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Nomenclature

A cross-section area
b beam height cross-section
C0 beam reference configuration
Ct actual beam configuration
cv, cϑ flexural and torsional damping coefficients
E Youngs modulus
F intensity of the conservative forces
F0 prestress intensity of the conservative

forces
G tangential elastic modulus
h beam length cross-section
IG polar inertia
Ix, Iy flexural inertia momentum
J torsional inertia
l beam length
(Mx, My), Mt flexural and torsional components of the

dynamic contact couple
p, m non-dimensional control parameters
P intensity of the follower force
P0 prestress intensity of the follower force
(Tx, Ty), N shear and axial components of the dy-

namic contact force
u, v, w displacement components
�z axial strain
�x, �y, ϑ elementary rotations

�x, �y shear deformations
(�x, �y), �t bending and torsional curvatures
�v, �ϑ natural flexural and torsional frequencies
� mass density
�v, �ϑ non-dimensional flexural and rotational

damping coefficients
ai fixed initial reference frame (i = 1, 2, 3)
b density external force
c density external couple
Di orthonormal directors (i = x, y, z) of the

beam in reference configuration
di orthonormal directors (i = x, y, z) of the

beam in actual configuration
e strain vectors
K curvature tensor
m internal contact couple
m0 prestress static contact couple
m̃ dynamic contact couple
R orthogonal rotation tensor
t internal contact force
t0 prestress static contact force
t̃ dynamic contact force
u displacement vector
x actual position vector
X reference position vector

expanded up to cubic terms, in terms of the transversal displace-
ment and the torsional angle of the beam. The linear stability
of the trivial equilibrium is first studied. It reveals the existence
of buckling, flutter and double-zero (DZ) critical points. Inter-
action between conservative and non-conservative loads with
respect to the stability problem is discussed and the spectral
properties are analyzed.

In Part II of the paper the non-linear partial integro-
differential equations and the boundary conditions are recast
in first-order form. The critical properties of the adjoint prob-
lem are studied; in particular the generalized Keldysh eigen-
functions are obtained at the double-zero bifurcation point.
The postcritical behavior is finally analyzed through a pertur-
bation method around simple buckling (divergence bifurca-
tion), simple flutter (Hopf bifurcation) and DZ critical points
(Takens–Bogdanova–Arnold bifurcation).

2. Model

The case under study consists of a straight fixed-end beam
subjected to a non-conservative follower force of intensity P0
and a conservative couple at the free end made of two con-
servative forces of intensity F0, collinear to the beam axis and
applied at the H and K points (Fig. 1a). The beam is assumed
sufficiently slender in order to neglect the axial and shear de-
formations (Kirchhoff’s beam); moreover a narrow rectangular
cross-section is considered (b>h) (Fig. 1a), so that the flexural

stiffness around the axis orthogonal to the plane’s couple can be
assumed infinitely higher than the other stiffness. It follows that
the straight reference configuration is an equilibrium state for
each values of the loads parameters (P0, F0). The adopted beam
model is an internally constrained one-dimensional Cosserat
rod [10–12].

2.1. Kinematic analysis

A Lagrangian description of the motion is adopted (Fig. 1b).
The beam is assumed to be straight in its rest reference config-
uration C0, coincident with the prestressed equilibrium state,
with directors Dj (j =x, y, z), oriented as the orthonormal ver-
sors of a fixed inertial reference frame (O; aj ). The reference
configuration is therefore described by X(s) = saz, with s ∈
(0, l) and l being the beam length. The actual beam configura-
tion Ct at time t is specified by the vector displacement u(s, t)

and the position vector x(s, t), connected by x(s, t) = X(s) +
u(s, t), and by the proper orthogonal tensor R(s, t) describing
the rotation of the actual directors dj = RDj .

The beam strain measures are defined as the following strain
vectors and curvature tensor, respectively [12]:

e := RTx′ − X′, K = RTR′, (1)

where a prime denotes differentiation with respect to s. De-
noting by (u, v, w) the components of u in the fixed inertial
reference (O; aj ) and decomposing the rotation group R into
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Fig. 1. (a) Beam model and (b) kinematic description.

the product of three successive elementary rotations of ampli-
tude, respectively, �x, �y, ϑ, the components in the reference
configuration of the elongation vector e are

�x=(cos �y cos ϑ)u′ + (sin �x sin �y cos ϑ + cos �x sin ϑ)v′

+(sin �x sin ϑ− cos �x sin �y cos ϑ)w′+2 sin �x sin ϑ

− cos �x sin �y cos ϑ, (2)

�y = −(cos �y sin ϑ)u′+(cos �x cos ϑ− sin �x sin �y sin ϑ)v′

+ (sin �x cos ϑ + cos �x sin �y sin ϑ)w′ + sin �x cos ϑ

+ cos �x sin �y sin ϑ, (3)

�z = (sin �y)u
′ − (sin �x cos �y)v

′ + (cos �x cos �y)w
′

+ cos �x cos �y − 1, (4)

where �x, �y are the shear deformations while �z is the axial
strain. The components of the axial vector associated with the
curvature tensor K are

�x = �′
y sin ϑ + �′

x cos �y cos ϑ,

�y = �′
y cos ϑ − �′

x sin ϑ cos �y ,

�t = ϑ′ + �′
x sin �y , (5)

where �x, �y are the bending curvatures and �t the torsional
curvature. Since the beam is slender and with high flexural
stiffness around the principal axis dy , when compared with
the flexural stiffness around dx , four internal constraints are
introduced, namely �x = �y = �z = �y = 0. These conditions
constitute a set of four coupled non-linear differential equations,
in six kinematic variables (u, v, w,�x, �y, ϑ), allowing hence
for the description of the actual configuration in terms of two
kinematic variables only. Assuming v and ϑ as independent
variables, by means of a standard perturbative procedure, the
following asymptotic expansion, truncated at the third order,
are obtained (see Appendix A):

u = −
∫ s

0

∫ s

0
ϑv′′ ds ds, w = −

∫ s

0

1

2
v′2 ds,

�x = −v′ − 1

6
v′3, �y = −

∫ s

0
ϑv′′ ds, (6)

where the geometrical boundary conditions

u(0, t) = 0 R(0, t) = I (7)

have been used. Furthermore, the non-zero curvature measures
becomes

�x = −v′′ − 1

2
(v′2v′′ + ϑ2v′′), �t=ϑ′+v′′

∫ s

0
ϑv′′ ds. (8)

2.2. Equations of motion

Denoting by t(s, t) and m(s, t) the internal contact force and
couple, respectively, and with b(s, t) and c(s, t) the density
external forces and couples, respectively, representing damping
and inertial actions, the dynamic balance equations are

t′ + b = 0, m′ + x′ × t + c = 0, (9)

where x′ =X′ +u′ =az +u′. By considering different damping
coefficients for the translational and rotational viscous forces
(cv, cϑ), and neglecting the rotational viscous and inertial forces
around the principal cross-section (x, y) axes, the following
expressions hold in Eq. (9):

b = −�Aü − cvu̇, c = −(�IGϑ̈ + cϑϑ̇)dz, (10)

where �, A, IG, are the mass density, the cross-section area and
the polar inertia, respectively. The external loads, applied at the
free end, consist of a follower force, P = −P0dz, and a con-
servative couple made of two forces applied in H, K (Fig. 1a),
FH,K=±F0az, statically equivalent to a torque M=F0h dx×az.
Henceforth, the equilibrium boundary conditions are

t(l, t) = −P0dz, m(l, t) = M0dx × Dz, (11)

where M0 = F0h, h being the length of the beam cross-section
along the dx director.

The prestresses contact force and couple are obtained solving
Eqs. (9) and (11) with x′ = Dz, obtaining

t0(s) = −P0Dz, m0(s) = −M0Dy . (12)

Decomposing the contact force and couple (t, m) into the sum
of prestress static (t0, m0) and dynamic (t̃, m̃) components and
taking into account the prestress solution (Eq. (12)), equilibrium
field Eq. (9) for the dynamic components are (omitting tilde):

t′ + b = 0, m′ + Dz × t + u′ × (t0 + t) + c = 0 (13)

while the boundary conditions Eq. (11) becomes

t(l, t) = P0(Dz − dz), m(l, t) = M0(Dy + dx × Dz). (14)



The introduction of inner constraints implies the presence of
reactive terms in contact actions. Thus, the contact actions in
the actual basis (x; dj ), namely t = Txdx + Tydy + Ndz and
m = Mxdx + Mydy + Mtdz, are decomposable in an active
part (Mx, Mt) related to non-null deformations (�x, �t), and a
reactive part (t, My) associated with null deformations (e, �y).
The active part is related to displacements via a constitutive law

Mx = EI�x, Mt = GJ�t , (15)

where I is the weak inertia momentum (I = Ix), J the torsional
inertia, E the Young modulus, and G the tangential elastic mod-
ulus. The reactive part is condensed via direct integration of the
equations of motion. From Eq. (13)1 the reactive contact force
t is derived, namely

t = P0(Dz − dz) −
∫ s

l

b ds, (16)

where the boundary conditions Eq. (14) have been used. By
introducing the following non-dimensional quantities:

t̂ = �vt, ŝ = s

l
, v̂ = v

l
, �2

v = EI

�Al4 , �2
ϑ = GJ

�IGl2 ,

� = �ϑ

�v

,

p = P0l
2

EI
, m = M0l

EI
, 	2 = Al2

IG

, �v = cv

2�v�A
,

�ϑ = cϑ

2�ϑ�IG

, (17)

the components of the reactive contact force in the actual basis,
omitting the hat, are

tx = −p

∫ 1

0
v′′ϑ ds−

∫ s

1

∫ s

0

∫ s

0
[(ϑv′′)..+2�v(ϑv′′).] ds ds ds,

ty = −pv′(1) +
∫ s

1
(v̈ + 2�vv̇) ds,

tz = p
v′(1)2

2
− 1

2

∫ s

1

∫ s

0
[(v′2).. + 2�v(v

′2).] ds ds, (18)

where tj = Tj l
2/EI (j = x, y, z) and the approximated kine-

matic field Eq. (6) have been used (see Eq. (A.5) in Appendix
A for the expression of tensor R).

The moment balance dynamic equations Eq. (13)2, with the
associated boundary conditions Eq. (14)2, projected along the
ay direction, allows for the evaluation of the reactive moment
My(s). By a perturbative analysis, we have (see Appendix B)

my(s) = − m

2
v′(1)2 + v′′(1)ϑ(1) − �2

	2 ϑ′(1)v′(1)

−
∫ s

1

[
�2

	2 (ϑ′v′)′ − (v′′ϑ)′
]

ds −
∫ s

1
tx ds

− m

∫ s

1
(v′v′′ + ϑϑ′) ds + p

∫ s

0

∫ s

1
ϑv′′ ds ds (19)

having set my =Myl/EI , where Eqs. (6) and (8) have also been
used. The non-dimensional non-linear equations of motion are

derived by projecting the moment balance dynamic equations
Eq. (13)2 along the ax , az directions:

v̈ + 2�vv̇ + vIV − mϑ′′ + pv′′ + nv(v, ϑ) = 0,

ϑ̈ + 2��ϑϑ̇ − �2ϑ′′ − 	2mv′′ + nϑ(v, ϑ) = 0, (20)

where

nv(v, ϑ) = (myϑ)′′ − 1

2
(tyv

′2)′ − (tzv
′)′

+ �2

	2

(
ϑϑ′v′′′ + ϑ′2v′′ − ϑ′′′

∫ s

0
v′′ϑ ds

)

+
(

v′′3 + 3v′v′′v′′′ + v′2vIV

2

)

+ m

(
ϑ′2ϑ + ϑ′′ϑ2

2
− 2v′′2ϑ − 2v′′′

∫ s

0
v′′ϑ ds

)
,

(21)

nϑ(v, ϑ) = (myv
′)′ + txv

′ + ty

∫ s

0
v′′ϑ ds

− 	2
(

v′v′′ϑ′ + v′v′′′ϑ + v′′′
∫ s

0
v′′ϑ ds

)

− �2
(

v′′2ϑ − ϑ′′v′2

2
− v′v′′ϑ′ + v′′′

∫ s

0
v′′ϑ ds

)

− m	2

(
ϑ2v′′

2
− v′ϑϑ′ − ϑ′

∫ s

0
v′′ϑ ds

)
. (22)

The associated kinematic boundary conditions (Eq. (7)) are

v = 0, v′ = 0, ϑ = 0 in s = 0 (23)

while the mechanical boundary conditions (Eq. (14)2), pro-
jected along the ax, az directions are

�2ϑ′ + 	2mv′ + bt (v, ϑ) = 0,

−v′′′ + mϑ′ + bT (v, ϑ) = 0 in s = 1,

v′′ + bM(v, ϑ) = 0, (24)

where

bt (v, ϑ) = − 	2myv
′ + [(�2 + 	2)v′′ − 	2mϑ]

∫ 1

0
v′′ϑ ds

+ 	2v′′v′ϑ − �2

2
v′2ϑ′ − 	2m

2
v′ϑ2,

bT (v, ϑ) = − (myϑ)′ + �2

	2

(
−ϑϑ′v′′ + ϑ′′

∫ 1

0
v′′ϑ ds

)

− m

2
ϑ2ϑ′ −

(
v′v′′2 + v′2v′′′

2

)

+ p

2
v′3 + 2mv′′

∫ 1

0
v′′ϑ ds, (25)

bM(v, ϑ) = myϑ −
(

�2

	2 ϑ′ + mv′
)∫ 1

0
v′′ϑ ds

+ 1

2
v′2v′′ − m

2
v′2ϑ.



3. Stability analysis of the trivial path

In this section, the buckling and flutter boundaries are de-
rived by means of static and dynamic approach, respectively.
The non-dimensional loads p and m (Eq. (17)) are assumed as
control parameters.

3.1. Buckling

As well known, for the evaluation of the critical buckling
boundaries, it is sufficient to consider only the linear static
parts of Eqs. (20), (23) and (24). By eliminating the torsional
angle ϑ, the following ordinary differential equation in terms
of the v variable only is obtained:

vIV + 
2(p, m)v′′ = 0, (26)

where


2(p, m) = p + 	2m2

�2 (27)

with the condensed boundary conditions

v = 0, v′ = 0 in s = 0,

v′′ = 0, v′′′ + 
2(0, m)v′ = 0 in s = 1. (28)

Solution of Eq. (26) returns

�v(s) = c0 + c1s + c2 sin 
s + c3 cos 
s (29)

while the torsional angle ϑ(s) is given by

�ϑ(s) = −	2m

�2 �v(s) (30)

having set �v = v, �ϑ = ϑ. Inserting Eq. (29) into the bound-
ary conditions Eq. (28), a homogeneous linear system for the
ck’s (k = 0, 1, 2, 3), is obtained, resulting in a transcendental
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Fig. 2. (a) Buckling boundaries scenario and (b) first buckling curve.

real characteristic equation

fs(p, m) = cos[
(p, m)] − 1 + 
2(p, m)


2(0, m)
= 0. (31)

Eq. (31) implicitly define the buckling boundaries in the
load parameters space (p, m). They consist of an infinity of
branches, each originating in the m-axis, reaching a maximum
in the first quadrant and then closing again in the m-axis. The
intersection of these curves on the m-axis supply the critical
flexural-torsional buckling moments, whose values can be ex-
plicitly evaluated from Eq. (31) taking p = 0, obtaining (see
e.g. [14])

mj = (1 + 2j)
��

2	
, j = 0, 1, . . . (32)

Figs. 2a and b show the buckling boundaries scenario, for a
steel beam with �v =0.013, �ϑ =1.445 and 	=86.550, in the
normalized load parameters space (p∗ = p/p0, m

∗ = m/m0),
where p0 is the non-dimensional follower Beck’s critical load,
equal to p0 = 20.19 and m0 is the critical flexural-torsional
buckling moment, obtained by Eq. (32) for j =0. Figs. 3 shows
the flexural and torsional components of buckling eigenmodes
defined in Eqs. (29) and (30) evaluated at point B on the first
buckling curve, Fig. 2b. The first critical boundary confirms
the known results previously obtained by other authors (see,
e.g. [8]) about the stabilizing effects of non-conservative forces
in buckling phenomena caused by conservative forces, since p
increases the lowest critical couple m0.

3.2. Flutter

The evaluation of the flutter boundaries requires the anal-
ysis of the small oscillations around the trivial configura-
tion, ruled by non-dimensional linearized equation of mo-
tion obtained by Eq. (20), with the associated kinematic
boundary conditions, Eq. (23), and the mechanical boundary
conditions, Eq. (24). Flutter occurs when the linear motion
v(s, t) = �v(s) exp t, ϑ(s, t) = �ϑ(s) exp t , is harmonic,
i.e. the eigenvalue  is purely imaginary,  = i�, where �
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is the non-dimensional linearized small oscillation frequency.
The associated solution reads[

v

ϑ

]
=

6∑
j=1

Cj

[
aj

bj

]
e�j sei�t , (33)

where

aj = −�2 + 2i��ϑ� − �2�2
j , bj = 	2�2

jm. (34)

Moreover, Cj are complex unknown coefficients and �j are the
space frequencies, roots of the characteristic equation

�6 + �1�
4 + �2�

2 + �3 = 0, (35)

where

�1 = [p�2 − 	2m2 + 2i��ϑ� + �2]/�2,

�2 = −i[2(�v�
2 + p��ϑ) + i(p − �2)�]�/�2,

�3 = [4�v�ϑ� + 2i(�v + ��ϑ)� − �2]�2/�2. (36)

By imposing that solution Eq. (33) respects the associated
boundary conditions, a critical condition of the form

fd(p, m,�) = 0 (37)

is obtained, where fd(p, m,�) is a complex function of the
control parameters (p, m) and of the frequency �. Eq. (37)
implicitly define the flutter boundaries in the (p, m) plane.
Since closed-form solutions for Eq. (37) are not available, a
path-following procedure has been used instead. The frequency
parameter � has been adopted as continuation parameter, the
space frequencies �j then evaluated by numerically solving Eq.
(35), and finally the (p, m) parameters obtained zeroing the real
and imaginary parts of fd(p, m,�). The origin of the flutter
curves on the p-axis supply the critical follower loads, that for
�= 0 coincide with the Beck’s critical values [8]. These can be
explicitly evaluated as solution of the transcendental equation

tan
√

p = √
p (38)

whose first solutions are p1 = 20.19, p2 = 59.68, p3 = 118.89.
In the normalized parameters space (p∗, m∗) the flutter curves

for the beam under examination are shown in Fig. 4a, for dif-
ferent values of the damping parameters �=�v =�ϑ. The flutter
boundaries confirm that the conservative action m has a non-
stabilizing effect on flutter critical axial load p. Moreover, as
shown in Fig. 4a, the flutter boundaries tend to a unique point,
DZ, not depending by the damping values (similarly to the
Herrmann model [2]), belonging to the first buckling critical
boundary, in correspondence of which the natural frequency �
goes to zero. Fig. 4b show this circumstance: the natural fre-
quency � evaluated along the flutter curves, parameterized in
m, attains a zero value corresponding to the DZ point and in-
creases while approaching the p-axis. Figs. 5a and b show the
flexural and torsional flutter eigenmodes defined in Eq. (33) at
the F point of Fig. 4a.

3.3. Double zero

It is well known [15] that the coalescent point of a buckling
and a flutter boundaries identifies a DZ critical point, where the
characteristic equation (Eq. (37)) admits the zero natural fre-
quency with multiplicity equal to two. Although the DZ point
belong to the buckling curve, a static approach does not per-
mit its evaluation because of its intrinsic dynamic nature. The
evaluation of this point can be pursued independent of Flutter
analysis, by considering the McLaurin series expansion of the
dynamic characteristic equation Eq. (37) [16]:

fd(p, m,�) = f0(p, m) + f1(p, m)� + O(�2), (39)

where

f0(p, m) = fs(p, m), f1(p, m) = �fd(p, m,�)

��

∣∣∣∣
�=0

(40)

and by imposing that

f0(p, m) = 0, f1(p, m) = 0. (41)

Eq. (41) confirms analytically the dynamic nature of the DZ
point, because of its dependency on the damping parameters
(�v, �ϑ). In contrast it does not depend on the inertial terms,
since these are of higher order near the zero frequency. Fig. 6
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shows the buckling boundary (solid line, Eq. (41)1), and the
zero-gradient condition (dashed line, Eq. (41)2), for different
values of the damping parameter �. These curves cross the
buckling curve at the DZ point, allowing its evaluation.

It is worth noting that to the algebraic multiplicity two of
the zero frequency corresponds a geometric multiplicity equal
to one, i.e. only one proper eigenfunction, coincident with the
buckling mode, exists. To complete the basis of the eigenfunc-
tions a Keldish chain must be considered, examined in detail
in Part II.

4. Conclusions

The stability of narrow rectangular cross-section beams with
thin walls under simultaneous action of conservative and non-
conservative loads has been discussed. The beam has been con-
sidered as a one-dimensional continuum model with a local
rigid structure, capable of describing the mechanical behavior
of the body in finite displacement regime. Non-linear, partial
integro-differential equations of motion have been derived ex-
panded up to cubic terms in the transversal displacement and
torsional angle of the beam. The linear stability of the trivial
equilibrium reveals the existence of buckling, flutter and DZ



critical points. The structure exhibits three instability forms,
two of codimension one (buckling and flutter) and one of codi-
mension two (double-zero bifurcation). The spectral properties
and critical modes of these three instability mechanism have
been derived and discussed.

Appendix A. Perturbation analysis of the kinematic con-
straints

The (v, ϑ) components are assumed as active kinematic vari-
ables while the remaining (u, w,�x, �y) as passive variables,
following from the internal constraints �x = �y = � = �y = 0.

To solve them, a perturbation parameter � is introduced by
scaling the active variables as v = �v̂, ϑ = �ϑ̂. An inspection
of Eqs. (2)–(4), expanded in � series, reveals that �x is an
odd function of �, while u, w and �y are even functions of �.
Therefore, expanding these variables in Taylor series, it follows
that(

u

w

�y

)
= �2

(
u2
w2
�y2

)
+ O(�4),

�x = ��x1
+ �3�x3

+ O(�5). (A.1)

By substituting Eq. (A.1) in the constraint equations, expanding
them up to �3-order terms and separately equating to zero terms
with the same power of �, the following perturbation equations
are drawn:

�: �x1
= −v′

�2:

⎧⎨
⎩

u′
2 − �y2

= −v′ϑ − ϑ�x1
,

w′
2 = �x1

v′ + 1
2�2

x1
,

�y2
= ϑ�′

x1
,

�3: �x3
= −w′

2�x1
+ ϑu′

2 + 1
2v′ϑ2

−�y2
ϑ + 1

2v′�2
x1

+ 1
6�3

x1
+ 1

2ϑ2�x1
,

(A.2)

where the hat has been omitted on v and ϑ. In a similar way,
the geometrical boundary conditions are obtained from Eq. (7):

�: �x1
(0) = 0,

�2: u2(0) = w2(0) = �y2
(0) = 0,

�3: �x3
(0) = 0. (A.3)

Eqs. (A.2) and (A.3) must be solved for the unknown coef-
ficients of series (A.1) and given known terms v and ϑ. By
solving them in chain, we have

�: �x1
= −v′,

�2: u2 = −
∫ s

0

∫ s

0
ϑv′′ ds ds, w2 = −

∫ s

0

v′2

2
ds,

u2 = −
∫ s

0
ϑv′′ ds,

�3: �x3
= −v′3

6
. (A.4)

By substituting relationships Eq. (A.4) in Eq. (A.1) and reab-
sorbing the perturbation parameter �, Eq. (6) are finally found.
With Eq. (A.4), the non-zero curvatures �x, �t , expanded up to
�3-order, reads as in Eq. (8). Furthermore, the rotation tensor
R becomes

R =

⎡
⎢⎢⎢⎢⎢⎣

1 − ϑ2

2
−ϑ + ϑ3

6

∫ s

0 v′′ϑ ds

ϑ − v′ ∫ s

0 v′′ϑ ds − v′2ϑ
2

− ϑ3

6
1 − ϑ2

2
− v′2

2
v′

− ∫ s

0 v′′ϑ ds − v′ϑ −v′ + ϑ
∫ s

0 v′′ϑ ds + v′ϑ2

2
1 − v′2

2

⎤
⎥⎥⎥⎥⎥⎦ . (A.5)

Appendix B. Perturbation analysis of the equilibrium equa-
tion

The moment balance equation Eq. (13)2 is considered; in it

m′ = M ′
xdx + M ′

ydy + M ′
t dz + Mxktdy + My(kxdz

− ktdx) − Mtkxdy , (B.1)

where use has been made of d′
j =RKDj and ky =0. Projecting

on the (ax, ay, az) basis, the following scalar equations are
derived:

M ′
xrxx + M ′

yryx + M ′
t rzx + Mxktryx + My(−ktrxx + kxrzx)

− Mtkxryx − Ty(1 + w′) + v′(Tz − P0) = 0,

M ′
xrxy + M ′

yryy + M ′
t rzy + Mxktryy + My(−ktrxy + kxrzy)

− Mtkxryy + Tx(1 + w′) − u′(Tz − P0) = 0,

M ′
xrxz + M ′

yryz + M ′
t rzz + Mxktryz + My(−ktrxz + kxrzz)

− Mtkxryz + u′Ty − v′Tx = 0, (B.2)

where rij = Di · dj (i, j = x, y, z) are the elements of the
rotation tensor R. Similarly, the projected associated boundary
conditions Eq. (14)2 writes

Mxrxx + Myryx + Mtrzx + M0rxy = 0,

Mxrxy + Myryy + Mtrzy + M0(1 − rxx) = 0,

Mxrxz + Myryz + Mtrzz = 0. (B.3)

The constitutive law Eq. (15) and the kinematic relations
Eqs. (6) and (8) are then used to express the active moments
Mx and Mt in terms of displacements (v, ϑ) and moreover the
asymptotic form Eq. (A.5) of the rotation tensor R is used.
Field equation Eq. (B.2)2 with the associate boundary con-
dition Eq. (B.3)2 is asymptotically solved for the unknown
reactive moment My .
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By introducing the scaling My = �2M̂y, v = �v̂, ϑ= �ϑ̂, these
reads

M ′
y + GJ(ϑ′v′′ + ϑ′′v′) − EI(v′′′ϑ + v′′ϑ′)

+ M0(ϑ
′ϑ + v′′v′) − P0

∫ s

0
ϑv′′ ds + Tx = 0,

My + GJϑ′v′ − EIv′′ϑ + M0

2
v′2 = 0, s = l, (B.4)

where terms up to the �2 order have been considered and the
hat omitted. After integration, solution Eq. (18) is recovered.
The remaining Eq. (B.2)1,3 and boundary Eq. (B.3)1,3, after
differentiation lead to the final equations Eq. (20).
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