
Preprint typeset in JHEP style - HYPER VERSION

The large central charge limit of conformal blocks

Vladimir Fateev1,2 and Sylvain Ribault1

1Laboratoire Charles Coulomb UMR 5221 CNRS-UM2
Universit́e Montpellier 2, Place Eug̀ene Bataillon - CC070
F-34095 Montpellier Cedex 5 - France

2Landau Institute for Theoretical Physics
142432 Chernogolovka, Russia
vladimir.fateev@univ-montp2.fr, sylvain.ribault@univ-montp2.fr

ABSTRACT: We study conformal blocks of conformal field theories with aW3 symmetry algebra
in the limit where the central charge is large. In this limit,we compute the four-point block as
a special case of ansℓ3-invariant function. In the case when two of the four fields are semi-
degenerate, we check that our results agree with the block’scombinatorial expansion as a sum over
Young diagrams. We also show that such a block obeys a sixth-order differential equation, and that
it has an unexpected singularity atz = −1, in addition to the expected singularities atz = 0, 1,∞.
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1. Introduction

Since the work of Belavin, Polyakov and Zamolodchikov [1], the conformal bootstrap method has
been an effective tool for studying two-dimensional conformal field theories. That method relies on
a systematic exploitation of the symmetries of the theory. These symmetries determine functions
called conformal blocks. The simplest conformal blocks arethe characters of the representations
of the symmetry algebra, which may be called zero-point blocks on the torus. The correlation
functions of the theory are then combinations of the conformal blocks. For example, the partition
function on the torus is a combination of characters.

Combinatorial expansions for the conformal blocks of the Virasoro algebra have recently been
found [2], inspired by the conjecture of Alday, Gaiotto and Tachikawa on the relation between
two-dimensional CFTs and four-dimensional gauge theories[3]. Until then, no explicit formulas
for four-point blocks on the sphere were known. It would be very interesting to generalize such
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combinatorial expansions to conformal blocks of other algebras, in particular theWN algebras
[4, 5, 6] which are natural generalizations of the Virasoro algebra.

This is however a challenging problem, in particular because the fusion products ofWN≥3

representations in general exhibit infinite fusion multiplicites. (See for instance Section 2.3 of [7].)
This feature is at the origin of difficulties in computing thethree-point correlation functions in con-
formal Toda theories. These CFTs haveWN symmetry algebras, and their three-point correlation
functions are only known in special cases [8, 9]. Here we willshow how to take infinite fusion
multiplicities into account and how to compute conformal blocks in the limit where the central
chargec of theWN algebra is large. (The conformal dimensions of the fields aremeanwhile kept
fixed; this is sometimes called the light asymptotic limit.)It is this limit which was used by Al.
Zamolodchikov as the starting point of the characterization of Virasoro (N = 2) conformal blocks
by recurrence [10]. In this limit,sℓN conformal Toda theory reduces to the quantum mechanics
of a point particle onSLN (C), theWN algebra reduces tosℓN , and theWN conformal blocks
reduce to special cases ofsℓN -invariant functions. We will study such functions in detail in the
casesN = 2 andN = 3.

This will enable us to test a proposal for the combinatorial expansion of a class ofWN confor-
mal blocks [11]. The proposed expansion, which we will summarize, is given for all values ofc,
assuming that all involved fields except two of them are almost fully degenerate. This assumption
eliminates the problem of the infinite fusion multiplicities. We will compare our results for large
c conformal blocks of that class, with the largec limit of the combinatorial expansion. The two
expansions agree up to the orderz5, which supports the validity of the proposed combinatorial
expansion.

Plan of the article. In Section 2, after a reminder on the largec limit of Virasoro conformal
blocks, we studysℓ3-invariant functions and their relations with the largec limit of W3 conformal
blocks. Section 3 is devoted to the study of detailed properties of certain conformal blocks: the
differential equation they obey, and their critical exponents. Then, in the concluding Section 4,
we comment on some aspects of the results, and compare them with the combinatorial expansion.
Appendix A is devoted to the study of a quantum particle onSLN (C) (with N = 2, 3), which is
at the basis of the computation of the largec limit of correlation functions ofsℓN conformal Toda
theory, and provides some justification for a number of the equations of Section 2. Appendix B is
devoted to deriving the series expansion (2.66) of certain conformal blocks.

Acknowledgements. We thank Vladimir Belavin for comments on the draft of this article. We
are grateful to the JHEP referee for suggestions which led tosignificant improvements. This work
was supported in part by the cooperative CNRS-RFBR grant PICS-09-02-93106. S. R. is grateful
to the Institut Poncelet in Moscow for hospitality while part of this work was done.

2. W3 conformal blocks and sℓ3-invariant functions

2.1 Virasoro conformal blocks and sℓ2-invariant functions

We first review the case of Virasoro conformal blocks, beforemoving to the technically more
complicated case ofW3 conformal blocks. Basic information on Virasoro conformalblocks can
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be found in [12]. A four-points-channel Virasoro conformal block on the sphereG∆s(c|∆i|zi)

is a function of the positions(z1, z2, z3, z4) ∈ C
4 of four primary fields, which are characterized

by their conformal dimensions(∆1,∆2,∆3,∆4). Such a conformal block also depends on ans-
channel conformal dimension∆s, and on the central chargec of the Virasoro algebra, which is
defined by generatorsLn∈Z and relations

[Ln, Lm] = (n−m)Lm+n +
c

12
n(n− 1)(n + 1)δm+n,0 . (2.1)

The conformal block is defined as a sum over the states of a highest-weight representation of the
Virasoro algebra. The relevant representation is built from a highest-weight state|∆s〉 by applying
the creation modesLn<0. If we assumeL†

n = L−n and〈∆s|∆s〉 = 1, then we can compute the
square norm||L−n|∆s〉||

2 = 2n∆s+
c
12n(n−1)(n+1). If |n| ≥ 2, this goes to infinity asc → ∞,

andL−n descendents do not contribute to the ”largec block”

F∆s(∆i|zi) = lim
c→∞

G∆s(c|∆i|zi) . (2.2)

Therefore, only the generators(L−1, L0, L1) of the sℓ2 subalgebra of global conformal transfor-
mations survive in the largec limit. Nonetheless, some properties of the blocks are not affected by
taking this limit: First, the existence of an analytic expansion in the neighbourhood ofz1 = z2,

F∆s(∆i|zi) = z∆s−∆1−∆2

12 (1 +O(z12)) , (2.3)

where we use the notationz12 = z1 − z2. Second, the behaviour under global conformal transfor-
mations, which we now review.

Thesℓ2 subalgebra of global conformal transformations has the generators(L−1, L0, L1) and
commutation relations

[L0, L±1] = ∓L±1 , [L1, L−1] = 2L0 . (2.4)

A representation of the Virasoro algebra with conformal dimension∆ corresponds to ansℓ2 rep-
resentation of spin−∆. Notice that two Virasoro representations whose dimensions are related by
the reflection

∆∗ = 1−∆ , (2.5)

correspond to two isomorphicsℓ2 representations. A primary field with positionz and conformal
dimension∆ behaves as a vector in ansℓ2 representation of spin−∆ and isospin variablez. The
action of thesℓ2 subalgebra on the primary field is given by the differential operators

D(∆,z)(L−1) = −
∂

∂z
, D(∆,z)(L0) = −z

∂

∂z
−∆ , D(∆,z)(L1) = −z2

∂

∂z
− 2∆z , (2.6)

which are such thatD(∆,z) preserves the commutation relations (2.4). The blocksG∆s(c|∆i|zi),
and therefore their largec limits F∆s(∆i|zi), aresℓ2-invariant four-points functions. What we call
an sℓ2-invariantn-points function is a functionE(∆i|zi) of (∆1,∆2, · · ·∆n) and(z1, z2, · · · zn)
such that

∀ ta ∈ {L−1, L0, L1},

(

n
∑

i=1

D(∆i,zi)(t
a)

)

E(∆i|zi) = 0 . (2.7)
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The invariant two- and three-points functions are well-known to be

E(∆1,∆2|z1, z2) = z−2∆1

12 , (assuming ∆1 = ∆2) , (2.8)

E(∆1,∆2,∆3|z1, z2, z3) = z∆3−∆1−∆2

12 z∆1−∆2−∆3

23 z∆2−∆3−∆1

31 . (2.9)

Any invariant four-points functionE(∆i|zi) can be written in terms of its values when three of the
zis are fixed, for example(z1, z3, z4) = (0, 1,∞),

E(∆i|zi) = P (∆i|zi)z
∆1+∆2E(∆i|0, z, 1,∞) , (2.10)

where we define the cross-ratioz and prefactorP (∆i|zi) as

P (∆i|zi) = z−∆1−∆2

12 z−∆3+∆4

13 z−∆3−∆4

43 z∆1−∆2

42 z−∆1+∆2+∆3−∆4

14 , z =
z12z34

z13z24
. (2.11)

(Notice that we haveP (∆i|zi) = E(∆1,∆2, 0|z1, z2, z4)E(0,∆3,∆4|z1, z3, z4).) For brevity we
will sometimes use the notationE(z) = E(∆i|0, z, 1,∞).

After these reminders on the global conformal symmetry, we are ready to write an explicit
integral formula for the largec four-point conformal block,

F∆s(∆i|zi) = N

∫

C

dzs E(∆1,∆2,∆s|z1, z2, zs)E(∆
∗
s,∆3,∆4|zs, z3, z4) , (2.12)

where the normalization factorN (a function of∆i,∆s) and integration contourC are determined
by the condition (2.3). This expression is justified in Appendix A.1. With a general integration
contour, the integral in eq. (2.12) would yield a linear combination of the two ”reflected” blocks
F∆s andF∆∗

s
. Explicitly, we find

F∆s(∆i|0, z, 1,∞) = z−∆s
12

∞
∑

n=0

(∆s −∆1 +∆2)n(∆s −∆4 +∆3)n
(2∆s)n

zn , (2.13)

= z−∆s
12F (∆s −∆1 +∆2,∆s −∆4 +∆3, 2∆s, z) , (2.14)

whereF is the hypergeometric function, and we use the notations

(t)n =

n−1
∏

i=0

(t+ i) =
Γ(t+ i)

Γ(t)
, (2.15)

and

∆s
12 = ∆1 +∆2 −∆s . (2.16)

The simplification of the conformal blocks in the largec limit can be interpreted as coming
from the elimination of local conformal symmetry, and the survival of only the global symme-
try with its finite-dimensionalsℓ2 algebra. This explains why the largec blocks (2.14) coincide
with the conformal partial waves which were computed by Ferrara, Gatto and Grillo [13]. Such
conformal partial waves are associated to the global conformal symmetry, and can therefore be
generalised to higher dimensions [14]1. We will be interested in another type of generalisation:
staying in two dimensions, we will consider larger symmetryalgebras.

1We are grateful to Slava Rychkov for pointing out the articles [13] and [14] to us.
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2.2 sℓ3-invariant functions

In preparation for writing the largec conformal blocks of theW3 algebra, we need to studysℓ3-
invariant functions. This is because theW3 algebra reduces tosℓ3 in the largec limit [15]2, in the
same way as the Virasoro algebra reduces tosℓ2. (The eight generatorsL0, L±1,W0,W±1,W±2

of theW3 algebra which survive in the largec limit can be identified with linear combinations of
the generatorshi, ei, f i of sℓ3 which we are about to introduce.)

The algebrasℓ3 is generated by two Cartan elements(h1, h2), three generators(f1, f2, f3)

which are eigenvectors of the adjoint actions ofh1 andh2 for the respective eigenvalues(−2, 1,−1)

and (1,−2,−1), and three generators(e1, e2, e3) which are also eigenvectors but with opposite
eigenvalues. The remaining nonzero commutators are

[f1, f2] = −f3 , [e1, e2] = e3 , (2.17)

[e1, f1] = h1 , [e2, f2] = h2 , [e3, f3] = h1 + h2 , (2.18)

[e1, f3] = −f2 , [e2, f3] = f1 , [e3, f1] = −e2 , [e3, f2] = e1 . (2.19)

In order to parametrize the representations ofsℓ3, let us introduce its simple roots(e1, e2) and the
weights of the fundamental representation(h1, h2, h3) (not to be confused with thesℓ3 generators
ei, hj). The roots are supposed to be two independent vectors, witha scalar product given by the
Cartan matrix,(ei, ej) = Kij with K =

(

2 −1
−1 2

)

. The weights of the fundamental representation
are

h1 =
2
3e1 +

1
3e2 , h2 = −1

3e1 +
1
3e2 , h3 = −1

3e1 −
2
3e2 . (2.20)

A representation is parametrized by a spin vectorj in root space, whose coordinates we denote as

r = −(e1, j) , s = −(e2, j) . (2.21)

Two representations are isomorphic when they are related byone of the six Weyl transformations

(r, s) →

{

(r, s), (3− r − s, r), (s, 3− r − s),

(2− r,−1 + r + s), (−1 + r + s, 2− s), (2− s, 2− r),
(2.22)

among which we single out the maximal Weyl reflectionj → j∗ where

j = (r, s) ⇒ j∗ = (2− s, 2− r) . (2.23)

There is another useful reflection of the root space called the Dynkin diagram automorphismj →

jω where

j = (r, s) ⇒ jω = (s, r) . (2.24)

In the previous Subsection, we representedsℓ2 transformations in terms of differential op-
erators (2.6), whose isospin variablez could be interpreted as the position of a CFT field on the

2According to [15] (pages 7-8),W3 reduces tosℓ3 by a two-step process of truncating to the vacuum-preserving
algebra and taking the largec limit. However, for our purpose of computing largec conformal blocks, the largec limit
does perform the truncation, as we explained in the case of the Virasoro algebra.
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complex plane. In order to faithfully representsℓ3 transformations, we need a triple of variables
Z = (w, x, y). (The number of needed variables is the number of creation operatorsei; in the
case ofsℓN this would beN(N−1)

2 .) Thesℓ3 generators(hi, ei, f i) are represented as [12](Section
15.7.4)

D(j,Z)(h
1) = 2x∂x + r − y∂y + w∂w , (2.25)

D(j,Z)(h
2) = 2y∂y + s− x∂x + w∂w , (2.26)

D(j,Z)(e
1) = x2∂x + rx+ (w − xy)∂y + xw∂w , (2.27)

D(j,Z)(e
2) = y2∂y + sy − w∂x , (2.28)

D(j,Z)(e
3) = w2∂w + s(w − xy) + rw + xw∂x + y(w − xy)∂y , (2.29)

D(j,Z)(f
1) = −∂x , (2.30)

D(j,Z)(f
2) = −∂y − x∂w , (2.31)

D(j,Z)(f
3) = −∂w . (2.32)

An sℓ3-invariantn-point function associated ton spinsj1, j2, · · · jn is a functionE(ji|Zi) such that

∀ ta ∈ {hi, ei, f i},

(

n
∑

i=1

D(ji,Zi)(t
a)

)

E(ji|Zi) = 0 . (2.33)

Such an invariant will obey additional equations if some representations are degenerate. We will
call the representation of spinj1 semi-degenerate of the first(k = 1) or second(k = 2) kind if

(ek, j1) = 0 and d
(k)
Z1

E(ji|Zi) = 0 , (2.34)

where the differential operatorsd(k)Z are defined as

d
(1)
Z = ∂x + y∂w , d

(2)
Z = ∂y . (2.35)

These formulas ford(1)Z andd(2)Z will be justified in Appendix A.2.
Let us write the solutions of thesℓ3 invariance equation (2.33) in the cases of two- and three-

point invariants. We will write the solutions of these equations in terms of convenient combinations
of isospin variablesZi = (wi, xi, yi),

ρij = yi(xi − xj)− (wi − wj) , (2.36)

σijk = xiwj − xjwi + xjwk − xkwj + xkwi − xiwk , (2.37)

χijk = yiwj − yjwi + yjwk − ykwj + ykwi − yiwk

+yiyj(xi − xj) + yjyk(xj − xk) + ykyi(xk − xi) . (2.38)

We also introduce the three-point invariant

θijk =
ρijρjkρki

ρjiρkjρik
⇒

(

D(0,Zi)(t
a) +D(0,Zj)(t

a) +D(0,Zk)(t
a)
)

θijk = 0 . (2.39)

Our combinations are related by identities of the type

σ123χ123 = ρ21ρ32ρ13 (θ123 + 1) , (2.40)

χ123ρ41 + χ134ρ21 + χ142ρ31 = 0 . (2.41)
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We then find that a nonzero two-point invariant can exist onlyprovided j1 = jω2 (up to Weyl
reflections), and the invariant is then

E(j1, j2|Z1, Z2) = ρ−r1
21 ρ−s1

12 , (assuming j1 = jω2 ) . (2.42)

Consider now three-point invariants. The functionE(j1, j2, j3|Z1, Z2, Z3) depends on nine vari-
ables which are the components ofZ1, Z2, Z3, and is subject to the eight equations (2.33). There-
fore, there exists an infinite-dimensional space of solutions. This corresponds to the existence
of a nontrivial invariantθ123 (2.39). In the special case when one of the three representations is
semi-degenerate, we have an extra equation of the type (2.34), and the space of solutions is one-
dimensional. Let us start with the case when the first representation is semi-degenerate of the first
kind. The three-point invariant should be built from combinations of isospin variables which are
killed by the differential operatord(1)Z1

(2.35), for instance

d
(1)
Z1

ρ12 = 0 , d
(1)
Z1

χ123 = 0 . (2.43)

We then find the three-point invariant

E(j1, j2, j3|Z1, Z2, Z3) = χ−J
123ρ

−J−r2+s3
12 ρ−J−r3+s2

13 ρJ−s2
23 ρJ−s3

32 , (r1 = 0) , (2.44)

where we introduced the combination of spins

J = (h2, j1 + j2 + j3) =
1
3 (s1 + s2 + s3 − r1 − r2 − r3) . (2.45)

Similarly, if the first representation is semi-degenerate of the second kind, we can use combinations
which are killed byd(2)Z1

, in particular

d
(2)
Z1

ρ21 = 0 , d
(2)
Z1

σ123 = 0 , (2.46)

and we find the three-point invariant

E(j1, j2, j3|Z1, Z2, Z3) = σJ
123ρ

J+r3−s2
21 ρJ+r2−s3

31 ρ−J−r3
23 ρ−J−r2

32 , (s1 = 0) . (2.47)

In general, when no representation is semi-degenerate, themost general three-point invariant is

Eg1(ji|Zi) = χ−J
123ρ

−J−r1−r2+s3
12 ρ−J−r3+s2

13 ρJ−s2
23 ρJ+r1−s3

32 ρ−r1
31 g1(θ123) , (2.48)

= σJ
123ρ

J+r3−s1−s2
21 ρJ+r2−s3

31 ρ−J−r3+s1
23 ρ−J−r2

32 ρ−s1
13 g2(θ123) . (2.49)

This depends on an arbitrary “multiplicity function”g1(θ), or on the equivalent functiong2(θ) =
θ−J−r1−r2+s3(θ + 1)−Jg1(θ). This function encodes the infinite multiplicity of say the third rep-
resentation in the tensor product of the first two representations. The same feature manifests itself
in the fusion products ofW3 representations, we have called this the problem of the infinite fusion
multiplicities in the Introduction.

Bases ofn-point invariants can be built from three-point invariants. For instance,s-channel
four-point invariants can be built as

Eg,g′|js(ji|Zi) = N

∫

C

dZs Eg(j1, j2, js|Z1, Z2, Zs)Eg′(j
∗ω
s , j3, j4|Zs, Z3, Z4) , (2.50)

wherejs is thes-channel spin,g, g′ are two multiplicity functions,N is a normalization factor
which may depend onjs, ji, g, g′, andC is an integration domain forZs ∈ C

3. The integration
measure is thesℓ3-invariant measuredZ = dwdxdy.
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2.3 W3 conformal blocks in the large c limit

A four-point s-channelW3 conformal block on the sphereGg,g′|αs
(c|αi|zi) is a function of the

positions(z1, z2, z3, z4) of four primary fields characterized by their momenta(α1, α2, α3, α4),
and of the central chargec of theW3 algebra. The block also depends on ans-channel momentum
αs, and on two multiplicity functionsg, g′. The presence of such multiplicity functions is in general
necessary due to the presence of infinite fusion multiplicities, and we have given a precise definition
of such multiplicity functions in the case ofsℓ3-invariant functions in the previous Subsection. We
will however not try to define such functions in the case ofW3 conformal blocks, except in the
largec limit.

Let us introduce standard notations onW3 representations. Letb andq = b + b−1 be such
that the central charge isc = 2 + 24q2. A highest-weight representation of theW3 algebra is
parametrized by its momentumα, a two-dimensional vector which belongs to the root space of
sℓ3. Such a representation can alternatively be parametrized by its conformal dimension∆α and a
chargeq(3)α which is (up to a normalization factor) the eigenvalue of thespin3 current, such that

∆α =
1

2
(α, 2Q − α) , q(3)α = −3b

3
∏

i=1

(hi, α−Q) , (2.51)

where we definedQ = qρ, which involves the Weyl vectorρ = e1 + e2.
The largec limit is defined asc → ∞ with ∆, q(3) fixed, or alternatively

b → 0 , α = −bj , j fixed . (2.52)

This is sometimes called the light asymptotic limit. In the largec limit, the W3 algebra reduces
to sℓ3, and the vectorj is the spin of ansℓ3 representation. This spin is related to the limits
∆ = lim

b→0
∆−bj andq(3) = lim

b→0
q
(3)
−bj by

∆ = r + s , q(3) = r − s , (2.53)

wherer ands are the components of the spinj, see eq. (2.21). Let us define the largec four-point
conformal blocks,

Fg,g′|js(ji|zi) = lim
b→0

Gg,g′|−bjs(c| − bji|zi) . (2.54)

In analogy with the case of Virasoro conformal blocks, the large c conformal blocks of theW3

algebra can be computed as special cases ofsℓ3-invariant functions. We claim that an isospin
variableZ = (w, x, y) of an sℓ3-invariant function must then be of the typeZ = ~z where we
define

~z = (12z
2, z, z) . (2.55)

This relation between the isospinZ and the worldsheet positionz comes from the following iden-
tities, which hold for any functionE(Z):

D(j,Z)(h
1 + h2)E(Z)

∣

∣

Z=~z
= −D(∆,z)(L0)E(~z) , (2.56)

D(j,Z)(e
1 + e2)E(Z)

∣

∣

Z=~z
= −1

2D(∆,z)(L1)E(~z) , (2.57)

D(j,Z)(f
1 + f2)E(Z)

∣

∣

Z=~z
= D(∆,z)(L−1)E(~z) , (2.58)
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where thesℓ2 differential operatorsD(∆,z)(t
a) were defined in eq. (2.6), and thesℓ3 operators

D(j,Z)(t
a) in eq. (2.25)-(2.32). These identities show that the principally embeddedsℓ2 subalgebra

of sℓ3 with generators(h1 + h2, e1 + e2, f1 + f2) can be identified with thesℓ2 algebra of global
conformal transformations. (See also [15].) Therefore, a largec four-point block is a special case
of a four-pointsℓ3-invariant function (2.50),

Fg,g′|js(ji|zi) = N

∫

C

dZs Eg(j1, j2, js|~z1, ~z2, Zs)Eg′(j
∗ω
s , j3, j4|Zs, ~z3, ~z4) , (2.59)

where the maximal Weyl reflectionj → j∗ and the Dynkin diagram automorphismj → jω were
defined in eqs. (2.23) and (2.24), and the three-point invariant Eg was given in eq. (2.48). The
normalization factorN and the integration domainC for Zs ∈ C

3 are determined by the condition
(2.3). Other choices of integration domains in eq. (2.59) would lead to linear combinations of
six conformal blocks whose spinsjs are related by Weyl transformations (2.22). Notice that the
condition (2.3) of analyticity and normalization of conformal blocks also constrains the multiplicity
functionsg, g′. Applying that condition to a three-point invariant function Eg(j1, j2, js|~z1, ~z2, Zs)

leads to the conditions

g(1) = 2
1

3
(r+2s−2r1−s1−2r2−s2) , g(θ) is analytic near θ = 1 . (2.60)

We will now focus on a largec four-point blockFjs(ji|zi) such that the fields with numbers
2, 3 are semi-degenerate of the first kind, so that the multiplicity functionsg, g′ disappear and the
componentsr2, r3 of the spinsj2, j3 vanish. The assumptionsZ1 = ~z1 andZ2 = ~z2 lead to
simplifications in the combinationsρ12 (2.36) andχ123 (2.38),

ρ12(~z1, ~z2) = 1
2z

2
12 , (2.61)

χ123(~z1, ~z2, Z3) = 1
2z12 (z1z2 − y3z1 − y3z2 + 2x3y3 − 2w3) , (2.62)

so that the relevant three-point invariants eq. (2.44) become

E(j1, j2, j3|~z1, ~z2, Z3) = 2−J−r3+s1+s2z∆3−∆1−∆2

12

× (z1z2 − y3z1 − y3z2 + 2x3y3 − 2w3)
−J
(

y3x3 − y3z1 − w3 +
1
2z

2
1

)J−s3

×
(

w3 − x3z2 +
1
2z

2
2

)−J−r3+s1 (
w3 − x3z1 +

1
2z

2
1

)J−s1
, (r2 = 0) . (2.63)

where the conformal dimensions∆i are associated to the spinsji as in eq. (2.53). Then the
formula (2.59) implies thatz∆1+∆2Fjs(ji|0, z, 1,∞) depends on only four combinations of the six
nonvanishing components of the spinsj1, j2, j3, j4, namely

r1 − s2 , s1 , r4 − s3 , s4 . (2.64)

It is actually convenient to use the following four combinations, where we call(r, s) the compo-
nents ofjs,

α = 1
3 (s3 + s4 + s− r4 − r) , β = 1

3 (s1 + s2 − s− r1 + r) ,

γ = α− s4 + r , δ = β − s1 + s .
(2.65)
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The integral in eq. (2.59) can be expanded nearz1 = z2, see Appendix B. This leads to the
expansion of the largec four-point blockFjs(z) = Fjs(ji|0, z, 1,∞) nearz = 0,

Fjs(z) = z−∆s
12

∞
∑

n,i,j=0

z2n+i+j

n!i!j!(r + s− 1)n

(β)i(−β + r)n(γ)n+i

(r)n+i

(α)j(−α+ s)n(δ)n+j

(s)n+j
,(2.66)

= z−∆s
12

∞
∑

n=0

z2n

n!

(r − β)n(γ)n(s− α)n(δ)n
(r)n(s)n(r + s− 1)n

×F (β, γ + n, r + n, z)F (α, δ + n, s+ n, z) , (2.67)

where the notation(t)n was defined in eq. (2.15). The second form of this expression is obtained
by performing the sums overi andj, and can be helpful in numerical computations. A similar
expression can be obtained if the fields with numbers2, 3 are semi-degenerate of the second kind
(instead of the first kind), by exchanging the two componentsr ands of each spin.

There are five special cases where the blockFjs(z) (2.66) reduces to a hypergeometric func-
tion:

1. Caseα = β = 0: In this case(β)i = δi0 and(α)j = δj0, so that

Fjs(z) = z−∆s
12F (γ, δ, r + s− 1, z2) . (2.68)

This shows that blocks can have a singularity atz = −1, in addition to the physical singu-
larities atz = 0, 1,∞ which appear when two of the fields atz1, z2, z3, z4 come together.

2. Caseγ = 0: In this case(γ)n+i = δn+i,0 and we have

Fjs(z) = z−∆s
12F (α, δ, s, z) . (2.69)

3. Caseδ = 0: In this case(δ)n+j = δn+j,0 and we have

Fjs(z) = z−∆s
12F (β, γ, r, z) . (2.70)

4. Caseα = s: In this case(s− α)n = δn,0 and we have

Fjs(z) = z−∆s
12(1− z)−δF (β, γ, r, z) . (2.71)

5. Caseβ = r: In this case(r − β)n = δn,0 and we have

Fjs(z) = z−∆s
12(1− z)−γF (α, δ, s, z) . (2.72)

3. Differential equation and critical exponents for large c conformal blocks

3.1 Case of Virasoro conformal blocks

The largec limit F∆s(∆i|zi) of a Virasoro four-point block obeys a second-order hypergeometric
differential equation, and we now explain how to deduce thisequation from the integral expression
(2.12) forF∆s(∆i|zi). The largec block is indeed a function of four variableszi, which obeys
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the three equations (2.7) of global conformal invariance. In addition, the three-point invariant
E(∆1,∆2,∆s|z1, z2, zs) which appears in the integral expression (2.12) also obeys these equations,
and together with the relation (A.5) for the quadratic Casimir C2(∆) this implies

gab(D(∆1,z1) +D(∆2,z2))(t
a)(D(∆1,z1) +D(∆2,z2))(t

b)F∆s(∆i|zi) = C2(∆s)F∆s(∆i|zi) ,(3.1)

where the differential operatorsD(∆,z)(t
a) are defined in eq. (2.6). ThusF∆s(∆i|zi) obeys four

differential equations, andF∆s(∆i|0, z, 1,∞) obeys one differential equation, which turns out to
be the hypergeometric equation, whose solution (subject tothe condition (2.3)) we wrote in eq.
(2.14).

The critical exponents of the hypergeometric equation are known, and we deduce the critical
exponentsλi of z∆1+∆2F∆s(∆i|0, z, 1,∞) at the three singularitiesz = 0, 1,∞:

exponent 0 1 ∞

λ1 ∆s 0 ∆1 −∆2

λ2 ∆∗
s ∆1 +∆4 −∆2 −∆3 ∆4 −∆3

(3.2)

The numberλ(0)
2 = ∆∗

s = 1 − ∆s is not really a critical exponent of the block itself, ratherit
corresponds to another block with anothers-channel dimension∆∗

s. Notice that the exponents
at 1 and∞ are∆s-independent; conformal blocks can be expected to behave sosimply at these
singularities only in the largec limit. The transformations of the hypergeometric functions can be
used to rewriteF∆s(∆i|0, z, 1,∞) as a combination of two functions with simple monodromy at
sayz = 1, but these two functions are not themselves conformal blocks in another channel.

3.2 Differential equation for large c W3 conformal blocks

That our largec four-point conformal blockFjs(ji|zi) (2.66) with two semi-degenerate fields obeys
a differential equation follows from a simple counting of variables and equations. We consider
first the correspondingsℓ3 four-point invariant functionEjs(ji|Zi), which depends on12 isospin
variables, namely the components ofZ1, Z2, Z3, Z4, and is such thatFjs(ji|zi) = Ejs(ji|~zi) where
~z is defined in eq. (2.55). There are three types of equations for Ejs(ji|Zi):

1. Thesℓ3 symmetry condition (2.33) yields8 equations.

2. As two fields are semi-degenerate, we have two equationsd
(1)
Z2

Ejs(ji|Zi) = d
(1)
Z3

Ejs(ji|Zi) =

0, whered(1)Z was defined in eq. (2.35).

3. Thesℓ3 symmetry condition for the three-point invariantEg(j1, j2, js|Z1, Z2, Zs) which ap-
pears in the integral formula (2.50) will yield two more equations. Thesℓ3 symmetry condi-
tion (2.33) applied toEg(j1, j2, js|Z1, Z2, Zs) indeed implies

gab(D(j1,Z1) +D(j2,Z2))(t
a)(D(j1,Z1) +D(j2,Z2))(t

b)Ejs(ji|Zi) = C2(js)Ejs(ji|Zi) ,(3.3)

dabc(D(j1,Z1) +D(j2,Z2))(t
a)(D(j1,Z1) +D(j2,Z2))(t

b)(D(j1,Z1) +D(j2,Z2))(t
c)Ejs(ji|Zi)

= −C3(js)Ejs(ji|Zi) , (3.4)

using the equations (A.23) and (A.24) which involve the the Casimir numbersC2(js) and
C3(js).
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The functionEjs(ji|Zi) of 12 variables therefore obeys12 partial differential equations. Now the
function Fjs(ji|zi) can be written in terms of a function of just one variable (thecross-ratio of
z1, z2, z3, z4), and this function obeys one differential equation. The order of the differential equa-
tion can be guessed to be six, the order of the Weyl group ofsℓ3. This is because our differential
equations (3.3) and (3.4) depend on the spinjs through the Weyl invariantsC2(js) andC3(js).
Given a solution, Weyl reflections ofjs therefore provide five other solutions.

Let us explain how the differential equation forFjs(ji|zi) can be derived in principle. We will
not perform the derivation to the end, as the resulting equation would be too complicated to be
useful. We will stop at the partial differential equations for Ejs(ji|Zi), which imply the equation
for Fjs(ji|zi) and are much simpler. It is from these partial differential equations that we will
derive interesting information like the critical exponents ofFjs(ji|zi). To begin with, the first ten
equations allow us to rewriteEjs(ji|Zi) in terms of a function of two variableŝEjs(ji|U, V ),

Ejs(ji|Zi) = Q(ji|Zi)Êjs(ji|U, V ) , (3.5)

where the cross-ratiosU, V are solutions of our ten equations when all spins are taken tozero,

U =
ρ34

ρ24

χ412

χ431
, V =

ρ21

ρ31

χ341

χ421
, (3.6)

and the prefactorQ(ji|Zi) is the product of two three-point invariants of the type (2.44) with one
spin set to zero in each invariant (thereby imitating the prefactorP (∆i|zi) (2.11) ofsℓ2-invariant
functions),

Q(ji|Zi) = E(j1, j2, 0|Z1, Z2, Z4)E(0, j3, j4|Z1, Z3, Z4) , (3.7)

= χ
−j12
124 χ

−j34
134 ρ

j12+j34−s4
41 ρ

j12+j34−s1
14 ρ

−j12−r1
21 ρ

−j34+s4
31 ρ

−j34−r4
34 ρ

−j12+s1
24 , (3.8)

where we defined

j12 = (h2, j1 + j2) =
1
3 (s1 + s2 − r1) , j34 = (h2, j3 + j4) =

1
3 (s3 + s4 − r4) . (3.9)

We haveQ(ji|~zi) = P (∆i|zi) whereP (∆i|zi) was defined in eq. (2.11) and∆i in eq. (2.53),
and together with the expression (2.10) forFjs(ji|zi) in terms ofFjs(z) = Fjs(ji|0, z, 1,∞) this
implies

z∆1+∆2Fjs(z) = Êjs(ji|z, z) . (3.10)

The two equations (3.3) and (3.4) amount to two partial differential equations for̂Ejs(ji|U, V ),
which we computed with the help of the free mathematical software Sage. The equations are of the
typeE2Êjs(ji|U, V ) = E3Êjs(ji|U, V ) = 0, where the differential operatorsE2 andE3 are

E2 = D2
U +D2

V −DUDV −DU −DV − 1
2C2(js)

+ U(DU + j12 − s1)(DV −DU − j34) + V (DV + j34 − s4)(DU −DV − j12)

− UV (DU + j12 − s1)(DV + j34 − s4) , (3.11)

E3 = (DV −DU )(DV − 1)(DU − 1)− 1
6C3(js)

−U(DU + j12 − s1)(DV −DU − j34)(DV − 1)+V (DV + j34 − s4)(DU −DV − j12)(DU − 1)

+ UV (DU + j12 − s1)(DV + j34 − s4)(DV −DU + j12 − j34) , (3.12)

– 12 –

ha
l-0

06
27

90
6,

 v
er

si
on

 3
 - 

8 
Fe

b 
20

12



where we definedDU = U ∂
∂U

andDV = V ∂
∂V

. (The combinationsj12, j34 of the components
ri, si of the spinsji were defined in eq. (3.9).) The differential operatorsE2 andE3 commute, as
guaranteed by their origin in thesℓ3-invariant differential operators which appear in eqs. (3.3) and
(3.4).

Let us sketch how a sixth-order differential equation forÊjs(ji|z, z) is obtained from the two
partial differential equationsE2 andE3 for Êjs(ji|U, V ). We cannot directly setU = V in E2

andE3, because these differential operators do not keep the line{U = V } invariant. To cure this
problem, we take linear combinations ofE2 andE3 with differential operators as coefficients, so
as to eliminateDU − DV while keeping the derivativeDU +DV along{U = V }. This yields a
differential operator of the typeE6 =

∑6
i=0 ci(U, V )(DU +DV )

i such thatE6Êjs(ji|U, V ) = 0,

and we thus have
[

∑6
i=0 ci(z, z)(2z

∂
∂z
)i
]

z∆1+∆2Fjs(z) = 0.

The resulting differential equation is however too complicated to be useful. We were able
to compute it explicitly (with the help of a computer) only inspecial cases when some parameters
ji, js vanish. Even so, the equation is rather complicated, and we do not display it. We will however
discuss its singularities and the corresponding critical exponents. Knowing the critical exponents
at a given singularity is equivalent to knowing the leading term of the differential equationE6 near
that singularity. To derive this, the algorithm for obtaining the differential equationE6 from E2

andE3 can be applied to the first few leading terms ofE2, E3 near the singularity. (Keeping one
term of each equation is in general not enough, except at the singularity z = 0 as we shall see.)

3.3 Singularities and critical exponents of large c W3 conformal blocks

A four-point correlation function
〈

∏4
i=1 Vαi

(zi)
〉

in sℓ3 conformal Toda theory (or actually in
any conformal field theory) is expected to have singularities at zi = zj , which in terms of the
cross-ratio amounts toz = 0, 1,∞. A conformal block likeGg,g′|αs

(c|αi|zi), and its largec limit
Fg,g′|js(ji|zi), is therefore also expected to be singular at these points. However, nothing in prin-
ciple excludes the existence of extra singularities in conformal blocks, and in the case when two
fields are semi-degenerate, we will indeed find thatFjs(ji|zi) has an unexpected singularity at
z = −1, as we already noticed in a special case (2.68).

While it is not clear to us why this singularity appears, we can at least explain why the point
z = −1 is special. The set{0, 1,∞} of the physical singularities is invariant under a set of six
PSL2(Z) transformationsz → (z, 1− z, 1

z
, 1
1−z

, z
z−1 , 1−

1
z
). But in our correlation functions the

fields2 and3 are semi-degenerate, and the only nontrivial transformation which does not mix them
with the other fields isz → 1

z
. The pointz = −1 is characterized as the nontrivial fixed point of

that transformation. Notice that this argument is specific neither tos-channel conformal blocks (as
opposed to blocks in other channels or to correlation functions), nor to the largec limit (as opposed
to generic values ofc).

But let us first comment on the singularity atz = 0. In the limit U, V → 0, the partial
differential equationsE2 (3.11) andE3 (3.12) for Êjs(ji|U, V ) are reduced to their respective first
lines. Let look for solutions of the type

Êjs(ji|U, V ) = UµV ν
∞
∑

m,n=0

cm,nU
nV m , (assuming c0,0 = 1) , (3.13)
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for some exponents(µ, ν). Using the expressions (A.20) and (A.21) forC2(js) andC3(js) respec-
tively, we find six solutions which correspond to the pairs(µ, ν) such thatjs = −νe1 − µe2 up to
Weyl reflections. We adopt the solution(µ, ν) = (2s+r

3 , 2r+s
3 ) where(r, s) are the components of

js. The equationE2Êjs(ji|U, V ) = 0 leads to a recursion relation for the coefficientscm,n,

(m2 + n2 −mn−m− n+ sn+ rm)cm,n + (m− 1 + γ)(n−m+ 1− β)cm−1,n

+ (n− 1 + δ)(m− n+ 1− α)cm,n−1 − (n− 1 + δ)(m− 1 + γ)cm−1,n−1 = 0 , (3.14)

where the combinationsα, β, γ, δ of spin components were defined in eq. (2.65). This relation has
a unique solution such thatc0,0 = 1 (assumingcm,n = 0 unlessm,n ≥ 0), which is

cm,n =
(γ)m(δ)n
(r)m(s)n

min(m,n)
∑

h=0

(β)m−h(r − β)h(α)n−h(s− α)h
h!(m− h)!(n − h)!(r + s− 1)h

. (3.15)

So, once the critical exponents(µ, ν) are deduced fromE2 andE3, the equationE2 is enough
to determine the solution uniquely. The equationE3Êjs(ji|U, V ) = 0 leads to another recursion
relation, which however has the same solution. SettingU = V = z in Êjs(ji|U, V ) as in eq. (3.10),
we recover the expression (2.66) forFjs(z).

It is less straightforward to compute the critical exponents of z∆1+∆2Fjs(z) at z = 1,∞,−1

than atz = 0, and we present only the results. The functionz∆1+∆2Fjs(z) obeys a differen-
tial equation of order six, and therefore has six exponents at each singularity, which we number
arbitrarily: 3

exponent 0 ∞ 1 −1

λ1 r + s r + s− γ − δ − 1 r + s− γ − δ − 1 λ

λ2 1 + r r + s− γ − δ r + s− γ − δ 0

λ3 1 + s r + s− α− 2γ 0 1

λ4 3− r r + s− δ − 2β r + s− α− β − γ − δ 2

λ5 3− s r + α− β − δ s− α− δ 3

λ6 4− r − s s+ β − α− γ r − β − γ 4

(3.16)

where the nontrivial critical exponent atz = −1 is

λ = s1 + s4 − 1 = r + s+ α+ β − γ − δ − 1 . (3.17)

These critical exponents ofz∆1+∆2Fjs(z) can be compared with those of conformal blocks of the
Virasoro algebra (3.2). Notice that the critical exponentsat a regular point are(0, 1, 2, 3, 4, 5), so
the point−1 is almost regular in that only one exponent is not an integer.The sum of all exponents
(with a minus sign for the exponents at∞) is

∑6
i=1(λ

(0)
i − λ

(∞)
i + λ

(1)
i + λ

(−1)
i ) = 21.

In the five special cases at the end of Subsection 2.3, the blocks reduce to hypergeometric func-
tions, and at each singularity we recover two exponents out of six. Most of the critical exponents
(3.16) predicted by the differential equation can thus be confirmed in these special cases.

3The exponents which we write are valid when the values of the spins are generic. In the special cases when two of
the exponents at a given singularity coincide, complications can occur, including the appearance of logarithmic termsin
the expansion ofFjs (z).
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Finally, the existence of the surprising singularity atz = −1, and the value of the critical expo-
nentλ, can be confirmed using the integral representation (B.1) ofthe conformal block. After some
manipulations which are rather straightforward, we indeedfind that the block has the asymptotic
behaviour (ifλ < 0)

Fjs(z) ∼
z→−1

Γ(r)Γ(s)Γ(r + s− 1)Γ(−λ)

Γ(γ)Γ(δ)Γ(s − α)Γ(r − β)
2λ(z + 1)λ , (3.18)

As expected, the coefficient of(z + 1)λ vanishes in the four special cases where the singularity at
z = −1 disappears, see eq. (2.69)-(2.72).

4. Conclusion

4.1 Comparison with the combinatorial expansion

A combinatorial expansion is proposed in [11] for four-point conformal blocks of theW3 algebras,
such that two fields are semi-degenerate and therefore no infinite fusion multiplicities are present.

If the fields with numbers2, 3 have momenta along the weighth1, that is

{

α2 = r2h1

α3 = r3h1
, then the

four-point blockGαs(c|αi|0, z, 1,∞) reads

Gαs(c|αi|0, z, 1,∞) = (1− z)r3(
1

3
r2−q)z−∆s

12

∑

~λ

z|
~λ|
F~0,~λ

(αω
4 , αs, r3)F~λ,~0

(αs, α1, r2)

F~λ,~λ
(αs, αs, 0)

.(4.1)

where the functionF~λ,~λ′
(α,α′, r) is defined as

F~λ,~λ′
(α,α′, r) =

3
∏

i,j=1





∏

s∈λ′

i

[

(hj , α−Q)− (hi, α
′ −Q)− 1

3r − blλj
(s) + b−1(aλ′

i
(s) + 1)

]

×
∏

s∈λj

[

(hj , α−Q)− (hi, α
′ −Q)− 1

3r + b(lλ′

i
(s) + 1)− b−1aλj

(s)
]



 .(4.2)

Besides the ”W3 notations”∆, α,Q, q, b introduced in Subsection 2.3 and the definition (2.24)
of the Dynkin diagram automorphismj → jω, these formulas use notations for Young diagrams
which we now review. (See [2] for more details.) The sum in eq.(4.1) is over triples~λ =

(λ1, λ2, λ3) of Young diagrams. Each diagram is a collection of boxes, andeach boxs has an arm
lengthaλ(s) and leg lengthlλ(s) relative to a diagramλ, which are positive ifs ∈ λ. The triple
~0 = (0, 0, 0) is the set of three empty diagrams.

We have checked that the largec limit (2.52) of the block (4.1) agrees with the independently
derived prediction eq. (2.66) up to the orderz5, modulo the exchange of the componentsr ands
of the spins due to the use of different kinds of semi-degenerate fields. The agreement is rather
non-trivial, because individual terms of the sum over Youngdiagrams can have spurious poles (as
functions of the components ofαs), and these spurious poles cancel when the sum is performed.
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4.2 Concluding remarks

In this article, we have given an integral formula (2.59) forthe largec limits of arbitrary W3

conformal blocks on the sphere. This formula is a special case of ansℓ3-invariant function, where
the isospin variables take special values determined by thepositions of the fields. This result
implies that the largec conformal block depends nontrivially on only eight combinations of the ten
components of the spins(js, j1, j2, j3, j4), in the same way as the largec Virasoro conformal block
(2.14) depends nontrivially on only three combinations of the five conformal dimensions.

We have thus shown how to take infinite fusion multiplicitiesinto account in this limit. This
might be helpful for solving the problem of the infinite fusion multiplicities in general, and allow
us to deal with arbitary conformal blocks in conformal field theories withWN symmetries. So
far, we know combinatorial expansions only for blocks with no fusion multiplicities. For fusion
multiplicities to be absent, it is necessary to restrict themomenta of the fields, such that they are
all almost fully degenerate except two of them. (See also [11].) While we can deal with largec
blocks in general, imposing such restrictions brings important simplifications. Thus we studied
the detailed properties a certain class ofW3 largec four-point conformal blocks with two semi-
degenerate fields, and in particular we derived their seriesexpansion (2.66). We found that, for
generic values of the parameters, such blocks have a singularity at z = −1, in addition to the
expected singularities atz = 0, 1,∞. We believe that the singularity atz = −1 is absent for
non-infinite values of the central chargec. It would be interesting to confirm this expectation, and
to understand how the singularity disappears for finite values ofc.

We expect that our results can be generalized tosℓN -invariant functions andWN conformal
blocks in the largec limit. In particular, we expect the largec limit of a WN four-point conformal
block with two almost fully degenerate fields to obey a differential equation of orderN !, as we
observed in the casesN = 2 andN = 3 in Section 3.

A. Quantum mechanics of a point particle on SLN(C)

For any integerN ≥ 2, the algebraWN is the symmetry algebra of a CFT calledsℓN conformal
Toda theory. In the caseN = 2 for example, the Virasoro (W2) algebra is the symmetry algebra
of Liouville (sℓ2 conformal Toda) theory. The functional integral representation of the correlation
functions ofsℓN conformal Toda theory can be used for studying their largec limits, which turn
out to be correlation functions of the quantum mechanics of apoint particle onSLN (C). (See for
instance [8].) This will provide some justification for our identification of largec conformal blocks
with sℓN -invariant functions. We will start with the case of the point particle onSL2(C), before
dealing with the technically more complicated case ofSL3(C).

A.1 Point particle on SL2(C)

Let us callV∆(z, z̄) a primary vertex operator of Liouville theory. This dependson the complex
coordinates(z, z̄) of a point on the complex plane, and on the conformal dimension∆ of the corre-
sponding Virasoro representation. The functional integral representation of a correlation function
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〈
∏n

i=1 V∆i
(zi, z̄i)〉 of n such vertex operators leads to the largec limit

lim
c→∞

〈

n
∏

i=1

V∆i
(zi, z̄i)

〉

=

∫

SL2(C)
dg

n
∏

i=1

Φ∆i
zi,z̄i

(g) , (A.1)

whereΦ∆
z,z̄(g) is the classical limit of the fieldV∆(z, z̄), evaluated on a solution of the Liouville

equation labelled byg ∈ SL2(C),

Φ∆
z,z̄(g) =

[

vzgv
T
z̄

]−2∆
, vz = (1, z) . (A.2)

(Real solutions of the Liouville equation actually correspond to Hermitian matricesg. We will ne-
glect this subtlety.) The functionsΦ∆

z,z̄(g) andvz have a simple behaviour undersℓ2 tranformations
of the matrixg:

vzt
a = D(− 1

2
,z)(t

a)vz , Φ∆
z,z̄((1 + ǫta)g) = (1 + ǫD(∆,z)(t

a))Φ∆
z,z̄(g) +O(ǫ2) , (A.3)

where the differential operatorsD(∆,z)(t
a) were introduced in eq. (2.6), and the generators(ta) =

(L1, L0, L−1) of sℓ2 are realized as the matrices

L−1 =
(

0 −1
0 0

)

, L0 =
1
2

(

1 0
0 −1

)

, L1 = ( 0 0
1 0 ) . (A.4)

Now the differential operatorsD(∆,z)(t
a) obey the relation

gabD(∆,z)(t
a)D(∆,z)(t

b) = C2(∆) , (A.5)

where we defined

gab = 2Tr tatb , C2(∆) = ∆(∆− 1) . (A.6)

Together with eq. (A.3), this implies thatΦ∆
z,z̄(g) is an eigenvector of thesℓ2-invariant Lapla-

cian onSL2(C). Actually, the functionsΦ∆
z,z̄(g) provide a basis of functions ofSL2(C), whose

completeness can be expressed as the decomposition of the Dirac delta functionδ(g, g′),

δ(g, g′) =

∫

1

2
+iR

d∆

∫

C

d(2)z Φ∆
z,z̄(g)Φ

∆∗

z,z̄ (g
′) , (A.7)

where the reflected dimension∆∗ = 1 − ∆ was defined in eq. (2.5). The equivalence between
representations with labels∆ and∆∗ manifests itself in the relationC2(∆

∗) = C2(∆), and in the
reflection relation

Φ∆
z,z̄(g) = R(∆)

∫

C

d(2)z′
∣

∣E(∆,∆|z, z′)
∣

∣

2
Φ∆∗

z′,z̄′(g) , (A.8)

whereR(∆) is a reflection coefficient, and the two-point invariantE(∆,∆|z, z′) was given in eq.
(2.8).

Let us go back to Liouville theory, of whichSL2(C) quantum mechanics is the largec limit.
An important axiom of conformal field theory is the assumption that a four-point function can be
decomposed into four-point conformal blocks,

〈

4
∏

i=1

V∆i
(zi, z̄i)

〉

=

∫

d∆s C(c|∆1,∆2,∆s)C(c|∆s,∆3,∆4) |G∆s(c|∆i|zi)|
2 , (A.9)
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where the structure constantC(c|∆1,∆2,∆3) depends on the central chargec and on the conformal
dimensions∆i, but not on the field positionszi. (We will not study how thec-dependent contour
of integration must be manipulated in the largec limit.) We now check that our formula (2.12) for
the largec four-point blockF∆s(∆i|zi) is compatible with the largec limit of this axiom. To do
this, we insert the identity1 =

∫

SL2(C)
dg′ δ(g, g′) together with the formula (A.7) forδ(g, g′) in

the largec limit (A.1) of the four-point function,

lim
c→∞

〈

4
∏

i=1

V∆i
(zi, z̄i)

〉

=

∫

1

2
+iR

d∆s

∫

C

d(2)zs

∫

SL2(C)
dg
(

Φ∆1

z1,z̄1Φ
∆2

z2,z̄2Φ
∆s
zs,z̄s

)

(g)

∫

SL2(C)
dg′

(

Φ
∆∗

s
zs,z̄sΦ

∆3

z3,z̄3Φ
∆4

z4,z̄4

)

(g′) . (A.10)

The integrals overg andg′ producez-dependent factors proportional to the three-point invariant
E(∆1,∆2,∆3|z1, z2, z3) (2.9), andz-independent factors which we callB(∆1,∆2,∆3),

lim
c→∞

〈

4
∏

i=1

V∆i
(zi, z̄i)

〉

=

∫

1

2
+iR

d∆s B(∆1,∆2,∆s)B(∆∗
s,∆3,∆4)

×

∫

C

d(2)zs |E(∆1,∆2,∆s|z1, z2, zs)E(∆
∗
s,∆3,∆4|zs, z3, z4)|

2 . (A.11)

Decomposing the integral
∫

C
d(2)zs into a combination of contour integrals overzs andz̄s yields a

linear combination of the two terms|F∆s(∆i|zi)|
2 and

∣

∣F∆∗

s
(∆i|zi)

∣

∣

2
whereF∆s(∆i|zi) is given

by eq. (2.12). But these two terms give the same contributionto lim
c→∞

〈

∏4
i=1 V∆i

(zi, z̄i)
〉

, because

the integration contour in
∫

1

2
+iR

d∆s is invariant under the reflection∆s → ∆∗
s. Absorbing any

remaining prefactors into theB-factors, we obtain

lim
c→∞

〈

4
∏

i=1

V∆i
(zi, z̄i)

〉

=

∫

1

2
+iR

d∆s B(∆1,∆2,∆s)B(∆∗
s,∆3,∆4) |F∆s(∆i|zi)|

2 .(A.12)

This formula can be interpreted as the largec limit of the decomposition (A.9) of a four-point func-
tion into four-point conformal blocks, provided we haveB(∆1,∆2,∆3) = lim

c→∞
C(c|∆1,∆2,∆3).

This provide a justification for the formula (2.12) forF∆s(∆i|zi).

A.2 Point particle on SL3(C)

A basis of functions onSL3(C) can be defined as

Φj

Z,Z̄
(g) =

[

uZPg−1TPuT
Z̄

]−r [
vZgv

T
Z̄

]−s
,

{

uZ = (w,−x, 1)

vZ = (xy − w,−y, 1)
, P =

(

0 0 1
0 −1 0
1 0 0

)

,(A.13)

where we recall thatZ = (w, x, y) is a three-component isospin vector, and that the components
(r, s) of the spinj are defined in eq. (2.21). The vectorsuZ andvZ are such that

uZω(t
a) = D(−h1,Z)(t

a)uZ , vZt
a = D(h3,Z)(t

a)vZ , (A.14)
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where the differential operatorsD(j,Z)(t
a) are defined in eqs. (2.25)-(2.32) and the weightshi in

eq. (2.20), thesℓ3 generatorsta are represented as the matrices

h1 =
(

1 0 0
0 −1 0
0 0 0

)

, h2 =
(

0 0 0
0 1 0
0 0 −1

)

, (A.15)

e1 =
(

0 1 0
0 0 0
0 0 0

)

, e2 =
(

0 0 0
0 0 1
0 0 0

)

, e3 =
(

0 0 1
0 0 0
0 0 0

)

, (A.16)

f1 =
(

0 0 0
1 0 0
0 0 0

)

, f2 =
(

0 0 0
0 0 0
0 1 0

)

, f3 =
(

0 0 0
0 0 0
1 0 0

)

, (A.17)

and the action of the Dynkin diagram automorphismω on such matrices is

ω(ta) = −P (ta)TP . (A.18)

It follows that the functionΦj

Z,Z̄
(g) behaves undersℓ3 tranformation as

Φj

Z,Z̄
((1 + ǫta)g) = (1 + ǫD(j,Z)(t

a))Φj

Z,Z̄
(g) +O(ǫ2) . (A.19)

As a result,Φj

Z,Z̄
(g) is an eigenvector of the quadratic (Laplacian) and cubic invariant differential

operators onSL3(C), with the respective eigenvalues

C2(j) = (j, j + 2e1 + 2e2) =
2
3(r

2 + s2 + rs)− 2r − 2s , (A.20)

C3(j) = −6

3
∏

i=1

(hi, j + e1 + e2) =
2
9(r − s)(2r + s− 3)(2s + r − 3) . (A.21)

These Casimir numbers can be derived by computingsℓ3-invariant combinations of the differential
operatorsD(j,Z)(t

a), using the covariant tensors

gab = Tr tatb , dabc = Tr (tatbtc + tatctb) . (A.22)

Then we have the identities

gabD(j,Z)(t
a)D(j,Z)(t

b) = C2(j) , (A.23)

dabcD(j,Z)(t
a)D(j,Z)(t

b)D(j,Z)(t
c) = C3(j) . (A.24)

The Casimir numbersC2(j) andC3(j) are invariant under the six Weyl reflections (2.22), which
is a manifestation of the equivalence of two representations whenever their spins are related by a
reflection. At the level of the functionΦj

Z,Z̄
(g), this equivalence manifests itself as a relation which

we now write in the case of the maximal reflectionj → j∗,

Φj

Z,Z̄
(g) = R(j)

∫

dZ ′dZ̄ ′
∣

∣E(j, jω |Z,Z ′)
∣

∣

2
Φj∗

Z′,Z̄′
(g) , (A.25)

whereR(j) is a reflection coefficient, and the two-point invariantE(j, jω |Z,Z ′) was given in eq.
(2.42). This generalizes theSL2(C) reflection relation eq. (A.8).

Now, the functionΦj

Z,Z̄
(g) simplifies if eitherr = 0 or s = 0, and then it obeys the differential

equations,

d
(1)
Z Φ

(0,s)

Z,Z̄
(g) = d

(1)

Z̄
Φ
(0,s)

Z,Z̄
(g) = 0 , d

(2)
Z Φ

(r,0)

Z,Z̄
(g) = d

(2)

Z̄
Φ
(r,0)

Z,Z̄
(g) = 0 , (A.26)
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where the operatorsd(1)Z andd(2)Z were defined in eq. (2.35). This is a consequence of the vectors

uZ andvZ obeyingd(2)Z uZ = d
(1)
Z vZ = 0, and this justifies our definitions ofd(1)Z andd(2)Z . Notice

that these operators obey the remarkable property

d
(k)
Z D(0,Z)(t

a) = D(−ek ,Z)(t
a)d

(k)
Z , (k = 1, 2) . (A.27)

(We recall thatek are the simple roots ofsℓ3; for instance the coordinates of the spinj = −e1 are
(r, s) = (2,−1).)

Finally, we can write the analog insℓ3 conformal Toda theory of the expression (A.1) for large
c Liouville theory correlation functions, by using the functionsΦj

Z,Z̄
(g) on SL3(C). The isospin

variableZ must be specialized asZ = z̄ = (12z
2, z, z) (as in eq. (2.55)), and we must remember

the relation (2.52) betweenW3 momentaα andsℓ3 spinsj. CallingVα(z, z̄) the vertex operator of
sℓ3 conformal Toda theory with the momentumα, we have [8]

lim
c→∞

〈

n
∏

i=1

Vαi
(zi, z̄i)

〉

=

∫

SL3(C)
dg

n
∏

i=1

Φji
~zi,~̄zi

(g) . (A.28)

B. Derivation of the expansion of a four-point block

Here we derive the expansion eq. (2.66) of the largec four-point blockFjs(z) = Fjs(ji|0, z, 1,∞),
starting from the integral formula eq. (2.59). We propose two possible ways to perform the calcula-
tion. The first way is more straightforward, but it leads to a formula (B.4) which is less symmetric
than eq. (2.66) and has spurious poles. The second way is lessstraightforward as it starts with a
six-dimensional (instead of three-dimensional) integral, but the symmetry(α, δ, s) ↔ (β, γ, r) of
eq. (2.66) is manifest throughout the calculation. (We recall that r ands are the components ofjs,
and that the combinations of spin componentsα, β, γ, δ are defined in eq. (2.65).)

B.1 First way

After performing a few change of variables, the integral formula (2.59) (together with eq. (2.63))
leads to

Fjs(z) = z−∆s
12eiπ(β−δ+s) Γ(r)Γ(s)Γ(r + s− 1)

Γ(β + s− 1)Γ(δ)Γ(−δ + r + s− 1)Γ(r − β)

∫

C0

dwdxdy

wδ−s(xy − w)β+s−2(y + w − xy)−β(w − x+ 1)−δ+r+s−2(1− yz)−α(1− xz + wz2)−γ ,

(B.1)

where the condition (2.3) has been used for determining the prefactor and the integration contour

C0 : y ∈ (w
x
, w
x−1) then w ∈ (x− 1, 0) then x ∈ (0, 1) . (B.2)

Let us denote the integral (B.1) asFjs(z) =
〈

(1− yz)−α(1− xz + wz2)−γ
〉

, and expand the
integrand in powers ofz. This reduces the problem to computing expectation values of monomials
wnxkym, and we find

〈

wnxkym
〉

= z−∆s
12(−1)n

(δ)m+n(r − β)n
(r + s− 1)m+n

m
∑

ℓ=0

Cℓ
m

(β − ℓ)k
(s)ℓ(r)k+n−ℓ

, (B.3)
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where the notation(t)n was introduced in eq. (2.15), and we writeCℓ
m = m!

ℓ!(m−ℓ)! . This leads to

Fjs(z) = z−∆s
12

∞
∑

q,m=0

(γ)q(α)m
q!m!

q
∑

i=0

m
∑

ℓ=0

zq+m+iCi
qC

ℓ
m

(r − β)i(β − ℓ)q−i(δ)m+i

(s)ℓ(r)q−ℓ(r + s− 1)m+i
. (B.4)

This can be seen to agree with eq. (2.66) by an automatic calculation of the first few orders inz.
This agreement is non-trivial, as it involves the cancellation of the spurious poles which are present
in eq. (B.4).

B.2 Second way

We start again with eq. (2.59). We fist want to make this formula more symmetric, at the expense
of replacing the three-dimensional integral overZs with a six-dimensional integral. This is done
by using a reflection relation for conformal blocks, which isthe holomorphic half of the reflection
relation eq. (A.25) for functions onSL3(C). This leads to

Fjs(ji|zi) = N1

∫

C1

dZsdZ
′
s E(j1, j2, js|~z1, ~z2, Zs)E(j

∗ω
s , j∗s |Zs, Z

′
s)E(j

ω
s , j3, j4|Z

′
s, ~z3, ~z4) ,(B.5)

= N1ρ
s−α−r4
34 ρ

r−β−r1
12

∫

C1

dZsdZ
′
s χ

−α
34sρ

α−s
s4 ρ

γ−r
4s ρ

−γ
3s ρs−2

ss′ ρ
r−2
s′s χ

−β
12s′ρ

β−r
s′1 ρδ−s

1s′ ρ
−δ
2s′ .(B.6)

The notations come from Subsection 2.2, except the definitions of~z (2.55) and ofα, β, γ, δ (2.65).
The contourC1 and normalization factorN1 are supposed to be determined by the condition (2.3).
We will not keep track of contours and normalizations explicitly; instead we will callCi andNi

the various contours and normalizations which appear in thecalculation.
Out of the six integrals

∫

dZsdZ
′
s in eq. (B.6), the two integrals overys andy′s can be per-

formed immediately using the formula
∫

C
dy
∏3

i=1(aiy − bi)
αi = N

∏

i<j(aibj − ajbi)
αi+αj+1

(assuming
∑3

i=1 αi = −2), where the choice of the integration contourC only affects the nor-
malization factorN and is therefore not important for us. Then, we replace the four remaining
variables(ws, xs, w

′
s, x

′
s) with four new variables(w, x,w′, x′), using the change of variables

xs =

z4z12
z24

x+ z1z34
z31

− 1
2(z1 + z4)z(w + x+ 1)

z12
z42

x+ z34
z31

− z(w + x+ 1)
, (B.7)

ws =
1

2

z2
4
z12

z42
x+

z2
1
z34

z31
− z1z4z(w + x+ 1)

z12
z42

x+ z34
z31

− z(w + x+ 1)
, (B.8)

and similarly forx′s and z′s, with the exchanges of indices( 1↔4
2↔3 ). We can then check global

conformal invariance, and restrict our attention toFjs(z) = Fjs(ji|0, z, 1,∞) as in eq. (2.10),

Fjs(z) = z−∆s
12N2

∫

C2

dxdwdx′dw′ (w′ − wx′ + 1− xx′)α−1(w − w′x+ 1− xx′)β−1

× (w′ −wx′)−α+s−1(w − w′x)−β+r−1(1− z(w + 1))−γ(1− z(w′ + 1))−δ . (B.9)

We now perform another change of integration variables, introducing new variablesσ, τ which this
time mix the unprimed(x,w) and primed(x′, w′) variables:

σ = w′ − wx′ , τ = w − w′x . (B.10)
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We also introduce the notationω = 1− xx′ for convenience, and we obtain

Fjs(z) = z−∆s
12N3

∫

C3

dxdx′dσdτ ω−1(σ + ω)α−1(τ + ω)β−1σ−α+s−1τ−β+r−1

×
(

1− z
ω
(xσ + (τ + ω))

)−γ (
1− z

ω
(x′τ + (σ + ω))

)−δ
. (B.11)

We expand the last two factors, for instance

(

1− z
ω
(xσ + (τ + ω))

)−γ
=

∞
∑

n,i=0

(γ)n+i

n!i!

(

z
ω

)n+i
(xσ)n(τ + ω)i , (B.12)

where the notation(t)n was introduced in eq. (2.15). Then we integrate overσ, τ ∈ (0,∞), and
then overx, x′ ∈ C such that̄x′ = −x using

∫

x̄′=−x
dxdx′ (1 − xx′)t−2xnx′n

′

= N δn,n′
n!
(t)n

,
whereN is ann-independent normalization factor. This directly leads toeq. (2.66).
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