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Abstract

Governing equations for flow in three-dimensiona&tdnrogeneous and anisotropic porous
media containing fractures or cracks with infinttansverse permeability are described.
Fractures are modeled as zero thickness curvecssrfaith the possibility of multiple
intersections. It is assumed that flow obeys tam@isotropic Darcy’s law in the porous matrix
and to a Poiseuille type law in fractures. The masshange relations at fractures
intersections are carefully investigated as toldista a complete mathematical formulation
for the flow problem in a fractured porous body.g&neral potential solution, based on
singular integral equations, is established foadyestate flow in an infinite fractured body
with uniform and isotropic matrix permeability. Theain unknown variable in the equations
is the pressure field on the crack surfaces, reduttius from three to two the dimension of
the numerical problem. A general transformationrteris then given that allows extending
the solution to matrices with anisotropic permaghbilThe results lead to a simple and
efficient numerical method for modeling flow in #&-dimensional fractured porous bodies.

Keywords. porous material, fracture, crack, steady statewf] singular integral equations,
boundary element method

1 Introduction

Modelling the flow in fractured porous media hagraat interest for applications to various
industrial problems such as petroleum reservoigsneering, radioactive waste disposal, CO
geological storage, water resources managemenDdterent aspects of flow in fractured
porous media, especially in the contexts of petnolegeservoirs, have been investigated by
different numerical methods such as Finite Elemght®, 3], Finite Volume [4, 5, 6] and
Discrete Fracture Network [7,8] among many othémsmany problems related to flow in
fractured geological formations or in micro-crackeorous rocks, one is interested in the
steady state flow that takes place under givemeldrEonditions. This occurs especially when
the effective permeability of fractured reservarsof microcracked rocks is investigated [4,
9, 10, 11, 12]. For this purpose, the flow has éodetermined in and around the cracks
embedded in an infinite matrix with uniform permiih To model steady state flow in an
infinite fractured matrix, Singular Integral Equats provide a powerful method that allows
developing simple numerical models, genepaitential solutionsand, in some cases,
analytical solutions.
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In potential solutionsthe pressure field in the whole body is built agunction of the
infiltration in the fractures. This reduces the dmsion of the unknown variable field from
three (pressure field) to two (infiltration on ckasurfaces) and thus simplifies numerical
modelling. For 2D plane flow in cracked bodies,gmial solutions based on singular integral
equations was introduced first by Liolios & Exaddés [13], by using complex number
variables. Their solution was restricted to isottomatrix permeability and, also, excluded
crack intersections. The cracks intersections domsy in fact, a difficulty that mathematical
formulations and numerical methods have to hamslidirect formulation of two-dimensional
flow in terms of singular integral equations all@Meouya & Ghabezloo [14] extending the
previous solutions to anisotropic matrices. Furtiee, the integration of mass balance
relation at crack intersections allowed them t@mpattheir solution to intersecting cracks. The
initial objective of the present work is the extensof these results to three-dimensional
flow. However, we realized that this extension atee problem of mass balance conditions
on fractures intersection lines that has not beéiicently well studied in the literature.

As a matter of fact, in presence of fractures, fmvenulation of the flow problem has to
integrate mass balance conditions concerning maaocture exchanges along fracture
surfaces as well as matrix-fracture and fractuaettire exchanges along fracture intersection
lines. The relations governing matrix-fracture exufpes along fracture surfaces have been
first expressed by Barenblatt et al. [15] in a eanhtof double porosity concept, and then
widely used in subsequent work [4, 6, 16, 17]. Theitension to curved fracture surfaces,
however, should be examined carefully as it willdi®wn in this paper. But a review of
different numerical modelling works shows that]estst in the context of three-dimensional
flow, mass balance conditions at fracture intersasthave not been explicitly and clearly
formulated. Probably, the concept of double poyosit which the flow in the fracture
network and in the matrix are described separdiglpg doublet of governing equations has
made the problem more complicated [18]. It can b&cad that in many works fractures
intersections have been simply excluded to avomceptual and numerical difficulties. In
some works, dealing with 2D flow, the mass balaatefracture intersection points is
expressed only in the numerical model: Grastetl. [S] impose some relations on nodal
velocities in elements adjacent to an intersecgiomt in order to assure the mass balance.
But concerning the 3D intersecting fractures, weald@¢omot find any expression of mass
balance conditions on intersection lines and poidtsvever, whatever the numerical method
used, a rigorous and complete mathematical fornonlatf the flow problem integrating these
conditions is a prerequisite to establishment l&fvant numerical models.

In this work, the fractures represent physically limits of vanishingly thin fractures or very
permeable layers in which the fluid is in equilibri with the pores fluid, and so, the pressure
IS continuous at the matrix-fracture interface.cAlhere is no pressure jump between the two
opposite sides of the fracture, corresponding to agsumption of infinite transverse
permeability for the fracture. These assumptiondugle the cases of non-equilibrium flow
with different pressures in the fracture and thérix§l9] or of fractures, such as some shear
faults, acting as impermeable membranes [20]. Gaarally, the fractures are represented by
curved surfaces that may have multiple intersest@iong different lines and points. In this
framework, the paper focuses on the mathematicaiutation of the flow problem. First the
mass balance equations at intersection lines amtspare investigated. Then, a potential
solution for the steady state flow is establishedamn infinite fractured body with uniform
matrix permeability. The potential solution allovesiucing the 3D problem to a 2D problem
involving only the flow on fracture surfaces andmsaking it possible to solve the problem by
using 2D numerical methods. The equations for 2Bblem are written by supposing a
Poiseuille type law (linear relation between iméitton and pressure gradient) for the tangent

2



hal-00668190, version 1 - 9 Feb 2012

flow in the fracture, but they can be easily exthtb non linear laws. The potential solution
is first established for isotropic matrix permedbiland then extended to anisotropic
permeability by using Bnear transformation methothat will be introduced beforehand.

Notations :

In the sequel, light-face (Greek or Latin) lett@lsnote scalars; underlined letters denote
vectors, bold-face letters designate second ramdots or double-index matrices. The scalar
product of two vectora and b is labelled asa.b. For second rank tensors, the tensor
transposed from is denotedA’, the matrix product is labelled A8 and the determinant as
|A]. The operation oA ona s labelled ag\.a.

The Greek indicesa( (...) take the values {1,2}, and the convention of suwation on
repeated indices is used implicitly for them. Téagsvention is not used for Latin indicesj(
k...) that are used to number surfaces, lines, etd ,aae noted indifferently as subscript or
upperscript] represents the gradient aAdhe Laplace operator for a scalar field ahd) (
the divergence for a vector field.

2 Basic equations

A three dimensional heterogeneous porous kQdgontaining a set of fracture surfaces is
considered. The fractures are numbered bgd denoted;. The surfacd’; is defined by a
smooth functiorg(s) from R? — 3, wheres = (s, ;) represents the curvilinear parameters.
At its boundary, denoted I, the crack’; can end in the matrix, intersect other cracks or
outcrop on the boundary 61, denoted byQ. Two or more cracks can intersect along an
intersection lineand several intersection lines can intersect attansection poin{Figure 5).
The intersection line numbers designated bl; The notatior” or L is used for an arbitrary
crack surface or intersection line. Also, withoay aisk of confusion]” andL designate the
set of all points located respectively on crackKaes and intersection lines. Thus, we have
LO/TIQ. The setQ-I is calledmatrix points '-L, theregular pointson crack surfaces and
L, singularpoints.

The matrix and fractures are supposed to be satueatd the flow monophasic. The case of
fractures that are the limits of vanishingly thempty or very permeable layers, are taken
into consideration. There is no pressure jump betvie/o opposite sides of the fracture. The
pressure in the fracture is the same that on itsrface with the matrix. The flow is
characterised by a pressure figlg), a velocity fieldv(x) in the matrix, and an infiltration
filed g(s)in the fractures. The normal componenvaan be discontinuous from one side of

the fracture surface to the other, whereas its eiatig component remains continuous
because of the continuity of the pressure. Thétrafion g is defined as the integral of the

fluid velocity v in the thickness of the physical fracture or Iaygpj:y(y)dywheree

represents the thickness of the fracture in thesishymodel. The vector field is tangent at

every point to the crack surface. The fluid mass @t matrix volume is denoted hy.
Whenp is constant or function of the pressure, theneoigump for its values between two
sides of the fracture. Although in the geometricdelathe fractures have a zero thickness,
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their physical thickness is not zero and they aamain some fluid mass quantity. The fluid
mass per unit surface of the fracture is represeoye). The parameterg andn can vary if
the fluid is supposed (slightly) compressible. Simk source points are excluded for seek of
simplicity.

The general equations governing the flondrencompass the mass balance equations, the
boundary conditions on different partsagd and the constitutive laws for flow in the matrix
and the fractures. They are examined in the folgwi

2.1 Mass balance equations

Thelocal mass balance condition takes different forms déipgnwhether the point is
located in the matrix, on crack surfaces or onrggetion lines and points. At a matrix point
the mass balance reads:

Ox0Q-I; oplot + D.[pv(X)] = 0 1)

wherep represents the fluid mass per unit volume of tlarim It is well known that this
local condition can be obtained from an integral conditover a volumé&/ surrounding the
point x: the variation of the fluid mas& in V must balance the fluQ leaving the boundary
ov:

oM

—~  +0=

5 Q70 2)
with:

M=[pdw, Q= [ pv.nds (3)

wheren represents the unit outward normal on the boundsryThe equation (1) is then
deduced from (2) by using the divergence theorema faector fieldu:

jg.ﬂ ds=jD._u adv (4)

We use this lemma as a guideline to obtain massbalconditions for the points located on
crack surfaces. But first, we must give the expogsef the divergence theorem for domains
including discontinuity surfaces. Letbe a vector field throug which is discontinuous
across a set of surfacés The two sides of; are denoted bl;” andr’;" andr; is oriented by
the unit normah pointing froml;" to I';". The values ofi on the negative and positive sides
of I'; are denoted by~ andu™ and the jump or discontinuity af through this surface is

represented b:{{g]] =u" —u . The extended divergence theorem don Q is expressed by
the following mathematical identity:

ID.Q dw= jg_n ds—Zj[[_l]._nd (5)

We use this relation to derive the mass balancatems atregular points on crack surfaces
and at intersection lines and points. As a mattéad, the fluid entering the fracture on one
side with the velocity, partly joins the tangent flow in the fracture grattly exits the other
side with the velocitw". The jumpv’™-v represents the balance of mass exchanged between
matrix and fracture.
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2.1.1 Massbalancefor regular pointson the cracks

For aregular pointz on a cracKj, it is possible to consider a small voluMesurrounding
this point and not intersecting any other crackthaWe notel“j’ the portion of"j bounded
by V, and byy\j’ its intersection witdV (Figure 1). The total mas® in V has the following
expression:

9\4=Ipdoo+jnds (6)
v ry

The total fluxQ leavingV is the sum of flux passing through the porousax@dV and the
infiltration leaving the crack on the Iinﬁ :

Q=[pvndst[ gmd (7)
ov y\j/_

In the last integralg represents the infiltration vector dpandm is the third vector of the

Darboux frame, or the untangentnormal of y; onT;: it is tangent to the surfadg and

normal to the Iiney‘j’ (see Appendix A). By using the divergence theoréra first integral is
transformed to:

[ pvnds=[0.(y do+ [p[ §.nd (®)

ov

Figure 1 : Small volum¥ surrounding a regular poiaton a crack surfadg;

The second integral in (7) can be transformed lryguthe divergence theorem for surfaces.
jg.r_n dlzjms.y ds (9)
vy r
where U .u represents thsurface divergencef the fieldu. For the surfaces defined by the
smooth functiorg(s), the two vectorg, = 02/0s, (0=1,2) define thenatural frameonT;. The
contravariant coordinatas (a=1,2) of a tangent vector fieldin the frame {°} are defined
by the relationu=u’t, (implicit summation ona). For plane surfaces, the natural frame

remains constant through the surface andstiiéace divergencef u is then given by the
following expression:

O.u=0,u° (10)
But for curved surfaces, the framg}{varies onl" and 0 .u expression has to be replaced by
covariant derivative as follows:
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DS'g:aaua + LFC:B (11)
The coefficientsC}; are the Christoffel symbols of the surfdceepresenting its curvature

(see Appendix A). For curved surfaces, the theqi@®nholds only if the true expression (11)
for U,.u is used.

Combination of (9), (8), (7) and (6) provides:

aagf Q= j(ap+m(pv)jds+j( +p[ .+, (qu (12)

The equations (1) and (2) then imply that the Iatgral in (12) has to vanish for every
small surface; aroundz, and this implies:

NZ(90r - L A o[ (9] 3+ 0. [p @) =0 (13)

This equation has been widely used in the litemtii6,17, 15, 4, 6]. However it has
generally been obtained by considering the maséagges around a poirtin a small
domainD in the tangent plane 10 (Figure 2). The mass balance is written for thehaxges
between this domain and the matrix via the upperlawer surface®” andD™ and with the
remaining parts of the of the crack via the boupdabd. This latter contribution is
transformed to the integral ¢f,.q throughD by using the surface divergence theorem, and

(13) is obtained. But in this way the expressiod) (& supposed foll..q sinceD is a plane
surface. This method does not allow taking accotitiie curvature effects.

(a) (b)
Figure 2: a) small domaib in the tangent plane 10 around a poing, b)
contributions to the mass exchange for donain

2.1.2 Massbhalance on intersection lines

Let L be a line along which intersect several cratksind consider a cylindrical shape
volume around this line (Figure 3a). The laterafae of this volume is denoted By and

its two end sections b$ andS". The lineL is oriented fromS™ to S'. If there areN
intersecting cracks oh, their intersections witt8", S™ and P divide each one of these
surfaces intdN sectors. We denote .1, S'.,, and s .., the sectors comprised between the

.
i+l j.j+1

cracksl; andl ;1 (with the conventiori'n.1 =11 to have a cyclic notation). The portion of
the cracklj within the volumeV is denoted byl . It is delimited by four lines that are a

portion ofL denoted by, and the intersections &f with the surface®, S" andS™ denoted
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respectively byy!,y;" andy". The portion ofV comprised betweeh; andlj.; is denoted

S; ;.. andPjjs 1.

j+1e

BESE

by Vj,j+1. It is delimited by five surfaces that afe, I'},,, S/

Figure 3: (a) A small reference volume around tteek intersection liné.
(b) Portion of the crack surfa€e comprised in the volume and delimited by

the I|ne3/] : y] : y] andy,.

The mass variation i reads

2=y j apd ZJ'ands (14)

J rV
The flux of mass leaving this vqume reads
Q= J'pvnds+jpvndsj'p vndBZJ'p _qdeZJ'p qm-dEJ'p .qm (15)
Iy Iy
Let consider now the masse balance (2) in the sllome Vj,j+1 bounded by the surfaces
Pij+1, Sy Sy, [ @ndly,, (Figure 4.a). It leads to the following equality:

J' pdco+ [ punds+ [ pvnds [ p.vnds j PV ndsj'p v nds (16)

J,J+1 JRRSS SJJ+1 %J +1 J 1
nis the unit normal vector on the integration scefaOn the surfacer S" andS’, this vector
points outward from the volume and, on the surfé&ges oriented from the surfadg to the
volume V,,j+1. On T the fluid velocity is discontinuous/ andv' represent the velocity at
respectively the negative and positive sides &f shirface orientated by (Figure 4.b). This
convention determines the sign of the two lastgraks in (16). When summing this equation
on j, the contribution of the two last integrals canti@msformed into expressions involving
the jump ofv onTl’;. The following result is then found:

I% doo+jpy.g ds+ J'p_v_n ds J'p_.\_/n dsd J' p[_Jv. nds0 (17)

v P s s ir,
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(a) (b)
Figure 4: (a) The sub-volumég,.; delimited by the surfacd3j.1, S, ..,
S, [} andl,; . (b) The orientation of the vectoon the surfacé;
form this surface to the volumg,;.1

Using (13), the last integral in (17) can be repthby:

-5 [ellnds=Y [T ds3 [0,(.9 ¢ (18)

J r‘j’
The surface divergence theorem for the last imlagr(18) reads:

[ O.(a)ds= [pamdk [pamadr [p amdt[p g m (19)
v~ Vo

V P St
I Y Vi

In this relation,q is the infiltration vector off; andm on each line is the@angent normabf

the line onl; pointing outward from the domain (Figure 3b). Rbe last integral, these
quantities are specified by the indgxbecause on the line several cracks meet and
specification byj is necessary to distinguish the contribution dfedent cracks. Then,
summing (19) o and combining it with the relations (18), (17)5)&nd (14) results in:

oM

—+Q=- .m dl 20

o+ ;y{pgj m (20)
To satisfy the mass balance, the left-side of ¢gisation must be null for every portign
Hence, at every point dn

Oz()OL; ZQJ_.Lnj =0 (21)

Thus, the mass balance on an intersection lineewadral cracks imposes a condition on the
normal components of the infiltration in each crazkhe intersection line.

It is worth noting that this relation does not itwe exchanges with the matrix and so is
independent of the flow in the matrix. This relatis the same as the one would be found for
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a fracture network in an impermeable matrix. Tlsisan important point that has not been
clearly emphasized in the literature. It bringsngfigant simplification for mathematical and
numerical modelling of flow in fractured porous need

An important consequence of this relation is thattlee boundary of cracks ending in the
matrix, the normal component of the infiltrationtb@ boundary line vanisheg:.m=0.

It should be also noted that the intersection lideshot contain a specific fluid mass. It is
possible to introduce in the model some singulaedi with a specific mass content
characterized by a line density. This would be wisief model, for instance, wellbores in an
oil reservoir [6]. But this is physically a contedifferent from the fracture intersection lines
that are considered here above.

2.1.3 Massbalance at intersection points

The existence of intersection points is unavoidafien, for instance, there are three families
of mutually orthogonal fractures in a rock formati@dt an intersection point, an intersection
line intersects other intersection lines and frectaurfaces. The velocity and infiltration

fields can present different discontinuities arountersection points, and mass balance
equations must include the conditions around tpesds.

Let the intersection liné considered in the previous section be cut by a oawk surface
["c. The cylindrical volume arounld, as well as the surfac®sandl’; and the Iinesﬁ andy,

are cut byl in two parts that can be designated, respectivgly/" andV ", y;"andy;~ etc.
(Figure 5). In addition, intersection 6f with P and["; defines new lines designated kY

andy,.. On the liney,, we denote by_qlfc and 9,; respectively the discharges in the surfaces

" andl;” and bymjfC and m, the normal unit vectors tangent ffip and pointing outward
respectively froml;" and I;". Since[; is smooth, we can denote bw; for m, = -
m,l (Figure 5). We denote also, on the same yjneby m;; for the unit tangent normal of the

line y,.on I'c pointing from this line to the volum¥j,., (Figure 4b), and byg;_ and
9;, respectively for the infiltration vectors in therfacel . at the negative and positive sides
of my;.

Compared to the previous case, the balance of aligehleaving the volume must be
completed by the contribution of the ling. The total mass variatiods /ot in V and
dischargeQ' leavingV read respectively:

OM' _0M ¢ 0n

—=—+|—ds, '=Q+ m dI 22

o r[at QQVIEQ'— (22)

whereda /ot andQ are given by (14) and (15). The analysis carriedam the volumé/ in
the previous section can be applied to each sulmweV * andV . The upper part is limited,
at its lower face by the surfa€g and the lower part, at its upper face,lRy with outward
unit vectors oriented in opposite directions.
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(@) (b)

Figure 5: Small reference volume around an intdize point

Writing the equation (7) for each sub-volumMéandV ™ delimited by the surfacdg and then
summing theses equations for all the sub-domam&gaation analogue to (20) is found as
follows:

%*—Q':_Zj:y{gym dl_z}:;[_q—rr]] dl—;j((_cjl __ﬁ)_m"'(_;q__;(])_g) ( (23)

yjc
However, according to the mass balance conditidl), (fhe two first integrals in (14),
corresponding to integration oy and y;, vanish. If the result (21) is applied to the

intersection liney ., it implies that:

@, ~9.)-me +(g, - 4).ng =0 (24)

This means that the conditidn '/ot+ Q' = O already results from (21) without any additb
condition. Hence, the mass balance at intersegimoms does not induce new equations and
is included in previous ones. However, it must lo¢ed that the infiltrationg in a crack

surface can be discontinuous when crossing ansextgon line, and the mass balance (21)
has to take into account this discontinuity. Gelgrat intersection points, an intersection

line meets a new crack surface. The infiltratigszvhich appears in (21) takes then different

limit values on the two sides of the new crack acef The condition (21) must be satisfied
on each side of the surface. For instance, if wesicer the intersection point of the lihe
with the surfacel; (Figure 5), thengj on the linesy.” andy_ has for limit values

respectivelygjf and 9; when approaching this point. The condition (21)yonandy,~ then
leads to the following limit conditions at the irgection point:

2.4;m; =0, 2.;m; =0 (25)
— = — — |
J J

In a general way, there are as many equations satsfied at an intersection point that there
are half-lines departing from this point. Theseditans are the limit cases of the condition
(21) on each one of these lines at the intersegioomt.
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In summary, the mass balance for the whole medsiexpressed locally by three types of
conditions: the condition (1) that involves onlyetRow in the matrix, the condition (13)
governing the matrix-fractures exchanges, and timelition (21) that involves only the flow
in fractures and which is the same that for a fnas network in an impermeable matrix.

2.2 Boundary conditions

For continuum materials, the bound@q is classically divided into two partQ ando.Q

where respectively the pressyrand the outgoing flux.n are imposed. For cracked bodies,
a third type of boundary condition must be introgiilowhen a crack outcrops on the
boundary. The intersection of a crack surfBcaith 0Q defines a line on this boundary that

is designated byy?. On these lines, the pressure or the outflow ef ¢rack have to be
specified in order to complete the formulation loé tflow problem. When the pressure is
prescribed on these lines, it is not necessarystinduish them from the other parts a®
where pressure is imposed. Hence, the notaktincovers all the points 0dQ where the
pressure is imposed, including the points locatadfractures outcrops. However, it is
possible that the fracture outflow is known or ire@d on the boundary. This is the case, for
instance, when a fluid is injected in a fractureaatonstant rate or when the outflow of a
fracture outcropping in a tunnel or in a wellbosemeasured. The fracture outcrop lines on
0Q where the outflow is imposed are designated{ty, and the corresponding outflow by
QY. The boundary condition on these lines reads @J.er_nj = @ with f the infiltration on

[ andm thetangent normato y; onT; pointing out ofQ. Note that this condition involves
the tangent normath, that can be different from the unit nornmetio 9Q.

In summary, the boundary conditions consist in jgation of a given pressui’ on a part
9,Q , a normal fluxV® outgoing through the matrix on a payf2, and a fracture outflov@®
on a pard,Q of the boundary.

2.3 Constitutive laws

Fluid velocityv(x) in the matrix is given by Darcy’s law:
Ox0Q-T; V(¥)= -k(x).Op(X) (26)

wherek is the local permeability anglis the pressure gradient.

Fluid flow through a planar single crack is a wealewn process which is commonly
described by Poiseuille’s law, at least if rouglnefiects are negligible. This model is widely
used in particular for flow in natural rock joiff&l]. It assumes a linear relation between the
infiltration g and the pressure gradient along the crack surfaee:cp, wherec is called

the hydraulic conductivityof the crack. This coefficient is a function oftfluid dynamic

11
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viscosity W, hydraulic aperture of the fractuege and also the geometrical properties
(roughness) of fracture walls. The assumption d¢drainar flow between two infinite and
parallel planes leads to the classicabic law ¢ = €*(12u). However, the shape of the
asperities on fracture walls can result in différeonductivities for different directions of the
flow in the fracture. It has been shown experimigntay Gentieret al.[22] that the hydraulic
conductivity can be anisotropic in the fracturenglaThe anisotropic relationship between the
infiltration vector and the in-plane pressure geadlin the fracture is expressed by a temsor

a9 =-c(9.0, {3 (27)

The tensorc is symmetric and positive-definite and can varytlom crack surface according
to the physical properties of the crack. This tgpeelation between infiltration and pressure
gradient is found also in the case of a thin layfes material obeying to Darcy’s law with a
high permeabilitk. The equivalent infiltratio is defined, in this case, as the integral of the

fluid velocity v in the thickness of the layeq.= J':y( y) dy. If the thickness of the layer tends

to zero and at the same time its permeability @mes in such a way thek tends to a
constant value, then the same type of relation (27) is found leetwg andOgp in the limit

case.
Sincellgp andq lay both in the tangent plane of the fracture,oatding to (27),c operates
only in this plane and has to be represented by2arRatrix in this plane. However, it is
mathematically easier to represent it as a 3x3tansthe three-dimensional space in which
the whole problem is formulated. In this case, thé-of-plane components of this tensor
have to be specified. Representing{§g) andt,(s) two orthogonal unit vectors in the tangent
plane and bw(s) the unit normal to this plane, we must taket;= n.c.t, =0 to assure that
has no normal component to the fracture plane. Taiglition is mathematical necessary
because, if for instance in the equation (529 out of the fracture plane, the results can be
affected by the normal component @f Concerning the componentc.n, the problem is
different. This component does not affect any tegulthe equations and we can give it
arbitrary value in the mathematical problem. In euical methods, it is naturally easier to
taken.c.n = 0. In this case, the whole condition on the redrocomponents af can be written
as:

c(s).-ne =0 (28a)

However, a physical interpretation could be asgedidaon.c.n = O that is assuming the
transverse permeability of the fracture zone t@é&®. This is not conforming to the basic
assumption of no pressure jump between the twosfa€eghe fracture which supposes, in
contrary, an infinite transverse permeability. Toc@nmodate this possible physical
interpretation with the necessary conditioist;= n.c.t, =0, it is more suitable to write:

c™(s).n(s) =0 (28b)
The difference between (28a) and (28b) resides iortlye value oh.c.n. We emphasize that
this value has rigorously not any effect in the lghgystem of equations presented in this

paper. The writing (28b) is more conforming to agible physical interpretations of this
value, whereas (28b) is more adapted for numecedallations.

12
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2.4 Mathematical formulation

The equations to be satisfied by the solution @& tlow problem consist in boundary
conditions, constitutive relations and mass balawetions. The problem consists in finding
the fieldsp(x), v(x) and q(s) throughQ satisfying the following equations:

1.1) Ox00,Q ; p(x) = P9x),

12) Ox00.Q ; v(¥).n(x) = VI(x),
1.3)02z(9 00,Q; q(s.m(s) =Q%2,
1.4) O0x0Q-T;  v(x)=-K(X).Op(x) ,
1.5)0z(9 OT ; q(s) = —c(9).Usp(2),
1.6) OxOQ-T;  dplat +0.[pv(¥)] = O,

1.7)0zs) Or-L; an/ot +p[v(2)].n(9+0s[pa(9]1=0,
1.8) Oz() O L: Zgj (h.m; (=0

This set of equations defines completely the mattiea problem to be solved. The last
equation constitutes a limit condition for the partifferential equations 1.4) to 1.7) in the
same way that 1.1) to 1.3) and is as necessarlgesetequations to complete the mathematical
formulation. However, it has not been mentionegrievious works having addressed flow in
3D fractured porous media.

The existence and uniqueness of the solution tdlalaeproblem can be studied on the basis
of these equations. Different numerical methodslmestablished to solve these equations.
In this paper, a potential solution using Singulategral Equations method will be
established for these equations. But, first, weehtw introduce dinear transformation
method that allows passing from the solution fastrispic matrices to the solution for
anisotropic matrices.

3 Linear transfor mation

Methods for transforming complex problems into denpones have been frequently
developed in various fields of physics. In partegulinear transformations of the coordinates
have been used to convert the study of anisotrbpaies into the resolution of problems
involving isotropic bodies. This method has bedernsively used for the investigation of the
hydraulic diffusion in anisotropic porous media B3], for thermal or chemical diffusion
[24] and for deformation of elastic bodies [25].g&neral transformation method was given
by Pouya & Ghabezloo [14] that allows changing abpegm of cracked porous body with
anisotropic matrix, to an equivalent problem wigiotropic matrix. However this method
concerned 2D problems. For 3D problems, the tramsfton method involves some
different relations that will be presented in tb#dwing.

13
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The flow problem in the bod® described by the equations 1.1 to 1.8 is considletetM be
a reversible tensor ar{da positive constant and define mnansformedvariablesg, 9@) and
E@ as follows:

X=Mx, ®=My, PR =p®, PR =LpX (29)

The geometrical transformati(En:M X changes the domafd to a domairS, the crackd to

ID and the intersection lindsto LU At a first step, avariables changén the equations 1.1 to
1.8 consists in replacing by (29) far v andp in these equations. Next, a set of adequate

variable®’ . ¢ E c \;g, o and(gg are sought for in such a way that the new equstion
take formally the same expressions that I.1 toTt8s means that the new equations have to
take the following form:

1) 0X08,0: PR =P,

12 0¥000;  UR.OE =V,

I13) 0ZS) 0o,0 5 (8).08) = QD).

14 0¥06-F;  #®=- k.0 p.

1502900 a@=-H8.0.5,

16)0kK0Q ;  aplat +I[AWR] = o,

L7y 028 0t anerfe@]. 09+ Dlp© U1 =0,

.8y 0N ot > q,(hm, (1)=0

In these relations we have designatedlfy) = %(.).
X

The transformation rule for all the variables candeduced successively from the basic rules
(29). For instance, provided thatp(x) = M ".Op(X results from (29), the relation 1.4) is
transformed to 11.4) if we take:

K=MKkMT (30)
Determination of the transformation rules tzprandg is a little more technical. First, note that

the unit normaE on the surfacé:j is related to the unit normal on I; by the equatiorE
=h, M Th where (See Appendix A):

_ -1
m:leﬁd\ (31)
The transformation rules farandn lead to[v].A = h,[V].n, and so, to obtain 1.7 from 1.7,
we must take:
14
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i'=Chn

O (d=¢h0 (P9 (32)
For plane surfaces, the latter relation will bas$ied if §“ = h,q". Taking into account the
transformation of theatural frame(see Appendix A), this implies:

4=hM.q (33)

It is shown in Appendix B (equation B.3) that faureed surfaces also, the relation (33)
implies well (32). However, the question of unigas® of this solution arises. As a matter of
fact, for plane surfaces, (32) implig$ = h, q* + ¢* wherey® is a pure curl fieldd,* = 0.
But § has to satisfy an additional property that is & rblated to agradient fieldby a

and have:

symmetrictensor@. It can be shown that, at least for plane surfacend constant, this
condition implies)® = 0 and the solution (33) is, therefore, unique.

The same relation (33) is obtained also by a plalseasoning when the crack is replaced by
a thin layer of material. By taking the equivalentiltration as the integral of the fluid

velocity in the layers sectiom = J';y dy, and applying the transformation rules ¥ogind for

the thicknesg, (33) will be obtained.

Regarding the fractures conductivity, the relatibetween the surface gradients is
O.p=M *".0p. Introducing this relation in 1.5), I1.5) is obteid if:

¢=hMcM T (34)
To determine the transformation rule for crack lany conditions, the transformation rule

for the tangent normah has to be first determined. The following relatizes been shown
between initial and transformed quantities in ApgirrB:

g.m=hM| qn (35)
wheret is the unit tangent to the crack boundary ling an
h =My ™ (36)

From the above equations, transformation ruleshietoundary conditions derive as follows:

PY&=PYx) | V) =h V), X =2hiMIQ (37)

whereh, andh; are related respectively to the outward normahdQ and the unit tangent
to the line that is the crack trace éf.

The definition of the transformed quantities isslwompleted. Nevertheless, the coherence of
the transformation rules requires examining if tther equations are also satisfied. The
remaining equations are the mass balance conditiamtersection lines (I1.8). Ldt be the
intersection line between cracks At a pointx on this line a Darboux framg (, my) can be
defined for each cradk. The vectot which is the unit tangent tois the same for all these
frames, and st in (35) is the same for all these crackisis assure that the limit condition
11.8) results well from 1.8). As a matter of facgplacing by (35) in 1.8) we obtain:

2.0,m=hM[> q.m=0 (38)

15
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The transformed system of equatiohd) to 11.8) formally describes the flow in a micro-
cracked porous body with geometrﬁ,(F), permeabilityg, crack conductivity@ and

boundary conditions\?g, P9 and 59. Physically, it is a different problem. But the
mathematical relations established here-above legiwee two problems allow deriving the
solution of one problem from the solution of thénet one. Many partial results of this
transformation can be found in the literature. Galhg takingM = A & allows obtaining the
same results that a dimensional analysis or utiitinaof dimensionless parameters. The
choice of anisotropi®é/1 allows obtaining more subtle results. An examglapplication of
this transformation will be seen in Section 5.

4 A general potential solution for infinite medium

Determination of the steady state flow in fractugeslogical formations or in micro-cracked

rocks under farfield pressure conditions is the lespe for many theoretical studies and
industrial applications. In this section, a potehsiolution for this problem is established in
which the unknown variable is the infiltration filein the cracks. The three-dimensional
numerical problem is thus reduced to a two-dimer@i@ne since the numerical resolution
will require only discretization of crack surfacedhe potential solution is formulated in

terms of singular integral equations. In the folilogy this solution is first derived for the case
of isotropic matrix, and then, by using the transfation rules presented here above,
extended to anisotropic matrices.

The bodyQ considered in the following is infinite and homaogeus with an isotropic
permeabilityk. The cracksl; have finite size and so do not intersect the itdfiboundary.
The body is submitted at its infinite boundary tprassure fielgh.(X):

thm [P(X) —Pw(X)] = (39)
P satisfies Ap.=0 where A represents the Laplace operator. In most geneaaésc
considered for determination of the equivalent pehility, p., corresponds to a uniform
pressure gradienp,(X) = Ax. The equations to be satisfied ppyare the boundary condition
(39), mass balances (1), (13), (21) and constiyuations (26) and (27).
A general solution for these equations can be dotazhby assimilating the cracks to a
distribution of point sources or sinks @ The pressure field solution for a point source in
steady-state flow ig(x) = f |x|[* wheref is a constant related to the source intensitys Thi
solution is based on the mathematical identity:

A X[ =-41(x) (40)

whered represents the Dirac distribution. By using tleisuit, a solution fop(x) in Q can be
a priori sought for in the following form:

. fi(s) b (1)
O e g

wheref ! andb' are continuous and integrable scalar functionseetively onl; andL'. Such
a solution satisfies automatically the infinite hdary conditions and mass balafge= 0 in

16
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the matrix Q-I'. The question in the following is to determine tiwnditions that make (41)
fulfil the mass balance at every pointion

For a poinz onTj-L with z= Z)(s), the mass balance (21) is reduced to:
[v@].n(9=-0,.d3 (42)

wheren(s) is the unit normal td; atz. The contributions of.. and of the integrals ohy;:
with j' #] to the velocity fieldv(x)= -k Op(x) remain continuous acro§s The discontinuity
[[\_/(_Z)II on this surface results only from the integral ofn and is given by

[v(2]=-KOP (3] where:

O
p (x)—jHX z(sud (43)

It has been established in Appendix C that foresgurre field having the expression (43), and
for x=12z(s) onTj, |[Dpj (g()]]._n(_s) = -4 f' (9. Then, the mass balance (42) will be satisfied if
we take:
-1
fl(s)=——0 44
(s) Ak a9 (44)

Replacing by this expression in the surface integran in (41) and then integrating by parts,
one finds:

j O

E

J-
|

[Ne)

s*

" ; q'(9.m E cm.u_"zos)
s= [

[0l ey

IN

Replacing by (45) in (41) a sum on all the crackrimtariesdr; is found. The boundadf; is
constituted of intersections bf with other cracks on the liné$ designated byg/ij . The lines

L' here include also the border of cracks endingpénbiody with only one value fpr There is
no intersection of’j with 0Q since the cracks have finite size and the dorfais infinite.

When summing on all the Iineyij for different orj, by inverting the summation order
betweeri andj, an integral on the lind< is found:
d().mh()

d(). n"l() ZIZ_ I 4e)

a'(s. mJLs)
%] e 20] T HE L)

i or, HX Z (9” ‘
gj(l) represents the infiltration computed on the safl¢ at the point onyij with
curvilinear abscisé On the last integral, on a given lihkand at a given curvilinear abscise

| on this line, all the;j(l) for different values of take a unique valug'(l). Then, we can
write:

Zq"(l)m"(l)
O|(|)m(|)
Ry ST R A PRFTT

(47)
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Replacing by these relations in (41) results in:

1 q’(9).(x- 2 (3) 1 B ()
P(X) = P, (R + = dst . (48)
i) k-zis]” A2 0]
with:
B'(l) =4k b' (1) > q' (). m’ (1) (49)
j

Let us now examine the nature of the singularityhef right-side of (48) at a poirton the
line L'. First, a small interval on this line with lengzh and centred or can be considered
and parameterized By[-r,r]. The contribution of the line integral to thisigularity can be
determined by making a first order expansion ofedént functlons with respect toin the

neighbourhood ok. It yields Hx z (|)H~| a'=a'®=9q, m)=mR=mn,
b'(D=b'(x), and then :
f B'(I) (4nkb (X) - qu m]jd— (50)
s lx-z (|)H |

The contribution of the surface integral bnin the right-side of (48) to the singularity is
deduced from integration on a half-cir€lg with radiusr and originated at (Figure 6). We
parameterize this half-circle with the polar cooates |, 6) wherelJ[0,r] andB8U[0, 1. For a
point z(s) in the neighbourhood af in T, a first order expansion ofj(s).[z'(5)-x] with

respect td yieldsz-x=1co®t—I sind m! andq(s) = _qj (A= _qj . Hence:

j a9’ (x- 2 (3) fj“—(_d._)cose+ (4.rh)sir

~ =gl [L
! wa=2ld.ol) [ o

0

Figure 6: Determination of the singularity in theighbourhood of a pointon an
intersection line
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Comparing (51) to (50), it is found that the siragity due to the surface integral

compensates exactly the p&rQqu.r_nj coming from the line integral. This results from
=

the fact that the surface integral (41) is not glagif the functionf is integrable. Therefore,

the singularity coming from the line integral inljdis not compensated. So, to have a finite

pressurep at xOL' requwes taklng) (x) = 0. With this result, the potential solutionwisitten

as (48) in whichB' (1) = —Zg (M.m’ ().
j

The mass balance (21) on intersection lines hasymbtbeen taken into account. By
introducing this condition, we finB' = 0 and the following expression is finally obtdhfor
the potential solution:

j
PY = P+ j 9-00209) (52)

N SEAC

This expression gives the solution of pressurel fielterms of the unknown field Von crack

surfaces.

The expression (52) satisfies obviously boundandden (39) and mass conservation (1). It
would be possible to begin directly with this exgsien as a potential solution and to show
that it satisfies well mass balances (21) and [®8).demonstration of these properties in this
case would be much more difficult since the singtyaf the integrand in (52) has a greater
order than in (41).

The potential solutionhere means that, for arbitrar_yj fields, the expression (52) satisfies

all equations of the flow problem except for thenstitutive flow law in crack surfaces.
Introducing the relation (27) in (52), a systemsofgular integral equations on the pressure
field is obtained that allows computing this fielthis system will be presented in the next
section for the general case of anisotropic matrix.

5 Extension to anisotropic matrix

In this section, the linear transformation (29)4s2d to extend the solution (52) to anisotropic
matrices. Let the infinite bod® with uniform matrix permeabilityk contain a family of
crackslj and be submitted at its infinite boundary to finessure conditionp.. Provided

that k is symmetric and positive—definite, we designate \b = vk ~* the positive and
symmetric matrix that satisfies/M =k™. We take =1. The transformed problem

corresponds to an infinite body with isotropic pesahility E: 0. For this transformed
problem, the solution (52) reads:

m=m:-}2ﬁ"'19)~ (53)
i,
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As noticed in Appendix A, it is not necessary tcampe the parameterizatignfor the
transformed surface§ i Only the functionsz' (9 and also the surface elemea§ are

changed in the geometrical transformation. The esgons of all transformed
variablegX, z, p, ., g d9 as functions of initial variablex,(z, p, p., g, ds) are given in

Section 3 or in Appendix A. Substituting by thegpressions in (53), the final expression of
the potential solution for flow in an anisotropi@inx is obtained as follows:

a9k (x-2(3)

P = Pa(R+ mﬂ I[(5—_2j(_5)).k_1.(_x—_i(_$)T/2ds

(54)

It is worth noting that the only significant assurop to derive this solution was that the
matrix permeabilityk is uniform: the crack surfaces can be curved aade harbitrary
multiple intersections. Moreover, the constitutfiev model in fractures is not specified and
can contain arbitrary non linearities.

By using the tangential flow lavg in (54) can be replaced by its expression functibthe
pressure. Then ¥ scans the fracture surfaces, a system of equataistained that involves
only the pressure on the fractures. The resolufdhis system allows determining, first, the
pressures in the fractures, then, the infiltratidosy using the tangential flow law, and finally,
by returning back to (54) and allowingto scan the whole space, the pressure field in the
whole body. Ultimately, in this way, the initial3flow problem is reduced to resolution of a
system of equations involving only pressures orctin@s surfacesi.e, to a 2-D type
problem.

For instance, in the case of a linear tangentaV faw in fracturesg(s) = -c(9.0 {3, the
following system of singular integral equationstba pressure field is obtained:

Olp(s).[ci(9k ™| x- 2
P9 = pa(I-—— DO [o O (x 20y (55)
ir

4mJ|k| ,[(g(— zj(_s)).k '1.(_x— 2(_3;)}3/2

The anisotropic conductivitg ' can vary along the crack surface. This equatiam loa
numerically solved for instance by using a set afocation points [26]. Exactly the same
equations (54) and (55) were obtained in the twoedisional case [14], with the difference
that in the right-side of these equations, thediadtt in the denominator is replaced by 2
and the power 3/2 by 2. The solution in two-dimenal case was used to elaborate
numerical methods that proved their efficiency [2Kle have used (55), in an undergoing
work, to determine closed-form solution for flow dilsc-shaped cracks in an infinite matrix
submitted to a far-filed gradient, and apply thsuteto effective permeability calculation.
The elaboration of the numerical method for threeehsional case requires some specific
investigation that we hope to present in a futaeqp.
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6 Conclusionsand perspectives

A complete mathematical formulation for the flowoplem in a fractured porous body is
presented in this paper which fully integrates massance conditions along fracture
intersection lines. A main result is that mass exgfes on intersection lines between fractures
are independent from the exchanges with the makhey have the same expressions as for a
fracture network in an impermeable matrix. As asamuence, on a crack tip, where a crack
ends in the matrix, the normal component of thétiafion to the crack tip line is null. These
results, that extend those found for 2D case invipus works, allow significant
simplifications for mathematical and numerical mibdg of the flow problem.

A potential solution for the steady state flow m iafinite fractured body is presented based
on singular integral equations. This solution adow determine the flow (pressure and
velocity) field in a 3-D fractured porous body bghsng equations involving only the
pressures on the fracture surfaces and, thusdteeethe 3-D problem in a 2-D problem. The
numerical resolution is then much simplified beeaiisequires only discretization of fracture
surfaces.

An interesting case to be studied by using thetmwlu55) is that of a single disc-shaped
crack in an infinite matrix under uniform farfieftessure gradient. A closed-form or a semi-
analytical solution for this case can be found Whapens the way for many theoretical
studies, specially related to the effective permigalof microcracked porous materials. Also,
the potential solution (55) that supposes an itdibody, can be extended to finite domains by
using classical results of Boundary Element meth2@k These extensions will be addressed
in a future paper.

Finally, a main assumption in this paper has béah the matrix and fractures are saturated
and so no capillary phenomena are to be takenaictount. In this case the thermodynamic
considerations for flow in porous media [28, 23]uee to mass balance conditions. However,
some interesting physical and industrial applicatjoike flow in petroleum reservoirs and
CO, storage problems, imply multiphase flow in crackmmtous media. In this case, the
effects of capillary forces in matrix and fractui@sd the related thermodynamic questions
have to be carefully analysed and fully taken iatxount. We hope to integrate these
guestions in a further extension of the presenkwmunsaturated cracked porous materials.
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Appendix A: Curved surfaces and geometrical transformation

Curved surface
The curved surfac€ is defined by a smooth functiags) from R? to R®. The parameter
s=(s,, S,) varies in a domain df2. The natural (not necessarily orthonormal) basigént

to [ at a pointx(s) is given by (i, to) with t , = 0x/ds, (0=1,2). The unit normal is given as
n=(t;xt,)/|t;xt)]. The surface elementds=|t,xt,|dsds is also equal to
ds=|t,,t,,n|dsids, wherelt,,t,,n| is the determinant of the matrix having for colunthe

vectors {j, to, n). For a curve inscribed o™, the Darboux framet,(n, m) at a pointx onL
is constituted of the unit tangenio L, the unit normah to " and the unitangent normaim=
t x n that is tangent t6 and normal td. (Figure 7).

Figure 7: Darboux frame for a lineinscribed on a curve surfate

The Christoffel symbol<C}; andbgg are defined by the relations:
0ty /0s, = Gt + (A1)

The relatiom.t, = 0 yields :
(On/0s°).ty =n. Oto/OS” = by (A.2)

Geometrical transformation
A geometrical transformatiof = M .x change$ to a surfacd . The same parameterization

scan be maintained fdr , but the functiorx(s) is changed into the functiot(s = M. 4 3.
The natural tangent frame dnis given byT , =d%/ds, = M.t, (a=1,2).
Unit normat The unit normaE on the surfacé at the pointx is related to the unit normal

-1
onl atx byE =h,M*Tn, whereh,, = HM 'l'T.j‘ . This results from the fact thatdk is

tangent td” then6§ =M.dx is tangent th andn and_H have to satisfy respectivetydx = 0
andE.éE =0.

Darboux frame A curve L on the surfacd is transformed tb on I'. The Darboux
frame(f, fi, Mof L at the pointx is related tot( n, m) atx by £ = hy M.t with h, = M .1||_l,

i already defined anth = 1 x q.
Surface elementThe surface element of is d3=|T,, T,, T ds ds where the natural

tangent basisK,} is given byT , = 0%/ 0s, = M.t . By using the mathematical property:
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|M-§1’M-§2’M@3|:|M||31'_a2'_34 (A.3)
we compute:
|11'12'f‘= hn|M||_t1!_t21NJb (A4)
with:
N=M*Mm=*T (A.5)
The vectoN.n can be decomposed in its components parallel andai ton: N.n=An+
T with n.T = 0 andA = n.N..n. Beside, we can decompolde, t,, An+T)[= Aty to, n|+ |13, to,

T| where the last determinant vanishes sitgé,( T) are coplanar. Replacing by this in (A.4)
and using:

nN.n=h? (A.6)
we find: [T, T,, 1 = i, *|M|| 4, t,, 1f and thends = b *|M| d=.
Christoffel symbols The variation of the natural basig.} on [ is given by:
0T 5 /0s,=MOt; /s, = Gp T, + hyM._ 1 Thenif

M.n=1T, +vh (A.7)
we find: 9T, /0s, = G T, + R, T with:
Cly=Cly+17b,,, Dap = Vb, (A.8)

Also, from (A.7) it can be deduced that= r”gy +vh,N.n, and this, with (A1.6), yield
v = h,, and:
Nn=h?(n-7"1,) (A9)

Derivation of (A.6) with respect t&” yields ohy/0s” = -h,> n.N.(dn/ds"). Using (A.6), (A.2)
and the property. dn/ds” = 0 that results from.n =1, it can be established thaN.(0n/0s”)
= h,?1'b,, and then:

Ohy/0s” =-h,Tby (A.10)

Appendix B: Transformation of infiltration type vector fields

A tangent vector field throughl” is called infiltration type field when it is tralosmed as:
0(2 = h(IM. U 7 (B.1)

For these fields thed = 0" T  with G = h u".

Surface divergencé@ he surface divergence @fis transformed as follows:

0,0=007/0s"+ W= ho d/0 §+ 6o hio $+ hU G +77 h)

(B.2)
=h,Ogu+ u?(9h,/0 € + hr )
Replacing by (A.9) in (B.2) the following resultfisund:
O.0=h[ . u (B.3)

Normal infiltration on a boundary lineThe normal component af on a boundary lind&
inscribed o is given byu.m wherem is thetangent normabf L onl" (see Darboux frame).
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Using m=tx n the scalar product is transformed in mixed produxm—|u,t,¢ The

transformation rules fdi, _F Eand the relations (A.3) and (A.5) then yield:

T VU 2 i 2

am=[utH=h(h)|M.uM M T oh= bl ) IM|_u N (B.4)
Decomposition (A.9) oN.n with the same techniques used here above fortffigce element

dsallows demonstrating tha, t, N.n = ( hn)_2|_u,_t,_¢ and then:
a.m=h|M|um (B.5)

Appendix C: Velocity discontinuity and diver gence on the crack surface

Consider a smooth surfafen R* defined by the functios(s) wheres = (s, s,), and the
functionp(x) defined inQ OR3 by:

p(X) -j”( it (C.1)

wheref is a continuous and integrable scalar functionngefionl", anddsis the surface
element orf. The pressure gradient is computed as follows:

0P =[ f(9I(x9ds;  I(x9 —% (C.2)
r

The gradientdp(x) is discontinuous at a poirt= zo=2z(0) onl". The jump[D p(g()]].go across
I whereng is unit normal td™ at the poink is defined by:

[Bp()].0o = lim (ODpxry ) -0 v ).y (C3)

Fory = 0, the integrand((x+ynp), S) is singular as= 0 and this causes the difference of the
lim Op(zo+yno).no for y— 0" andy - 0". We can limit the integration on a small zone adbxi
onl since outside this disk(x+yn), s) is non singular foy- 0, and does not contribute to the
jump. We assume that the local parameteriza(sns,) for I' is defined in such a way that
=2(0,0) and ¢, ) define locally a system of Cartesian coordinates t; andt, defined by
ta =020, (a =1,2) are two perpendicular unit vectors. The smatle considered aroumxd
is the imageD of the disc of radius in the spaces{, ;) centred as =(0,0). To compute the
integral on this small zone, we can replace alfftimetions by they first order expansion in
(s1, &):

2(s) =20+ Sa ta + 01(9) (C.4)

f () =fo +fasa + 0x(9) (C.5)

where f, = 0f/ds, at the poins =(0,0), andlirrg) 0,(s) =0, limo,(s)=0.
S

s-0

By choosing polar coordinatesf]) in the disd, i.e, s =r co$, s, =r simd, and reducing
the integrand to its first order expansion, théofwing expression is obtained:
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R 2m
N F Az +vm $ds—v [ |

3/2
D r=06=0 (yz +r 2)

fo+ frcosb+fy sird rdrél

(C.6)
1 1

m_ ,y2+R2

= —2mf gy

It allows computing:lir(r)l Op(x+yno) = -2rtf, and Iiryf Op(x+yng) = 2rtfy. These results allow
v- -

writing for a general poirnt = z(s) on a crack surfade:

[Bp(9)].r($=-4m 1} (C.7)
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