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ABSTRACT. We study the Hopf algebra H of Fliess operators coming from Control Theory
in the one-dimensional case. We prove that it admits a graded, finte-dimensional, connected
gradation. Dually, the vector space R{(xg,x1) is both a pre-Lie algebra for the pre-Lie product
dual of the coproduct of H, and an associative, commutative algebra for the shuffle product.
These two structures admit a compatibility which makes R(xg,z1) a Com-pre-Lie algebra. We

give a presentation of this object as a Com-pre-Lie algebra and as a pre-Lie algebra.
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Introduction

Right pre-Lie algebras, or shortly pre-Lie algebras [4, 1], are vector spaces with a bilinear product
e satisfying the following axiom:

(zoy)ez—ze(yez)=(rez)ey—ze(zey).

Consequently, the antisymmetrization of e is a Lie bracket. These objects are also called right-
symmetric algebras or Vinberg algebra [10, 15]. If A is a pre-Lie algebra, then the symmetric
algebra S(A) inherits a product * making it a Hopf algebra, isomorphic to the enveloping algebra
of the Lie algebra A [11, 12]. Whenever it is possible, we can consider the dual Hopf algebra S(A)*
and its group of characters GG, which is the exponentiation, in a certain sense, of the Lie algebra A.

We here consider the inverse construction, departing from a group used in Control Theory,
namely the group fof Fliess operators [3, 5, 6]; this group is used to define the feedback product.
We limit ourselves here to the one-dimensional case. This is the set R{(x¢,z1)) of noncommuta-
tive formal series in two indeterminates, with a certain product generalizing the composition of
formal series (definition 1). The Hopf algebra H of coordinates of this group is described in [5],
where it is also proved it is graded by the length of words; note that this gradation is not con-
nected and not finite-dimensional. We first give a way to describe the composition in the group
R((zg,z1)) and the coproduct of H by induction on the length of words(lemma 2 and proposi-
tion 3). We prove that H admits a second gradation, which is connected; the dimensions of this
gradation are given by the Fibonacci sequence (proposition 8). As the product of R{(xg,x1)) is
left-linear, H is a commutative, right-sided combinatorial Hopf algebra [9], so, dually, R{(xq, z1)
inherits a pre-Lie product e, which is inductively defined in proposition 11. We prove that the
words 2, n > 0, form a minimal subset of generators of this pre-Lie algebra (theorem 12).

The pre-Lie algebra R(zg,z1) has also an associative, commutative product, namely the
shuffle product W [13]. We prove that the following axiom is satisfied (proposition 14):

(xlly) ez = (zeoz)lly+zlU(yez).

So R(zp, x1) is a Com-pre-Lie algebra (definition 15). We give a presentation of this Com-pre-Lie
algebra in theorem 27. We use for this a description of free Com-pre-Lie algebras in terms of
partitioned trees (definition 17), which generalizes the construction of pre-Lie algebras in terms
of rooted trees of [1]. We then deduce a presentation of R(x, z;) as a pre-Lie algebra in theorem
30. This presentation induces a new basis of R(zg,z1) in terms of words with letters in N*
see corollary 31. The pre-Lie product of two elements of this basis uses a dendriform structure
[2, 8] on the algebra of words with letters in N* (theorem 34). The study of this dendriform
structure is postponed to the appendix, as well as the enumeration of partitioned trees; we also
prove that free Com-pre-Lie algebras are free as pre-Lie algebras, using the rigidity theorem of [7].

Aknowledgment. The research leading these results was partially supported by the French
National Research Agency under the reference ANR-12-BS01-0017.

Notation. We denote by K a commutative field of characteristic zero. All the objects
(algebra, coalgebras, pre-Lie algebras...) in this text will be taken over K.

1 Construction of the Hopf algebra

1.1 Definition of the composition

Let us consider an alphabet of two letters, denoted by zp and z;. We denote by K((xq, 1)) the
completion of the free algebra generated by this alphabet. Note that K((zo,z1)) is an algebra



for the concatenation product and for the shuffle product, which we denote by LL.
Exemples. If a,b,¢,d € {zg,z1}:

abcllld = abed + abdc + adbe + dabe,
abllled = abed + achd + cabd 4 acdb + cadb + cdab,
alllbed = abed + bacd + bead + beda.

The unit for both these products is the empty word, which we denote by . The algebra
K({xg,x1)) is given its usual ultrametric topology.

Definition 1 /5/.

1. For any d € K{{xo,z1)), we define a continuous algebra map @q from K{{(zg,z1)) to
End(K((xo,z1))) in the following way: for all X € K({xq,x1)),

0a(z0)(X) = 20X, pa(x1)(X) = 21X + zo(dWX).

2. We define a composition o on K{(xg,x1)) in the following way: for all ¢,d € K{{xg,x1)),
cod = palc)(D) +d.

It is proved in [5] that this composition is associative.

Notation. For all ¢,d € K{(zg, 1)), we put ¢cdd = cod — d = p4(c)(0).

Remark. If ¢, co,d € K{(xp, 1)), A € K:
(1 +Ae2)dd = @q(cr +Ae2)(0) = (paler) + Apa(e2))(0) = @a(c1) (@) + Apa(c2) (D) = ¢16d + Aeadd.
So the composition o is linear on the left. As g4 is continuous, the map ¢ — ¢dd is continuous
for any d € K((zo,x1)). Hence, it is enough to know how to compute ¢od for any word ¢, which

is made possible by the next lemma, using an induction on the length:
Lemma 2 For any words ¢, for any d € K{(xg,z1))*
1. 05d = 0.
2. (woc)5d = zo(c3d).
9. (210)5d = a1 (c3d) + wo(dLll(c5d)).
Proof. 1. 0od = ¢4(0)(0) = 1d(0) = 0.
2. (z00)3d = pa(zoc)(0) = wa(zo) © pa(c)(0) = pa(xo)(cdd) = zo(c3d).
3. (z10)3d = pg(210)(0) = pa(21) 0 va(c)(0) = pa(z1)(cdd) = z1(c3d) + zo(dW(c3d)). O

1.2 Dual Hopf algebra

We here give an inductive description of the Hopf algebra of the coordinates of the group
K({(zg, 1)) of [5].

For any word ¢, let us consider the map X, € K{((x, z1))*, such that for any d € K{(zg,z1)),
Xc(d) is the coefficient of ¢ in d. We denote by V' the subspace of A* generated by these maps. Let
H = S(V), or equivalently the free commutative algebra generated by the X.’s. The elements of



H are seen as polynomial functions on K((xg, z1)); the elements of H ® H are seen as polynomial
functions on K((zg, 1)) x K{(xg,x1)). Then H is given a multiplicative coproduct defined in
the following way: for any word ¢, for any f, g € K((z,z1)),

A(Xc)(fa g) = Xc(f og).

As o is associative, A is coassociative, so H is a bialgebra.

Notations.

1. The space of words is a commutative algebra for the shuffle product L. Dually, the space
V' inherits a coassociative, cocommutative coproduct, denoted by Ay. For example, if
a,b,c € {xg,x1}:

Au(Xp) = Xpo Xy,

Aw(Xe) = Xo® Xp+ Xp® X,

Aw(Xep) = Xop® X+ Xo®Xp+ Xp @ Xo + X @ X,
Aw(Xape) = Xape @ X+ Xo @ Xpe + Xp @ Xoe + Xe @ Xap

+Xab ® Xc + Xac ® Xb + Xbc ® Xa + X(B ® Xabc-

2. We define two linear endomorphisms 6y, 6; of V' by 6,(X.) = X, for any word c.

The following proposition allows to compute A(X,) for any word ¢ by induction on the length
of c.

Proposition 3 For all z € V, we put A(z) = Alz) —1® .
1. A(Xp) =Xy @ 1.
2. Aoby= (g @Id)o A+ (61 @m)o(A®Id)oAy.
3. Aoy = (0, @Id) oA,
Proof. For any word ¢, for any f,g € K((zg,x1)):
A(X)(f.9) = AX)(f.9) = (L© Xe)(f,9) = Xe(f 0 9) = Xelg) = Xe(f © g — 9) = Xe(f3g).
As 5 is linear on the left, A(X,) € V ® H, so formulas in 2. and 3. make sense.

Let f € K{({zg,z1)). It can be uniquely written as f = zofo + x1f1 + A0, with fo, f1 €
K{{zg,z1)), A € K. For all g € K((zg,x1)):

fég = (w0fo)dg + (w1f1)5g + Mg
= 2o(fodg + gW(f189)) + x1(f15g) + AD.

1. We obtain:
A(Xg)(f,9) = Xo(zo(fodg + gl (f139)) + 21(f189) + M) = 0+ 0+ X = (Xp @ 1)(f, 9).

So A(Xp) = Xy @ 1.



2. Let ¢ be a word.

Aoby(X)(fr9) = AXae)(f,9)
= Xue(zo(fodg + gW(f169)) + x1(f189) + A\D)
= Xc(fodg +glW(f15g9)) +0+0
= Xc(foog + (fiog)Wg) +0+0
= A(X)(fo,9) + (A @ Id) o Aw(Xe)(f1,9,9)
= A(X)(fo,9) + (Id®@m) o (A@Id) o Au(X,)(f1,9)
= (lp®1Id)o A(X:)(f,g9) + (01 ®Id)o(Id®m)o(A®Id) oAy(X.)(f,9g),

s0 Aoby(Xe) = (6@ Id) o A(X,) + (A, @ Id) o (Id @ m) o (A ® Id) o Ay (Xe).

3. Let ¢ be a word.

Aot (Xo)(f.9) = A(Xewe)(fr9)
= Xue(wo(fodg + g (f159)) + x1(f189) + AD)
= 0+ Xo(f139) +0
= A(X)(f1,9)
= (1 ®1d) o A(X,)(f,9),

so Ao b (X.) = (0; ® Id) o A(X,). m

Examples.

A(Xy) = Xp0®1+10 X, + Xs, ® Xp,

) = X2 ®14+10 Xz + Xege, © Xp + Xayze @ Xg + Xoyo, © X + Xoy © Xa,
A(Xﬂﬁom) = Xﬂcom ®1+1® Xxom + X$1x1 ® X@ + Xm ® X$17

) = Xxwo ®1+1® Xxwo + X$1x1 ® X@'

Corollary 4 For alln > 1, A(Xx?) =Xor @1 and A(Xyn) = Xpn @ 14+ 1@ Xyn.

Proof. By induction on n. O

1.3 gradation

It is proved in [5] that the Hopf algebra H is graded by the length of words, but this gradation
is not connected, that is to say that the homogeneous component of degree 0 is not (0), as it
contains Xy. We here define another gradation, which is connected.

Definition 5 Let c =c¢y...c, be a word. We put:

deg(c) =1g(c) + 1+ #{i | ci = wo}.

For all k > 1, we put:
Vi, = Vect(X, | deg(x) = k).

This define a connected gradation of V, that is to say:
V=V
E>1
This gradation induces a connected gradation of the algebra H :

H =P Hy, and Hy =K;
k>0



Proposition 6 If ¢ is a word of degree n, then:
AX)e @ Vi H;.
i+j=n
So the gradation (Vi)r>1 ts a gradation of the Hopf algebra H.

Proof. Let us start by the following observations:

1. Let ¢ be a word of degree k. Then zgc is a word of degree k + 2. Hence, 6 is homogeneous
of degree 2 on V.

2. Let ¢ be a word of degree k. Then x;c is a word of degree k+ 1. Hence, 6 is homogeneous
of degree 1 on V.

3. Let ¢ and d be two words of respective degrees k and [. Then any word obtained by
shuffling ¢ and d is of degree k 4+ [ — 1: its length is the sum of the length of ¢ and d, and
the number of x( in it is the sum of the numbers of zg in ¢ and d. Hence, the coproduct
Ay, is homogeneous of degree 1 from V to V@ V.

_ Let us prove the result by induction on the length k of c. If k¥ =0, then ¢ = ) son =1, and
A(X.)=X.®1€V;®Hp. Let us assume the result for all words of length < k — 1. Two cases
can occur.

1. If ¢ = zod, then deg(d) = n — 2. we put Ay (Xy) = Yz, @ /. By the preceding third
observation, we can assume that for all ¢, a},2/ are homogeneous elements of V, with
deg(x}) + deg(z;) =n—2+1=n—1. Then:

A(Xe) = (60 ® Id) o A(Xq) + ) (61 ®m) o (A(z)) @ 7).
i

By the induction hypothesis, A(Xy) € (V ® H),—1. By the second observation, (fy ® Id) o

A(Xy) € (V®H),. By the induction hypothesis applied to z7, for all i, (A(z})®2]) € (V&
H®V),_1, so by the first observation, (f; @m)o(A(z})@z!) € (VRH)p—141 € (VR H),.
So A(X.) e (V®H),.

2. ¢ = x1d, then deg(d) = n — 1. Moreover, A(X,) = (§; ® Id) ONA(Xd)- By the induction

hypothesis, A(Xy) € (V ® H),—1. By the second observation, A(X.) € (V ® H),.
So the result holds for any word c. O

Corollary 7 For alln > 0:

i+j=n
Proof. The firs assertion comes from the multiplicativity of A. As H is a graded, connected
bialgebra, it is a Hopf algebra. O

Let us now study the formal series of V and H.

(o]
Proposition 8 1. For all k, let us put pr, = dim(Vy) and Fy = Zkak, Then:
k=1
X
1-X - X2’

N EETANNIENAY
PR=5 2 ) T\ T2

This is the Fibonacci sequence (A000045 in [14]).

Fy =

and for all k> 1:




o
2. We put Fy =Y _ dim(Hy)X". Then:
k=0

1
Fy = Hi(l—Xk)pk'
k=1

Proof. Let us consider the formal series:

F(Xo,X;) = Z #{words in xg,x; with i g and j xl}XéXg.

4,520
1
Then F(Xy, X1) = T X, X Moreover, by definition of the degree of a word:
X
Fy=XF(X*X)=——"——.
v WX =1x—x

As H is the symmetric algebra generated by V, its formal series is given by the second point. O

Examples. We obtain:

k ol1]2|3]4|5]6|7] 8] 910
dim(Vi) [0]1[1]2 13| 21 | 34 | 55
dim(Hy,) [1]1[2]4[8] 153056 108 | 203 | 384

The third row is sequence A166861 of [14].

w
ot
(0¢)

Remark. Consequently, the space V' inherits a bigradation:
Vin = Vect(X. | deg(c) = k and lg(c) = n).

If ¢ is a word of length n and of degree k, denoting by a the number of its letters equal to xg
and by b the number of its letters equal to z1, then:

a+b = n,
20+b+1 = k,

so a =k —n— 1. Hence:

. n
dim(Vin) = <k o 1),

and the formal series of this bigradation is:

X
1-XY - X2y

> dim(Vi ) XFY™ =
kn>0

2 Pre-Lie structure on K(zg, )

2.1 pre-Lie coproduct on V'

As the composition o is linear on the left, the dual coproduct satisfies A(V) CV®H, so H
is a commutative right-sided Hopf algebra in the sense of [9], and V' inherits a right pre-Lie
coproduct: if 7 is the canonical projection from H = S(V') onto V,

d=rm@m)oA=(Id®n)oA.
It satisfies the right pre-Lie coalgebra axiom:
(23).(0®@Id)od— (Id®d)0d) =0.
The following proposition allows to compute §(X.) by induction on the length of c.



Proposition 9 1. §(Xp) = 0.
2. 8060y =(6p@1Id)od+ (01 @ Id)oAy.
3. 5091:(91@)[6[)05.

Proof. The first point comes from A(Xp) = Xy ® 1 +1® Xp. Let x € V. We put
Ay(z)=2'®@2" € VV. Foranyy e V, we put A(y) —y@ 1=y @93 € V@ H,. Then:

(hom)o(A@Id)oAy(z) = (Lem) @ les” +2/002/® @a”
_ / " /(1) 1(2) .1
= Hl(x)®\x/—|—x ® " .
9% €Ker(m)

Applying Id ® m, it remains:
(Id@m)o (0 @m)o (A®Id)oAy(x) = (0; @ Id)oAy(z).
Let ¢ = 0 or 1. Then:
(Id®@m)o(0;@Id) oA =(0;®Id)o(Id®m)oA = (0;®Id)oé.

The result is induced by these remarks, combined with proposition 3. O

Examples.

) = Xfl'l ® X@’
) — Xl'oml ®X@ +X:B110 ®X@ +X$1 ®Xg;0,
6(X$0$1) = Xfl'lfl'l ® X@ + lel ® Xmu
) = Xpiz ® Xp.
)

Proof.The inclusion D is trivial by corollary 4. Let us prove the other inclusion.

First step. Let us prove the following property: if x € V} is such that

B (k—2)!
Sx)=x ) et © X
it+j=k—2
then there exists ;1 € K such that z = ,uxlffl. It is obvious if k = 1, as then z = ul. Let us
assume the result at all ranks < k. We put = = x¢(xo fo+1f1), where o > 0, fo is homogeneous
of degree k — 2 — o and f; is homogeneous of degree k — 1 — a.

() = (67 ® Id) ((fo ® Id) o 6(fo) + (61 ® Id) 0 6(f1) + (61 @ Id) o Aw(fo))-
Let us consider the terms in this expression of the form Xy ® X, with ¢ a word. This gives:

)\X@ & szlg72 =0,

so A =0 and §(x) = 0. Let us now consider the terms of the form Xaozge ® Xg, with ¢, d words.
We obtain:
0= (07 0Oy ® Id) o 0(fo).

As both 0y and 6; are injective, we obtain §(fy) = 0. By the induction hypothesis, fo = VXlxll,
with l =k —2 — a < k. Hence:

!
A|_|_|(fO) =V _}_Z:ZZ'_]'X:BZI ®Xm{a
i+j=

8



and:

N i
it+j=l

As 61 is injective, we obtain with the induction hypothesis that f1 = uX x-2-a, so:
1

T = ,U,Xxllc—l +vX o k—a-2.

z{ToT)

This gives:
(k—a—2)
5(z) = v(0°H @ Id) > N X, X,
i+j=k—a—2
k—a—2
== 14 Z ( Y ) X i+ ® X J
A i
i+j=k—a—2
p— O’

so necessarily v =0 and z = uXm;f_L

Second step. Let © € Ker(d). As d is homogeneous of degree 0, the homogeneous components
of z are in Ker(d). By the first step, with A = 0, these homogeneous components, hence x, belong
to Vect(Xm;f, k> 0). O

2.2 Dual pre-Lie algebra

As V is a graded pre-Lie coalgebra, its graded dual is a pre-Lie algebra. We identify this graded
dual with K(zg,z1) € K((xo,1)); for any words ¢,d, X.(d) = 6.4. The pre-Lie product of
K(zg, z1) is denoted by e. Dualizing proposition 9, we obtain:

Proposition 11 1. For all word ¢, D e c = 0.
2. For all words ¢,d, (zoc) @ d = xo(ced).

3. For all words ¢,d, (x1c) @d = x1(c e d)+ zo(cllid).

Proof. Let u,v,w be words. Then X,,(u e v) = §(Xy)(u ® v). Hence, if d is a word:

Xp(uev) = 0,

(0o ® Id) 0 6(Xa)(u ®@v) + (61 ® Id) o Ay (Xa)(u @ v)
Xa(05(u) @ v + 07 (u)Wv),

(01 ®1d) ® 6(Xg)(u @)

= Xq(01(u) e v).

>
=3
U
—~
IS
[ ]
<
SN—
I

§><
U
—~
IS
[ ]
<
SN—
I

050) = 0, Oi(xoc) = ¢, Oi(xic) =
050) = 0, Of(xge) = 0, Oi(zric) = c.



Hence, for any words ¢, d:

Xpga(wocov) = Xg(cev)

= Xaga(@o(z @),
Xyyd(vocov) = 0

= Xaa(@o(z @ v));

Xppd(zicov) = Xg(clv)

= Xgoa(zi(cov) + zo(cllv)),
Xpd(xicov) = Xg(cew)
= (

Hence, for any w, X, (zocev) = Xy (xo(x ev)) and Xy (z1c0v) = Xy((z1(c0v) + z9(cllv)). O

Examples.
roexyg = 0 Toexoryg = 0| x1ex9T0 = TpX0L0
roe®xr, — 0 To® Torr — 0 1 ®Xpr1 — XoToT1
Tiexy = xoTg|xpexT1xg = 0| T10210 = T0T1X0
r1exrT — Xox1 | Toe®xr1xq 0 Tr1 X111 — X111
ToTo® Ty = 0 Topop®xr, = 0
ToTr1 ®Ly)y — ToLoxo Tor1®Tr1 — ToToT1
T1To® Ty = 2X0T0X0 T1Tog® L1 = XoLox1 + ToT1xg
T1T1®Ty = T1TOXQ + ToT1To + ToTox1 | T1T1@T1 = T1Tox1 + 2T0T1T1

Dualizing proposition 10:

Theorem 12 K(zg,z1) = Vect(z],n > 0) ® (K(xo,z1) ® K(xo,21)). Hence, (])n>0 is a
minimal system of generators of the pre-Lie algebra K(zg,x1).

Proof. As e = §*, Im(e) = Ker(§)® = Vect(Xyn,n > 0)+. The first assertion is then
immediate. As K((zg,z1)) is a graded, connected pre-Lie coalgebra, K(zg,z1) is a graded,
connected pre-Lie algebra. The result then comes from the next lemma. O

Lemma 13 Let A be a graded, connected pre-Lie algebra, and V be a graded subspace of A.
1. V generates A if, and only if, A=V + Ae A.

2. V is a minimal subspace of generators of A if, and only if, A=V @ Ae A.

Proof. 1. =>. Let x € A. Then it can be written as an element of the pre-Lie subalgebra
generated by v, so as the sum of an element of V' and of iterated pre-Lie products of elements of
V. Hence, z € V + A e A. Note that we did not use the gradation of A to prove this.

1. <. Let B be the pre-Lie subalgebra generated by V. Let x € A,, let us prove that
x € B by induction on n. As Ay = (0), it is obvious if n = 0. Let us assume the result at all
ranks < n. We obtain, by the gradation:

n—1

A, =V, ® ZAi oA, ;.

=1

So we can write:

T = )\x?_l + sz oy,

10



where x;, y; are homogeneous of degree < n. By the induction hypothesis, these elements belong
to B,sox € B.

2. —=. Byl =, A=V +AeA If VN Ae A +# (0), we can choose a graded subspace
W C V., such that A=W ® Ae A. By 1. <=, W generates A, so V is not a minimal system of
generators of A: contradiction. So A=V @ Ae A.

2. <. By 1. <=, V is a space of generators of A. f W C V then W d Ae AC A. By 1.
—, W does not generate V. So V is a minimal subspace of generators. O

Proposition 14 For all x,y,z € K(zg, z1),

(zllly) ez = (x e 2) Wy + xll(y o 2).

Proof. We prove it if x,y, z are words. If z = (), then:

MWy)ez=yez=(Dez)lUy+OLU(uez2).

If y = (), the result is also true, using the commutativity of L. We can now consider that x,y
are nonempty words.

Let us proceed by induction on k = lg(x) + lg(y). If K =0 or 1, there is nothing to prove.
Let us assume the result at all rank < k. Four cases can occur.

First case. x = xga and y = zgb. Then:

(zlWy) ez

Second case.

(zlWy) ez

(rez)lly

zlW(y e z)

(xo(alllzpb) @ z + (xo(x0allld)) e z

zo((allzod) @ 2) + zo((zoallld) e 2)

zo((a ® 2)Wxob) + xo(alll((zod) ® 2)) + 2o (((zoa) @ 2)LIb) + zo(woalll(b e 2))
(a0 ) Waagh) + zo(all (zo(b e 2)) + zo((wo(a ® 2))LUIb) + zo(zoalll(be 2))
zo(a @ 2)Waxgh + xgallzg(be 2)

(rez)lly+zll(yez).

o

x = x1a and y = xgb. This gives:

(z1(alllzpb)) @ z + (zo(x1alllD)) @ 2

z1((a e 2)Wxzeb) + z1(allzo(be 2))

+zo(allzebllz) + zo(((z1a) @ 2)LLIb) + zo(z1all(be 2))

z1((a e 2)Wxzeb) + z1(allzo(be 2))

T ao(alllzgbllz) + zo((1 (a e 2)) LUB) + zo((zo(alll2) ) LLIb) + zo(zralli(be 2)),

(z1(a ® 2)) Wxzob + (2o(allz)) W (zob)
z1((a ® z) W (zob)) + xo(z1(a e 2)LUD)
+xzo(allzWagb) + zo((zo(alllz))LLb),

zralllzo(be z)
z1(alzo(b e 2)) + xo(zrall(be 2)).

These computations imply the required equality.

Third case. x = xpa and y = x1b. This is a consequence of the second case, using the
commutativity of L.
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Last case. x = x1a and y = x1b. Similar computations give:

(zlly)ez = z1((aez)llz1b) + zi(alllzi(bew)) + zq(allzy(bllz)) + xo(allxbllz2)
+z1(x1all(bez)) +x1((x1(ae2))Wb) + 21 ((zo(allz)) b)) + zo(allz bllz),

(roz)lly = z1((aez)Uz1d) + z1((x1(ae2))Wb) + xo(allziblllz) + z1((xo(allz))LUb),

zW(yez) = zi(allzi(bew))+ zi(allag(bllz)) + z1(z1alll(be 2)) + xo(allzibllz).

So the result holds in all cases.

3 Presentation of K(zy,z,) as a Com-pre-Lie algebra
Proposition 14 motivates the following definition:

Definition 15 An Com-pre-Lie algebra is a triple (V, e, L), such that:
1. (V,e) is a pre-Lie algebra.
2. (V, W) is a commutative, associative algebra (non necessarily unitary).

3. For all a,b,c €V, (allb)ec= (aec)llb+alll(bec).

For example, K(zg, z1) is a Com-pre-Lie algebra.

3.1 Free Com-pre-Lie algebras
Definition 16 1. A partitioned forest is a pair (F,I) such that:

(a) F is a rooted forest (the edges of F' being oriented from the leaves to the roots).

(b) I is a partition of the vertices of F with the following condition: if x,y are two vertices
of F' which are in the same part of I, then either they are both roots, or they have the
same direct descendant.

2. We shall say that a partitioned forest is a partitioned tree if all the roots are in the same
part of the partition.

3. Let D be a set. A partitioned tree decorated by D is a pair (t,d), where t is a partitioned
tree and d is a map from the set of vertices of t into D. For any vertex x of t, d(x) is called

the decoration of x.

4. The set of isoclasses of partitioned trees will be denoted by PT . For any set D, the set of
isoclasses of partitioned trees decorated by D will be denoted by PT (D).

Examples. We represent partitioned trees by the Hasse graph of the underlying rooted
forest, the partition being represented by horizontal edges. Here are partitioned trees with < 4

vertices:
IETRUPRVIR S NN A R VY S R R A
V=N L=-d v v ==

Definition 17 Lett = (t,I) andt' = (¢',J) € PT.

1. Let s be a vertex of t'. The partitioned tree t o5 t' is defined as follows:

12



(a) As a rooted forest, t o5 t' is obtained by grafting all the roots of t' on the vertex s of t.

(b)) We put I = {I1,..., I} and J = {Jy,...,J;}. The partition of the vertices of this
rooted forest is IUJ ={Iy,..., I, J1,...,J;}.

2. The partitioned tree tWt' is defined as follows:

a) As a rooted forest, t o t' is tt'.
(a) ,

(b) We put I = {I1,..., I} and J = {J1,...,J;} and we assume that the set of roots
of t is Iy and the set of roots of t' is Ji. The partition of the vertices of t o t' {I;
Ji, Loy Iy, Juy oo Ji )

Examples.

1. Here are the three possible graftings V e .: V, % and Q

2. Here are the two possible graftings ! e, ..: ¥V and Y
These operations can also be defined for decorated partitioned trees.

Proposition 18 Let D be a set. We denote by gp7(p) the vector space generated by PT (D).
We extend W by bilinearity on gp(py and we define a second product e on gp7(p) in the following

way: if t,t' € PT (D),
tet = Z te t.
)

seV(t
Then (gp7(p),®, W) is a Com-pre-Lie algebra.
Proof. Let t,t',t” be three partitioned trees.
If ', s" are two vertices of ¢, we define by ¢ e5 o (t/,t”) the partitioned trees obtained by

grafting the roots of ¢’ on s, the roots of t’ on s”, the partition of the vertices of the obtained
rootes forest being the union of the partitions of ¢, ¢’ and ¢”. Then:

(tot/)ot” _ Z (toslt/)ot”

S'EV(t)

= > (tegt)eut'+ > (togt') ognt”
s',s"eV (t) s'eV(t),s"eV(t)

— Z toge (t,1") + Z teoy (' egnt")
s,s" €V (1) S'EV(t),s" €V ()

= Z oy (t/a t//) +te (t/ hd t//)'
s',s" eV (t)

So (tet')et” —te(t'et") is clearly symmetric in ¢ and ¢/, and e is pre-Lie.

Moreover, (¢ )Wt" = tW (¢ Wt") is the rooted forest t¢'t”, the partition being {I; U J; U
Ky, Io,....Ix, Jo,..., J;, Ko, ..., K}, with immediate notations; tW¢ = ¢/t is the rooted

forest tt’, the partition being {1 U.J1, Is, ..., I, Jo, ..., J;}. So LU is an associative, commutative
product.
Finally:
(Lt et = D (W) et + Y (tLt) ey t”
seV(t) SEV(H)
= Z (tos t") W + Z tL (' oy ")
sEV(t) sV (t)

= (tet)Wt" +tlW(t' ot").

13



So gp7(p) is Com-pre-Lie. O

In particular, gp7(p) is pre-Lie. Let us use the extension of the pre-Lie product e to S (ng(D))
defined by Oudom and Guin [11, 12]:

1. Iftl,...,tkGng(D),tl...tk01:t1...tk.
2. Ift,tl,...,tkEng(D),tOtl...tk:(t'tl...tkfl)Otk—tO(tl...tk,10tk).

3. If a,b,c € S(gpr(p)), abec = (ae DY (b e ), where A(e) = ¢V @ ¢ is the usual
coproduct of S(gp7(py). In particular, if ¢1,...,tx,t € PT(D):

kot—Ztl (tiot).. .ty

Lemma 19 Let t = (t,1),t; = (t1, 1MW), ... t; = (tg, I®)) be partitioned trees (k > 1). Let
S1,...,8k € V(t). The partitioned tree t o5, o, (t1,...,t) is obtained by grafting the roots of t;
on s; for all i, the partition being IUIM U...UI®) . Then:

toty..tp= > tey o (t,.... 1)

$1,--SKEV (T)

Proof. By induction on k. This is obvious if £ = 1. Let us assume the result at rank k.

toty. . .tpr = (tety...ty) et — Zto (ti o tpiq) .. ty)

= Z (t @y sy (t1seensth)) @ty — Z Z to(ty... (t®stpsr). . t;)

$15.,8LEV(E) =1 seV(t;)

- Z (t .sl,...,sk (t17 AR ’tk?)) .Sk+1 tk+1

51, ,Sk+1€V( )

+Z Z 0. .5 t17---7tk)).stk+1

=1 s€V(t;)

_Z Z Z t.sl, .S tl,---ati.stk—l—l""’ti)

=1 s1,...,5L,EV (t) sEV (¢;)

— S teg s (b tra).

81,...,Sk+1€V(t)

Hence, the result holds for all . O

Theorem 20 Let D be a set, let A be a Com-pre-Lie algebra, and let ag € A for all d € D.
There exists a unique morphism of Com-pre-Lie algebra ¢ : gpr(py — A, such that ¢(.a) = aq
for all d € D. In other words, gprp) ts the free Com-pre-Lie algebra generated by D.

Proof. Unicity. Let t € T% We denote by r1,...,ry, its roots. For all 1 < i < n, let
ti1,- ..tk be the partitioned trees born from r; and let d; be the decoration of r;. Then:

t= (~d1’ t171 i .t17k1)|_|_| e |—|—|(°dn. tn,l e tn,kn)-

So ¢ is inductively defined by:
¢(t) = (adl ° (b(tl,l) . (b(thl))l_U ... (adn [ ] ¢(tn,1) e ¢(tn,kn)) (1)
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FExistence. As the product LU of A is commutative and associative, (1) defines inductively
a morphism ¢ from gpr(p) to A. By definition, it is compatible with the product W. Let us
prove the compatibility with the product e. Let ¢, be two partitioned trees, let us prove that
o(tet') = ¢p(t) @ ¢p(t') by induction on the number N of vertices of t. If N =1, then t = ., and:

d(tet) =aqep(t') =o(t) e p(t'),

by definition of ¢’. If N > 1, two cases are possible.
First case. If t has only one roots, then t = ., @t ...%, and:

k
tot’:.dotl...tkt’+z.dotl...tiot’otk.
=1

Using the induction hypothesis on t1, ..., t:
k
o(tet) = agzed(tr)...ot)ol) + > azed(tr)...o(t ot). .. ot)
i=1

k
= age(t)... o(tr)o(t") + D age (d(tr)...d(t11) o $(t') ... d(tr))
i=1

= (aqed(tr) ... (t) o B(F)
= (1) e ().

Second case. If t has k > 1 roots, we put ¢t = ¢; W ... Wt,. The induction hypothesis holds
for t1,...,ts, so:

k

> ot Wt; o 'L Wty,)
=1
k

— Z¢(t1)m¢(ti ot LI ... Wo(ty)
=1

k

= > o(t)We(t;) e p(t) L ... We(ty)
=1

= (p(t)W ... We(ty)) e B(t)
= ¢(t) e p(t).

Hence, ¢ is a morphism of Com-pre-Lie algebras. O

$(tot')

3.2 Presentation of K(zg,z;) as a Com-pre-Lie algebra

Proposition 21 As a Com-pre-Lie algebra, K{xo,z1) is generated by () and z1.

Proof. Let A be the Com-pre-Lie subalgebra of K(zg,x1) generated by () and x;. For all
n > 1, it contains 2™ = nlz}, so it contains 27 for all n > 0. As K(xg, z1) is generated by these
elements as a pre-Lie algebra, A = K(xq, z1). O

We denote by ¢aprL : gpr({1,2)) — K{(zg,z1) the unique morphism of Com-pre-Lie algebras
which sends ., to ) and ., to ... By proposition 21, it is surjective.

Lemma 22 Let tq,...,t, € PT({1,2}).

1. ¢APL(°1 Otl...tk) =0 kaz 1.
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2. ¢APL(°2 Otl...tk) =0 Zf]{)Z 2.

3. Ifte PT({LQ}), ¢APL('2 ° t) = xO(bAPL(t)-

Proof. We proceed by induction on k. If k = 1:

papr(-10t) = Dedapr(t)
— 0,

papr(-20t) = z1edapL(t)
= 20papL(t).

Let us assume the result at rank £k — 1 > 1. Then:

dapr(-10ty...ty) = Dedapr(ti)...oapr(ty)
= (Ve gdapr(ti)...oapr(tp—1)) ® dapr(ti)

— Z Do papr(ti)...oapr(tioty)...oapr(tr—1)

i—1
- 0-0,
dapr(2oti...ty) = x1epapr(ti)...oapL(ts)

= (z190apr(t1).. . dapL(ti—1)) ® dapr(tr)

k
= w1 e¢apr(tr)... dapLtioty) ... dapL(tr-).

i=1

If & > 3, the induction hypothesis immediately allows to conclude that ¢apr(.2 ®t1...t) =
0—0=0. If £ =2, this gives:

papr(-20tita) = (x10¢apr(ti)) @ papr(ta) —x1 @ papr(ty ®ta)
= (zopaprr(ti))® dapr(ta) — xopaprL(ti @ t2)
= xo(Paprr(ti) ® papr(ta)) — xopapL(ti @ t2)
= 0.

Hence, the result holds for all £ > 1. O

Lemma 23 For allt € PT({1,2}), ¢papr(t) is a linear span of words of length the number
of vertices of t decorated by 2.

Proof. By induction on the number of vertices N of ¢t. If N =1, then ¢t = ., or ., and the
result is obvious. Let us assume the result at all rank < N.

First case. If t has only one root, we put t = .; et1...t;. By the preceding lemma, we can
assume that ¢ = 2 and k = 1. Then ¢apr(t) = vodapr(t1) and the result is obvious.

Second case. If t has k > 1 roots, we put ¢t = t1W ... Wt,. Then ¢dapr(t1) is equal to
dapr(t)W ... Woapr(ty) and the result is immediate. O

Lemma 24 We define inductively a family F' of elements of PT ({1,2}) by:

1. F(1) = {u1, .}
2. Fn+1)= (w2 e F(n)) U J(FG)WF(n+1-1)).
i=1

3. F=|JF(n).

n>1
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Let t € PT({1,2}). Then ¢papr(t) # 0 if, and only if, t € F.

Proof. =. We proceed by induction on the number N of vertices of . This is obvious if
N = 1. Let us assume the result at all rank < N.

First case. If N has only one root, we put N =.; ety ...t;. By lemma 22, ¢ =2 and k£ = 1.
Then ¢apr(t) = xodapr(t1). By the induction hypothesis, t; € F, sot € F.

Second case. If N has k > N roots, we put t = ¢ ... Wt,. Then:

dapr(t) = dapr(ti)Woapr(tol ... Wty) # 0,

so by the induction hypothesis, ¢; and tolll ... Wi, € F,and t € F.

<=. Let t € T(n). We proceed by induction on n. It n = 1, this is obvious. If n > 1 then
t=.,0t witht € F(n—1), or t = ¢ Wt", with ¢ € F(i), t" € F(n — ). In the first case,
by the induction hypothesis, ¢papr(t') # 0 and ¢papr(t) = zodapr(t') # 0. In the second case,
dapr(t'),papr(t") # 0 by the induction hypothesis, so ¢apr(t) = papr(t')Woapr(t”) #0. O

We define a second family of elements of P7 ({1,2}) in the following way:
1. F,(l) == {.1, .2}.

2. F/(Q) - {.2|.|_|.27 %7 I%}

n—1

3. Flin+1)= (e F(n)U | (FOWF(n+1-i)U(..WF'(n)) ifn>2.
=2
1. F' =] F(n)
n>1

We define a map 7 from F' to PT ({1,2}) in the following way:

Low(e)=. ifi=1,2

2. (oW Wey) =y,

3. Ift = W W Wi W ... Wi, k> 1, withty, ...t # .1, then () = n(t) W ... Wr(ty).

4. Ift=., @ty ...t then 7(t) = .2 @ 7w(t1) ... w(tx).
Lemma 25 7 is a projection on F' and ¢papp om = ¢APL|F-

Proof. Let t € F'. Let us prove by induction on the number N of vertices of ¢ that:
1. w(t) € F'.

2. Ift € F', m(t) =t.

3. ¢paprom(t) = dapr(t).

4. If 7(t) = .1, then t = ., """ for a particular n.

All these points are immediate if N = 1. Let us assume the result at all rank < N, N > 2. We
putt:.lLl_l...Ll_lolLl_ltlLl_l...Ll_ltk,kZO, Withtl,...,tk#.l.
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First case. If k > 2, then 7(t) = 7(t1)W ... Wn(tx). By the induction hypothesis, 7(t1),...,m(t;) €
F’ and are not equal to .1, so w(t) € F'. By the induction hypothesis, m(t1) # .1, so 7(t) # .1.
Moreover:

paprr(t) = ¢apr(ci)W ... Woapr(c1)Woapr(t)W ... Woapr(te)

= @LU LU@LU(bApL O7T(t1)|_|_| LU¢APLOﬂ(tk)

= (bApL(Tr(tl)LU o |_|_|7T(tk))

= ¢aprom(t).
If t € F', necessarily t = t{W ... Wtg, and t1,...,t, € F’. By the induction hypothesis,
w(ty) =t1,...,m(tg) = tg, so w(t) = t.

Second case. If k=1, ast; € F, we put t; = ., ®s. Then 7(t) = ., e7(s). By the induction

hypothesis, 7(s) € F’, so w(t) = F’. Moreover:

dapr(t) = ¢apr(cr)W ... Woapr(-1)W(dapL(-2)® dapL(s))
= QW... . WOW(dapL(-2)® daprL(s))
= ¢aprom(.2) @ dapr om(s)
= o¢aprom(t).

Ift' € F/,then s € F/,and t = ., 5. Then 7(t) = .. e (s) = .. @5 =t.

Last case. If k =0, all the results are obvious. |
Lemma 26 Let t,t' € PT({1,2}). Then:
papr ((c20t) W (2 @t)) = dapr (20 ((c2 @ t) L +tL(.2 1))
Proof. Indeed, putting w = ¢apr(t) and w' = papr(t'):
dpapr ((20t)W(.20t)) = zowllzow
= ao(wzgw') + zo(zowlw’)
= ¢apr (20 ((c20t)Wt +tW(.2 0t))).
We used lemma 22 for the first and third equalities. |
Theorem 27 The kernel of papr ts the Com-pre-Lie ideal generated by the elements:
1. .y ety ... .tg, where k > 1, ty,...,t € PT({1,2}).
2. woety...t, where k> 2 t1,...,t € PT({1,2}).
3. oWt —t, where t € PT({1,2}).
4. (coot) (o @t')— .o 0((cx0t) it —tli(.o @t')), where t,t’ € PT({1,2}).

Proof. Let I be the ideal generated by these elements. Lemmas 22 and 26 prove that the
elements 1., 2. and 4. belong to Ker(¢apr). Moreover, for all t € PT ({1,2}), w(.. Wt) = 7 (t).
For all t € PT({1,2}):

¢apr(e1Wt) =0WeapL(t) = darr(t),

so elements 3. also belong to Ker(¢apr). Hence, I C Ker(¢apr).

Let h = ng({LQ})/I. As the elements 1. and 2. belong to I, h is linearly spanned by the

elements t, t € F. As the elements 3. belong to I, for all t € F, w(t) = t. As 7 is a projection
on F’, h is linearly spanned by the elements ¢, t € F”.

We now define inductively two families of partitionned trees in the following way:
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1 T"(1) = {.,} and F"(1) = {.,,..}.
2. T"(n+1) = ., ¢ F'(n).
n+1

3. F'(n+1) = T"(i)W., 00,
=1

4. F" =] F"(n).

n>1

Let us prove that for all ¢+ € F’, there exists ' € Vect(F") such that £ = ¢/. We proceed by
induction on the number N of vertices of . If N =1, then t = ., or ., and we take t' = t. Let
us assume the result at all rank < N. We put t = ¢1W ... Wiglleo W ... W.o, with t; = .2 @ s,
s; # 1, for all 1 <14 < k. We proceed by induction on k. If k =0, we take t/ =t = .ol ... W.,.
If k =1, then, by the induction hypothesis on N applied to s;:

T=(Zes)WaW .. Wo = (Ges) W .. W= (s es) W W W.e.

We take ' = (., @ s]) LWL, ... W.o, which clearly belongs to Vect(F"), as s} € Vect(F"). Let
us assume the result at all rank < k. Then, as the elements 4. belong to I:

tilldto = .0 @ (t1|_|_|82) + .20 (81 Otg),

¢ &

SO:

t =t Wegll ... Weploo W Wy + ¢ Weg L W W WL W,

By the induction hypothesis on k applied to these two partitionned trees, there exists x} and
z] € Vect(F"), such that ¢t = 2} + 2. We take t' = 2} + 2. Consequently, the elements ¢,
t € F”, linearly span h.

Let t € F”(n). Then it has n vertices, and at most one of them is decorated by 1. We
denote by F{'(n) the set of elements of F”(n) with one vertex decorated by 1, and we put
Fj'(n) = F"(n)\ F{(n). Let us prove that for all n > 1, |F'(n+1)| < 2"~! and |Fy/(n)| < 2""L.
For n =0, as FF[(2) = {13} and FJ(1) = {.2}, this is immediate. Let us assume the result at
all rank < n. Then:

n+1
Fln+1) = |J"0WT"6) 0 i)
i=1

_ {.QLLI(n—l—l)}U .QLLI(n—l—l—i)LLl.Q.FZ//(Z-).

-

=1

Hence, |FY/(n + 1) <14+ 1+2+... 4271 =2"

n+2
Fln+2) = [J"029W1"6) N (i)
=1
n+2
— U .2LLI(n+2—i)|_L|.2. 1//(2_1)
=2

Hence, |F//(n +2)| < +1+1+...+2" 1 =27,
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Let ¢ 4p; be the linear map induced by ¢a4pr, on h. If t € FY'(n), by lemma 23, dapr(l) is a
linear span of word of length n — 1. If ¢ € FJ/(n), by lemma 23, ¢ 4p.(f) is a linear span of word
of length n. Hence, for all n > 0:

dapr(Vect(FY(n)) + Vect(F)'(n +1))) C Vect(words of length n).
As ¢apy, is surjective, we obtain:
dapr(Vect(FY(n)) + Vect(F{'(n+ 1))) = Vect(words of length n).

Moreover, as dim(Vect(words of length n)) = 2" and dim(Vect(Fy(n)) + Vect(F{'(n + 1))) <
|[FY (n)|+|F{(n)] < 2_"*1 +2771 =27 the restriction of ¢ 4p; to Vect(Fy(n))+ Vect(F/ (n+1)
is injective. Finally, ¢ 4p; is injective, so Ker(¢apr) = I. O

4 Presentation of K(xy,z1) as a pre-Lie algebra

4.1 A surjective morphism

Let g7(n+) be the free pre-Lie algebra generated by N*, as described in [1]. It can be seen as
the subspace of gp7(n+) generated by rooted trees (which are seen as partitioned trees such that
any part of the partition is a singleton), with the restriction of the pre-Lie product e defined by
graftings. For example, in g7+, if a,b,¢,d > 0:

IZ-Iz:b\};JJg.

This pre-Lie algebra is graded, the degree of a tree being the sum of its decorations.

By theorem 12, there exists a unique surjective map of pre-Lie algebras ®py, : gy —
K(xg,x1), sending ., to :c?il for all n > 1. As ﬂ:ifl is homogeneous of degree ¢ for all ¢, this
morphism is homogeneous of degree 0.

Notation. If t; ...t € T(N*) and n € N*, we put:

This is the tree obtained by grafting t1,...,¢; on a common root decorated by n.

Proposition 28 Let t = By(t1...t;) € T(N*). We put ¢pr(t;) = w; for all 1 < i < k.
Then:
Towi W ... LLI:UOkaI_I:U?flfk if k <n,
0 otherwise.

opilt) = {

Proof. As gpy(f1,2}) s pre-Lie, there exists a unique morphism of pre-Lie algebras:

b 9Ty —  8PT({1,2})
. S =

Then ¢apy, o1 is a pre-Lie algebra morphism sending ., to ﬁxiu(nfl) — x?,l for all m > 1,
SO0 ¢papr, oY = ¢pr. We obtain, by lemma 19:
— 1 w(n—1)
Ib(.nOtl...tk) = (n_l)!.z 0(1/J(t1)1/1(tk))
1
= (n—l)' Z 2 @ th |_|_|...|_|_|.2. th
Lu..Ul,={1,...k} i€lq 1€l
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Let us apply ¢apr, to this expression. If |I;| > 2, by theorem 27:

¢APL(~2 ° Hti = 0.

S

Consequently, if £ > n, at least one of the I; contains two elements, so papr 0t (t) = ¢pr(t) = 0.
Let us assume that & < n. Hence, using the commutativity of LU:

1
(JSPL(.nOtl...tk) = (’I’L—l)' Z I e Hwi |_|_|...|_|_|5610 Hwi
T UL UL ={1,....k}, |I;|<1 i€l i€l
1 1
= I Z .%'1011)1|_|_|....%'10wk|_|_|.%'ll-u(n 1-k)
(n N ) v:{1,....k}—{1,...,n—1},injective
1 -
= 1 Z rowq LW ...xokaLIx;U(" 1=k)
(n N ) v:{1,....k}—{1,...,n—1},injective
(n—l)(n—k) W(n—1—k
= (n—l)! :Cow1|_|_| ...xokaUCCl (n )
n—1...(n—k)(n—-1-k)! 1

= xowlLLI...wakLle?_l_k.
Corollary 29 Let sq,...,Sk,t1,...,t1 € T{N™*), k,1 > 0. For all i,j,n > 1:

(bPL (Bn+1((Bi(81 e Sk)Bj(tl e tl)))
= ¢pL (Bn(Bit1(s1...skBj(t1... 1)) + épr (Bu(Bji1(Bi(s1 ... sk)t1 ... 1)) -

Proof. We note:

T1 = Bn+1((Bi(81 e Sk)Bj(tl e tl))
= wnt10((ci®s1...55)(e; @t1... 1))
T2 = Bn(BiJrl(Sl---SkBj(tl ---tl))

= n0(eiy10(s1...8c(e;0t1...1)))
T3 = BTL(Bj+1(Bi(51"'Sk‘)tl"'tl)

= .no(.j+10 ((., 081...8k)t1...tl)).

If k>i,0orl>j, orn=1, all these elements are sent to zero by ¢py, by proposition 28. Let us
assume now that k < i, 1 < j, n < 1. We put v; = ¢pr(s;) and w; = ¢pr(t;). Then:

/

opr(T1) = xo(zoviL ... LLIxovkLleifl*k) Waxo(xowi LWL ... LLIxowlLleifll)l LI_I:U?72

N~

X Y
= 20X WV W2,
opr(Ty) = zo(zovi W ... Wag(zowi W ... LI_I:UOwlLI_Ilelflfl)LI_lel*k)Lle?72
= 2o(X WY)W a2,
opr(T3) = xo(zo(xovr W ... LLIxovkLI_I:U’i_l_k)Lleowl LUCUowlLuxji_l_l)LUCU?_Q
= zo(ro X WY)Wa2

As o X WxgY = zo(X WxgY) + zo(zo X WY), we obtain the result. O
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Theorem 30 The kernel of ¢ppy, is the pre-Lie ideal generated by:
1. Bl(tl .. .tk), where k > 1, t1,...,t; € T(N*)

2. Bn+1(Bi(81 e Sk)Bj(tl e tl))_Bn(BfL'+1(51 e SkBj(tl e tl))_BjJrl(Bi(Sl e Sk)tl e tl));
where k1 >0, $1,...,8k,t1,...,t € T(N¥).

Proof. Let I be the ideal generated by these elements. By proposition 28 and corollary 29,
I C Ker(¢pr). We put h = gr(n=)/I. Applying repeatedly the relation given by elements 2.,
it is not difficult to prove that for any ¢ € 7 (N*), there exists a linear span of ladders ¢’ such
that £ =t/ in h. Moreover, by the relation given by elements 1., if one of the vertices of a ladder
t which is not the leaf is decorated by 1, then ¢ = 0. Let us denote by L(n) the set of ladders
decorated by N*, of weight n, such that all the vertices which are not the leaf are decorated by
integer > 1. It turns out that h is generated by the elements ¢, t € L = |J L(n).

Let ¢pr, be the morphism form h to K(xg,z1) induced by ¢pr. By homogeneity, as ¢py, is
surjective, for all n > 1:

dpr(Vect(L(n))) = Vect(words of degree n).

In order to prove that I = Ker(¢pr), it is enough to prove that ¢py is injective. By homogeneity,
it is enough to prove that $|Vect(L(n)) is injective for all n > 1. Hence, it is enough to prove that
forall n > 1,

|L(n)| = dim(Vect(words of degree n)) = pp,

where the p,, are the integers defined in proposition 8. Let I, = |L(n)| and ¢, be the number of
t € L(n) with no vertex decorated by 1. Then for all n > 2, l,, = g, + ¢n—1, and I; = 1. We put:

o o
L=) 1L,X", Q=Y gX"
n=1 n=1
We obtain P = X 4+ Q 4+ X Q. Moreover:

Q=

1

- - -]l =

1—2){2‘ 1— XfX 1- X — X2
1>2

Finally:

So, for all n > 1, |L(n)| = pp. O

As an immediate corollary, a basis of h is given by the classes of the elements of L. Turning
to K(xg, z1), we obtain:

Corollary 31 Let w = ay...ax be a word with letters in N*.

1. We put:
My =28 e (@ e (L (T ea®). ).

2. We shall say that w is admissible if a1,...,ax_1 > 1. The set of admissible words is
denoted by Adm.

Then (Muy)weAdm 1S @ basis of K{xg,z1).

Remark. If w is not admissible, that is to say if there exists 1 < i < k, such that a; = 1,
then m,, = 0 by proposition 28.

We extend the map w — m,, by linearity.
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4.2 Pre-Lie product in the basis of admissible words

Notations.

1. For all k,1, we denote by Sh(k,1) the set of (k,1)- shuffles, that is to say k+ [-permutations
¢ such that (1) < ... < ((k), ((k+1) <...<(k+1).

2. For all k,I we denote by Sh(k,l) the set of (k,I)-shuffles ¢ such that (~1(k +1) = k.
3. For all k,I we denote by Sh, (k,l) the set of (k,l)-shuffles ¢ such that ("1(k +1) =k +1.

4. The symmetric group &,, acts on the set of words with letters in N* of length n by permu-
tation of the letters:

0.(a1 e an) = ao_l(l) e ao_l(n).

Proposition 32 Let K(N*) be the space generated by words with letters in N*. We define a
dendriform structure on this space by:

(al...ak)—<(b1...bl) = Z C-al---akbl---bk—l(bk+1)
ceSh<(k,)

(al...ak)>(b1...bl) = Z C.al...ak,l(ak—i—l)bl...bk.
CeShy (k1)

The associative product < + > s denoted by *.

Proof. We denote by Sh(k,l, m) the set of k+I+m-permutations such that (1) < ... < ((k),
Ck+1)<...<Ck+1),¢(k+14+1)<...C(k+1+m). Then:

(a1...a <by...b) <cr...cm=ar...a < (by...byxc1...cpm)

= Z Cay...agby...(by+1)ey...(cm +1);
CESh(k,Lm), ¢~ (k+l+m)=Fk
(al...ak >—b1...bl) <Cl...Cp=2a71...0a > (bl...bl 401...cm)

= Z Cay...(ap+1)by... ey ... (e + 1);
CESh(k,l,m),¢ 1 (k+l+m)=k+1
(al...ak*bl...bl) =Cl...C;p=0aQ1...0 ~ (bl...bl >~ 01...Cm)

= Z C.al...(ak—i—l)bl...(bl—i—l)cl...cm.
¢eSh(k,l,m),¢~L(k+l+m)=k+I+m

So K((N*)}) is a dendriform algebra. O
We postpone the study of this dendriform algebra to section 5.2.

Notations. For all a1,...,a; € N*, we denote by I(a;...a;) = Bq, 0...0 By, (1) the ladder
decorated from the root to the leaf by ay,...,a;. Note that mg, o, = ¢pr(l(a1...ax)).

Lemma 33 Let k,l > 1 and let ay,...,a;,b1,...,b; € N*. Then:
¢pr(Bai+1(l(ag ... ag)l(by ... b)) + By, 41(l(a1 ... ag)l(ba... b)) = Ma, _apwbr..by-
Proof. By induction on k+1{. If k =1 =1, then:
SPL(Te +1+ 18 41) = M(a+1)b1+(bi+1)ar = Maysby -
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Let us assume the result at all ranks < k + . If £ = 1, then:

= ¢pL(Bay+1(U(b2 ... b)) + By 11 (l(ar)l(bz .. . by))
= (bPL('al +1@ l(bz . bl) + e +1@ (l(al)l(bz . bl)))
= ¢PL(Z((0’1 + 1)b2 s bl)) + ¢PL(-b1. (l((al + 1)b2 ce. bl) T+ oeby 1@ (l(al)l(bg - bl)))

= May+1)by..b; T by (ayxby...by)
-1

= m(a1+1)b2...bl + E mb1...b¢(a1+1)...bl + mbl...(bl+1)a1
i=1
- mal*bl...bl-

If [ = 1, a similar computation, permuting the a;’s and the b;’s, proves the result. If k£,1 > 1,
then:

(bPL(Bal—i—l(l(aQ Cee ak)l(bl R bl)) + Bthl(l(al cee ak)l(bz . bl))
= ¢pr(ca® (cayr10l(ag...ap)l(by... b)) + oy +10l(a1...ag)l(ba...b)))
+0pL(c0,® (eay 110 0(ag...ag)l(ba... b)) + coo+10l(ar...ag)l(bs...b)))

ma1 (a2 ...apxby.. -bl)+b1 (al ...apxba.. -bl)

= mal---ak*bl---bl'

Hence, the result holds for all k,1 > 1. O

Theorem 34 For all ay,...,ax,b1,...,b € N*:

k—1

mal...ak L4 mb1...bl = § malmai—l(az’*l)(aiﬁ»l~~~ak*b1~~~bl) + mal...akbl...bl'
i=1

Proof. By definition of mg,p,.4,, if kK = 1, mg, ® my, .y, = Maup,..5,- So the result holds if
k =1. Let us assume that k > 2. In g7(y+), we have:

l(a1 c.. ak) ° l(bl c. bl) = .q,® (l(ag .. .ak) ° l(b1 ... bl)) + eq,® l(ag c.. ak)l(bl c. bl).
Applying ¢pp:

May...a, ® Moy o; = mal(ag...ak)o(bl...bl)
+¢pL(.a1 _1® (.a2 + 1l(a3 e ak)l(bl c bl)) + by 41 @ l(a1 c. ak)l(bg e bl)))

May (az...ax)e(br...br) T Mar—1)(az...apxbi...by)>
by the preceding lemma. The result follows from an easy induction. O

Remark. In particular, my o my, 5 = 0.

Corollary 35 Let ay...ag,by...b be two words with letters in N*. Then mq, .. q, ® My, .5,
18 a span of my,, where w is a word with k + [ letters and of weight a1 + ...+ ar + b1+ ...+ by.

Hence, K(zg,x1) is a bigraded pre-Lie algebra, with:
K(zo,z1)n ke = Vect(ma, .qp | 01 + ...+ ap = n).
We put:

G=Y dim(Kzo, 1)) X"Y".
k,n>0
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XY L=\ vivk
Proposition 36 G = 1-x —x2y ;l ; ) <k 1>X ye.

Proof. Note that dim(K(zo,x1)n) is the number of words a; ... ay of length k, such that
a1,...,ak—1 > 2, and a1 + ...+ ax = n. Hence:

(') k—1
X2y XY
G =
—\1-X 1-X

XY 1
_ X2y
1-X1-¢=
XY
1-X — X2y’
o X2k—1yk
(1—-Xx)"

k=1

_ Z Z (k: +n— >X2k+n—1yk

k=1n=0

= > 53 (2:ﬁ>x@*.

k=11=2k—-1

4.3 An associative product on g7«

We now define an associative product on g7(y«), in such a way that ¢pr, becomes a morphism
of Com-pre-Lie algebras.

Proposition 37 We define a product W on g7« by:

+q-k-1-2
Bp(31 e Sk)LUBq(tl .. -tl) = <p ;7_ E—1 )Bp+q_1(81 . e Sktl . -tl)-

Then g7~ is a Com-pre-Lie algebra and ¢pr, is a morphism of Com-pre-Lie algebras.

Proof. As (erg:ll::i’z) = (erg:f:ll*z), W is commutative. Let ¢ = Bp(sy...sk), t' =

By(ety...t;) and t” = B,(uy ... uy,). Then:

HU (") = <q+r—l—m—2><p+q—|—7“—k—l—m—3

) Bp+q+7"—2(31 . e Sktl . e tlul ‘e um),

g—1-1 qg+r—1l—m-—2
A
+q—k—1-2\(p+q+r—k—1l—m—3
tLl) L = p 5 ) o |
( ) < p—k—1 prqg—k—1-2 p+q+r 2(s1 Skl1 UL - Uy
B

Ifp<korg<lorr<m,then A=B=0.If p>kand ¢>1andr>m, then:

p+q+r—k—1—m—3)!
(p—k—=Dg—1-D(r—m—-1)

A:B:

So W is associative.
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Let t1 = Bp(31 Ce Sk), to = Bq(tl Ce tl) and t € T(N*) Then:

(LhWt) o T = <p+q—k—l—2

m—k—1 >Bp+q1(81---5kt1...tlt)
+qg—k—1-2
+ (p q

p—k—1 >Bp+q1(51---(S@'Ot)...sktl,,_tl)

+

M- -

<p+q—k—l—2

p—k—1 >&”q““'“%“~%%°ﬂ~im

1

J

0

(tlot)l_utg = ( Bp(sl...(siOt)...Sk)—i—Bp(sl...Skt)) LL¢s

=1

k
p+q—k—-1-2
:Z< p—k—1 )Berq1(51---(Si't)...sktl...tl)

1
p+qg—k—-1-3
( ;—k—Q )Bp+q—1(31...sktl...tlt)7

l
tilll(tpet) = il [ > By(ti...(t;jet)...t;) + Byt .. .tt)

.

_l’_

j=1
l
ptq—k—1-2
- Z( p_k—l )Bp+q1(51--.5kt1...(t]’Ot)...tl)
7=1
+qg—k—-101-3
+ g Z—k‘—l >Bp+q1(81...5kt1...tlt).

AS(P?:£$7%4‘@+¢f:53):(Pm75?737@ﬂu@)ot::@1oﬂuu2+tﬂuﬁgoﬂ.Songﬂ

is Com-pre-Lie.

Let t1 = Bp(s1...s,) and to = By(ty...¢). If K > p, then (p+q:,]§:i_2) =0, so t1Wty = 0.
By proposition 28, ¢pr(t1) = 0, so ¢pr(t1Wty) = (pr(tl)m(pr(T;fg) = 0. Similarly, if I > q,
¢pL(t1 LthQ) = (bPL(tl)LLl(pr(tQ) =0. Ifk <pandl < g, we put w; = ¢PL(SZ') and w; = (pr(tj).
Then:

(bPL(tl)l—l—l(bPL(tQ) = 1‘0?1}1|_|_’ . |_|_|.%'0wk LI_lm’f_l_kLleow’lLl_l . LI_Iwa{Lleif_l_l
—k—-1-2 kel

= <p+q L 1 )xowll_Ll...xowaleerq hl=2

p J— J—

p+qg—k—1-2
== < p—kj—l (ZSPL(Berqfl(Sl---Sktl---tl))
= ¢pr(tiWty).
So ¢pr, is a Com-pre-Lie algebra morphism. O
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Remark. 1 is not compatible with L. Indeed:

(1) = P(2) e v(en)

— 1
= 13,

(1) Wp(1s) = 11
= 12\1-12;
= "
BRI = () @ e )(e1)
1
= 52.-.20.1.1

= NI+ V.

5 Appendix

5.1 Enumeration of partitioned trees

Let d > 1. For all n > 1, let f,, be the number of partitioned trees decorated by {1,...,d} with
n vertices and let ¢, be the number of partitioned trees decorated by {1,...,d} with n vertices
and one root. By convention, fo = 1. We put:

(o] [o.¢]
T=> t,X", F=>_ fuX"
n=1 n=0

Let Vi be the vector space generated by the set of partitioned trees decorated by {1,,...,d} and
VFr be the vector space generated by the set of partitioned trees decorated by {1,,...,d} with
only one root. There is a bijection:

S(VT) — VF
t1...1p, — t1W... Wig.

Hence:
O 1
F = _— 2
Z_l_[l (1 — XF)te @)
There is a bijection:
d
EB S(VF) — Vr
i=1
d
(F171 e 7F1,l<:17 e 7Fd,1 ce Fd,kd) — ;i ® (F1i,1 .. E,kl)
i=1
This gives:
- 1
i=1
Formulas (2) and (3) allow to compute inductively fi and ¢ for all £ > 1. This gives for example:
i = d
d(3d+1)
b=
d(19d? + 9d + 2)
f = -
F d(63d? + 34d? 4 13d + 2)
4 =
8
F d(644d* + 400d® + 175d? + 35d + 6)
5 =

30
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Here are examples of f,, for d =1 or 2:

n 1123 4 ) 6 7 8 9 10
d=1|1]2| 5| 14 | 42 | 134 | 444 1518 5318 18989
d=2|2|7]32]|167|952 | 5759 | 36340 | 236498 | 1576156 | 10702333

The row d = 1 is sequence A035052 of [14].

5.2 Study of the dendriform structure on admissible words

We here study the dendriform algebra K(N*) of proposition 32. It is clearly commutative, via the
bijection from Sh(k,l) to Shy(l,k) given by the composition (on the left) by the permutation
(+1...0+k1...0).

Let V be a vector space. The shuffle dendriform algebra Sh(V') is T4 (V'), with the produts
given by:

(al...ak)<(bl...bl) = Z C.ap...agby...bp_1by
¢eSh< (k)

(al...ak)>(bl...bl) = Z C.ay...ax_1aby ... bg.
¢eShy (k1)

Moreover, this is the free commutative dendriform algebra generated by V', that is to say if A is
a commutative dendriform algebra and f : V — A is any linear map, there exists a morphism
of dendriform algebras ¢ : Sh(V) — A such that ¢V = f. Asa;...ax = b =a1...a;b in
Sh(V) for all ay,...,ax,b € V, this morphism ¢ is defined by:

gb(al...ak):(...(al>-a2)>-a3)...)>-ak.

Proposition 38 1. Let V be the space generated by the words 1%i, k € N, i > 1. Then
K(N*) is isomorphic, as a dendriform algebra, to Sh(V').

2. Let A be the subspace of K(N*) generated by admissible words. Then it is a dendriform
subalgebra of K(N*). Moreover, if W is the space generated by the letters i, i > 1, then A
is isomorphic, as a dendriform algebra, to Sh(W).

Proof. Let w = aj...a, be a word with letters in N*. We denote by o(w) the sequence
of indices j € {1,...,k — 1} such that a; # 1. This sequences are totally ordered in this way:
(J1y--+sdk) < (41, .-, J;) if there exists a p such that jx = jj, jk—1=J]_1, -+ s Jk—p+1 = Jl_py1s
Jk—p < Ji_p» With the convention jo =j1=... =js =41 =...=0.

Let ¢ : Sh(V) — K(N*) be the unique morphism of dendriform algebras which extends the
identity of V. Then:

p((1Ftay) ... (1FLa,)) = =1 a +1).. . 1F 1" Ya,_ + 1)1 g,
+words w’ such that o(w') > (k1,...,kn—1).

By thriangularity, ¢ is an isomorphism. Moreover, for all aq,...,a, > 1:
dlar...ap) = (a1 +1)...(ap—1 + 1)ay.

Consequently, ¢(Sh(W)) = A, so A is a dendriform subalgebra of K (N*) and is isomorphic to
Sh(W). O
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5.3 Freeness of the pre-Lie algebra gp7(p)

Notations. Let k > 1, dq,...,d; € D and let I7,..., F}, be decorated partitioned forests. We
put:
By, . a,(Fi,... Fy) = (caye F1)W ... W(.a.0 Fy).

Note that any partitioned tree can be written under the form By, 4, (F1,...F)). This writing
is unique up to a permutation of the d;’s and the Fj’s.

Proposition 39 We define a coproduct § on gpr(p)y in the following way: for any decorated
partitioned tree t = Bq, g, (t1,1 - ting, - sthi---thng),
1
ot) = ¢ ZZ1 ]Zl By (11 -ty oo tid oo tigatijit - timgs oo sthd - thm,) © tij.
1. For all x € gp7(py, (0 ® Id) o §(zx) = (23)(0 ® Id) o 6(x).
2. For all x,y € gp(p), 6(xey) =@y +d(z)ey.
Proof. 1. Let t = By, 4, (t1,1---tiny,-- stk thn,). Foralli,j, we put:
t/ti,j = Bdl,...,dk (t171 S R TERRER LA REER 2 I L 70 NI [ 7 R I 7 Y R tk,nk)'
Then: 1
o(t) = - >ttt
i,

Hence:
(5®Id) O5(t) = Z (t/ti,j)/ti’J/ ®ti/,j/ ®ti,j
(L )E )
As (t/t;;)/ty j and (t/ty jr)/t;; are both the partitioned tree obtained by cutting ¢; ; and ¢ ;
in ¢, they are equal, so (6 ® Id) o §(t) is invariant under the action of (23).

2. Let t' be a decorated partitioned tree.

k
S(tet) = Zé(Bdlmdk(tLl...tl,m,...,ti,l...tmit’,...,tk,l...tkvnk))
=1

+ Z 5(Bd1,...,dk (t171 e tl,”l? ‘e 7ti,1 e ti,j L] t, ‘e ti,ni’ e ,th e tk,nk))
/[:7.7

1 1
= phtet + - DN Bayan (bt tig it sty i) [ @
i i/ j/
1
+% Z Bdl,...,dk(tl,l"'tl,nla"',ti,l---ti,j .t/---ti,ma---atk,l---tk,nk)/ti’,j’ ®ti/,j/
(4,5)#(',57)
1
++ S t/tir @t et
2%
= tot' +> tWetPet +> Wt et
Sod(tet)=txt +4i(t)et. O
By Muriel Livernet’s pre-Lie rigidity theorem [7]:

Corollary 40 The pre-Lie algebra gpr(p) is freely generated by Ker(9).
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Remarks.

1. Tt is not difficult to prove that for any z,y € gpr(p):

S(xlly) = Zx(l) @z Wy + Zy(l) @ zWy®.
Hence, Ker() is an algebra for the product L.
2. Here are elements of Ker(d) in the non decorated case. Let t1,to, t3, t4 be partitioned trees.

X = B(tit2,1) — B(ty,t2),
Y = B(tltgtg, 1, 1) B(tltg,tg, 1) — B(tltg,tg, 1) — B(tgtg,tl, 1) + 2B(t1,t2,t3),

Z = B(t1t2t3t4, 1) — B(tltgtg, t4) — B(t1t2t4, tg) — B(t1t3t4, tg) — B(t2t3t4, tl)
—i—B(tth, t3t4) + B(tltg, t2t4) =+ b(t1t4, tgtg),
T = B(t1t27t3t4,1,1) +B(t1t3,t2t4,1,1) +B(t1t4,t2t3,1,1) —B(t1t27t37t4,1)

—B(tits, ta, ta,1) — B(t1ta, ta, t3,1) — B(tats, t1,t4,1) — B(tats, t1,13,1)
—B(tsta, t1,t2,1) + 3B(t1,t2, t3, ta).
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