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Summary The three-dimensional stability of an inflection-free boundary layer flow of length scale L and maximum velocity U0 in
a stably stratified fluid of constant Brunt-Väisälä frequency N is examined in an inviscid Boussinesq framework. The plane of the
boundary layer is assumed to be inclined with an angle θ with respect to the vertical direction of stratification. The stability analysis
is performed using both numerical and theoretical methods for all the values of θ and Froude number F = U0/(LN). The boundary
layer flow is found to be unstable whatever F as soon as θ 6= 0. The growth rate of the most unstable mode is shown to increase
with the inclination angle to reach its maximum for a vertical boundary layer θ = π/2. The mechanism of instability is shown to be
associated with internal gravity wave emission. In the strongly stratified limit, frequency and growth rate become independent of the
Froude number and proportional to the sine of the inclination angle (as long as F/ sin θ � 1).

INTRODUCTION

Tollmien-Schlichting waves are viscous perturbations which are usually responsible for the destabilisation of inflection-
free boundary layers such as the Blasius boundary layer. These unstable waves do not exist in an inviscid framework.
However, in the presence of stratification, inflection-free boundary layer flows can become unstable with respect to new
inviscid instability modes. The goal of the present study is to analyse the characteristics of such instability modes. We
also want to understand the effect of the inclination angle between the shear plane and the direction of stratification on the
stability properties.
In stratified fluids, most studies have considered configurations where shear and stratification are aligned in the same
direction. Moreover, they have mainly been concerned with the effects of stratification on the shear instability in relation
with the Richardson criterion for instability [8]. Yet, the presence of a ground has also been shown to create other less
unstable modes [5]. Although the presence of an inflection point is not a necessary condition for instability when a solid
ground is present [3], inflection-free profiles generally remain stable in a inviscid framework when shear and stratification
are aligned in the same direction [4]. Here we demonstrate that when shear and stratification are not aligned, the flow
exhibits unstable radiative modes owing to the stratification. These radiative modes, whose unstable character is associated
with the wave emission are similar to the acoustic waves of compressible flows [7, 12]. They have also been obtained in
shallow water shear flows (e.g. [10]). In a continuously stratified fluid, they have been found in columnar vortices [11, 6]
and rotating flows [9]. The instability mechanism is directly related to the mechanism of over-reflection [1, 6].

FRAMEWORK

We consider a 2D boundary layer flow of length scale L and maximum velocity U0 with a hyperbolic tangent profile
in a stably stratified fluid of constant Brunt-Väisälä frequency N . The plane of the boundary layer is assumed to be
inclined with an angle θ with respect to the vertical direction of stratification as indicated in figure 1(a). The stability
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Figure 1. (a) Sketch of the base flow and definition of the angle θ. (b) Eigenfunction (pressure amplitude) of the most unstable mode
(obtained for kx/(kyF ) ≈ 4.9 and large kx and ky) when F/ sin θ � 1. Absolute value (thick solid line); real part (solid line);
imaginary part (dashed line).

characteristics of this base flow, which is defined by its Froude number F = U0/(LN) and the inclination angle θ, are
determined in a inviscid, incompressible, Boussinesq framework using a temporal normal mode approach. The eigenvalue
problem for the complex frequency ω is solved using a shooting method. We denote by kx and ky , the wavenumbers in
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the x and y directions, respectively (see figure 1(a)). <e(ω) and =m(ω) are the (real) frequency and the growth rate of
the perturbation.

RESULTS

We demonstrate that as soon as θ > 0, that is the boundary surface is not horizontal, the flow is unstable for any Froude
number. The most unstable modes are obtained for large values of kx and ky with a fixed ratio ky/kx. Their characteristics
as a function of F are displayed in figure 2 for various θ. For all F , we observe that the flow is the most unstable for a
vertical boundary layer (θ = π/2). The flow is also the most unstable when the stratification is strong (small F ). In this
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Figure 2. Characteristics of the most unstable mode over all ky/kx as a function of F for θ = π/8, π/4, 3π/8, π/2. (a) Maximum
growth rate =m(ω). (b) Frequency <e(ω). (c) Maximizing ratio ky/kx. The dotted lines are the predictions obtained from small and
large F analyses.

limit, the stability problem can be simplified if F/ sin θ is also small: the dependence with respect to F and θ becomes
trivial as the complex frequency of the most unstable modes can be written as

ω(kx, ky, F, θ) ∼ ωmax(kyF/kx) sin θ. (1)

The most unstable mode is obtained for kyF/kx ≈ 4.9, and its spatial structure is represented in figure 1(b). The radiative
structure of the eigenmode is clearly visible on this plot. This internal wave emission is responsible for the growth of the
mode by the mechanism of over-reflection explained in [1] and [6].
Because the most unstable modes are obtained for large kx and ky the instability characteristics only depend on the local
shear rate of the flow near the wall. Therefore, they do not depend on the precise form of the boundary layer profile as
long as it is not inflexional and with a non-vanishing shear rate at the boundary. In particular, the results apply to the
Blasius boundary layer profile as well as other more realistic local boundary layer profiles. A more detailed account of
this work can be found in [2].
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