting the scattered pressure scat,1p from the outgoing 
pressure out,1p  as 

scatoutrad ,1,1,1 ppp −= .                      (21) 

If the recovered free-field pressure rad,1p  is then used to 
reconstruct the field radiated by the target source, the whole 
free-field can be recovered. 

3 Numerical Simulations 
Simulations are carried out to investigate the validity of 

the free-field recovery technique based on the spherical 
wave superposition method. A rigid sphere with an upper 
sphere cap is used as the target source. The radius of sphere 
is m5.0=a , the sphere cap is defined by an angle of 

10/πα = radians and vibrated with a velocity amplitude of 
m/s1=v . Two cases are investigated when the rigid 

sphere is located near a point source and located in a 
concentric spherical cavity, respectively. In these two cases, 
sound pressures are measured on two spherical surfaces 
with the radii of r1 = 0.6 m and r2 = 0.57 m. A Gauss white 
noise with the SNR of 40 dB is added into the measured 
data. 

3.1 Spherical wave scattering by a rigid 
sphere with a vibrating spherical cap 
 

 

Figure 2: Geometry of case 1: the rigid sphere is located 
near a point source. S is the target source surface. S1 and S2 

are the two measurement surfaces. 

As shown in Fig. 2, the point source is located at (0, 0, 
2m), and its radiating sound power is chosen to equal that 
of the sphere cap. Here, the radiating sound power on any 
surface Ω  is defined as 

Ω= ∫Ω d
c

p
POW

0

2)(
ρ

r
,                         (22) 

where )(rp  is the sound pressure at any point r  on the 
surface Ω .  

Because of  the symmetry of the sound field around the 
z-axis on the measurement surface S1, only the sound 
pressure along θ -direction is calculated. Figure 3 shows 
the real and imaginary parts of the outgoing pressure, the 
recovered free-field pressure radiated by the target source 
using the spherical wave superposition method and the 
theoretical free-field pressure radiated by the target source  

for ka = 3.6. It can be found that owing to the effect of the 
scattered pressure, the outgoing pressure is different from 
the theoretical free-field pressure radiated by the target 
source. By applying the proposed free-field recovery 
technique to remove the scattered pressure, the recovered 
free-field pressure radiated by the target source shows good 
agreement with its theoretical value. 

 

 

Figure 3: The real and imaginary parts of the theoretical 
free-field pressure radiated by the target source (“o”), the 
recovered free-field pressure radiated by the target source 
using the spherical wave superposition method (“×”) and 

the outgoing pressure (“+”) on the measurement surface S1 
when ka = 3.6. 

To quantitatively describe the difference, the relative 
error is defined by 

%100
ˆ

ˆ~

2

2 ×
−

=
p

pp
ζ ,                    (23) 

where 
2

•  denotes the matrix 2-norm, p̂  represents the 
theoretical free-field pressure radiated by the target source, 
and p~  is the outgoing pressure or the recovered free-field 
pressure.  

The relative errors corresponding to different ka are 
calculated by Eq. (23).  Figure 4 shows that the relative 
errors between the theoretical free-field pressure and the 
outgoing pressure increase with ka, while the relative errors 
between the theoretical free-field pressure and the 
recovered free-field pressure remain below 10%. This is 
because the amplitude of the scattered pressure included in 
the outgoing pressure increases with ka. In particular, when 
ka is large, the scattered pressure has to be removed from 
the outgoing pressure to guarantee the validity of the 
reconstruction. 
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Figure 4: The relative errors between the theoretical free-
field pressure and the outgoing pressure (dotted line), and 
those between the theoretical free-field pressure and the 

recovered free-field pressure (solid line). 

3.2 A rigid sphere with a vibrating 
spherical cap inside a rigid spherical cavity 

As shown in Fig. 5, the rigid sphere is placed in a 
concentric spherical cavity with a radius of b = 1.25m. The 
incoming wave is from the reflection of the wall of the 
cavity. 
 

 

Figure 5: Geometry of case 2. The rigid sphere is located 
inside a concentric spherical cavity. S is the surface of the 

source. S1 and S2 are the two separation surfaces. 

Similarly, only the sound pressure along θ -direction on 
the measurement surface S1 is calculated. Figure 6 gives the 
real and imaginary parts of the outgoing pressure, the 
separated free-field pressure radiated by the target source 
using the spherical wave superposition method and the 
theoretical free-field pressure radiated by the target source  
for ka = 4.5. From Fig. 6, it is seen that the outgoing 
pressure is very different from the theoretical free-field 
pressure radiated by the target source, and the proposed 
free-field recovery technique can effectively remove the 
scattered pressure from the outgoing pressure. 

Figure 7 shows that the relative errors between the 
theoretical free-field pressure and the outgoing pressure, 
and those between the theoretical free-field pressure and the 
recovered free-field pressure corresponding to different ka. 
It can be found that the relative errors between the 

theoretical free-field pressure and the outgoing pressure are 
clearly larger than those between the theoretical free-field 
pressure and the recovered free-field pressure, which 
further demonstrates the necessity the proposed free-field 
recovery technique. In addition, oscillations appear in both 
relative error curves. This is probably caused by the modal 
behaviour of the cavity, which is proved by comparing the 
relative error curves with the sound power level curve on 
the measurement surface S1 as shown in Fig. 8. At the 
modal frequencies, the scattered pressure is dramatically 
large while the radiated pressure is very small, so the 
radiated pressure is badly contaminated by the scattered 
pressure, which leads to the larger relative errors at the 
modal frequencies. 

 

 

Figure 6: The real and imaginary parts of the theoretical 
free-field pressure radiated by the target source  (“o”), the 
recovered free-field pressure radiated by the target source 
using the spherical wave superposition method  (“×”) and 

the outgoing pressure  (“+”) on the measurement surface S1 
when ka = 4.5. 

 

Figure 7: The relative errors between the theoretical free-
field pressure and the outgoing pressure (dotted line), and 
those between the theoretical free-field pressure and the 

recovered free-field pressure (solid line). 
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Figure 8: Sound power level on the surface S1. 

4 Conclusion 
A free-field recovery technique based on the spherical 

wave superposition method was proposed. It not only can 
separate the outgoing field and the incoming field when the 
incoming wave due to the reflection or the disturbing 
source exists, but also can separate the field scattered on the 
target source surface caused by the incoming wave from the 
outgoing field. Two simulation cases demonstrated the 
validity and necessity of the proposed free-field recovery 
technique. However, an existing obstacle to use this 
technique is the measurement of the surface impedance. For 
most of machinery equipments, an approximate rigid 
boundary can be used; while for some elastic material, the 
impedance measurement methods are mostly for “locally 
reacting” surface, and the method for “extensively reacting” 
surface is too time-consuming and impractical. Therefore, it 
is a key issue to find an efficient method for measuring the 
impedance for  “extensively reacting” surface. 
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