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Numerical null controllability of the 1D heat

equation: dual methods

Enrique Fernández-Cara∗
and Arnaud Münch†

Abstract

This paper deals with the numerical computation of distributed null controls for the 1D heat

equation. The goal is to compute a control that drives (a numerical approximation of) the

solution from a prescribed initial state at t = 0 exactly to zero at t = T . We extend the

earlier contribution of Carthel, Glowinski and Lions [5], which is devoted to the computation

of minimal L2-norm controls. We start from some constrained extremal problems introduced

by Fursikov and Imanuvilov [15]) and we apply appropriate duality techniques. Then, we

introduce numerical approximations of the associated dual problems and we apply conjugate

gradient algorithms. Finally, we present several experiments, we highlight the influence of the

weights and we analyze this approach in terms of robustness and efficiency.

Keywords: one-dimensional heat equation, null controllability, finite element methods, dual meth-

ods, conjugate gradient algorithm.
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1 Introduction. The null controllability problem

We are mainly concerned in this work with the null controllability problem for 1D heat equation.

The state equation is the following:











yt − (a(x)yx)x +A(x, t) y = v1ω, (x, t) ∈ (0, 1)× (0, T )

y(x, t) = 0, (x, t) ∈ {0, 1} × (0, T )

y(x, 0) = y0(x), x ∈ (0, 1).

(1)

Here, ω ⊂⊂ (0, 1) is a (small) non-empty open interval, 1ω is the associated characteristic

function, T > 0, a ∈ L∞(0, 1) with a(x) ≥ a0 > 0 a.e., A ∈ L∞((0, 1) × (0, T )) and y0 ∈ L2(0, 1).

In (1), v ∈ L2(ω × (0, T )) is the control and y = y(x, t) is the associated state.

In the sequel, for any τ > 0, we will denote by Qτ , Στ and qτ the sets (0, 1)×(0, τ), {0, 1}×(0, τ)

and ω × (0, τ), respectively. We will also use the following notation:

Ly := yt − (a(x)yx)x +A(x, t) y, L∗z := −zt − (a(x)zx)x +A(x, t) z.
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1 INTRODUCTION. THE NULL CONTROLLABILITY PROBLEM 2

For any y0 ∈ L2(0, 1) and v ∈ L2(qT ), it is well-known that there exists exactly one solution y

to (1), with

y ∈ C0([0, T ];L2(0, 1)) ∩ L2(0, T ;H1
0 (0, 1)).

Accordingly, for any final time T > 0, the associated null controllability problem at T is the

following: for each y0 ∈ L2(0, 1), find v ∈ L2(qT ) such that the associated solution to (1) satisfies

y(x, T ) = 0, x ∈ (0, 1). (2)

The controllability of PDEs is an important area of research and has been the subject of many

papers in recent years. For the most relevant references, in particular those concerning the existence

and numerical approximation of null controls for linear and semilinear heat equations, see [11].

This paper is devoted to design and analyze numerical methods for the previous null controlla-

bility problem based on duality arguments. It may be viewed as a complement of [11], where the

direct computation of null controls has been achieved; see below.

In the context of numerical controllability, so far, the approximation of controls of minimal

L2 norm has focused most of the attention. The first contribution was due to Carthel, Glowinski

and Lions in [5], who replaced the original constrained minimization problem by an unconstrained

extremal (dual) problem, a priori easier to solve. However, the resulting problem involves some

dual spaces which are very difficult, if not impossible, to approximate numerically.

More precisely, the null control of minimal norm in L2(qT ) is given by v = φ 1ω, where φ solves

the backward heat equation











− φt − (a(x)φx)x +A(x, t)φ = 0, (x, t) ∈ (0, 1)× (0, T )

φ(x, t) = 0, (x, t) ∈ {0, 1} × (0, T )

φ(x, T ) = φT (x), x ∈ (0, 1)

(3)

and φT minimizes the strictly convex and coercive functional

I(φT ) =
1

2
‖φ‖2L2(qT ) − (φ(· , 0), y0)L2(0,1) (4)

over the Hilbert space H defined by the completion of L2(0, 1) with respect to the norm ‖φ‖L2(qT ).

The coercivity of I in H is a consequence of the so-called observability inequality

‖φ(· , 0)‖2L2(0,1) ≤ C

∫∫

qT

|φ|2 dx dt ∀φT ∈ L2(0, 1), (5)

that holds for for some constant C = C(ω, T ) and, in turn, this is a consequence of some appropriate

global Carleman inequalities; see [15] and [10].

As discussed in length in [24] (see also [18, 21]), the minimization of I is numerically ill-posed,

essentially because of the hugeness of H. Notice that, in particular, H−s(0, 1) ⊂ H for any s > 0;

see also [1], where the degree of ill-posedness is investigated in the boundary situation.

All this explains why in [5] the approximate controllability problem is considered and I is

replaced by Iǫ, where

Iǫ(φT ) := I(φT ) + ǫ‖φT ‖L2(0,1)

for any ǫ > 0. Now, the minimizer φT,ǫ belongs to L2(0, 1) and the corresponding control vǫ
produces a state yǫ with ‖yǫ(· , T )‖L2(0,1) ≤ ǫ. But, as ǫ → 0+, high oscillations are observed for

the controls vǫ near the controllability time T , see [24].
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In this paper, we will consider the following extremal problem, introduced by Fursikov and Ima-

nuvilov in [15]:











Minimize J(y, v) =
1

2

∫∫

QT

ρ2|y|2 dx dt+
1

2

∫∫

qT

ρ20|v|
2 dx dt

Subject to (y, v) ∈ C(y0, T ).

(6)

Here, we denote by C(y0, T ) the linear manifold

C(y0, T ) = { (y, v) : v ∈ L2(qT ), y solves (1) and satisfies (2) }

and we assume (at least) that

{

ρ = ρ(x, t), ρ0 = ρ0(x, t) are continuous and ≥ ρ∗ > 0 in QT and

ρ, ρ0 ∈ L∞(QT−δ) ∀δ > 0
(7)

(hence, they can blow up as t→ T−).

It is well known that (6) possesses exactly one solution, see [15]; see also [11] for the detailed

argument.

In order to find a solution to (6), we can apply methods of two kinds :

• Primal methods, that provide an optimal couple (y, v) satisfying the constraint (y, v) ∈

C(y0, T ) and usually rely on the characterization of optimality; they have been considered,

analyzed and applied in [11].

• Dual methods, in the spirit of the pioneering contribution of Carthel, Glowinski and Lions

in [5] (see also [17]), that rely on appropriate reformulations of (6) as unconstrained problems

and use new (dual) variables. This will be the objective of the present paper.

The paper is organized as follows.

In Section 2, we apply the Fenchel-Rockafellar duality theory to (6). To this end, we first

introduce some approximations to (6) that lead to well-posed dual problems (see proposition 2.2).

We also prove that the solutions to the latter converge, in an appropriate sense, to the solution to

the original problem (6) (see propositions 2.1 and 2.3).

In Section 3, we apply gradient methods in this dual framework. More precisely, Section 3.1

is concerned with a conjugate gradient type algorithm, while Section 3.2 deals with the finite

dimensional approximation of the control problems.

In Section 3.3, we present several numerical experiments that show that the behavior of the

considered algorithms is satisfactory. Finally, some further comments, additional results and con-

cluding remarks are given in Section 4.

2 Duality and approximation

In this Section, we will try to use the Fenchel-Rockafellar duality approach to convex optimization

(see [9, 26]; see also [7]) in order to formulate the null controllability problem as an unconstrained

extremal problem with good properties. The arguments we are going to present generalize those

in [5] and [16].

The main reason for using duality in the context of (6) is that it is difficult to construct

minimizing sequences; in fact, it is already difficult to construct couples (y, v) in C(y0, T ).
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However, it is not clear how to apply the Fenchel-Rockafellar techniques to (6) directly, mainly

because ρ blows up as t→ T−; recall that the problem considered in [5] corresponds to ρ ≡ 0 and

ρ0 ≡ 1. Consequently, we will first work with well chosen approximations depending on appropriate

parameters and, then, we will try to see what happens in the limit.

For each R > 0, we first consider the following problem :







Minimize JR(y, v) =
1

2

∫∫

QT

ρ2R|y|
2 dx dt+

1

2

∫∫

qT

ρ20|v|
2 dx dt

Subject to (y, v) ∈ C(y0, T ).
(8)

Here, we have used the notation ρR = TR(ρ) := min (ρ,R). Notice that (8) is a new constrained

extremal problem; again, it possesses exactly one solution (yR, vR).

Proposition 2.1 For any R > 0, let (yR, vR) be the unique minimizer of JR in C(y0, T ) and let

us denote by (ŷ, v̂) the unique solution to (6). Then

vR → v̂ strongly in L2(qT ) and yR → ŷ strongly in L2(QT ) as R→ +∞. (9)

Proof: First, notice that

JR(ŷ, v̂) =
1

2

(
∫∫

QT

ρ2R|ŷ|
2 dx dt+

∫∫

qT

ρ20|v̂|
2 dx dt

)

≤ J(ŷ, v̂)

for all R > 0. Consequently, the solutions to the problem (8) satisfy

JR(yR, vR) =
1

2

(
∫∫

QT

ρ2R|yR|
2 dx dt+

∫∫

qT

ρ20|vR|
2 dx dt

)

≤ J(ŷ, v̂).

This shows that ρRyR is uniformly bounded in L2(QT ) and ρ0vR is uniformly bounded in L2(qT ).

Therefore, at least for some subsequence one has

ρ0vR → w weakly in L2(qT ) and ρRyR → z weakly in L2(QT ). (10)

Let us set ỹ = ρ−1z and ṽ = ρ−1
0 w. Then, it is clear from (10) that

vR = ρ−1
0 (ρ0vR) → ṽ weakly in L2(qT ) and yR = ρ−1

R (ρRyR) → ỹ weakly in L2(QT ).

In fact, ỹ is the state associated to ṽ and yR converges strongly to ỹ.

For every (y′, v′) ∈ C(y0, T ), one has

J(ỹ, ṽ) ≤
1

2
lim inf
R→+∞

(
∫∫

QT

ρ2R|yR|
2 dx dt+

∫∫

qT

ρ20|vR|
2 dx dt

)

≤
1

2
lim

R→+∞

(
∫∫

QT

ρ2R|y
′|2 dx dt+

∫∫

qT

ρ20|v
′|2 dx dt

)

= J(y′, v′).

(11)

Hence, (ỹ, ṽ) = (ŷ, v̂). Finally, we also deduce from (10) that

lim sup
R→+∞

(
∫∫

QT

ρ2R|yR|
2 dx dt+

∫∫

qT

ρ20|vR|
2 dx dt

)

≤ J(ỹ, ṽ),

whence we see that (9) holds. ✷
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Once again, it is difficult to construct a minimizing sequence for (8). On the other hand, as

shown below, the constraint y(· , T ) = 0 is related to the existence of multipliers in a (very) large

space, difficult to handle in practice.

For these reasons, it is also convenient to consider for any R > 0 and ε > 0 the following

unconstrained and penalized problem:






Minimize JR,ε(y, v) =
1

2

∫∫

QT

ρ2R|y|
2 dx dt+

1

2

∫∫

qT

ρ20|v|
2 dx dt+

1

2ε
‖y(· , T )‖2L2

Subject to (y, v) ∈ A(y0, T )
(12)

where

A(y0, T ) = { (y, v) : v ∈ L2(qT ), y solves (1) }.

The analysis of problems (8) and (12) will provide useful indications on what to do in order to

solve (6).

To this end, let us denote by y the solution to (1) with v = 0 and let us introduce the operators

M ∈ L(L2(qT );L
2(QT )) and B ∈ L(L2(qT );L

2(0, 1)), with

Mv = zv, Bv = zv(· , T )

for all v ∈ L2(qT ), where zv is the solution to
{

Lz = v1ω, (x, t) ∈ QT

z(x, t) = 0, (x, t) ∈ ΣT , z(x, 0) = 0, x ∈ (0, 1)
(13)

Accordingly, the solution y of (1) can be decomposed in the form

y =Mv + y. (14)

Clearly, M and B are linear bounded operators on L2(qT ). The adjoints M⋆ and B⋆ are given

as follows:

• For each µ ∈ L2(QT ), M
⋆µ = ζ|qT , where ζ is the solution to the backwards system

{

L ζ = µ, (x, t) ∈ QT

ζ(x, t) = 0, (x, t) ∈ ΣT , ζ(x, T ) = 0, x ∈ (0, 1)
(15)

• For each ϕT ∈ L2(0, 1), B⋆ϕT = ϕ|qT , where ϕ is the solution to
{

L⋆ϕ = 0, (x, t) ∈ QT

ϕ(x, t) = 0, (x, t) ∈ ΣT , ϕ(x, T ) = ϕT (x), x ∈ (0, 1)
(16)

Then we associate to (12) the following dual (well-posed) problem:


























Minimize J⋆
R,ε(µ, ϕT ) =

1

2

(
∫∫

QT

ρ−2
R |µ|2 dx dt+

∫∫

qT

ρ−2
0 |ψ|2 dx dt

)

+

∫ 1

0

ψ(x, 0) y0(x) dx+
ε

2
‖ϕT ‖

2
L2

Subject to (µ, ϕT ) ∈ V

(17)

where, for any (µ, ϕT ) ∈ L2(QT )×L
2(0, 1), we have set ψ =M⋆µ+B⋆ϕT , i.e. ψ is the solution to

{

L⋆ ψ = µ, (x, t) ∈ QT

ψ = 0, (x, t) ∈ ΣT , ψ(x, T ) = ϕT (x), x ∈ (0, 1)
(18)

In the following result, we explain how (17) is related to (12):
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Proposition 2.2 The unconstrained extremal problem (17) is dual to (12) in the sense of the

Fenchel-Rockafellar theory. Furthermore, (17) is stable and possesses a unique solution. Finally,

if we denote by (yR,ε, vR,ε) the unique solution to (12), we denote by (µR,ε, ϕT,R,ε) the unique

solution to (17) and we set ψR,ε =M⋆µR,ε +B⋆ϕT,R,ε, then the following relations hold:

vR,ε = ρ−2
0 ψR,ε|qT , yR,ε = −ρ−2

R µR,ε, yR,ε(· , T ) = −εϕT,R,ε. (19)

Proof: In view of the decomposition (14), we can write that JR,ε(y, v) = F (Mv,Bv) +G(v) for

any (y, v) ∈ A(y0, T ). Here, we have introduced the functions F and G, with

F (z, zT ) =
1

2

∫∫

QT

ρ2R|z + y|2 dx dt+
1

2ε

∫ 1

0

|zT (x) + y(x, T )|2 dx

and

G(v) =
1

2

∫∫

QT

ρ20|v|
2 dx dt.

The functions F : L2(QT )× L2(qT ) 7→ R and G : L2(qT ) 7→ R are both convex and continuous

and we can apply the duality Theorem of W. Fenchel and T.R. Rockafellar; see Theorem 4.2 p. 60

in [7]. We deduce that

inf
A(y0,T )

JR,ε(y, v) = − inf
V

{

G⋆(M⋆µ+B⋆ϕT ) + F ⋆(−(µ, ϕT ))

}

,

where F ⋆ and G⋆ are the convex conjugate of F and G, respectively.

Notice that

F ⋆(µ, ϕT ) = sup
V

{
∫∫

QT

µ z dx dt+

∫ 1

0

ϕT (x) zT (x) dx− F (z, zT )

}

=
1

2

∫∫

QT

ρ−2
R |µ|2 dx dt−

∫∫

QT

µy dx dt+
ε

2
‖ϕT ‖L2 −

∫ 1

0

ϕT (x) y(x, T ) dx

for all (µ, ϕT ) ∈ V . On the other hand,

G⋆(w) =
1

2

∫∫

QT

ρ−2
0 |w|2 dx dt

for all w ∈ L2(QT ). Therefore,

G⋆(M⋆µ+B⋆ϕT ) + F ⋆(−(µ, ϕT )) =
1

2

∫∫

QT

ρ−2
R |µ|2 dx dt+

1

2

∫∫

QT

ρ−2
0 |ψ|2 dx dt+

ε

2
‖ϕT ‖

2
L2

+

∫∫

QT

µ y dx dt+

∫ 1

0

ϕT (x) y(x, T ) dx

where we have used again the notation ψ =M⋆µ+B⋆ϕT .

Finally, multiplying the state equation of (18) by y and integrating by parts, we obtain that

∫∫

QT

µ y dx dt+

∫ 1

0

ϕT (x) y(x, T ) dx =

∫ 1

0

ψ(x, 0) y0(x) dx,

whence

G⋆(M⋆µ+B⋆ϕT ) + F ⋆(−(µ, ϕT )) =
1

2

(
∫∫

QT

ρ−2
R |µ|2 dx dt+

∫∫

qT

ρ−2
0 |ψ|2 dx dt

)

+

∫ 1

0

ϕ(x, 0) y0(x) dx+
ε

2
‖ϕT ‖

2
L2 .
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This proves that (17) is the dual of (12).

It is also easy to check that (12) and (17) are stable and possess unique solutions. Indeed, the

hypotheses of Theorem 4.2 in [7] are satisfied for (12) (notice that this is not the case for (8), since

the interior of the constraint set C(y0, T ) is empty).

Finally, let us deduce that the optimality conditions (19) hold.

Let us set (y, v) = (yR,ε, vR,ε) and (µ, ϕT ) = (µR,ε, ϕT,R,ε). Then, since (17) and (12) are dual

to each other, one has:

0 =
1

2

∫∫

QT

ρ2R|y|
2 dx dt+

1

2

∫∫

qT

ρ20|v|
2 dx dt+

1

2ε
‖y(· , T )‖2L2

+
1

2

∫∫

QT

ρ−2
R |µ|2 dx dt+

1

2

∫∫

qT

ρ−2
0 |ψ|2 dx dt+ (ψ(· , 0), y0) +

ε

2
‖ϕT ‖

2
L2

=
1

2

∫∫

QT

ρ2R|y + ρ−2
R µ|2 dx dt+

1

2

∫∫

qT

ρ20|v − ρ−2
0 ψ|2 dx dt+

1

2ε
‖y(· , T ) + εϕT ‖

2
L2

−

∫∫

QT

ρ2Ryµ dx dt+

∫∫

qT

ρ20vψ dx dt− (y(· , T ), ϕT )L2 + (ψ(· , 0), y0)L2 .

But the terms in the last line cancel, since ψ =M⋆µ+B⋆ϕT . Consequently,
∫∫

QT

ρ2R|y + ρ−2
R µ|2 dx dt+

∫∫

qT

ρ20|v − ρ−2
0 ψ|2 dx dt+

1

ε
‖y(· , T ) + εϕT ‖

2
L2 = 0

and we get (19). ✷

We now justify the introduction of the parameter ε by analyzing the behavior of the solutions

to the problems (12) as ε→ 0+.

Proposition 2.3 With the notation of proposition 2.2, for each fixed R > 0 one has

vR,ε → vR strongly in L2(qT ) and yR,ε → yR strongly in L2(QT ) as ε→ 0+. (20)

Proof : First, notice that, for each R > 0 and ε > 0, one has
∫∫

QT

ρ2R|yR,ε|
2 dx dt+

∫∫

qT

ρ−2
0 |ψR,ε|

2 dx dt+
1

ε
‖yR,ε(· , T )‖

2
L2 = (ψR,ε(· , 0), y0)L2 . (21)

Indeed, taking into account the equations satisfied by yR,ε and ψR,ε and the identities (19), we

find that the sum of the two integrals in the left hand side of (21) is equal to
∫∫

QT

(L⋆ψR,ε yR,ε − ψR,ε LyR,ε) dx dt = − (ψR,ε(· , t), yR,ε(· , t)L2 |
t=T
t=0

= (ψR,ε(· , 0), y0)L2 −
1

ε
‖yR,ε(· , T )‖L2 .

Now, from lemma 2.2 in [11] applied to ψR,ε, we deduce that the left hand side of (21) is uniformly

bounded. Indeed, we have
∫∫

QT

ρ2R|yR,ε|
2 dx dt+

∫∫

qT

ρ−2
0 |ψR,ε|

2 dx dt+
1

ε
‖yR,ε(· , T )‖

2
L2

≤ ‖ψR,ε(· , 0)‖L2 ‖y0‖L2

≤ C ‖y0‖L2

(
∫∫

QT

ρ−2ρ4R|yR,ε|
2 dx dt+

∫∫

qT

ρ−2
0 |ψR,ε|

2 dx dt

)1/2

≤ C ‖y0‖L2

(
∫∫

QT

ρ2R|yR,ε|
2 dx dt+

∫∫

qT

ρ−2
0 |ψR,ε|

2 dx dt

)1/2

.
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Therefore, ρR yR,ε is uniformly bounded in L2(QT ), ρ0 vR,ε = ρ−1
0 ψR,ε|qT is uniformly bounded

in L2(qT ), ‖yR,ε(· , T )‖L2 ≤ Cε1/2 and, at least for some subsequence, one has

ρR yR,ε → zR = ρR ỹR weakly in L2(QT ) and ρ0 vR,ε → wR = ρ0 ṽR weakly in L2(qT ) (22)

as ε→ 0+.

Obviously, ỹR is the state associated to ṽR and yR,ε converges strongly to ỹR in L2(QT ).

Moreover, ỹ(· , T ) = 0, that is, (ỹR, ṽR) ∈ C(y0, T ).

Now, arguing as in the proof of proposition 2.1, it is not difficult to check that (ỹR, ṽR) is the

unique optimal pair of (8), i.e. (ỹR, ṽR) = (yR, vR) and vR,ε also converges strongly. ✷

Remark 1 As a consequence of the way we have decided to penalize the constraint (2), JR,ε is

explicitly quadratic in ‖ϕT ‖L2(0,1). In particular, this avoids the use of operator-splitting methods

(see [16], Section 1.8.8). This does not affect the asymptotic limit in ε, since from (21), one may

show that the state yR,ε associated to vR,ε = ρ−2
0 ψR,ε 1ω satisfies

‖yR,ε(· , T )‖L2(0,1) ≤ CRε
1/2 ‖y0‖L2(0,1)

for some CR > 0 that is uniformly bounded with respect to R. ✷

Remark 2 There are other ways to apply duality techniques to (6). For instance, we can use the

fact that, if the first integral in (6) is finite, then necessarily (2) is satisfied. This leads to the

extremal problem










Minimize
1

2

∫∫

qT

ρ−2
0 |ζ|2 dx dt+

1

2

∫∫

QT

ρ−2|µ|2 dx dt+

∫ 1

0

ζ(x, 0) y0(x) dx

Subject to µ ∈ L2(QT )

(23)

where, for each µ ∈ L2(QT ), we have set ζ =M⋆µ; recall (15). However, this formulation is formal

since the unique minimizer µ may not belong to L2(QT ). ✷

Remark 3 More interestingly, we can also get a dual problem to (12) where the unique (dual)

variable is ϕT . Indeed, using again that y =Mv + y, we can decompose JR,ε as follows:

JR,ε(y, v) = F1(v) + F2(Bv),

where

F1(v) =
1

2

∫∫

QT

ρ2R|Mv + y|2 dx dt+
1

2

∫∫

qT

ρ20|v|
2 dx dt

and

F2(Bv) =
1

2ε
‖Bv + y(· , T )‖2,

so that

inf
L2(qT )

{F1(v) + F2(Bv)} = − inf
L2(0,1)

{F ⋆
1 (B

⋆ϕT ) + F ⋆
2 (−ϕT )}.

By introducing the mappings B and A, with BϕT := B⋆ϕT −M
⋆(ρ2Ry) and A :=M⋆(ρ2RM)+ρ20 1ω,

it is not difficult to check that

F ⋆
1 (B

⋆ϕT ) =
1

2

∫∫

QT

(A−1B(ϕT ))B(ϕT ) dx dt−
1

2

∫∫

QT

ρ2R|y|
2 dx dt

and

F ⋆
2 (−ϕT ) =

ε

2
‖ϕT ‖

2 +

∫ 1

0

ϕT (x) y(x, T ) dx
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for all ϕT ∈ L2(0, 1). Consequently, an extremal problem that can be put in duality with (12) is

the following:










Minimize
1

2

∫∫

qT

(A−1B(ϕT ))B(ϕT ) dx dt+

∫ 1

0

ϕT (x) y(x, T ) dx+
ε

2
‖ϕT ‖

2

Subject to ϕT ∈ L2(0, 1).

(24)

When we start from a problem similar to (12) with the weights ρ and ρ0 respectively replaced by

0 and 1, we find again a dual problem of this kind, with A and B respectively replaced by 1ω and

B⋆. This is just the formulation considered in [5].

Problem (24) involves minimization only with respect to the variable ϕT ∈ L2(0, 1). However,

it requires the inversion of a nonlocal operator A and is therefore a priori harder to solve. ✷

In view of these convergence results, it seems that an appropriate way to solve (6) is to first find

the solution to (17) and then apply the relations (19) for small ε and large R. This is confirmed

by the experiments in Section 3.3.

We also observe that problems (8) and (12) are close for small ε. In fact, the experiments

below will show that the parameter ε is in some sense useless, since the presence of the weighted

integral of µ in the functional of (17) suffices by itself to stabilize this extremal problem. The

term in ε ensures that the second argument of the optimal pair (µR,ε, ϕT,R,ε) belongs to L
2(0, 1)

and therefore allows to apply duality techniques in a rigorous way without using “abstract” or

“nonstandard” spaces. Nevertheless, we can state that, in the limiting case, the analogous of the

functional I (see 4) is the functional

J⋆(µ, ϕT ) =
1

2

∫∫

qT

ρ−2
0 |ψ|2 dx dt+

1

2

∫∫

QT

ρ−2|µ|2 dx dt+

∫ 1

0

ψ(x, 0) y0(x) dx, (25)

to be minimized over the abstract space defined as the completion of D(QT )×D(0, 1) with respect

to the norm (
∫∫

qT
ρ−2
0 |ψ|2 dx dt+

∫∫

QT

ρ−2|µ|2 dx dt)1/2.

3 Conjugate gradient and numerical approximation

In this Section, we address the numerical solution to the minimization problem (17). Following [5],

the method combines conjugate gradient algorithms with finite difference and finite element ap-

proximations.

The problem we want to solve reads as follows: for given ε,R > 0, y0 ∈ L2(0, 1) and T > 0,

minimize over the Hilbert space V = L2(QT )× L2(0, 1) the functional

J⋆
R,ε(µ, ϕT ) =

1

2

∫∫

qT

ρ−2
0 |ψ|2 dx dt+

1

2

∫∫

QT

ρ−2
R |µ|2 dx dt+

∫ 1

0

ψ(x, 0) y0(x) dx+
ε

2
‖ϕT ‖

2
L2 ,

where ψ =M⋆µ+B⋆ϕT , that is, ψ is the solution to (18). By definition, it will be said that ψ is

the adjoint state associated to µ and ϕT .

Notice that, in view of the optimality condition (19), the optimal µR,ε satisfies µR,ε+ρ
2
RyR,ε = 0

and therefore must vanish on ΣT .

Our aim is to apply a conjugate gradient method. First of all, notice that the Fréchet derivative

of J⋆
R,ε at (µ, ϕT ) in the direction (µ′, ϕ′

T ) is given by

DJ⋆
R,ε(µ, ϕT ) · (µ

′, ϕ′
T ) =

∫∫

QT

(z + ρ−2
R µ)µ′ dx dt+

∫ 1

0

(z(x, T ) + εϕT (x))ϕ
′
T (x) dx,
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where z is the unique solution to the following system:

{

Lz = ρ−2
0 ψ1ω, (x, t) ∈ QT

z(x, t) = 0, (x, t) ∈ ΣT , z(x, 0) = y0(x), x ∈ (0, 1)
(26)

and ψ =M⋆µ+B⋆ϕT is the solution to (18).

Consequently, the gradient of J⋆
R,ε at (µ, ϕT ) is (z+ρ

−2µ, z(· , T )+εϕT ), where z is the solution

to (26). This allows to apply a classical gradient (steepest descent) method:

{

(µ0, ϕ0
T ) is given in V,

(µn+1, ϕn+1
T ) = (µn, ϕn

T )− ηn(zn + ρ−2
R µn, zn(· , T ) + εϕT ), n ≥ 0.

(27)

Here, ηn is the minimizer of the function η 7→ J⋆
R,ε((µ

n, ϕn
T )− η(zn + ρ−2

R µn, zn(· , T ) + εϕn
T )).

However, due to the lack of uniform coercivity of J⋆
R,ε with respect to R and ε, this gradient

method is not sufficiently robust and does not provide good results as soon as the discretization

parameters are small enough.

3.1 The conjugate gradient algorithm

Let us introduce the following symmetric and continuous bilinear form on V :

aR,ε((µ, ϕT ), (µ
′, ϕ′

T )) =

∫∫

qT

ρ−2
0 (M⋆µ+B⋆ϕT )(M

⋆µ′ +B⋆ϕ′
T ) dx dt+

∫∫

QT

ρ−2
R µµ′ dx dt

+ ε

∫ 1

0

ϕT (x)ϕ
′
T (x) dx ∀(µ, ϕT ), (µ

′, ϕ′
T ) ∈ V.

Then one has

J⋆
R,ε(µ, ϕT ) =

1

2
aR,ε((µ, ϕT ), (µ, ϕT )) +

∫ 1

0

(M⋆µ+B⋆ϕT )(x, 0) y0(x) dx, ∀(µ, ϕT ) ∈ V.

For any ε and R, the bilinear form aR,ε(· , ·) is coercive with respect to the norm of V . It is

therefore appropriate to apply conjugate gradient methods to (17); see [17]. The Polak-Ribière

version reads as follows:

Step 0: Initialization

Let σ be a small and strictly positive real number.

We choose (µ0, ϕ0
T ) ∈ V and we compute the gradient g0 of J⋆

R,ε at (µ0, ϕ0
T ). Notice that

g0 = (g01 , g
0
2), where g

0
1 and g02 are respectively given by

g01 = z0 + ρ−2
R µ0, g02 = z0(· , T ) + εϕ0

T

and z0 solves, together with ψ0, the cascade system

{

L⋆ψ0 = µ0 in QT , ψ0 = 0 on ΣT , ψ0(· , T ) = ϕ0
T

Lz0 = ρ−2
0 ψ0 1ω in QT , z0 = 0 on ΣT , z0(· 0) = y0.

If ‖g0‖V /‖(µ
0, φ0T )‖V ≤ σ, then we take (µ, φT ) = (µ0, ϕ0

T ) and we stop; otherwise, we set

w0 = (w0
1, w

0
2) = g0.
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Then, for n ≥ 0, assuming that (µn, ϕn
T ), g

n and wn are given, with gn 6= 0 and wn 6= 0, we

compute (µn+1, ϕn+1
T ), gn+1 and (if necessary) wn+1 performing the following steps.

Step 1: Steepest descent

We set

ηn =
DJ⋆

R,ε(µ
n, ϕn

T ) · w
n

aR,ε(wn, wn)

and we take

(µn+1, ϕn+1
T ) = (µn, ϕn

T )− ηnwn.

Then, we compute the gradient gn+1 of J⋆
R,ε at (µ

n+1, φn+1
T ). Now, gn+1 = (gn+1

1 , gn+1
2 ), where

gn+1
1 and gn+1

2 are respectively given by

gn+1
1 = zn+1 + ρ−2

R µn+1, gn+1
2 = zn+1(· , T ) + εϕn

T

and zn+1 is, together with ψn+1, the solution to the cascade system

{

L⋆ψn+1 = µn+1 in QT , ψn+1 = 0 on ΣT , ψn+1(· , T ) = ϕn+1
T

Lzn+1 = ρ−2
0 ψn+1 1ω in QT , zn+1 = 0 on ΣT , zn+1(· , 0) = y0.

Step 2: Convergence test and construction of the new direction

If ‖gn+1‖V /‖g
0‖V ≤ σ, then we take (µ, ϕT ) = (µn+1, ϕn+1

T ) and we stop; otherwise, we

compute

γn =
(gn+1 − gn, gn+1)V

‖gn‖2V
, (28)

we take

wn+1 = gn+1 + γnw
n

and we return to Step 1 with n replaced by n+ 1.

Remark 4 In the present quadratic-linear situation, by construction the gradients gn are conju-

gate to each other, that is,(gm, gn)V = 0 for all m,n ≥ 0, m 6= n. Consequently, the parameter γn
given by (28) can also be written in the form

γn =
‖gn+1‖2V
‖gn‖2V

. (29)

For non necessarily quadratic-linear extremal problems, the choices (28) and (29) are not equivalent;

they respectively lead to the Polak-Ribiere and the Fletcher-Reeves conjugate gradient algorithms.

In our case, due to the numerical approximation, the orthogonality of the gn is lost and strongly

accentuated for small values of ε and large values of R. In that stiff case, the Polak-Ribiere version,

mainly used in nonlinear situations, appears much more robust. ✷

Remark 5 With ρR and ρ0 respectively replaced by the constants 0 and 1, we obtain exactly

the conjugate gradient algorithm considered in Section 1.8 in [17], designed for the computation

of the control of minimal norm in L2(qT ). Notice that the present situation does not lead to a

significative increase of the computational cost. ✷
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3.2 Full discrete approximations

For “large” integers Nx and Nt, we set ∆x = 1/Nx, ∆t = T/Nt and h = (∆x,∆t). Let us denote

by P∆x the uniform partition of [0, 1] associated to ∆x and let us denote by Qh the uniform

quadrangulation of QT associated to h so that in particular QT =
⋃

K∈Qh
K.

The following (conformal) finite element approximation of L2(0, T ;H1(0, 1)) is introduced:

Xh = {ϕh ∈ C0([0, 1]× [0, T ]) : ϕh|K ∈ (P1,x ⊗ P1,t)(K) ∀K ∈ Qh }.

Here again, Pm,ξ denotes the space of polynomial functions of order m in the variable ξ. Accord-

ingly, the functions in Xh reduce on each quadrangle K ∈ Qh to a linear polynomial in both x and

t. The space Xh is a conformal approximation of L2(QT ). We also consider the space

X0h = {ϕh ∈ Xh : ϕh(0, t) = ϕh(1, t) = 0 ∀t ∈ (0, T ) }.

X0h is a finite-dimensional subspace of L2(0, T ;H1
0 (0, 1)) and the functions ϕh ∈ X0h are uniquely

determined by their values at the nodes (xj , tj) of Qh such that 0 < xj < 1.

Let us now introduce other finite dimensional spaces. First, we set

Φ∆x = { z ∈ C0([0, 1]) : z|k ∈ P1,x(k) ∀k ∈ P∆x }.

Then, Φ∆x is a finite dimensional subspace of L2(0, 1) and the functions in Φ∆x are uniquely

determined by their values at the nodes of P∆x.

Secondly, since the variable µ appears in the right hand side of the backward equation L⋆ψ = µ,

it is natural to approximate µ ∈ L2(QT ) by a piecewise constant function. Thus, let Mh be the

space defined by

Mh = {µh ∈ L2(QT ) : µh|K ∈ (P0,x ⊗ P0,t)(K) ∀K ∈ Qh }.

Mh is a finite dimensional subspace of L2(QT ) and the functions in Mh are uniquely determined

by their (constant) values on the quadrangles K ∈ Qh.

For any h, we therefore consider the following approximation of (17):



























Minimize J⋆
R,ε,h(µh, ϕ∆x,T ) =

1

2

(
∫∫

QT

πh(ρ
−2
R )|µh|

2 dx dt+

∫∫

qT

πh(ρ
−2
0 )|ψh|

2 dx dt

)

+

∫ 1

0

ϕh(x, 0)π∆x(y0(x)) dx+
ε

2
‖ϕ∆x,T ‖

2
L2(0,1)

Subject to (µh, ϕ∆x,T ) ∈Mh × Φ∆x.

(30)

In (30), for every µh ∈ Mh and every ϕ∆x,T ∈ Φ∆x, we have denoted by ψh the associated

discrete adjoint state. By definition, ψh ∈ X0h is given as follows:

(i) Let us introduce the times tj = j∆t. We have T = tNt
and we first set ψh|t=T = ϕ∆x,T .

(ii) Secondly, ψh|t=tNt−1
is the solution to the linear problem



































∫ 1

0

1

∆t
(Ψ− ϕ∆x,T )z dx+

1

2

∫ 1

0

(π∆x(a(x))Ψxzx + π∆xA(x, tNt−1)Ψz) dx

+
1

2

∫ 1

0

(π∆x(a(x))ϕ∆x,T,xzx + π∆xA(x, tNt
)ϕ∆x,T,xz) dx

=
1

2

∫ 1

0

(µh(x, tNt−1) + µh(x, tNt
))z(x) dx ∀z ∈ Φ∆x, Ψ ∈ Φ∆x.
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(iii) Then, for given n = Nt− 1, . . . , 2, Ψ⋆ = ϕh|t=tn+1
and Ψ = ϕh|t=tn , ϕh|t=tn−1

is the solution

to the linear problem















∫ 1

0

1

2∆t
(3Ψ− 4Ψ + Ψ⋆)z dx+

∫ 1

0

(π∆x
(a(x))Ψxzx + π∆x

(A(x, tn−1))Ψz) dx

=

∫ 1

0

µh(x, tn−1)z(x) dx ∀z ∈ Φ∆x, Ψ ∈ Φ∆x.

We are thus using the two-step implicit Gear algorithm as a numerical tool to solve numerically

the adjoint problem (17). As advocated in [5], where the influence of the time discretization is

highlighted, it has been observed that this second order scheme ensures a better behavior of the

underlying conjugate gradient algorithm than, for instance, the implicit Euler scheme.

For the computation of the gradient of J⋆
R,ε,h, we also need to solve numerically systems of the

form (26). This is done in a similar way.

For any R and ε, the functional J⋆
R,ε,h enjoys the same properties than J⋆

R,ε when V is replaced

by Vh := Xh × Φ∆x. In particular J⋆
R,ε,h is coercive in Vh, uniformly with respect to h. Hence,

(30) may be solved with the conjugate gradient algorithm stated in Section 3.1.

We do not present here any convergence result for the variables µh,R,ε, ϕ∆x,T,R,ε (the minimizer

of J⋆
R,ε,h) as h → 0. Actually, only partial results have been obtained and concern the particular

case of minimal L2-minimal norm case, that is ρ0 = 1 and ρ = 0. There, the main issue (in the

limit case ε = 0 and R = +∞) is to analyze the behavior of the constant arising at the discrete

level in the observability inequality (5).

In this context, we mention the work of [20], where the null controllability for the heat equation

with constant diffusion is proved for finite difference schemes in one spatial dimension on uniform

meshes. In higher dimensions, discrete eigenfunctions may be an obstruction to the null control-

lability; see [28], where a counter-example for finite differences due to O.Kavian is described. A

result of null controllability for a constant portion of the lower part of the discrete spectrum is

given in [3]. In [19], in the context of approximate controllability, a relaxed observability inequality

is given for general semi-discrete (in space) schemes, with the parameter ε of the order of ∆x. The

work [4] extends the results in [19] to the full discrete situation and proves the convergence of full

discrete (approximated) controls toward a semi discrete one, as the time step ∆t tends to zero.

Let us also mention [8], where the authors prove that any controllable parabolic equation, be it

discrete or continuous in space, is null controllable after time discretization upon the application

of an appropriate filtering of the high frequencies.

To our knowledge, in the framework of duality, a convergence result similar to those in [11] for

a sequence of discrete controls towards a null control of the infinite dimensional system (1) is still

missing.

3.3 Numerical experiments

We present in this Section some numerical experiments for problem (30).

The main data will be the following: ω = (0.3, 0.6), y0(x) ≡ sin(πx), a ≡ a0 = 1/10 A ≡ 1

and T = 1/2. Moreover, we take ∆x = ∆t.

We first briefly discuss the behavior of the computed control with respect to ε,R. Then, we

analyze the influence of the weights ρ and ρ0 on the behavior of the conjugate gradient method as

h → (0, 0). We also consider a change of variable by means of which we avoid the use of weights

that blow up exponentially and we discuss its influence on the behavior of the algorithm.
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3.3.1 Experiment 1: Behavior of (vR,ε,h, yR,ε,h) as R→ +∞ and ε→ 0

For a fixed value of h sufficiently close to (0, 0), we first illustrate the convergence of the numerical

solution ρ−2
R µR,ε and ρ−2

0 ψR,ε 1ω as R → +∞ and ε → 0, in the sense stated in Propositions 2.1

and 2.3.

Once the unique minimizer (µR,ε,h, ϕT,R,ε,h) of J
⋆
R,ε,h is obtained through the conjugate gradient

algorithm described in Section 3.1, we compute the associated discrete adjoint solution ψR,ε,h using

a P1-finite element method in space and a second order implicit scheme in time, as discussed in

Section 3.2. The control is then given by vR,ε,h = ρ−2
0 ψR,ε,h 1ω. Finally, the controlled solution

yR,ε,h is given by yR,ε,h = −ρ−2
R µR,ε,h, in accordance with the optimality relations (19).

For h = (10−2, 10−2), we show in Table 1 the behavior of the norms of µR,ε,h and ϕT,R,ε,h with

respect to ε and R. For each value of these parameters, we use the conjugate gradient algorithm

with σ = 10−4. This is small enough to guarantee a good approximation of the control but,

obviously, does not allow to fulfill exactly the optimality conditions (19). Notice however that

the fact that σ (and h) is strictly positive allows to consider the limit cases R = +∞ (for which

ρ2R = ρ2) and ε = 0 as well.

The algorithm is initialized with µ0 ≡ 0 and ϕ0
T ≡ 0.

ε = 10−4 ε = 10−6 ε = 10−8 ε = 0

R = 104 1.7754 2.0921 2.2570 2.3096

R = 106 2.1025 2.1583 2.3059 2.3330

R = 108 2.1619 2.1805 2.3127 2.3423

R = ∞ 2.1624 2.1807 2.3121 2.3410

ε = 10−4 ε = 10−6 ε = 10−8 ε = 0

R = 104 1.9251 1.8772 1.8613 1.8548

R = 106 1.8692 1.8651 1.8518 1.8493

R = 108 1.8636 1.8621 1.8510 1.8480

R = ∞ 1.8636 1.8621 1.8511 1.8482

Table 1: L2(qT )-norm of ρ−2
0 ψR,ε,h (Top) and L2(QT )-norm of −ρ−2

R µR,ε,h (×10−1) (Bottom).

Table 1 reports ‖ρ−2
0 ψR,ε,h‖L2(qT ) and ‖ρ−2

R µR,ε,h‖L2(QT ) for ε ∈ {10−4, 10−6, 10−8, 0} and

R ∈ {104, 106, 108,+∞}. We check that these norms are uniformly bounded with respect to ε and

R and both possess a limit as ε→ 0 and R→ ∞, in agreement with propositions 2.1 and 2.3.

For small values of ε (near ε = 10−8), we observe that the parameter R has only a weak

influence on the norm of ρ−2
0 ψR,ε,h; conversely, as soon as R is large enough (near R = 106), the

norm of ρ−2
R µR,ε,h is almost independent of ε. This is due to the choice of the weights ρ and ρ0

and that any small ε and any large R reinforce in a suitable sense the null controllability property.

ε = 10−4 ε = 10−6 ε = 10−8 ε = 0

R = 104 652 1 427 4 447 7 532

R = 106 2 436 2 387 3 876 4 269

R = 108 2 928 2 595 3 112 5 662

R = +∞ 2 932 2 291 3 145 6 532

Table 2: The number of iterates to reach ‖gnh‖V /‖g
0
h‖V ≤ σ = 10−4 vs. R and ε.

Table 2 provides the number of iterates needed to achieve ‖gnh‖V /‖g
0
h‖V ≤ σ = 10−4, where gnh
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is the gradient of J⋆
R,ε,h. In agreement with the results and conclusions in [5] and[24], this number

increases as ε→ 0 and/or R→ +∞, which must be viewed as a numerical confirmation of the lack

of uniform coercivity of J⋆
R,ε in V . On the other hand, as soon as σ is small enough, depending on

a0, T and the size of ω, the conjugate algorithm fails to converge.

ε = 10−4 ε = 10−6 ε = 10−8 ε = 0

R = 104 4.57× 101 2.71× 101 2.23× 101 2.04× 101

R = 106 3.36× 102 1.94× 102 2.95× 102 3.22× 102

R = 108 4.40× 102 2.81× 102 3.64× 102 4.67× 102

R = +∞ 4.41× 102 2.82× 102 3.63× 102 4.60× 102

ε = 10−4 ε = 10−6 ε = 10−8 ε = 0

R = 104 3.96× 101 4.21× 102 2.75× 103 5.53× 103

R = 106 6.17× 100 3.16× 102 1.99× 103 3.17× 103

R = 108 3.29× 100 2.70× 102 1.82× 103 2.66× 103

R = +∞ 3.27× 100 2.69× 102 1.81× 103 2.61× 103

Table 3: L2(QT )-norm of µR,ε,h (Top) and L2(0, 1)-norm of ϕT,R,ε,h vs. R and ε.

In agreement with the lack of uniform coercivity in V , the results in Tables 3 indicate that µR,ε,h

is not uniformly bounded in L2(QT ) with respect to R and ϕT,R,ε,h is not uniformly bounded in

L2(0, 1) with respect to ε. Contrarily, we observe that the norm of µR,ε,h is bounded with respect

to ε and the norm of ϕT,R,ε is bounded with respect to R (Tables 3). This is due to the fact that,

by definition of J⋆
R,ε, the weight ρR mainly acts on the variable µR,ε,h while ε−1 mainly acts on

ϕT,R,ε.

In the limit as ε→ 0, the L2-norm of ϕT,R,ε, which can be viewed as a multiplier associated to

the constraint y(· , T ) = 0, does not belong anymore to L2(0, 1). This is what we observe when we

use the primal direct approach described in [11] and solve the formulation (??); as h → (0, 0), we

observe arbitrarily large values of the L2-norm of ph(· , T ).

ε = 10−4 ε = 10−6 ε = 10−8 ε = 0

R = 104 3.96× 10−3 4.34× 10−4 5.76× 10−5 3.00× 10−5

R = 106 6.19× 10−4 3.07× 10−4 4.62× 10−5 3.09× 10−5

R = 108 3.29× 10−4 2.62× 10−4 4.28× 10−5 3.09× 10−5

R = +∞ 3.27× 10−4 2.62× 10−4 4.32× 10−5 3.10× 10−5

Table 4: h = (10−2, 10−2), ω = (0.3, 0.6), y0(x) ≡ sin(πx). The L2(0, 1)-norm of yh(· , T ) vs. R

and ε.

Table 4 depicts the L2-norm of the computed state at time T . Note that this solution satisfies

yh(· , 0) = y0h and a priori differs from the function −ρ−2
R,hµR,ε,h. As expected, the weight ρ2R

reinforces slightly the null controllability constraint (2) as R increases.

These Tables suggest that it is not actually necessary to take R = +∞ and ε = 0 to achieve

a good approximation of the controls. Due to the weights, the norms of the computed controls

and controlled solutions change only slightly with respect to these parameters. The singular case

R = +∞ and ε = 0 ensures a better approximation of the null controllability requirement, but

leads to a significative increase of iterates, as the coercivity of J⋆
R,ε is lost.

The computed state and control are displayed in Figures 1 and 2.
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Figure 1: ω = (0.3, 0.6). The state yh.

3.3.2 Experiment 2: Influence of the weights on the algorithm

We now discuss with more depth the influence of the weights ρ and ρ0 on the behavior of the

conjugate gradient algorithm. We take R = +∞ and ε = 0. At the numerical level, this limit

case still makes sense since, for any h > 0, the minimizer of J⋆
+∞,0,h obtained via a conjugate

gradient method depends on the stopping parameter σ and does not actually satisfy the constraint

yh(· , T ) = 0 exactly. Note also that the numerical approximation we described in Section 3.2

remains consistent in that case, since the finite dimensional space Mh × Φ∆x is still a conformal

approximation of the abstract space where J⋆
+∞,0 is coercive, namely the completion of D(QT )×

D(0, 1) for the norm ‖(µ, ϕT )‖ := (
∫∫

qT
ρ−2
0 |ψ|2 dx dt+

∫∫

QT

ρ−2|µ|2 dxdt)1/2.

We use the same data as in the previous Section, except that we begin with a larger domain

control ω = (0.2, 0.8). This allows to reach gradients closer to zero, i.e. to prescribe smaller values

of σ.

In Tables 5 and 6, we collect some relevant results obtained respectively for σ = 10−4 and σ =

10−5. The conjugate gradient method is initialized with µ0 = 0 and ϕ0
T = 0. The behavior of the

method is shown for various h = (∆x,∆t). In particular, the convergence of the control vh as well

the as the state yh as h→ (0, 0) becomes clear. It is also easy to check that these numerical results

are very similar to those obtained with the (primal) direct methods in [11].

These control functions approximate in a satisfactory way the null controllability requirement:

we obtain ‖yh(· , T )‖L2(0,1) of the order of 10
−5 and 10−6 for σ = 10−5 and σ = 10−6, respectively.

The number of iterates increases when σ is reduced, but we observe that this number is weakly

dependent of the discretization parameter h. For σ = 10−5 and h = 1/160, the evolution in

log10 scale of the relative residue rnh ≡ ‖gnh‖V /‖g
0
h‖V is displayed in Figure 3. The evolution of

the residues is nonlinear with respect to the iterates, as is usual for ill-posed parabolic problems,

see for instance [24, 22]. Precisely, the slop reduces significantly after the first iterations and may

even vanish for h too close to (0, 0).

The first iterates are devoted to compute the lower frequencies of the unknowns µh and φT,h:

according to the regularizing effect of the operator L⋆, these low frequencies correspond for the
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Figure 2: ω = (0.3, 0.6). The control vh.

backward solution ψh to the points (x, t) ∈ QT far enough from t = T . As we can see from Figure 3,

this computation is achieved after a small number of iterates, almost independent of h. The

remaining iterates are devoted to compute the high frequencies of the unknowns µh and φT,h,

unavoidable and harder to capture. For ψh, this corresponds to a neighborhood of t = T , say

(T − δ, T ] for some δ > 0. This phenomenon, once again usual for ill-posed parabolic situations, is

amplified by the behavior of the weights ρ−1 and ρ−1
0 near t = T . More precisely, since ρ−1 and

ρ−1
0 are exponentially close to zero in (0, 1)× (T − δ, T ), these high frequencies have a very weak

effect on the values of J⋆. The high frequency components of the unknowns φT,h, which really

do exist since the minimizer φT lives in abstract space much larger than L2(0, 1), are damped out

from t = T to t = T − δ and, therefore, again does not affect the value of J⋆
h significatively. This

very low dependence explains the difficulty to capture such frequencies with a gradient method.

∆x,∆t 1/40 1/80 1/160 1/320

♯ CG iterates 559 383 471 504

‖vh‖L2(qT ) 9.89× 10−1 1.006× 10−1 1.015× 10−1 1.021× 10−1

‖yh‖L2(QT ) 2.01× 10−1 2.004× 10−1 1.999× 10−1 1.996× 10−1

‖µh‖L2(QT ) 9.207 9.293 13.29 18.99

‖ϕT,h‖L2(0,1) 3.81× 101 3.83× 101 3.94× 101 3.77× 101

‖yh(· , T )‖L2(0,1) 2.24× 10−5 2.80× 10−5 3.01× 10−5 3.00× 10−5

Table 5: ω = (0.2, 0.8) - σ = 10−4.

But the crucial point from the numerical viewpoint is that, since these high frequencies are

damped out where the weight vanishes, they are not necessary to achieve a good approximation of

the control vh, the state controlled yh and the associated cost. Consequently, a reasonable value

of σ suffices. For instance, from Table 5 (for which σ = 10−4) and Table 6 (where σ = 10−5), we

see that, for h close to (0, 0), ‖vh‖L2(qT ) and ‖yh‖L2(QT ) are unchanged in practice.

Contrarily, the values of ‖ϕT,h‖L2(0,1) do change when σ is divided by 10, as it contains more
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∆x,∆t 1/80 1/160 1/320

♯ CG iterates 3762 3620 3465

‖vh‖L2(qT ) 1.016× 10−1 1.027× 10−1 1.032× 10−1

‖yh‖L2(QT ) 1.997× 10−1 1.992× 10−1 1.990× 10−1

‖µh‖L2(QT ) 4.66× 10+1 5.99× 10+1 7.66× 10+1

‖ϕT,h‖L2(0,1) 1.05× 102 1.74× 102 1.53× 102

‖yh(· , T )‖L2(0,1) 2.84× 10−6 3.14× 10−6 3.19× 10−6

Table 6: ω = (0.2, 0.8) - σ = 10−5.

high frequency modes. Table 7 displays relevant numerical values for σ = 10−3, 10−4, 10−5 and σ =

10−6 and emphasizes together with Table 6, that even if µh and ψh do not converge in L2(QT ),

the weighted functions ρ−2
h µh and ρ−2

0,hψh do.
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Figure 3: Evolution of log10(r
n
h) with respect to the iterates with ω = (0.2, 0.8) and y0(x) ≡ sin(πx)

for h = (1/160, 1/160).

When we try to compute the null control of minimal L2-norm , that is, when we try to solve

a problem like (6) with ρ ≡ 0 and ρ0 ≡ 1, the conjugate gradient method for the associated dual

problem, which is much more sensitive to the numerical approximation, behaves very differently.

This was discussed in length in [24]. In this case, the control depends much more strongly on the

final adjoint state ϕT . Consequently, smaller values of the tolerance σ are needed, so as to capture

high frequencies and this leads to a larger number of iterates. Moreover, the control of minimal

L2-norm, defined simply as v = ϕ 1qT exhibits a highly oscillatory behavior in the time direction

near t = T . It results that, for any fixed and small enough σ, the number of CG iterates is no more

constant with respect to the discretization parameter, but blows up exponentially as h → (0, 0).

In the present situation, the weight ρ−2
0 has the effect to destroy such oscillatory behavior so that

vh = ρ−2
0,h 1qT is smooth near T (see for instance Figure 2).

For (ρ, ρ0) = (0, 1), h = (1/160, 1/160), Figure 4 depicts the evolution of the residue rnh and

the corresponding final adjoint state, which minimizes I, see (4). The evolution is similar to the

one observed for weighted integrals (Figure 3), but the stopping test for σ = 10−5 is achieved

only after 9 671 iterates, instead of 3 620. The other numerical values (to be compared with those
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σ 10−3 10−4 10−5 10−6

♯ CG iterates 16 471 3620 25631

‖yh(· , T )‖L2(0,1) 3.18× 10−4 3.01× 10−5 3.14× 10−6 2.81× 10−7

‖ρ−2
0 ψh‖L2(qT ) 1.0022 1.0159 1.0274 1.0309

‖ρ−2µh‖L2(QT ) 2.0083× 10−1 1.9995× 10−1 1.9924× 10−1 1.9904× 10−1

‖ψh‖L2(QT ) 2.64 5.89 1.85× 101 2.48× 101

‖ϕh(· , T )‖L2(0,1) 1.51× 101 3.94× 101 1.74× 102 2.46× 102

‖µh‖L2(QT ) 7.55 1.32× 101 5.99× 101 1.62× 102

Table 7: ω = (0.2, 0.8) and h = (1/160, 1/160).

in Table 6, second column) are the following: ‖vh‖L2(qT ) ≈ 7.45× 10−1, ‖yh‖L2(QT ) ≈ 1.52× 10−1,

‖yh(· , T )‖L2(0,1) ≈ 2.61× 10−6 and ‖ϕT ‖L2(0,1) ≈ 5.05× 102.
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Figure 4: ω = (0.2, 0.8) - (ρ, ρ0) = (0, 1) - σ = 10−5 - h = (1/160, 1/160). Evolution of the residue

rnh with respect to n (Left) and corresponding final adjoint state φT,h (Right).

The weights have a clear influence on the behavior of the iterative conjugate gradient algorithm.

For ε = 0 and R = ∞, the minimization of J⋆ is numerically ill-posed, since the unique minimizer

(µ, ϕT ) lives in a singular and very large space, hard to approximate by a finite dimensional

approach (for more severe data, many more iterates of the conjugate gradient algorithm are required

to get a relative residue rnh of similar size).

4 Further comments and concluding remarks

4.1 Numerical analysis and error estimates

As mentioned above, by analogy with the methods introduced in [11] for the solution of (6), it is

reasonable to suspect that the strong convergence of vh = −πh(ρ
−2
0 )φh in L2(ω × (0, T )) can be

established.

Observe that this issue is also open for the minimal L2-norm situation (i.e. ρ ≡ 0 and ρ0 ≡ 1).
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4.2 Some extensions to other linear problems

The methods used in this paper can be extended to cover null controllability problems for linear

heat equations in higher spatial dimensions. Since the related computational work is reasonable,

it is expectable that our dual methods can be adapted and extended to this setting.

Also, using finite element tools, we can without much difficulty get results in the case where the

sub-domain ω is time-dependent, that is, qT is replaced by a non-cylindrical set. It is not difficult

to prove that null controllability holds as well for any time T > 0 when the control is exerted on

any open set

qT = { (x, t) ∈ QT : g(t) < x < h(t), t ∈ (0, T ) },

where g and h are smooths functions on [0, T ], with 0 ≤ g ≤ h ≤ 1 and g(t) 6≡ h(t). This opens the

possibility to optimize numerically the domain qT , as was done in a cylindrical situation in [23].

The intrinsic ill-posedness of this problem is enhanced within the dual approach, at least when

the variable ψ is considered. There, as soon as the control support is sufficiently small, the

conjugate gradient fails to converge. Indeed, for the dual problem to work reasonably, one has to

be very careful, in particular in the time integration process.

Appropriate weight functions have to be used. In practice, what we have to be able to construct

is a function that is positive in Ω, vanishes on ∂Ω and possesses nonzero gradient in Ω \ ω. Such

a function always exists (a result by Imanuvilov) and is relatively easy to construct for instance

when Ω is convex.

4.3 Additional extensions and future work

The methods can also be extended to cover many other controllable systems: non-scalar parabolic

systems, Stokes and Stokes-like systems, etc.; we refer to [14] for more details.

It is also possible to extend the previous arguments and methods to the boundary null control-

lability case and to the exact controllability to trajectories (with distributed or boundary controls).

As first noticed in [15] and using in part the results by [25] and [27], the approach may also

work for linear equations of the hyperbolic kind, where the practical computation of exact controls

remains a challenge (see [6]). This work also opens the possibility to address the numerical solution

of nonlinear control problems, the optimization of the control support ω, etc. In particular, we

refer to the recent work of the authors [12] for the numerical approximation of null controls for a

semi-linear heat equation.
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[6] N. Ĉındea, E. Fernández-Cara, A. Münch, Numerical null controllability of the wave equation with a primal

approach: convergence results, in preparation.



REFERENCES 21

[7] I. Ekeland, R. Temam, Convex analysis and variational problems, Classics in Applied Mathematics 28, Society

for Industrial and Applied Mathematics (SIAM), Philadelphia, 1999.

[8] S. Ervedoza, J. Valein, On the observability of abstract time-discrete linear parabolic equations, Rev. Mat.

Complut., 23 (2010), no. 1, 163–190.

[9] W. Fenchel, On conjugate convex functions, Canad. J. Math., 1, 1949, p. 73–77.

[10] E. Fernández-Cara and S. Guerrero, Global Carleman inequalities for parabolic systems and applications to

controllability, SIAM J. Control Optim. 45 (2006), no. 4, 1399–1446.

[11] E. Fernández-Cara and A. Münch, Numerical null controllability of the 1D heat equation: primal methods, to

appear.

[12] E. Fernández-Cara and A. Münch, Numerical null controllability of a semi-linear 1D heat via a least squares

reformulation, C.R. Acad. Sci. Serie I, . 349 (2011), 867–871.

[13] E. Fernández-Cara and A. Münch, Analysis and error estimates of the numerical solution to the null control-

lability problem for the 1D heat equation, in preparation.

[14] E. Fernández-Cara, A. Münch and D.A. Souza, On the numerical null controllability of the heat equation and

the Stokes system, in preparation.

[15] A.V. Fursikov and O.Yu. Imanuvilov, Controllability of Evolution Equations, Lecture Notes Series, No. 34.

Seoul National University, Korea, (1996) 1–163.

[16] R. Glowinski and J.-L. Lions, Exact and approximate controllability for distributed parameter systems, Acta

Numerica (1996), 159–333.

[17] R. Glowinski, J.-L. Lions and J. He, Exact and approximate controllability for distributed parameter systems:

a numerical approach Encyclopedia of Mathematics and its Applications, 117. Cambridge University Press,

Cambridge, 2008.

[18] S. Kindermann, Convergence Rates of the Hilbert Uniqueness Method via Tikhonov regularization, J. of Opti-

mization Theory and Applications 103(3), (1999) 657-673.
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