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Abstract

We construct a path distribution representing the kinetic part of
the Feynman path integral at discrete times similar to that defined
by Thomas [1], but on a Hilbert space of paths rather than a nuclear
sequence space. We also consider different boundary conditions and
show that the discrete-time Feynman path integral is well-defined for
suitably smooth potentials.
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1 Motivation and basic set-up

1.1 Feynman path integral as a path distribution

In the Lagrangian formulation of quantum mechanics one defines the action
of a particle as an integral of the Lagrangian over the time duration of the
motion:

S(ap, by ;) = /t’fdtL(x(t),i(t),t).

In general, the Lagrangian L(x(t),#(t),t) depends explicitly on the time,
as well as on the position z(t) and the velocity @(¢) of the particle. For
one-dimensional motion, the Lagrangian has the form

Lia(t). #(t).1) = S(t) = V(a(t),1)
where the first term is the kinetic energy term and V' (z(t),t) is the external

potential. The time-evolution of a wave function W(x,t) is then given by
U(agity) = /K(:Uf,tf;xi,ti) (o, ) da, (1.1)

where the propagator K(xys,ts;x;,t;) is given by a path integral of the form
Kz, tr iz, t;) = /eis(mf’tfm’ti)/hD[az(t)]. (1.2)

Here D[z(t)] indicates a putative “continuous product” of Lebesgue measures
Dlz(t)] = Hte(tmf) dx(t). (Note that the action S above is a functional of the
path z(t).) It is a formidable mathematical challenge to make sense of this
path-integral concept. Feynman himself interpreted it loosely as a limit of
multidimensional integrals. However, as Thomas[1] remarks, even the finite-
dimensional integrals are not proper integrals, though they can be defined as
improper integrals. It was already noted by Cameron|2] that the path inte-
gral cannot be interpreted as a complex-valued measure. In fact, as Thomas
and Bijma [3] show, it cannot even be interpreted as a summable distribution
because the summability order diverges as the number of integrals tends to
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infinity. Various alternative approaches have been proposed to interpret the
Feynman path integral as a limit of regularised integrals, e.g. [4, 5, 6]. The
‘Eucidean approach’ of ‘Wick rotating’ the time in the complex plane has
led to the development of Euclidean quantum field theory, which has been
the most successful way of constructing examples of quantum field theories.
However, this still leaves open the question as to how the path integral ob-
ject should be interpreted mathematically. De Witt-Morette [7] has argued
that it should be a kind of distribution, but her approach was formal rather
than constructive. The It6-Albeverio-Hgegh Krohn [8] approach was more
constructive. They gave a definition of the path integral as a map from the
space of Fourier transforms of bounded measures to itself and were able to
show, using a perturbation expansion, that this is well-defined for potentials
which are also Fourier transforms of bounded measures. Although the latter
approach assigns a clear meaning to the path integral, it is rather restrictive
in that the space of Fourier transforms of bounded measures is somewhat un-
wieldy and more importantly, because the space of such potentials is rather
small. In [1], Thomas initiated a different approach, with the aim of defining
the path integral as a generalised type of distribution, which he called a path
distribution. In fact, this project is only at the beginning stages. In [1],
he constructed an analogue of the path integral in discrete time, where the
paths are sequences in a certain nuclear sequence space. In this paper, we
simplify his approach by defining the path distribution on a space of paths
in a Hilbert space instead. This makes the construction more explicit and
the technical details less demanding.

In the following, we set m = 1 and A = 1 for simplicity. Discretising the
action to a finite subdivision o = {t1,....t,} with 0=ty <t; <---<t, <T
and x = (21, ..,2,) € R™ we can consider different boundary conditions. For
Dirichlet boundary conditions (DBC) we have

x(t=0)=0; z(t=T)=Xr,

S(X7,T;0,0) = lim SPE)(Xy,T50,0) ,

n—o0

SPPD (g1 = Xp,tnia = T5 w9 = 0,8 = 0) =
_ % ((XT — @)’ (T = Ta)? (22 = m)° x—%)(-l.?))

SR AL YA
T —t, bty — tn1 ty — 1 t

Alternatively, we can impose mixed boundary conditions (MBC):

x(t=0)=0; (t=T)=wvr

3
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in which case the action depends on the initial position and the final velocity
S = S(vp, T;x;,t;), so that

S(vp, T;0,0) = lim SMBC) (M =uvr,T;20 = 0,10 = 0) )

n—o00 thrl —tn

where
Sr(LMBC) (% = v tppr =T 29 = 0,t) = O) = (1.4)
n+l = n
1 9 (:L’n — xn,1)2 («TQ — xl)z SL’%
S R AT ST B VARSI i Bt Vi i B C Y
2(%( )+ sl (1.5)

The corresponding Feynman distributions are as follows

. 2 2
FPBO) 1 exp {1 ((XT — Tn) + (Tn — Tp-1)
2in(T —t,) 2 T —t, t, —tn 1
L
+... .+ — 1.6
t2 — tl g 2Z7T t tz 1) ( )
and

. 2 2 2

FMBO)  _ i (Tn — Tn-1) N (29 — 11) Ty

o e L U e A S
X ‘ (1.7)

for the (MBC) with vy = 0.

The Fourier transform of F, is obtained by computing the covariance
matrix as the inverse of the coefficient matrix. In the case of mixed boundary
conditions this yields

ﬁO(MBC) = <exp [szkl’k
k=1

(6, Ko8) =Y K, ;&¢&; withK; j = min (t;,1;). (1.9)

The case of Dirichlet boundary conditions is slightly more complicated:

F(DBC <eXp [ ngx

: F(gMBO>> — 36K (1.8)

F(PEC) > 1 e—%((ﬁ,KéT)ﬁ)JrX%/T)
V2irT ’
(1.10)
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1

(1.11)
Remark. Notice in particular that (1, F(,EMBC)) = 1 whereas
(1, FPPOY = \/ﬁe 77%% in accordance with [9].

Both F{PP9 and FMP9 are summable distributions of sum-order n + 1
by Theorem 3.1 of [1].

As in [1], we now change our point of view and fix ¢,, — t,,_; = 1 and seek
to define a limiting distribution on a space of sequences (z;)°; as n — oo.
Rather than on a nuclear sequence space, however, we will construct a path
distribution on a Hilbert space of sequences.

1.2 Feynman-Thomas Measure on R"

The main idea of [1] is to define the path ‘integral’ as a path distribution
obtained as the derivative of a measure. Because the order of the distribution
is 2 in each variable we need to take 2 derivatives in each variable. We
therefore define the differential operators

n 2
D™ = H (1 - a?%) : (1.12)

where the positive constants are arbitrary. It has a corresponding Green’s
function M, given by

1
(n) — —lail /e
MV (xq,. .., 2,) = ”1 2%6 : (1.13)
that is,
DM = §(xy) ... 0(zy). (1.14)

We can now define the path distribution F'™ given by (1.7) as the deriva-
tive
) — D("),u(") (1.15)

of a bounded complex-valued measure ™ which by (1.14) is given by the
convolution product M % F®™_ Tt can be evaluated using the representation

+oo —z2/2s
1 alfe _ / ds _ope”
20 0 I} oms

and yields an explicit formula for what we may call the Feynman-Thomas
measure on the finite sequence space R™:

bt
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Definition 1.1 The Feynman-Thomas measure u™ on R" is defined by
p(dey .. dx,) = M®™ s« F™(dx, ... dx,)

= / v (dS™) G g (1, . . . 2)day . .. day,
[0,-+00)"

(1.16)

where
n

1
v (dS™) = H Ee_si/ﬁidsi with B; = 2a? (1.17)
=1
and the Fourier transform of the complex Gaussian G g (x1, .., x,) 1S given
by
Gaen (€1, &) = e”ATEm e/ (1.18)

where €M = (&,...,&,) € R" and where A™ = S0 KM g0 —
diag(siy, ..., Sn) and Ki(,?) = min (7, ).

It was shown in [1] that 4™ is a bounded complex-valued measure on
R™. The aim of this work is to prove that there exists a measure p on an
infinite dimensional Hilbert space of paths, given by the projective limit of
the finite-dimensional measures p(™, i.e. u = @ .

2 Hilbert spaces of paths

2.1 Regularized-/? spaces

We introduce a family of Hilbert spaces of sequences labelled by a real pa-
rameter -y:

2 ={(&)2 e R®| Y i€ < +oo}. (2.19)
i=1

This is a Hilbert space with inner product given by
(& C)y = Zfz’ G (2.20)
i=1

(Notice that obviously 2 = I2.)
We have the obvious lemmas

Lemma 2.1 The set of vectors {egy) X1, gien by the sequences
(ez@)> =055,
j

is an orthonormal basis of the Hilbert space l,zy.

6
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and

Lemma 2.2 The Hilbert spaces l% and ZQ_W/ are dual w.r.t. the duality bracket
€.¢Y=> &,
i=1

where § = (§)2 € lfzy and ¢" = (()2, € lzﬂ-

We shall construct the Feynman-Thomas measure p on a space l%,y for
a v > 0 large enough. The advantage of the Hilbert space approach is that
we can use the following theorem due to Sazonov for the existence of the
projective limit, the proof of which is quite simple: see the Appendix.

Theorem 2.3 (Sazonov) Let (1™))yen be a projective system of bounded
measures on the dual H' of a separable Hilbert space H, i.e. there is an
orthonormal basis {e;}32, of H with dual basis {€}}32, such that ™) is a
bounded (in general complez-valued) measure on the span of {€},... ey},
such that for M > N, wi (u™)) = u™N) | where 7y is the projection onto the
span of {€},...,eN}. Assume that there exist positive measures vy such that
|p™| < vn and which are uniformly bounded:

sup ||vn|| < o0,
NeN
and such that the Fourier transforms ®y : H — C given by

D (€) = / (€51, (),

(where Ty is the projection on the span of {e1, ... ,ex}) are equicontinuous at
& = 0 in the Sazonov topology, i.e. for all e > 0 there exists a Hilbert-Schmadt
map u € B(H) such that

gl <1 = [@x(€) — By(0)| <€ VneN.

Then there exists a unique bounded Radon measure p on H, , where the sub-

script o denotes the weak topology, such that wh(u) = p™) for all N € N.

To determine the projective limit of the complex-valued measures (™
above, we apply this theorem to auxiliary positive measures which dominate

|1
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2.2 Construction of auxiliary measures on R"

We want to construct an auxiliary measure 14, to give a majorisation of the
modulus of the Feynman-Thomas measure p, see Definition 1.1. Indeed, if we
can prove that this auxiliary measure is strongly concentrated on an Hilbert
space l%ﬂ/ for some v > 0, then it follows that u is also strongly concentrated
on lzﬂ since || < ftauz. (We remark that the covariance K = lim,,_,o K™
must then be considered as a map K : lz — ZQ_W/ with kernel K; ; = min(i, j),
so that (§, K&) = >, K; ;& &;.) The auxiliary measure ji,,, will be the

projective limit of the measures /,ng);,; given by

p (day .. dxy,) = / |G ae (21, .., 20) | V(S ™) day . .. d,,  (2.21)
R

n
+

where G 4 (1, .., 7,) and v(dS™) are defined in Definition 1.1.
The Fourier transform with respect to x of the auxiliary measure is defined

by:
D, (¢) = / 1) (dry .. day) e E) (2.22)

The aim is now to show that the measures u(%)g; on lz_y satisfy the condi-

tions of Sazonov’s theorem. Then it follows that the projective limit
p=Lim ™

exists on lzﬂ w.r.t. the weak topology.
Evaluating (2.21) we have

p (day .. dx,) = / ™ (dS™) exp {—%(1’(”), Re ((A™)™h) x(”)>]

+
dzy ...dx,
X T4t (2.23)
(2m)n/2 | /det (ST + m(m)]
where (™ = (z1,...,2,). To compute the Fourier transform, we need to

determine B™ = (?Re(A(”))*l)_l. Omitting the superscripts for simplicity,
we have

ATl =872 (1 + z’S*WKS*l/?)’1 Sz,
With C = S~1/2KS-1/2,

(I+iC) ' = +C*H (I —iC)
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and since C' is real,

(?Re(A)*l)*l — Sl/2<%e([+i0)71>7151/2
= SYV21+4+C*SY? =S5+ KS'K.

Thus )
B™ = (Re(AM)™H) 7 = g0 4 g (g~ (), (2.24)
We also compute
Vdet B
/IGM (@) d"r = — e
/| det A()|

Using
| det A| = (det S)| det(I +iC)| = (det S) det(I + C?)| det(I —iC)|™*

and
det B = (det S) det(I + C?)
we have
vV det B(®)
[1Gamtalas = S
/| det A(™)|

= \/\det(l—z’(SW)—1/2K<”>(S<”>)—1/2)\- (2.25)

The Fourier transform with respect to the sequence 2™ is then:

B, (¢) = / V(dSO) ) € BN, ] or(1 — (S 1K), (2.26)

where £ = (&, ..€,) and where B(™ = S 4T with T = K™ (§M)~1 (),

Define the map B = S+ T, with I' = KS~'K, which is the inverse of the
real part of the inverse of A, i.e. B = (Re(A™'))™", as a map I2 — 1?.. Then
the Fourier transform of the limiting auxiliary measure fig,, on l%,y will be
given by:

B(¢) = / p(dS)e EB2 /Tdet(1 —iS1K)], €€ 2. (2.27)

2.3 Uniform boundedness

It is clear from (2.25) that the norm of the measure ME{&L is given by

Il = [ vlds®)/ldern =ik 229
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Lemma 2.4 We have

sup ||, || < oo,
neN

if the following condition holds

(n)
sup K; < +00
neN zzl

where

(2.29)

Proof: We omit the superscripts n as before. Define f(” = % and
i

52‘ = Sz/ﬁz Then

Rescaling, we have

/ p(dS™)y/|det (I —i(S-12KS-12)| =

_ / i
= / d”§e(§1+"'+§")\/ | det (1—2’(571}”() .
R}

This can be estimated as in [1] by means of the Hadamard inequality

d"s e_(§1+"'+§”)\/| det <I — i(§*1/2f(5¥’1/2> |

(2.30)

It follows that (omitting the tilde on s)

/ d"s e’(sl+"'+s")\/| det(I —iS—1K)| < H/ dse (14 r2s~3)Y4,
R” i=1 70

+
(2.31)
Using
(1+z)Y* <1424

10
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for s < k and
1+2)Y4<142z/4

for s > k we obtain
> —s 2.—2\1/4 9
dse *(1+ Kkjs™7) §1+Z/<;.
0

Therefore

/I/(dS("))\/| det (I —i(S12KS5-1/2)| < H (1 + %‘%) < exp [% Z/{Z] :
i=1

i=1
(2.32)
O

Corollary 2.5 Set K;; = i A j and assume 3; = ci® for come ¢ > 0 and
0>0. Then

5
sup ||l || < +oo if § > =.
neN 2

Proof.
(M = SRR =2y D) (233)
j=1 = Y
= Y POy g (2.34)
j=1 j=it+1
We use the following estimates:
i : 2-0 i
;‘7 St ae 5-6 3.0
o0 0 ,l'l—(s
St e = i

j=it+l

with the condition § > 2 (and ¢ # 3).
If § < 3 then it follows that the both terms in (2.33) behave like i3~2% and
hence sup,,cy Y iy /{Z(n) < Fooif Y%, 279 < 400, i.e. § > 5/2. If § > 3 the
(n)

i

first term dominates and behaves like i =% (or i3 In4) and the sum > |
is also bounded. [

11
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2.4 Equicontinuity of the quadratic forms

It remains to determine when the quadratic form (B¢, £) is continuous in the
Sazonov topology. Since

[(BE, &) < [{§, SO + (€. T,
it suffices to find two Hilbert-Schmidt maps ug and ur such that:
(€, SE < [lusé]l,
(&, TE| < [urg] .

Here we note that by unitary equivalence, the image Hilbert space is arbi-
trary. We construct the maps ug, ur : l% — 2

Lemma 2.6 The quadratic form (S¢,€), £ € 12, for some vy > 0, is con-
tinuous in the sense of Sazonov topology for v—almost every S = (s;)i>1

if
Z% < +o00. (2.35)
Proof:
Let S = (s;);>1. Then,

(S€,€)| = [(VSE,VSE)| = ||[VSe|%

since S is diagonal and positive. We therefore choose ug = v/S and obtain

o0
luslls = IIVSIB, =" [lusel™|?
=1

= YINET el = 3
1=

i=1

This holds for v—almost every S'if :

o] 5 [e%¢) 0o dS‘ 5 o o] B
1 . 1 91 751/52 . 1
ZiZI /iv—y(dS) = ZEZI /0 A el = ;:1 _Z'“/ < +o00.

12
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Lemma 2.7 The quadratic form ({,T€), £ € Z?Y for some~y = 0 is continuous

w.r.t. the Sazonov topology for v—almost every S if

Proof. Since I' = KS™'K, we have

(€. TE)| = [(ST2KE, 872 Ke)| = [|S72 K¢

(2.36)

because S is diagonal and positive and K is symmetric. Therefore we choose

ur = S72K and have the following condition:
l|ur||3g = ||S_1/2K||§,,Y < 400 for v —a.e.S

We compute the Hilbert-Schmidt norm:

lurl[3s = D IIS2Ke|?
=1

o o
= DD s K kT e |
i=1 k=1

= > > §|Kjvi|2¢ﬂ.
J

i=1 j=1

Since

it suffices if

Now,

1 _S/Bds T
e el
o Vs B B

so the condition (2.36) follows. [J

13

(2.37)



hal-00668312, version 1 - 9 Feb 2012

3 Existence of the Feynman-Thomas measure

2
on [~
Theorem 3.1 Consider the map K : I2 — 1> with K;; = iAj, and assume
vo> % Then there exists a unique path distribution Fgx on l%,y such that
ﬁK = e UKED/2 given by Fy = Du where D = J[° — &8—22 and
g Y /j’ i=1 2 Ox?

where 1 1s a bounded Radon measure strongly concentrated on ZQ_W/ w.r.t. the
weak topology.

Proof. 1t suffices to prove that the auxiliary measures satisfy the condi-
tions of Sazonov’s theorem. By the above lemmas, it suffices if the following
conditions hold:

5

o
SO
Y
=1

and

The first two conditions hold if v > % and the corollary of Lemma 2.4 then
shows that the last condition is also fulfilled. [J

Corollary 3.2 Suppose that the potential V : R — R belongs to E?(R), i.e.
it is twice continuously differentiable with bounded first and second deriva-
tives. Moreover, let ()\j);?‘;l be a sequence of positive constants such that
E;il BjA; < +o0, where the constants 3; satisfy the conditions of the above

lemmas, in particular if B; = ci® with 6 > 5/2. Then the Feynman ‘path

integral’
< exp [—z’ Z ANVi(xj) |, F>
j=1

exists.

Proof. This follows from the theorem since

<eXp [_i i AV () F> = <Dexp [—zi AV ()

j=1 j=1

)

14
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where p is the Feynman-Thomas measure. It therefore suffices if

D exp [—i > )\jV(xj)} is bounded. But

D exp [—Z Z )\JV(.TJ>

{1 + 6] (I V" () + A2V (25)) }exp [—ZZ)\ V()

Jj=1

O

Remark. In particular, one can take \; = e/ for small € > 0. This is

quite common procedure in scattering theory, known as ‘adiabatically switch-
ing off” the potential.

4 Concluding remarks

We have defined the Feynman ‘path integral’ with the initial condition zy = 0
at t = 0. It is straightforward to modify this definition to allow for a general
boundary condition z(t) = z; at t = k for an arbitrary integer k. Formally,
one then has

FMBO) — oxp [3 > (an —xn1)2] 11 ( - ) : (4.38)
2 n=k+1 i1 \V2im
Denoting
() = <eXp [—ZZV ;)\ F}LMBC)> , (4.39)

U, plays the role of a wave function at time k. There is then an obvious
recursion relation:

Ay

\ e '

This equation is the analogue of the integrated Schrédinger equation in the
negative-time direction, i.e. W, = DAy, (¢ > t). (It might therefore
have been better to define the Feynman path integral from —oo to k instead.
This would represent an incoming wave from ¢ = —oco to the present.) Note
that the integral kernel in (4.40) defines an operator on the space £ (R) of
infinitely differentiable functions with bounded derivatives (if V' has bounded

Uy (xg) = /exp B(wn — Ty 1)? — zV(xk))\k} U1 (Tha1) (4.40)

15
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first and second derivatives). This follows easily by integration by parts,
which is the essence of the distributional approach.

Note that in the Albeverio - Hgegh Krohn approach they assume that V'
is the Fourier transform of a measure, and expand e~/ V@M1t Agsuming
that WUy, is also the Fourier transform of a measure, i.e.

Vi) = [ enndy) and Wi (o) = [ s (a),

we can do the same here:

Wi(ze) = i n.!n/ (dy1) - - / v (dy,)e! ot

=0

X/,ukJrl(dy)/dl‘*;;i Zymk“ez(mkﬂ y)?
(nl) /V(dyl)/ (dy ) i(y1+-+yn) Tk

3

[
NE

i
o

pe(dy)e'™

I
—

where

y 'I’L

(s ) Z n! / (dyr) - / v(dyn) / s (dy)e 3V f (it +ynty)

n=0

defines a bounded measure.

It is also of interest to consider the more general boundary condition at
T — +o0. Taking x( arbitrary, we define the classical path ©; = xy + v1,
where v = limp_, o, v7 is the limiting velocity. Replacing z; by x; +7; in the
MBC action (1.4) it becomes

i+ T — (mi —Ti))?
GMBO)  _ 4 ) (i
g ; )+ Z —

1

— Z — %)’ + vQTer( — Zp).

—1 z_zl 2

The second term on the right-hand side corresponds to the kinetic energy of
a particle with velocity v. The factor e®*" represents an outgoing wave with

16
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this velocity and e3v"Teiven itg free evolution. One defines the kernel of the

(adjoint) wave operator (27)* at momentum k,,; = v (remember that i =1
and m = 1 so that v = ifn—k = k) by omitting these factors and then taking
n — 0o. In the discrete-time case we obtain

o0

(@) (s 70) = [ Dlat®]exp [2 > - :m?]

J=1

X exp [—Z Z V(SL’] + o+ koutj))\j — ikoutxol

j=1

In scattering theory, one usually considers a time interval which is un-
bounded in both directions. One then needs nontrivial boundary conditions
at both ends. We put

= < exp [—i Z V(z; 4 20 + Kowd)Aj — ikourTo

j=1

n

s i dz;
FT(L ) — exp [5 Z (ZL‘j — ;pj_l)Z] H \/ﬁ . (441)

j=—n+1 j=—n+1

Then the limit F¢¢) = lim,, ., F\* is defined as a path distribution as above
and the scattering matriz is defined by

S(kout, kin) = <eXp [—i D V(w4 20+ kin(j A 0) + Eour (7 V 0)) A

j=—00

Xe*i(kout*kin)xoj F(SC)> (442)

In this case of course we must take \; = eIl If V decays sufficiently fast
for |x| — +o0, it is known that the limit ¢ — 0 exists.

5 Appendix

Here we give a proof of Sazonov’s theorem based on [11]. We use a special
case of Prokhorov’s theorem [10]:

Theorem 5.1 (Prokhorov) Consider a separable Hilbert space H with or-
thonormal basis (ep)nen, and let (un)nen be a projective sequence of (in

17
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general complez-valued) measures on H. Assume that supyey ||pn|] < 400,
and that for all e > 0, there exists a weakly compact set K C H such that

lun|(Tn(K)¢) <e VN eN.

Then there exists a bounded projective limit measure p = @NN on H, such
that pn = T ().

This theorem is proved by remarking that H, is a completely regular
topological space and therefore has a Stone-Cech compactification. Using
the Riesz-Markov theorem, it then follows that it suffices to define

(RMZLFW

for all bounded continuous functions F' on H,. One then defines (F, u) =
limpy_oo f Fojydu,, where jy : HW) — H is the canonical inclusion of the
span ) of {e;,...,enx} into H. The limit exists by Prokhorov’s condition
and the uniform continuity of F' on compacta as in [12].

We also use a simple lemma from [11]:

Lemma 5.2 Let v be a probability measure on RY and assume that for a
given € > 0, there exists a positive definite N x N matriz A such that

<e.

(€, A <1 = '1 - /ei<£’z>u(da:)

Then, for all R > 0,
. 2
v(BN(R)Y) <c e—i—ﬁTr(A) :

where ¢ > 0 is an absolute constant and By(R) = {x € RN : ||z|| > R}.

18
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Proof. Since for ||z|| > R, e~ I#IP/@R*) < ¢=1/2 e have

(1 — e *)u(By(R))
< / (1 _ efnmn?/(m?)) v(dz)

_ /ﬁemwm/(l _ 6Dy (da)

:/1{5:<5,A5>§1}"'+/1{5:<5,A5>>1}---

dé- _ P2 2 dé- _ D2 2
36/76 R2j¢l| /2+2/ 4 R
(2mR-2)n/2 (66, Agy>1} (2mR=2)n/2

N
cer2 [ 3 edumt —Rge_ 95

n,m=1

— +2i‘4 ¢ e*RQII£||2/2L — e+ iTr (A)
=€ — nn n (27TR_2)n/2 =€ R? .

O

Proof of Sazonov’s theorem Let € > 0. By Prokhorov’s theorem, we

need to prove that there exists a (weakly) compact set K C H' such that

lun | (T (K)¢) < e for all N. Given n > 0, there exists a Hilbert-Schmidt
map u on H such that

[uéll <1 = [@n(§) — On(0)] <,

where

dy(&) = /ei<”N(5)’$>VN(dx).
Set
K={zeH : ||z|| <R}

This set is weakly compact by the Banach-Alaoglu theorem. Now, if & €
HWN) | the span of {e;,...,en}, then

[e'S) N
||u€||2 = Z Z unmunm’gmgm’ = <€7 A€>

n=1mm’/=1

where
o0

Amm’ = Zunmunm’ = <6m, UTU(6m1>.

n=1

19
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Hence A > 0 and by the lemma applied to the probability measure vy =
vn/|lvwll,

2 2
v (By(R)) < ellwl] (n+ 55 Tr (A)) < ellvwll (n+ S lullzs)-

Taking R = ||u||zsv/2n and n = €/(2csupyey ||vn]]), we have, since my (K) =
B(R), ™| (my (K)) < e. O
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