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Abstract 
 
Governing equations for flow in three-dimensional heterogeneous and anisotropic porous 
media containing fractures or cracks with infinite transverse permeability are described. 
Fractures are modeled as zero thickness curve surfaces with the possibility of multiple 
intersections. It is assumed that flow obeys to an anisotropic Darcy’s law in the porous matrix 
and to a Poiseuille type law in fractures. The mass exchange relations at fractures 
intersections are carefully investigated as to establish a complete mathematical formulation 
for the flow problem in a fractured porous body. A general potential solution, based on 
singular integral equations, is established for steady state flow in an infinite fractured body 
with uniform and isotropic matrix permeability. The main unknown variable in the equations 
is the pressure field on the crack surfaces, reducing thus from three to two the dimension of 
the numerical problem. A general transformation lemma is then given that allows extending 
the solution to matrices with anisotropic permeability. The results lead to a simple and 
efficient numerical method for modeling flow in three-dimensional fractured porous bodies. 
 
Keywords: porous material, fracture, crack, steady state flow¸ singular integral equations, 
boundary element method 
 

1 Introduction  

Modelling the flow in fractured porous media has a great interest for applications to various 
industrial problems such as petroleum reservoirs engineering, radioactive waste disposal, CO2 
geological storage, water resources management etc. Different aspects of flow in fractured 
porous media, especially in the contexts of petroleum reservoirs, have been investigated by 
different numerical methods such as Finite Elements [1, 2, 3], Finite Volume [4, 5, 6] and 
Discrete Fracture Network [7,8] among many others. In many problems related to flow in 
fractured geological formations or in micro-cracked porous rocks, one is interested in the 
steady state flow that takes place under given farfield conditions. This occurs especially when 
the effective permeability of fractured reservoirs or of microcracked rocks is investigated [4, 
9, 10, 11, 12]. For this purpose, the flow has to be determined in and around the cracks 
embedded in an infinite matrix with uniform permeability. To model steady state flow in an 
infinite fractured matrix, Singular Integral Equations provide a powerful method that allows 
developing simple numerical models, general potential solutions and, in some cases, 
analytical solutions.  
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2 

In potential solutions, the pressure field in the whole body is built as a function of the 
infiltration in the fractures. This reduces the dimension of the unknown variable field from 
three (pressure field) to two (infiltration on crack surfaces) and thus simplifies numerical 
modelling. For 2D plane flow in cracked bodies, potential solutions based on singular integral 
equations was introduced first by Liolios & Exadaktylos [13], by using complex number 
variables. Their solution was restricted to isotropic matrix permeability and, also, excluded 
crack intersections. The cracks intersections constitute, in fact, a difficulty that mathematical 
formulations and numerical methods have to handle. A direct formulation of two-dimensional 
flow in terms of singular integral equations allowed Pouya & Ghabezloo [14] extending the 
previous solutions to anisotropic matrices. Furthermore, the integration of mass balance 
relation at crack intersections allowed them to extend their solution to intersecting cracks. The 
initial objective of the present work is the extension of these results to three-dimensional 
flow. However, we realized that this extension faces the problem of mass balance conditions 
on fractures intersection lines that has not been sufficiently well studied in the literature.  
 
As a matter of fact, in presence of fractures, the formulation of the flow problem has to 
integrate mass balance conditions concerning matrix-fracture exchanges along fracture 
surfaces as well as matrix-fracture and fracture-fracture exchanges along fracture intersection 
lines. The relations governing matrix-fracture exchanges along fracture surfaces have been 
first expressed by Barenblatt et al. [15] in a context of double porosity concept, and then 
widely used in subsequent work [4, 6, 16, 17]. Their extension to curved fracture surfaces, 
however, should be examined carefully as it will be shown in this paper. But a review of 
different numerical modelling works shows that, at least in the context of three-dimensional 
flow, mass balance conditions at fracture intersections have not been explicitly and clearly 
formulated. Probably, the concept of double porosity in which the flow in the fracture 
network and in the matrix are described separately by a doublet of governing equations has 
made the problem more complicated [18]. It can be noticed that in many works fractures 
intersections have been simply excluded to avoid conceptual and numerical difficulties. In 
some works, dealing with 2D flow, the mass balance at fracture intersection points is 
expressed only in the numerical model: Granet et al. [5] impose some relations on nodal 
velocities in elements adjacent to an intersection point in order to assure the mass balance. 
But concerning the 3D intersecting fractures, we could not find any expression of mass 
balance conditions on intersection lines and points. However, whatever the numerical method 
used, a rigorous and complete mathematical formulation of the flow problem integrating these 
conditions is a prerequisite to establishment of relevant numerical models. 
 
In this work, the fractures represent physically the limits of vanishingly thin fractures or very 
permeable layers in which the fluid is in equilibrium with the pores fluid, and so, the pressure 
is continuous at the matrix-fracture interface. Also, there is no pressure jump between the two 
opposite sides of the fracture, corresponding to an assumption of infinite transverse 
permeability for the fracture. These assumptions exclude the cases of non-equilibrium flow 
with different pressures in the fracture and the matrix [19] or of fractures, such as some shear 
faults, acting as impermeable membranes [20]. Geometrically, the fractures are represented by 
curved surfaces that may have multiple intersections along different lines and points. In this 
framework, the paper focuses on the mathematical formulation of the flow problem. First the 
mass balance equations at intersection lines and points are investigated. Then, a potential 
solution for the steady state flow is established in an infinite fractured body with uniform 
matrix permeability. The potential solution allows reducing the 3D problem to a 2D problem 
involving only the flow on fracture surfaces and so making it possible to solve the problem by 
using 2D numerical methods. The equations for 2D problem are written by supposing a 
Poiseuille type law (linear relation between infiltration and pressure gradient) for the tangent 
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flow in the fracture, but they can be easily extended to non linear laws. The potential solution 
is first established for isotropic matrix permeability and then extended to anisotropic 
permeability by using a linear transformation method that will be introduced beforehand.  
 
 
 
Notations : 
 
In the sequel, light-face (Greek or Latin) letters denote scalars; underlined letters denote 
vectors, bold-face letters designate second rank tensors or double-index matrices. The scalar 
product of two vectors a and b is labelled as a.b. For second rank tensors, the tensor 
transposed from A is denoted AT, the matrix product is labelled as AB and the determinant as 
|A|. The operation of A on a is labelled as A.a. 
The Greek indices (α, β…) take the values {1,2}, and the convention of summation on 
repeated indices is used implicitly for them. This convention is not used for Latin indices (i, j, 
k…) that are used to number surfaces, lines, etc., and are noted indifferently as subscript or 
upperscript. ∇ represents the gradient and ∆ the Laplace operator for a scalar field and (∇.) 
the divergence for a vector field.  
  
 

2 Basic equations 

A three dimensional heterogeneous porous body Ω containing a set of fracture surfaces is 
considered. The fractures are numbered by j and denoted Γj. The surface Γj is defined by a 
smooth function zj(s) from 2 → 3, where s = (s1, s2) represents the curvilinear parameters. 
At its boundary, denoted by ∂Γj, the crack Γj can end in the matrix, intersect other cracks or 
outcrop on the boundary of Ω, denoted by ∂Ω. Two or more cracks can intersect along an 
intersection line and several intersection lines can intersect at an intersection point (Figure 5). 
The intersection line number i is designated by Li. The notation Γ or L is used for an arbitrary 
crack surface or intersection line. Also, without any risk of confusion, Γ and L designate the 
set of all points located respectively on crack surfaces and intersection lines. Thus, we have 
L⊂Γ⊂Ω. The set Ω-Γ is called matrix points, Γ−L, the regular points on crack surfaces and 
L, singular points. 
 
The matrix and fractures are supposed to be saturated and the flow monophasic. The case of 
fractures that are the limits of vanishingly thin, empty or very permeable layers, are taken 
into consideration. There is no pressure jump between two opposite sides of the fracture. The 
pressure in the fracture is the same that on its interface with the matrix. The flow is 
characterised by a pressure field p(x), a velocity field v(x) in the matrix, and an infiltration 
filed ( )q s in the fractures. The normal component of v can be discontinuous from one side of 

the fracture surface to the other, whereas its tangential component remains continuous 
because of the continuity of the pressure. The infiltration q is defined as the integral of the 

fluid velocity v in the thickness of the physical fracture or layer: 
0

( )
e

q v y dy= ∫ where e 

represents the thickness of the fracture in the physical model. The vector field q  is tangent at 

every point to the crack surface. The fluid mass per unit matrix volume is denoted by ρ. 
When ρ is constant or function of the pressure, there is no jump for its values between two 
sides of the fracture. Although in the geometric model the fractures have a zero thickness, 
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their physical thickness is not zero and they can contain some fluid mass quantity. The fluid 
mass per unit surface of the fracture is represented by η. The parameters ρ and η can vary if 
the fluid is supposed (slightly) compressible. Sinks or source points are excluded for seek of 
simplicity. 
 
The general equations governing the flow in Ω encompass the mass balance equations, the 
boundary conditions on different parts of ∂Ω and the constitutive laws for flow in the matrix 
and the fractures. They are examined in the following. 
 
 

2.1 Mass balance equations 

The local mass balance condition takes different forms depending whether the point is 
located in the matrix, on crack surfaces or on intersection lines and points. At a matrix point x 
the mass balance reads: 

∀x∈Ω-Γ; ∂ρ/∂t + ∇.[ρv(x)] = 0     (1) 

where ρ represents the fluid mass per unit volume of the matrix. It is well known that this 
local condition can be obtained from an integral condition over a volume V surrounding the 
point x: the variation of the fluid mass M in V must balance the flux Q leaving the boundary 
∂V: 

0Q
t

∂ + =
∂
M

     (2) 

with:  

V

d= ρ ω∫M ,   .
V

Q v n ds
∂

= ρ∫     (3) 

where n represents the unit outward normal on the boundary ∂V. The equation (1) is then 
deduced from (2) by using the divergence theorem for a vector field u: 

. .
V V

u n ds u d
∂

= ∇∫ ∫ ω      (4) 

We use this lemma as a guideline to obtain mass balance conditions for the points located on 
crack surfaces. But first, we must give the expression of the divergence theorem for domains 
including discontinuity surfaces. Let u be a vector field through Ω which is discontinuous 
across a set of surfaces Γj. The two sides of Γj are denoted by Γj

- and Γj
+ and Γj is oriented by 

the unit normal n pointing from Γj
- to Γj

+. The values of u on the negative and positive sides 
of Γj are denoted by u - and u + and the jump or discontinuity of u through this surface is 

represented by � �u u u+ −= − . The extended divergence theorem for u in Ω is expressed by 

the following mathematical identity: 

� �. . .
j

jV V

u d u n ds u n ds
∂ Γ

∇ = −∑∫ ∫ ∫ω     (5) 

We use this relation to derive the mass balance equations at regular points on crack surfaces 
and at intersection lines and points. As a matter of fact, the fluid entering the fracture on one 
side with the velocity v-, partly joins the tangent flow in the fracture and partly exits the other 
side with the velocity v+. The jump v+-v- represents the balance of mass exchanged between 
matrix and fracture. 

  
 

ha
l-0

06
68

19
0,

 v
er

si
on

 1
 - 

9 
Fe

b 
20

12



5 

2.1.1 Mass balance for regular points on the cracks 

For a regular point z on a crack Γj, it is possible to consider a small volume V surrounding 
this point and not intersecting any other crack than Γj. We note V

jΓ  the portion of Γj bounded 

by V, and by V
jγ  its intersection with ∂V (Figure 1). The total mass M in V has the following 

expression: 

V
jV

d ds
Γ

= ρ ω + η∫ ∫M      (6) 

The total flux Q leaving V is the sum of flux passing through the porous surface ∂V and the 
infiltration leaving the crack on the line V

jγ : 

. .
V
jV

Q v n ds q m dl
∂ γ

= ρ +∫ ∫      (7) 

In the last integral, q  represents the infiltration vector on Γj and m is the third vector of the 

Darboux frame, or the unit tangent normal, of V
jγ on Γj : it is tangent to the surface Γj and 

normal to the line V
jγ (see Appendix A). By using the divergence theorem, the first integral is 

transformed to: 

  � �. .( ) .
jV V

v n ds v d v n ds
∂ Γ

ρ = ∇ ρ ω + ρ∫ ∫ ∫     (8) 

 
 

 

V
jΓ  

z 

V 

V
jγ

∂V 

                         
Figure 1 : Small volume V surrounding a regular point z on a crack surface Γj  

 
 
 
The second integral in (7) can be transformed by using the divergence theorem for surfaces.  

. .
V

jj

su m dl u ds
Γγ

= ∇∫ ∫      (9) 

where .s u∇  represents the surface divergence of the field u. For the surfaces defined by the 

smooth function z(s), the two vectors tα = ∂z/∂sα (α=1,2) define the natural frame on Γj. The 
contravariant coordinates uα (α=1,2) of a tangent vector field u in the frame {tα} are defined 
by the relation u=uαtα (implicit summation on α). For plane surfaces, the natural frame 
remains constant through the surface and the surface divergence of u is then given by the 
following expression: 

.s u uα
α∇ = ∂      (10) 

But for curved surfaces, the frame {tα} varies on Γ and .s u∇  expression has to be replaced by 

covariant derivative as follows: 
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.s u u u Cα β α
α αβ∇ = ∂ +      (11) 

The coefficients Cγ
αβ are the Christoffel symbols of the surface Γ representing its curvature 

(see Appendix A). For curved surfaces, the theorem (9) holds only if the true expression (11) 
for .s u∇  is used. 

 
Combination of (9), (8), (7) and (6) provides: 

� �.( ) . .( )
V
j

s

V

Q v ds v n q ds
t t tΓ

∂ ∂ρ ∂η   + = + ∇ ρ + + ρ + ∇ ρ   ∂ ∂ ∂   
∫ ∫

M
  (12) 

The equations (1) and (2) then imply that the last integral in (12) has to vanish for every 
small surface V

jΓ around z, and this implies: 

 � �
( )

( ) ; ( ) . ( ) . ( ) 0s

s
z s L v z n s q s

t

∂η
 ∀ ∈Γ − + ρ + ∇ ρ = ∂

   (13) 

 
This equation has been widely used in the literature [16,17, 15, 4, 6]. However it has 
generally been obtained by considering the mass exchanges around a point z in a small 
domain D in the tangent plane to Γ (Figure 2). The mass balance is written for the exchanges 
between this domain and the matrix via the upper and lower surfaces D+ and D- and with the 
remaining parts of the of the crack via the boundary ∂D. This latter contribution is 
transformed to the integral of .s q∇  through D by using the surface divergence theorem, and 

(13) is obtained. But in this way the expression (10) is supposed for .s q∇  since D is a plane 

surface. This method does not allow taking account of the curvature effects. 
 
 

 n 

z 

t1 

t2 

s2 s1 

D 

Γ 

        

 

q (s) 

v -
 

D + 

D − 

n 

z 

v +
 

m 

D 

∂D 

 
   (a)      (b)  

Figure 2: a) small domain D in the tangent plane to Γ around a point z,  b) 
contributions to the mass exchange for domain D 

 
 
2.1.2 Mass balance on intersection lines 

Let L be a line along which intersect several cracks Γj and consider a cylindrical shape 
volume around this line (Figure 3a). The lateral surface of this volume is denoted by P, and 
its two end sections by S+ and S -. The line L is oriented from S - to S+. If there are N 
intersecting cracks on L, their intersections with S+, S - and P divide each one of these 
surfaces into N sectors. We denote by Pj,j+ 1, , 1j jS+

+  and , 1j jS−
+  the sectors comprised between the 

cracks Γj and Γj+1 (with the convention ΓN+1 = Γ1 to have a cyclic notation). The portion of 
the crack Γj within the volume V is denoted by V

jΓ . It is delimited by four lines that are a 

portion of L denoted by γL and the intersections of Γj with the surfaces P, S+ and S - denoted 
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respectively by P
jγ , S

j
+γ  and S

j
−γ . The portion of V comprised between Γj and Γj+1 is denoted 

by Vj,j+1. It is delimited by five surfaces that are V
jΓ , 1

V
j +Γ , , 1j jS+

+ , , 1j jS−
+  and Pj,j+ 1. 

 
 

 

S + 

S 
- 

S
j

−

γ  
1

S
j

−

+γ  

P 

L 

γL  P
jγ  

 S
j
+γ  

 1
P
j +γ  

 V
jΓ  

 1
S
j
+
+γ  

 

S
j

−

γ  

L 

γL 

m 

mj 

m 

m 

 V
jΓ   P

jγ  

S
j

+

γ  

j
q  

 
(a)    (b) 

 
Figure 3: (a) A small reference volume around the crack intersection line L. 
(b) Portion of the crack surface Γj comprised in the volume and delimited by 
the lines S

j
+γ , S

j
−γ , P

jγ  and γL. 

 
The mass variation in V reads:  

, 1
V

j j j
j jV

d ds
t t t

+ Γ

∂ ∂ρ ∂η= ω+
∂ ∂ ∂∑ ∑∫ ∫
M

    (14) 

The flux of mass leaving this volume reads: 

        . . . . . .
P S S
j j j

j j jP S S

Q v n ds v n ds v n ds q m dl q m dl q m dl
+ − + −γ γ γ

= ρ + ρ + ρ + ρ + ρ + ρ∑ ∑ ∑∫ ∫ ∫ ∫ ∫ ∫  (15) 

Let consider now the masse balance (2) in the sub-volume Vj,j+1 bounded by the surfaces 
Pj,j+1, , 1j jS+

+ , , 1j jS−
+ , V

jΓ  and 1
V
j +Γ  (Figure 4.a). It leads to the following equality: 

 

, 1 , 1 , 1 , 1 1

. . . . . 0
V V

j j j j j j j j j jV P S S

d v n ds v n ds v n ds v n ds v n ds
t + −

+ + + + +

− +

Γ Γ

∂ρ ω+ ρ + ρ + ρ + ρ − ρ =
∂∫ ∫ ∫ ∫ ∫ ∫  (16) 

n is the unit normal vector on the integration surface. On the surfaces P, S+ and S -, this vector 
points outward from the volume and, on the surfaces Γj, is oriented from the surface Γj to the 
volume Vj,j+1. On Γj the fluid velocity is discontinuous: v− and v+ represent the velocity at 
respectively the negative and positive sides of this surface orientated by n (Figure 4.b).  This 
convention determines the sign of the two last integrals in (16). When summing this equation 
on j, the contribution of the two last integrals can be transformed into expressions involving 
the jump of v on Γj. The following result is then found:   
      

 � �. . . . 0
j

jV P S S

d v n ds v n ds v n ds v n ds
t + − Γ

∂ρ ω+ ρ + ρ + ρ − ρ =
∂ ∑∫ ∫ ∫ ∫ ∫   (17) 
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Γj 

Pj,j+1  

Γj+1  

 , 1j jS−
+

Ω j, j+1  

 , 1j jS+
+

                  

 

v+ 

n 
Γj+1  Ω j, j+1  

v− 
n 

 V
jΓ  

 
(a)     (b) 

Figure 4:  (a) The sub-volume Vj,j+1 delimited by the surfaces Pj,j+1 , , 1j jS+
+ , 

, 1j jS−
+ , V

jΓ  and 1
V
j +Γ .   (b) The orientation of the vector n on the surface Γj 

form this surface to the volume Vj,j+1 
 
 
Using (13), the last integral in (17) can be replaced by: 
 

� �. .( )
V V V
j j j

s
j j j

v n ds ds q ds
tΓ Γ Γ

∂η− ρ = + ∇ ρ
∂∑ ∑ ∑∫ ∫ ∫    (18) 

 
 The surface divergence theorem for the last integral in (18) reads: 

 

 .( ) . . . .
V P S S

Lj j j j

js j
q ds q m dl q m dl q m dl q m dl

+ − γΓ γ γ γ

∇ ρ = ρ + ρ + ρ + ρ∫ ∫ ∫ ∫ ∫   (19) 

 
In this relation, q  is the infiltration vector on Γj and m on each line is the tangent normal of 

the line on Γj pointing outward from the domain (Figure 3b). For the last integral, these 
quantities are specified by the index j because on the line L several cracks meet and 
specification by j is necessary to distinguish the contribution of different cracks. Then, 
summing (19) on j and combining it with the relations (18), (17), (15) and (14) results in: 

.
L

jj
j

Q q m dl
t γ

∂ + = − ρ
∂ ∑ ∫
M

    (20) 

To satisfy the mass balance, the left-side of this equation must be null for every portion γL. 
Hence, at every point on L: 

( ) ; . 0jj
j

z l L q m∀ ∈ =∑     (21) 

Thus, the mass balance on an intersection line of several cracks imposes a condition on the 
normal components of the infiltration in each crack to the intersection line. 
 
It is worth noting that this relation does not involve exchanges with the matrix and so is 
independent of the flow in the matrix. This relation is the same as the one would be found for 
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a fracture network in an impermeable matrix. This is an important point that has not been 
clearly emphasized in the literature. It brings significant simplification for mathematical and 
numerical modelling of flow in fractured porous media.  
 
An important consequence of this relation is that on the boundary of cracks ending in the 
matrix, the normal component of the infiltration to the boundary line vanishes: . 0q m= . 

 
It should be also noted that the intersection lines do not contain a specific fluid mass. It is 
possible to introduce in the model some singular lines with a specific mass content 
characterized by a line density. This would be useful to model, for instance, wellbores in an 
oil reservoir [6]. But this is physically a context different from the fracture intersection lines 
that are considered here above.  
 
 
2.1.3 Mass balance at intersection points 

The existence of intersection points is unavoidable when, for instance, there are three families 
of mutually orthogonal fractures in a rock formation. At an intersection point, an intersection 
line intersects other intersection lines and fracture surfaces. The velocity and infiltration 
fields can present different discontinuities around intersection points, and mass balance 
equations must include the conditions around these points. 
 
Let the intersection line L considered in the previous section be cut by a new crack surface 
Γc. The cylindrical volume around L, as well as the surfaces P and Γj and the lines P

jγ  and γL 

are cut by Γc in two parts that can be designated, respectively, by V+ and V -, P
j

+γ and P
j

−γ  etc. 

(Figure 5). In addition, intersection of Γc with P and Γj defines new lines designated by P
cγ  

and jcγ . On the line γjc, we denote by 
jc

q+ and 
jc

q−  respectively the discharges in the surfaces 

Γj
+ and Γj

− and by jcm+ and jcm− the normal unit vectors tangent to Γj and pointing outward 

respectively from Γj
+ and Γj

−. Since Γj is smooth, we can denote by mcj for jcm− = -

 jcm+ (Figure 5). We denote also, on the same line γjc, by mcj for the unit tangent normal of the 

line jcγ on Γc pointing from this line to the volume Vj,j+1 (Figure 4b), and by 
cj

q− and 

cj
q+ respectively for the infiltration vectors in the surface Γc at the negative and positive sides 

of mcj. 
 
Compared to the previous case, the balance of discharge leaving the volume must be 
completed by the contribution of the line Pcγ . The total mass variation ∂M '/∂t in V and 

discharge Q' leaving V read respectively: 

c

ds
t t tΓ

∂ ∂ ∂η=
∂ ∂ ∂∫
M' M

+  , ' .
P
C

Q Q q m dl
γ

= + ∫     (22) 

where ∂M /∂t and Q are given by (14) and (15). The analysis carried out on the volume V in 
the previous section can be applied to each sub-volume V + and V −. The upper part is limited, 
at its lower face by the surface Γc and the lower part, at its upper face, by Γc, with outward 
unit vectors oriented in opposite directions.  
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P+ 

L 

P -

− Γj
    − 

Γc
 γjc

 

 

P
j

−γ  

P
j

+γ  

L
+γ  

L
−γ  

j
+Γ  

 L 

γjc
 

 

mjc
 

mcj
 

Γc
 

j
+Γ  

L
+γ  

L
−γ  j

+Γ  

P
j

+γ  

P
j

−γ  

 
(a)    (b) 

Figure 5:  Small reference volume around an intersection point 
 
 
Writing the equation (7) for each sub-volume V + and V - delimited by the surfaces Γj and then 
summing theses equations for all the sub-domains, an equation analogue to (20) is found as 
follows: 
   

( )
+ -

'
' . . ( ). ( ).

jcL L

j j jc cjj j jc jc cj cj
j j j

Q q m dl q m dl q q m q q m dl
t

− + − +

γγ γ

∂ + = − − − − + −
∂ ∑ ∑ ∑∫ ∫ ∫
M

 (23) 

However, according to the mass balance condition (21), the two first integrals in (14), 
corresponding to integration on L

+γ  and L
−γ , vanish. If the result (21) is applied to the 

intersection line jcγ ¸ it implies that: 

( ). ( ). 0jc cjjc jc cj cj
q q m q q m− + − +− + − =     (24) 

 
This means that the condition ∂M '/∂t+ Q' = 0 already results from (21) without any additional 
condition. Hence, the mass balance at intersection points does not induce new equations and 
is included in previous ones. However, it must be noted that the infiltration q  in a crack 

surface can be discontinuous when crossing an intersection line, and the mass balance (21) 
has to take into account this discontinuity. Generally, at intersection points, an intersection 
line meets a new crack surface. The infiltrations 

j
q which appears in (21) takes then different 

limit values on the two sides of the new crack surface. The condition (21) must be satisfied 
on each side of the surface. For instance, if we consider the intersection point of the line L 
with the surface Γc (Figure 5), then 

j
q  on the lines γL

− and γL
− has for limit values 

respectively 
j

q−  and 
j

q+  when approaching this point. The condition (21) on γL
+ and γL

− then 

leads to the following limit conditions at the intersection point: 
 

. 0jj
j

q m− =∑ ,   . 0jj
j

q m+ =∑     (25) 

In a general way, there are as many equations to be satisfied at an intersection point that there 
are half-lines departing from this point. These conditions are the limit cases of the condition 
(21) on each one of these lines at the intersection point. 
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In summary, the mass balance for the whole medium is expressed locally by three types of 
conditions: the condition (1) that involves only the flow in the matrix, the condition (13) 
governing the matrix-fractures exchanges, and the condition (21) that involves only the flow 
in fractures and which is the same that for a fractures network in an impermeable matrix. 
 
 

2.2 Boundary conditions 

For continuum materials, the boundary ∂Ω is classically divided into two parts ∂pΩ and ∂vΩ 
where respectively the pressure p and the outgoing flux v.n are imposed. For cracked bodies, 
a third type of boundary condition must be introduced when a crack outcrops on the 
boundary. The intersection of a crack surface Γj with ∂Ω defines a line on this boundary that 
is designated by B

jγ . On these lines, the pressure or the outflow of the crack have to be 

specified in order to complete the formulation of the flow problem. When the pressure is 
prescribed on these lines, it is not necessary to distinguish them from the other parts of ∂Ω 
where pressure is imposed. Hence, the notation ∂pΩ covers all the points on ∂Ω where the 
pressure is imposed, including the points located on fractures outcrops. However, it is 
possible that the fracture outflow is known or imposed on the boundary. This is the case, for 
instance, when a fluid is injected in a fracture at a constant rate or when the outflow of a 
fracture outcropping in a tunnel or in a wellbore is measured. The fracture outcrop lines on 
∂Ω where the outflow is imposed are designated by ∂qΩ, and the corresponding outflow by 
Qg. The boundary condition on these lines reads then g

jj
q .m Q=  with 

j
q  the infiltration on 

Γj and mj the tangent normal to B
jγ  on Γj pointing out of Ω. Note that this condition involves 

the tangent normal mj that can be different from the unit normal n to ∂Ω. 
 
In summary, the boundary conditions consist in specification of a given pressure Pg on a part 
∂pΩ , a normal flux Vg outgoing through the matrix on a part ∂vΩ, and a fracture outflow Qg 
on a part ∂qΩ of the boundary. 
 
 

2.3 Constitutive laws 

Fluid velocity v(x) in the matrix is given by Darcy’s law: 

∀x∈Ω-Γ;  v(x)= -k(x).∇p(x)        (26) 

 

where k is the local permeability and p is the pressure gradient.  
 
Fluid flow through a planar single crack is a well-known process which is commonly 
described by Poiseuille’s law, at least if roughness effects are negligible. This model is widely 
used in particular for flow in natural rock joints [21]. It assumes a linear relation between the 
infiltration q  and the pressure gradient along the crack surface: q c p= − ∇ , where c is called 

the hydraulic conductivity of the crack. This coefficient is a function of the fluid dynamic 
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viscosity µ, hydraulic aperture of the fracture e, and also the geometrical properties 
(roughness) of fracture walls. The assumption of a laminar flow between two infinite and 
parallel planes leads to the classical cubic law: c = e3/(12µ). However, the shape of the 
asperities on fracture walls can result in different conductivities for different directions of the 
flow in the fracture. It has been shown experimentally by Gentier et al. [22] that the hydraulic 
conductivity can be anisotropic in the fracture plane. The anisotropic relationship between the 
infiltration vector and the in-plane pressure gradient in the fracture is expressed by a tensor c: 
 

( ) ( ). ( )sq s s p s= − ∇c     (27) 

 

The tensor c is symmetric and positive-definite and can vary on the crack surface according 
to the physical properties of the crack.  This type of relation between infiltration and pressure 
gradient is found also in the case of a thin layer of a material obeying to Darcy’s law with a 
high permeability k. The equivalent infiltration q is defined, in this case, as the integral of the 

fluid velocity v in the thickness of the layer: 
0

( )
e

q v y dy= ∫ . If the thickness of the layer tends 

to zero and at the same time its permeability increases in such a way that ek tends to a 
constant value c, then the same type of relation (27) is found between q  and ∇sp in the limit 

case. 
Since ∇sp and q lay both in the tangent plane of the fracture, according to (27), c operates 
only in this plane and has to be represented by a 2×2 matrix in this plane. However, it is 
mathematically easier to represent it as a 3×3 tensor in the three-dimensional space in which 
the whole problem is formulated. In this case, the out-of-plane components of this tensor 
have to be specified. Representing by t1(s) and t2(s) two orthogonal unit vectors in the tangent 
plane and by n(s) the unit normal to this plane, we must take n.c.t1= n.c.t2 =0 to assure that q 
has no normal component to the fracture plane. This condition is mathematical necessary 
because, if for instance in the equation (52) x is out of the fracture plane, the results can be 
affected by the normal component of q. Concerning the component n.c.n, the problem is 
different. This component does not affect any result in the equations and we can give it 
arbitrary value in the mathematical problem. In numerical methods, it is naturally easier to 
take n.c.n = 0. In this case, the whole condition on the normal components of c can be written 
as: 

c (s). n(s)  = 0     (28a) 
 
 
However, a physical interpretation could be associated to n.c.n = 0 that is assuming the 
transverse permeability of the fracture zone to be zero. This is not conforming to the basic 
assumption of no pressure jump between the two faces of the fracture which supposes, in 
contrary, an infinite transverse permeability. To accommodate this possible physical 
interpretation with the necessary conditions n.c.t1= n.c.t2 =0, it is more suitable to write: 
 

c -1(s). n(s)  = 0    (28b) 
 
 
The difference between (28a) and (28b) resides only in the value of n.c.n. We emphasize that 
this value has rigorously not any effect in the whole system of equations presented in this 
paper. The writing (28b) is more conforming to a possible physical interpretations of this 
value, whereas (28b) is more adapted for numerical calculations. 
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2.4 Mathematical formulation 

The equations to be satisfied by the solution of the flow problem consist in boundary 
conditions, constitutive relations and mass balance equations. The problem consists in finding 
the fields p(x), v(x) and ( )q s through Ω satisfying the following equations: 

I.1) ∀ x ∈ ∂pΩ ;   p(x) = P g(x), 

I.2) ∀ x ∈ ∂vΩ ;   v(x).n(x) = V g(x), 

I.3) ∀ z (s) ∈ ∂qΩ ;   ( )q s .m(s) = Q g(z), 

I.4) ∀ x ∈ Ω−Γ ;     v(x)= −k(x).∇p(x) ,  

I.5) ∀ z (s) ∈ Γ ;     ( )q s = −c(s).∇s p(z),  

I.6) ∀x ∈ Ω−Γ ;     ∂ρ/∂t +∇.[ρv(x)] = 0, 

I.7) ∀ z(s) ∈ Γ−L ;    ∂η/∂t +ρ� �( ) . ( )v z n s +∇s.[ρ ( )q s ] = 0, 

I.8) ∀z(l) ∈ L ;       ( ). ( ) 0jj
j

q l m l =∑  

This set of equations defines completely the mathematical problem to be solved. The last 
equation constitutes a limit condition for the partial differential equations I.4) to I.7) in the 
same way that I.1) to I.3) and is as necessary as these equations to complete the mathematical 
formulation. However, it has not been mentioned in previous works having addressed flow in 
3D fractured porous media. 
   
The existence and uniqueness of the solution to the flow problem can be studied on the basis 
of these equations. Different numerical methods can be established to solve these equations. 
In this paper, a potential solution using Singular Integral Equations method will be 
established for these equations. But, first, we have to introduce a linear transformation 
method that allows passing from the solution for isotropic matrices to the solution for 
anisotropic matrices. 

3 Linear transformation 

Methods for transforming complex problems into simpler ones have been frequently 
developed in various fields of physics. In particular, linear transformations of the coordinates 
have been used to convert the study of anisotropic bodies into the resolution of problems 
involving isotropic bodies. This method has been intensively used for the investigation of the 
hydraulic diffusion in anisotropic porous media [2, 23], for thermal or chemical diffusion 
[24] and for deformation of elastic bodies [25]. A general transformation method was given 
by Pouya & Ghabezloo [14] that allows changing a problem of cracked porous body with 
anisotropic matrix, to an equivalent problem with isotropic matrix. However this method 
concerned 2D problems. For 3D problems, the transformation method involves some 
different relations that will be presented in the following. 
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The flow problem in the body Ω described by the equations I.1 to I.8 is considered. Let M  be 

a reversible tensor and ζ a positive constant and define the transformed variables x∼, v∼(x∼) and 

p∼(x∼) as follows:  

x∼ =M.x  , v∼(x∼) =  M.v(x) , p∼(x∼) = p(x) ,    ρ∼(x∼) = ζρ(x)  (29) 

The geometrical transformation x∼ =M.x changes the domain Ω to a domain Ω
∼

, the cracks Γ to 

Γ
∼
 and the intersection lines L to L

∼
. At a first step, a variables change in the equations I.1 to 

I.8 consists in replacing by (29) for x, v and p in these equations. Next, a set of adequate 

variablesρ ∼,η ∼, q ∼, k
∼
, c∼, V

 ∼ g, P
 ∼ g and Q

 ∼ g are sought for in such a way that the new equations 
take formally the same expressions that I.1 to I.8. This means that the new equations have to 
take the following form: 

II.1) ∀ x∼ ∈ ∂pΩ
∼

 ;   p∼(x∼) = P
 ∼g(x∼) , 

II.2) ∀ x∼ ∈ ∂vΩ
∼

 ;       v∼(x∼).n∼(x∼) = V
 ∼g(x∼), 

II.3) ∀z∼(s∼) ∈ ∂qΩ
∼

 ;    qɶ (s∼).m ∼(s∼) = Q
 ∼g(z∼), 

II.4) ∀ x∼ ∈ Ω
∼

−Γ
∼
 ;     v∼(x∼)= − k

∼
(x∼).∇

∼
 p(x∼), 

II.5) ∀ z∼(s∼) ∈ Γ
∼
 ;      qɶ (s∼)= − c∼(s∼).∇

∼
s p

∼(z∼), 

II.6) ∀ x∼ ∈ Ω
∼

  ;    ∂ρ ∼/∂t +∇
∼

.[ρ ∼v∼(x∼)] = 0, 

II.7) ∀ z∼(s∼) ∈ Γ
∼
-L
∼

 ;   ∂η ∼/∂t+ρ ∼� �( ) . ( )v z n sɶ ɶ ɶɶ + ∇
∼

s.[ ( ) ( )s q sρɶ ɶ ɶ ɶ ] = 0,  

II.8) ∀ z∼( l
∼
) ∈ L

∼
 ;  ( ). ( ) 0jj

j

q l m l =∑ ɶ ɶɶ ɶ  

In these relations we have designated by ( . ) ( . )
x

∂∇ =
∂

ɶ
ɶ

. 

The transformation rule for all the variables can be deduced successively from the basic rules 

(29). For instance, provided that ( ) . ( )Tp x p x∇ = ∇M ɶ ɶ ɶ results from (29), the relation I.4) is 
transformed to II.4) if we take: 

 k
∼
 = M k M T     (30) 

Determination of the transformation rules for qɶ  and c∼ is a little more technical. First, note that 

the unit normal n∼ on the surface Γ
∼

j is related to the unit normal n on Γj by the equation n∼

 = hn M
 -1,T n  where (See Appendix A): 

1-1, .T
nh n

−
= M     (31) 

The transformation rules for v and n lead to � � � �. .nv n h v n=ɶ ɶ , and so, to obtain II.7 from I.7, 

we must take: 
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η ∼ = ζhnη 
and have: 

. ( ) . ( )s n sq h q∇ ρ = ζ ∇ ρɶ ɶ ɶɶ     (32) 

For plane surfaces, the latter relation will be satisfied if α α
nq h q=ɶ . Taking into account the 

transformation of the natural frame (see Appendix A), this implies: 
      .nq h q=ɶ M      (33) 

It is shown in Appendix B (equation B.3) that for curved surfaces also, the relation (33) 
implies well (32). However, the question of uniqueness of this solution arises. As a matter of 

fact, for plane surfaces, (32) implies α α α
nq h q= + ψɶ  where ψα is a pure curl field: ∂αψα = 0. 

But qɶ  has to satisfy an additional property that is to be related to a gradient field by a 

symmetric tensor c∼. It can be shown that, at least for plane surface Γ and constant c, this 
condition implies ψα = 0 and the solution (33) is, therefore, unique.  
 
The same relation (33) is obtained also by a physical reasoning when the crack is replaced by 
a thin layer of material. By taking the equivalent infiltration as the integral of the fluid 

velocity in the layers section, 
0

e
q v dy= ∫ , and applying the transformation rules for v and for 

the thickness e, (33) will be obtained. 
 
Regarding the fractures conductivity, the relation between the surface gradients is 

-1,T.s sp p∇ = ∇Mɶ ɶ . Introducing this relation in I.5), II.5) is obtained if: 
T

nhɶc = McM     (34) 

To determine the transformation rule for crack boundary conditions, the transformation rule 
for the tangent normal m has to be first determined. The following relation has been shown 
between initial and transformed quantities in Appendix B: 

      . .tq m h q m=ɶ ɶ M     (35) 

where t  is the unit tangent to the crack boundary line and 
1

.th t
−= M      (36) 

From the above equations, transformation rules for the boundary conditions derive as follows: 

 P
 ∼g(x∼)=Pg(x) ,    V

 ∼g(x∼) = hn V
g(x),     Q

 ∼g(x∼) = ζ htMQg(x)  (37) 

where hn and ht are related respectively to the outward normal n on ∂Ω  and the unit tangent t 
to the line that is the crack trace on ∂Ω. 
 
The definition of the transformed quantities is thus completed. Nevertheless, the coherence of 
the transformation rules requires examining if the other equations are also satisfied. The 
remaining equations are the mass balance condition at intersection lines (II.8). Let L be the 
intersection line between cracks Γj. At a point x on this line a Darboux frame (t, nj, mj) can be 
defined for each crack Γj.  The vector t which is the unit tangent to L is the same for all these 
frames, and so ht in (35) is the same for all these cracks. This assure that the limit condition 
II.8) results well from I.8). As a matter of fact, replacing by (35) in I.8) we obtain:  

. . 0j jtj j
j j

q m h q m= =∑ ∑Mɶ ɶ      (38) 
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The transformed system of equations II.1) to II.8) formally describes the flow in a micro-

cracked porous body with geometry (Ω
∼

, Γ
∼
), permeability k

∼
, crack conductivity c∼ and 

boundary conditions V
 ∼

 g, P
 ∼ g and Q

 ∼ g. Physically, it is a different problem. But the 
mathematical relations established here-above between the two problems allow deriving the 
solution of one problem from the solution of the other one. Many partial results of this 
transformation can be found in the literature. Generally, taking M = λ δδδδ allows obtaining the 
same results that a dimensional analysis or utilization of dimensionless parameters. The 
choice of anisotropic M allows obtaining more subtle results. An example of application of 
this transformation will be seen in Section 5.   
 

4 A general potential solution for infinite medium 

Determination of the steady state flow in fractured geological formations or in micro-cracked 
rocks under farfield pressure conditions is the key issue for many theoretical studies and 
industrial applications. In this section, a potential solution for this problem is established in 
which the unknown variable is the infiltration field in the cracks. The three-dimensional 
numerical problem is thus reduced to a two-dimensional one since the numerical resolution 
will require only discretization of crack surfaces. The potential solution is formulated in 
terms of singular integral equations. In the following, this solution is first derived for the case 
of isotropic matrix, and then, by using the transformation rules presented here above, 
extended to anisotropic matrices. 
  
The body Ω considered in the following is infinite and homogeneous with an isotropic 
permeability k. The cracks Γj have finite size and so do not intersect the infinite boundary. 
The body is submitted at its infinite boundary to a pressure field p∞(x): 
 

    lim
x →∞

[p(x) – p∞(x)] = 0    (39) 

p∞ satisfies ∆p∞= 0 where ∆ represents the Laplace operator. In most general cases 
considered for determination of the equivalent permeability, p∞ corresponds to a uniform 
pressure gradient: p∞(x) = A.x. The equations to be satisfied by p are the boundary condition 
(39), mass balances (1), (13), (21) and constitutive equations (26) and (27). 
A general solution for these equations can be sought for by assimilating the cracks to a 
distribution of point sources or sinks in Ω. The pressure field solution for a point source in 
steady-state flow is p(x) = f ||x||-1 where f is a constant related to the source intensity. This 
solution is based on the mathematical identity: 

∆ ||x||-1 =-4πδ(x)                                       (40) 

where δ represents the Dirac distribution. By using this result, a solution for p(x) in Ω can be 
a priori  sought for in the following form:  

p(x)  = p∞ (x) + 
( ) ( )

( ) ( )i
j

j i

j i
j i L

f s b l
ds dl

x z s x z lΓ

+
− −

∑ ∑∫ ∫       (41) 

where f  j and b i are continuous and integrable scalar functions respectively on Γj and Li. Such 
a solution satisfies automatically the infinite boundary conditions and mass balance ∆p = 0 in 
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the matrix  Ω-Γ. The question in the following is to determine the conditions that make (41) 
fulfil the mass balance at every point on Γ. 
   
For a point z on Γj-L with z = z j(s), the mass balance (21) is reduced to: 
 

  � �( ) . ( ) . ( )sv z n s q s= −∇     (42) 

 
where n(s) is the unit normal to Γj at z.  The contributions of p∞ and of the integrals on Γj ' 
with j' ≠ j to the velocity field v(x)= -k ∇p(x) remain continuous across Γj. The discontinuity 

� �( )v z  on this surface results only from the integral on Γj, and is given by 

� �( ) ( )jv z k p z= − ∇� �
� �� 	  where: 

( )
( )

( )
j

j
j

j

f s
p x ds

x z sΓ

=
−∫     (43) 

It has been established in Appendix C that for a pressure field having the expression (43), and 

for x = z(s) on Γj, ( ) . ( ) 4 ( )j jp x n s f s∇ = −� �
� �� 	 π . Then, the mass balance (42) will be satisfied if 

we take: 

1
( ) . ( )

4
j

sf s q s
k

−= ∇
π

    (44) 

Replacing by this expression in the surface integral term in (41) and then integrating by parts, 
one finds: 

3

. ( ) . ( ) ( ) .( ( ))

( ) ( )j j j

j j j j j
s

j j j

q q s m s q s x z s
ds dl ds

x z x z s x z sΓ ∂Γ Γ

∇ −
= −

− − −
∫ ∫ ∫   (45) 

 
Replacing by (45) in (41) a sum on all the crack boundaries ∂Γj is found. The boundary ∂Γj is 

constituted of intersections of Γj with other cracks on the lines Li, designated by i
jγ . The lines 

Li here include also the border of cracks ending in the body with only one value for j. There is 
no intersection of Γj with ∂Ω since the cracks have finite size and the domain Ω is infinite. 

When summing on all the lines ijγ  for different ∂Γj, by inverting the summation order 

between i and j, an integral on the lines Li is found: 
 

( ) . ( ) ( ) . ( ) ( ) . ( )

( ) ( ) ( )i i
j j

j j j j jj

j j j
j j i i jL

q s m s q l m l q l m l
dl dl d l

x z s x z l x z l∂Γ γ

= =
− − −

∑ ∑∑ ∑ ∑∫ ∫ ∫       (46) 

 

( )jq l  represents the infiltration computed on the surface Γj at the point on i
jγ  with 

curvilinear abscise l. On the last integral, on a given line Li and at a given curvilinear abscise 

l on this line, all the ( )jz l  for different values of j take a unique value z i(l). Then, we can 
write: 

( ) . ( )
( ) . ( )

( ) ( )i i

j j
j j

j

j i
i j iL L

q l m l
q l m l

dl dl
x z l x z l

=
− −

∑
∑ ∑ ∑∫ ∫     (47) 
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Replacing by these relations in (41) results in: 
 

3

( ). ( ( ))1 1 ( )
( ) ( )

4 4 ( )( ) i
j

j j i

ijj i L

q s x z s B l
p x p x ds dl

k k x z lx z s
∞

Γ

−
= + +

π π −−
∑ ∑∫ ∫  (48) 

with: 

    ( ) 4 ( ) ( ) . ( )j ji i

j

B l k b l q l m l= π −∑       (49) 

Let us now examine the nature of the singularity of the right-side of (48) at a point x on the 
line Li. First, a small interval on this line with length 2r and centred on x can be considered 
and parameterized by l∈[-r,r]. The contribution of the line integral to this singularity can be 
determined by making a first order expansion of different functions with respect to l in the 

neighbourhood of x. It yields ( )jx z l l− ≈ ,  ( ) ( )j j jq l q x q≈ = , ( ) ( )j j jm l m x m≈ = , 

b i(l)≈ b i(x), and then : 

0

( )
2 4 ( ) .

( )

r ri
j ji

i
jr

B l dl
dl k b x q m

lx z l−

 
≈ π −  −  

∑∫ ∫     (50) 

 
The contribution of the surface integral on Γj in the right-side of (48) to the singularity is 
deduced from integration on a half-circle Ch with radius r and originated at x (Figure 6). We 
parameterize this half-circle with the polar coordinates (l,θ) where l∈[0,r] and θ∈[0, π]. For a 
point z(s) in the neighbourhood of x in Γj, a first order expansion of q (s).[z j(s)-x] with 

respect to l  yields z - x ≈ l cosθ t – l sinθ m j and ( ) ( )j jq s q x q≈ = . Hence: 

 

( )3
0 0 0

( ) . ( ( )) ( . ) cos ( . )s in
2 .

( )h

j j j jj r r
j j

j
C

q s x z s q t q m dl
ds d dl q m

l lx z s

π− − θ + θ
≈ θ =

−
∫ ∫ ∫ ∫  (51) 

 

Γj 

L i 

γL 

t 

mj 
x 

z l 

θ 
r  

 
Figure 6: Determination of the singularity in the neighbourhood of a point x on an 

intersection line  
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Comparing (51) to (50), it is found that the singularity due to the surface integral 

compensates exactly the part 2 .j j

j

q m− ∑ coming from the line integral. This results from 

the fact that the surface integral (41) is not singular if the function f is integrable. Therefore, 
the singularity coming from the line integral in (41) is not compensated. So, to have a finite 
pressure p at x∈Li requires taking b i(x) = 0. With this result, the potential solution is written 

as (48) in which ( ) ( ) . ( )j ji

j

B l q l m l= −∑ . 

  
The mass balance (21) on intersection lines has not yet been taken into account. By 
introducing this condition, we find B i = 0 and the following expression is finally obtained for 
the potential solution: 
 

     
3

( ) . ( ( ) )1
( ) ( )

4 ( )j

j j

jj

q s x z s
p x p x ds

k x z s
∞

Γ

−
= +

π −
∑ ∫     (52) 

 

This expression gives the solution of pressure field in terms of the unknown field jq on crack 

surfaces. 
The expression (52) satisfies obviously boundary condition (39) and mass conservation (1). It 
would be possible to begin directly with this expression as a potential solution and to show 
that it satisfies well mass balances (21) and (13). But demonstration of these properties in this 
case would be much more difficult since the singularity of the integrand in (52) has a greater 
order than in (41).  

The potential solution here means that, for arbitrary jq  fields, the expression (52) satisfies 

all equations of the flow problem except for the constitutive flow law in crack surfaces. 
Introducing the relation (27) in (52), a system of singular integral equations on the pressure 
field is obtained that allows computing this field. This system will be presented in the next 
section for the general case of anisotropic matrix. 
 

5 Extension to anisotropic matrix 

In this section, the linear transformation (29) is used to extend the solution (52) to anisotropic 
matrices. Let the infinite body Ω with uniform matrix permeability k contain a family of 
cracks Γj  and be submitted at its infinite boundary to the pressure conditions p∞. Provided 

that k is symmetric and positive–definite, we designate by M = 1−k the positive and 
symmetric matrix that satisfies MM = k−1. We take ζ = 1. The transformed problem 

corresponds to an infinite body with isotropic permeability k
∼
 = δδδδ. For this transformed 

problem, the solution (52) reads: 

3

( ) . ( ( ))1
( ) ( )

4 ( )j

j j

jj

q s x z s
p x p x ds

x z s
∞

Γ

−
= +

π −
∑ ∫
ɶ

ɶ ɶ ɶ
ɶ ɶ ɶ ɶ ɶ

ɶ ɶ

       (53) 
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As noticed in Appendix A, it is not necessary to change the parameterization s for the 

transformed surfaces jΓɶ . Only the functions ( )jz sɶ  and also the surface element dsɶ  are 

changed in the geometrical transformation. The expressions of all transformed 
variables( , , , , , )x z p p q ds∞ɶ ɶ ɶ ɶ ɶɶ  as functions of initial variables (x, z, p, p∞, q, ds) are given in 

Section 3 or in Appendix A. Substituting by these expressions in (53), the final expression of 
the potential solution for flow in an anisotropic matrix is obtained as follows:  
 

 

( ) ( )
1

3/ 2
1

( ) . . ( ( ))1
( ) ( )

4 ( ) . . ( )j

j j

j jj

q s x z s
p x p x ds

x z s x z s

−

∞
−Γ

−
= +

π  − −
 

∑ ∫
k

k k
 (54) 

 
 
It is worth noting that the only significant assumption to derive this solution was that the 
matrix permeability k is uniform: the crack surfaces can be curved and have arbitrary 
multiple intersections. Moreover, the constitutive flow model in fractures is not specified and 
can contain arbitrary non linearities.  
 
By using the tangential flow law, q in (54) can be replaced by its expression function of the 
pressure. Then if x scans the fracture surfaces, a system of equations is obtained that involves 
only the pressure on the fractures. The resolution of this system allows determining, first, the 
pressures in the fractures, then, the infiltration q by using the tangential flow law, and finally, 
by returning back to (54) and allowing x to scan the whole space, the pressure field in the 
whole body. Ultimately, in this way, the initial 3-D flow problem is reduced to resolution of a 
system of equations involving only pressures on fractures surfaces, i.e., to a 2-D type 
problem.  
 
For instance, in the case of a linear tangential flow law in fractures, ( ) ( ). ( )sq s s p s= − ∇c , the 

following system of singular integral equations on the pressure field is obtained: 
 
 

( )
( ) ( )

1

3/ 2
1

( ) . ( ) . ( )1
( ) ( )

4 ( ) . . ( )j

j j j
s

j jj

p s s x z s
p x p x ds

x z s x z s

−

∞
−Γ

 ∇ − = −
π  − −

 

∑ ∫
c k

k k
 (55) 

 
 
The anisotropic conductivity c j can vary along the crack surface. This equation can be 
numerically solved for instance by using a set of collocation points [26]. Exactly the same 
equations (54) and (55) were obtained in the two-dimensional case [14], with the difference 
that in the right-side of these equations, the factor 4π in the denominator is replaced by 2π 
and the power 3/2 by 2. The solution in two-dimensional case was used to elaborate 
numerical methods that proved their efficiency [27]. We have used (55), in an undergoing 
work, to determine closed-form solution for flow in disc-shaped cracks in an infinite matrix 
submitted to a far-filed gradient, and apply the result to effective permeability calculation. 
The elaboration of the numerical method for three-dimensional case requires some specific 
investigation that we hope to present in a future paper. 
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6 Conclusions and perspectives 

A complete mathematical formulation for the flow problem in a fractured porous body is 
presented in this paper which fully integrates mass balance conditions along fracture 
intersection lines. A main result is that mass exchanges on intersection lines between fractures 
are independent from the exchanges with the matrix. They have the same expressions as for a 
fracture network in an impermeable matrix. As a consequence, on a crack tip, where a crack 
ends in the matrix, the normal component of the infiltration to the crack tip line is null. These 
results, that extend those found for 2D case in previous works, allow significant 
simplifications for mathematical and numerical modelling of the flow problem. 
 
A potential solution for the steady state flow in an infinite fractured body is presented based 
on singular integral equations. This solution allows to determine the flow (pressure and 
velocity) field in a 3-D fractured porous body by solving equations involving only the 
pressures on the fracture surfaces and, thus, to reduce the 3-D problem in a 2-D problem. The 
numerical resolution is then much simplified because it requires only discretization of fracture 
surfaces.  
 
An interesting case to be studied by using the solution (55) is that of a single disc-shaped 
crack in an infinite matrix under uniform farfield pressure gradient. A closed-form or a semi-
analytical solution for this case can be found which opens the way for many theoretical 
studies, specially related to the effective permeability of microcracked porous materials. Also, 
the potential solution (55) that supposes an infinite body, can be extended to finite domains by 
using classical results of Boundary Element methods [26]. These extensions will be addressed 
in a future paper. 
 
Finally, a main assumption in this paper has been that the matrix and fractures are saturated 
and so no capillary phenomena are to be taken into account. In this case the thermodynamic 
considerations for flow in porous media [28, 29] reduce to mass balance conditions. However, 
some interesting physical and industrial applications, like flow in petroleum reservoirs and 
CO2 storage problems, imply multiphase flow in cracked porous media. In this case, the 
effects of capillary forces in matrix and fractures and the related thermodynamic questions 
have to be carefully analysed and fully taken into account. We hope to integrate these 
questions in a further extension of the present work to unsaturated cracked porous materials. 
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Appendix A:  Curved surfaces and geometrical transformation 

Curved surface 
The curved surface Γ is defined by a smooth function z(s) from 2 to 3. The parameter 

1 2( , )s s s=  varies in a domain of 2. The natural (not necessarily orthonormal) basis tangent 

to Γ at a point x(s) is given by (t1, t2) with t α = ∂x/∂sα (α=1,2). The unit normal is given as 

1 2 1 2( ) /n t t t t= × × . The surface element ds = 1 2t t× ds1ds2 is also equal to 

ds = 1 2, ,t t n ds1ds2 where 1 2, ,t t n  is the determinant of the matrix having for columns the 

vectors (t1, t2, n).  For a curve L inscribed on Γ, the Darboux frame (t, n, m) at a point x on L 
is constituted of the unit tangent t to L, the unit normal n to Γ and the unit tangent normal m = 
t × n that is tangent to Γ and normal to L (Figure 7). 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

n 

s 

P t 

m Γ 

L 

 
Figure 7: Darboux frame for a line L inscribed on a curve surface Γ   

 
 
The Christoffel symbols Cγ

αβ and bαβ are defined by the relations: 

/t s C t b nγ
β γα αβ αβ∂ ∂ = +        (A.1) 

The relation n.tα = 0 yields : 
(∂n/∂sβ).tα =-n. ∂tα/∂sβ = bαβ   (A.2) 

 
Geometrical transformation 
A geometrical transformation .x x= Mɶ  changes Γ  to a surface Γɶ . The same parameterization 

s can be maintained for Γɶ , but the function z(s) is changed into the function ( ) . ( )z s z s= Mɶ . 

The natural tangent frame on Γɶ  is given by / .T x s tα α α= ∂ ∂ = Mɶ (α=1,2).  

Unit normal: The unit normal n∼ on the surface Γɶ at the point xɶ  is related to the unit normal n 

on Γ at x by n∼ = hn M
-1,T.n,  where 

1-1,T.nh n
−

= M . This results from the fact that if δx is 

tangent to Γ then δx∼ = M.δx is tangent to Γ
∼
 and n and n∼ have to satisfy respectively n.δx = 0 

and n∼.δx∼ = 0.  
Darboux frame: A curve L on the surface Γ is transformed toLɶ  on Γɶ . The Darboux 

frame( , , )t n mɶ ɶ ɶ of Lɶ  at the point xɶ  is related to (t, n, m) at x by t∼ = ht M.t with 
1

.th t
−= M ,  

nɶ  already defined and m t n= ×ɶɶ ɶ . 

Surface element: The surface element on Γɶ  is 1 2 1 2,ds T T n ds ds=ɶ ɶ,   where the natural 

tangent basis {Tα} is given by / .T x s tα α α= ∂ ∂ = Mɶ . By using the mathematical property: 
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11 2 3 2 3. , . , . , ,a a a a a a=M M M M   (A.3) 

we compute:  

1 2 1 2, , , , .nT T n h t t n=ɶ M N    (A.4) 

with: 
     N = M -1M -1,T     (A.5) 
The vector N.n can be decomposed in its components parallel and normal to n :   N.n = λ n + 
T  with n.T = 0 and . .n n= Nλ . Beside, we can decompose t1, t2, (λn+T)= λt1, t2, n+t1, t2, 
T where the last determinant vanishes since (t1, t2, T) are coplanar. Replacing by this in (A.4) 
and using: 

2. . nn n h−=N      (A.6) 

we find: 1
1 2 1 2, , , ,nT T n h t t n−=ɶ M  and then 1

nds h ds−= Mɶ .  

Christoffel symbols : The variation of the natural basis  {Tα} on Γɶ  is given by: 

/ . / .T s t s C T b n∂ ∂ ∂ ∂ = += M Mγ
β γα α αβ αββ . Then if : 

.n T nγ
γ= τ + νM ɶ     (A.7) 

 we find: /T s C T b nγ
β γα αβ αβ∂ ∂ = + ɶɶ ɶ   with: 

 C C bγ γ γ
αβ αβ αβτ= +ɶ ,  b bαβ αβν=ɶ     (A.8)  

Also, from (A.7) it can be deduced that .nn t h nγ
γτ ν= + N , and this, with (A1.6), yield 

ν = hn, and: 
2. ( )nn h n tγ

γτ−= −N       (A.9) 

Derivation of (A.6) with respect to sα yields ∂hn/∂sα = -hn
3 n.N.(∂n/∂sα). Using (A.6), (A.2) 

and the property n. ∂n/∂sα = 0 that results from n.n =1, it can be established that n.N.(∂n/∂sα) 
= hn

-2 τγ bαγ  and then: 
  

 ∂hn/∂sα = -hnτβbαβ    (A.10) 
 
 
 

 
Appendix B:  Transformation of infiltration type vector fields 
 
A tangent vector field u through Γ is called infiltration type field when it is transformed as: 

( ) ( ) . ( )nu z h z u z=ɶ ɶ M     (B.1) 

For these fields then α
αu u T=ɶ ɶ with α α

nu h u=ɶ . 

Surface divergence: The surface divergence of uɶ  is transformed as follows: 
 

( )
. / / / ( )

. /

s n n n

n s n n

u u s u C h u s u h s h u C b

h u u h s h b

β β
β∇ = ∂ ∂ + = ∂ ∂ + ∂ ∂ + +

= ∇ + ∂ ∂ +

ɶɶ ɶ ɶ ɶα α α α α α α α α
α αβ αβ

β β α
αβ

τ

τ
    (B.2) 

Replacing by (A.9) in (B.2) the following result is found: 
. .s n su h u∇ = ∇ɶ ɶ     (B.3) 

 
Normal infiltration on a boundary line: The normal component of u on a boundary line L 
inscribed on Γ is given by u.m where m is the tangent normal of L on Γ (see Darboux frame). 
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Using m t n= ×  the scalar product is transformed in mixed product: . , ,u m u t n= . The 

transformation rules for u∼, t∼, n∼ and the relations (A.3) and (A.5) then yield: 

( ) ( )2 2-1,T. , , . , . , . , , .t n t nu m u t n h h u t n h h u t n= = =M M M M Nɶɶ ɶ ɶ ɶ    (B.4) 

Decomposition (A.9) of N.n with the same techniques used here above for the surface element 

ds allows demonstrating that: ( ) 2
, , . , ,nu t n h u t n

−
=N  and then: 

. .tu m h u m= Mɶ ɶ     (B.5) 

 
 

 
Appendix C: Velocity discontinuity and divergence on the crack surface 
 
Consider a smooth surface Γ in 3  defined by the function z(s) where s = (s1, s2), and the 
function p(x) defined in Ω ⊆ 3 by:  

p(x)  = 
( )

( )

f s
ds

z s xΓ −∫         (C.1) 

 

where f  is a continuous and integrable scalar function defined on Γ, and ds is the surface 
element on Γ. The pressure gradient is computed as follows: 

          ∇p(x) = ( ) ( , )f s J x s ds
Γ
∫  ;      

3

( )
( , )

( )

z s x
J x s

z s x

−=
−

 (C.2) 

 

The gradient ∇p(x) is discontinuous at a point x = z0 = z(0) on Γ. The jump � � 0( ) .p x n∇  across 

Γ where n0 is unit normal to Γ at the point x is defined by:  
 

� � ( )0 0 0
γ 0

( ) . l im ( γ ) ( γ ) .p x n p x n p x n n
+→

∇ = ∇ + − ∇ −  (C.3) 

 
For γ = 0, the integrand J((x+γn0), s)  is singular at s = 0  and this causes the difference of  the 
lim∇p(z0+γn0).n0 for γ→0+ and γ→0−. We can limit the integration on a small zone around x 
on Γ since outside this disc J((x+γn), s) is non singular for γ→0, and does not contribute to the 
jump. We assume that the local parameterization z(s1, s2) for Γ is defined in such a way that x 
= z(0,0) and (s1, s2) define locally a system of Cartesian  coordinates, i.e.,  t1  and t2 defined by 
tα = ∂z/∂sα  (α =1,2) are two perpendicular unit vectors. The small zone considered around x 
is the image D of the disc of radius r in the space (s1, s2) centred at s =(0,0). To compute the 
integral on this small zone, we can replace all the functions by they first order expansion in 
(s1, s2): 
     z(s) = z0 + sα tα + o1(s)   (C.4) 

f (s) = f0 + fαsα + o2(s)    (C.5) 
 

where  fα = ∂f/∂sα at the point s =(0,0), and ( )1
0

l im 0
s

o s
→

= ,  ( )2
0

l im 0
s

o s
→

= .   

By choosing polar coordinates (r,θ)  in the disc D, i.e,  s1  = r cosθ, s2  = r sinθ, and reducing 
the integrand to its first order expansion, the following expression is obtained: 
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( )
2

0 1 2
00 0 3/ 22 2

0 0

0 2 2

cos sin
. ( ) ( γ , ) γ

γ

1 1
2 γ

γ γ

R

D r

f f r f r
n f s J z n s ds rdrd

r

f
R

π

= θ=

+ θ + θ+ ≈ − θ
+

 
 = − π −
 + 

∫ ∫ ∫
  (C.6) 

It allows computing: 
γ 0
l im

+→
∇p(x+γn0) = -2π f0  and 

γ 0
l im

−→
∇p(x+γn0) = 2π f0. These results allow 

writing for a general point x = z(s) on a crack surface Γ: 
 

� �( ( )) . ( ) 4 ( )p z s n s f s∇ = − π    (C.7)  
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