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Observer design for MIMO non-uniformly observable
systems

Pascal Dufour, Saida Flila and Hassan Hammouri

Abstract—The design of high gain observers is usually based on
normal forms of observability. If the system is observable for every
input (uniform observability), the gain of the observer does not required
a solution to differential equation. For multiple input multiple output
(MIMO) non-uniformly observable systems, we give here a sufficient
condition that the input must satisfy in order to design an observer.
Unlike uniformly observable systems, the observer gain of non-uniformly
observable systems is derived from a Lyapunov differential equation.

Index Terms—Nonlinear systems, observers.

I. INTRODUCTION

The problem of state estimation is an important issue in control,
diagnosis and monitoring of process systems. Many methods have
been developed for designing an observer for nonlinear systems.
Among these methods, a rather natural approach consists in steering
the nonlinear system into a state affine system up to output injection,
by a suitable change of coordinates. Indeed, an extended Luenberger
(or Kalman) observer can be designed for this class of systems (see
for instance [3], [4], [6], [5], [12], [7], [16], [18], [15], [22], [27]).
From the observability point of view, nonlinear systems which can
be steered into linear systems up to output injection by a change of
coordinates ([3], [4], [6]) are similar to stationary linear systems, in
the sense that their observability does not depend on the input and
a Luenberger observer can be designed for both classes of systems.
An extension of this property consists of characterizing a large class
of nonlinear systems which are observable independent of the input
(called uniformly observable systems). This problem has been studied
by [2] in the single output case and visited in [8] by giving a new
proof in the case where the nonlinear system is control affine. The
authors showed that uniformly observable systems can be transformed
into a normal form. Moreover, this normal form has been used in
[8] in order to design a high gain observer. The extension of this
observer synthesis for non-control affine systems has been stated
in the single output case in [11] and in the multi-output case in
[21]. In other respects, based on some specific normal forms (having
triangular structures), several results on the high gain observer design
for MIMO systems exist in the literature: see for instance [10], [14],
[19], [20], [28]. In the same spirit, more recently, in [25], [26],
[29] and [30] a high gain observer method which allows design of
a finite time observer has been proposed. For systems which are
not necessarily uniformly observable systems, there is no systematic
way permitting to design an observer. Nevertheless, there exist some
sufficient conditions based on Lyapunov techniques which permit
design of an observer whose gain does not depend on the inputs
(see e.g. [1], [13], [17], [23]).

Based on some works mentioned above, in [24], the authors gave
sufficient conditions that permit characterization of nonlinear systems
which can be converted into higher dimension normal form. The
issue is that the proposed class of systems may admit inputs which
render these systems unobservable. In order to design an observer for
these systems, the authors assumed that the inputs must render the
system sufficiently observable in some sense (local regular inputs,
see definition 1 below). The gain of the proposed observer was then
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obtained from a Lyapunov differential equation.

In this paper, we go back to the work of [24] and show that if a system
admits a local regular input then the system satisfies the uniform
observability structure stated in [21]. Hence a simpler observer may
be designed, in the sense that the observer gain does not need
a Lyapunov differential equation. Consequently, in this paper, we
give a new formulation which permits design of an observer for a
class of systems which are not uniformly observable. In this work,
the condition that an input must satisfy, in order to guarantee the
convergence of the observer, is weaker than the local regular condition
given in [24].

This paper is organized as follows: In section 2, we discuss the
observer synthesis stated in [24] and give some preliminary results
which allow a new formulation that permits design of an observer
for a class of non-uniformly observable systems. Finally, in section
3, we state our main result.

II. PROBLEM STATEMENT AND PRELIMINARY RESULTS
A. Problem statement

Consider the following normal form:

z=F(u,z)
{ y=Cz M

where the inputs u(.) take their values in U C R™, which is assumed
to be compact in the sequel. The state z(.) is a column vector of R™
which can be decomposed into the form z = ( z{ ... ... ze )T
where z; is column vector of R™; y = Cz =2z € R™. F(u,z) =

F (u7 Z)

: , where:

Fq (u7 Z)

Fi(u,z) = Fi(u,z1,...,2i41), for 1 <i<gqg-—1 2)

which means that z; = F;(u, z).

Using the uniform observability concept, the authors in [21] gave
a geometric condition (uniform observability structure) that permits
the transformation of a nonlinear system into the normal form (1)-(2)
with the following additional rank condition:

F;

Rank ( 9 (u, z)) =n;41; Vz;Vu € U 3)
82i+1

Remark 1. From the rank condition (3), we can obviously deduce

that ny > ... > ng.

The above normal form (1)-(2) together with the rank condition (3)
have been used in [21] in order to synthesize an exponential observer.
In this paper, we restrict ourselves to the case where F'(u,z) =
A(u)z + G(u, z). Hence system (1) takes the following particular

form: Alu) o )
z=Au)z + G(u, z
{ y=Cz=2z )
where:
C=[In ...0...0]
0 Alz(u) - 0
Aw=| "
: Ag—1,q4(w) ®)
0 0 . 0
Gi(u, 2)
G(u,z) = :
Gy(u, 2)
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u € U, Gi(u,2) = Gi(u,21,...,2), zi € R", A;;11(u) are
n; X ;41 continuous matrices and I, is the ny X ny identity matrix.

Remark 2. In order to obtain an extension of the observer design
stated in [21], the rank condition given in (3) will be omitted. In
particular inequalities ny > ... > ng are not necessarily satisfied,
and system (5) may admit inputs which render it unobservable,
namely, inputs which do not distinguish between any two different
initial states.

Problem formulation:

As in [24] and many references herein, we will design an observer
for systems (5) such that its gain depends only on the pair (C, A(.)),
the input «(.) and the Lipschitz constant of G. To do so, consider

the set G. = {G, such that ||g—f(u,z)|| < ¢ Y(u,z) €U X

R™}. The observer formulation that we will solve below consists of
characterization of a set Y C L*°(R™, U) and a system of the form:

Z= Az + G(u,2) + K(S)(CZ - y) ©
S=H(u,S)
where S(t) belongs to an open subset of some RY and H, K

are smooth functions, such that system (6) forms an exponential
observer for system (5) which converges for every v € U and for
every G € G.. This formulation means that the observer gain does
not depend on the nonlinear term G.

B. Some preliminary results

In [9] and [24], the authors gave a condition that w(¢) must satisfy
in order to design an observer which converges independently on the
choice of the global Lipschitz term G. Such inputs are called local
regular inputs and are defined as follows:
Let ®,(t, s) be the transition matrix of the state affine system:

z=A(u)z
{ y=Cx @)

defined by 2(Lult:9)

the identity matrix).
Definition 1. [9], [24] A bounded input u(.) is said to be local

regular input (or locally regular), if there exist 0y > 0 and a > 0,
such that for every 0 > 0o, for every t > %

= A(u(t)) Py (¢, s), with @, (s,s) =1 (I is

t
W(t— %,t) :/ ®L (5,6)CTC®,(s,t)ds > abA,;>  (8)
t—%

where U(t — %,t) is the Gramian of observability defined on
[t — 5.t], and where:

0L, 0 ... 0
2
=] O Pm ©)
: . 0
0 ... 01,

q

The following result is stated in [24]:

Theorem 1. [24] Assuming that G is a global Lipschitz function and
that u(.) is locally regular, then an observer for the nonlinear system
(5) takes the following form:

Z= AWz + G(u,2) — 2gS™'CT(CZ —y)
S =—0(vS + AT (u)S + SA(u) — CTC)
S(0) is a n x n symmetric positive definite (SPD) matrix.

10)

where 0 > 0 and v > 0 are constant parameters.

Remark 3. In section III, we will discuss an example where the
particular input u(t) = cos(t) is not a local regular input, but is a
regular input (as defined in definition 2 below).

We end this section by showing (see proposition below) that the
local regular input hypothesis (see definition 1) is here a strong one,
in the sense that the set of such inputs is an empty one whenever the
inequalities n; > ... > ny (which is a consequence of the uniform
observability structure stated in (2-(3)) is not satisfied.

Proposition 1. Assuming that there exists an input u(.) which is
locally regular and which is continuous at some o > 0, then for 2 <
1 < q, we have Rank(A;—1,:(u(70))) = ns, and since A;—1,;(u) is
a ni—1 X n; matrix, it follows that nx > ... > ng.

Proof: Since A(u) is a nilpotent matrix (A%(u) = 0) and C =

[I»,0...0...0], we deduce that:
CP,(s,t) = [Er(t,s)... Eq(t,s)] 11
where:
Ei(t,s) = In,

Eg(t, S) = /ts A12(u(t1))dt1

and for 3 << q:

N s

A i (u(ti-))

dtz 1
(12)
hence:
U(t—5.t) = [y B (s,)CT CPu(s, t)ds
wu(t 5t) et — g g t) . Yt — 1)
Pt — 5,1) 1/122(75 50 . hag(t— % t)
wlq( 7% ) szq(t*%:t) wQQ(tfévt)
(13)
where 1 (t — §,1) = f:,l ET(t,s)E;(t, s)ds.
Condition (8) implies: ‘
390>03a>0V9>90,Vt>1Vzl<z<q (14)

wu(t_ 9> )_ 921 1I

u(.) is continuous at some 79 > 0, consider 0 such that 79 > % and
using the fact that A(u) is continuous with respect to u, we deduce
that for 2 <17 < ¢:

Yii(70,0) =
(f:oo,% TSO . f:UPZ A;"F—m(“(ti—l)) ..
dtl . dti71d8)

(f;(L% fjo P f:£72 Alg(u(tl)) ..

AT (u(t))

A1 (u(ti—1))

dty ... dt;_1ds) (15
_ 1
(20— 1)((5 — 1)!)202i-1
(AT (u(0)) - . Afa(u(70)) Arz(u(10)) - . . Ai—1,i(u(0)))
+ei(70,0)

with: JAm €i(70,0) =0 (16)

Noticing that A7 1 ;(u(70)) . .. AT (u(70)) Ar2(w(70)) - . . Ai—1,i(u(70))
together with ¢;(70,0) are n; X n; matrices. Combining (14), (15)
and (16), we deduce that:
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Rank((A{-1:(u(r0)) ... Ala(u(70)))(Ar2(u(r0)) .
=MN;.
Finally Rank(A;—1,:(.)) < min{n;,n;—1} yieldston; > ... > nq.

III. OBSERVER SYNTHESIS BASED ON REGULAR INPUTS

In proposition 1 above, we have shown that the local regular input
assumption which is used in theorem 1) implies that n; > ... > ng,
which restricts the class of systems (5). In this section, this local
regular assumption is replaced by a weaker one, and an observer for
the class of systems (5) is proposed. To do so, let us consider the
differential equation defined on the manifold ST of SPD matrices:

{ S =—-0S - AT(u)S — SA(u) + CTC (17)

S(0) e ST
where A(u) is the n x n matrix given in (5). A simple calculation
gives:

S(t) =e~ "', (0,1)5(0) 2w (0, 1)

i (18)
+/ e TP (5,0)CT OPu(s, t)ds
0

Since, ®1(0,t)S(0)®,(0,t) is a SPD matrix and that the integral
term of (18) is a symmetric positive matrix, it follows that S(¢) is a
SPD matrix. In the sequel, we will consider the following matrix:

Pt) = fot e 09T (s YCTCD, (s, t)ds =

Pii(t)  Pia(t) Prin(t)
Pla(t)  Paa(t) Pan (1) (19)
PL) PR ... Panlt)

Remark 4. Let U a bounded subset of R™ in which u(.) takes its
values and 0 > 0, then:

a) There exists a constant k > 0, s.t. for every input u which
takes its values in U, we have:

P(t) < sl (20)

b) S(t) and P(t) have the same behavior for large t. More
precisely, there exists a constant w > 0 which only depends
on U such that:

S(t)—we  TI<PEH) <S{t)+we 21 (21

Proof: The inequality (20) comes from the boundedness of
A(u(.)) and the expressions (11)-(12). The inequalities in (21) are
direct consequence of expression (18).

In the sequel, I'(¢t) denotes the n X n symmetric positive block
diagonal matrix:
Pu(t) ... 0
I'(t) = : : (22)
0 ... Pgq(t)
The P;; are given by:
e Pii(t) = (fot e =) ds) I,
e Fori>2: Pu(t) = ...
fot e—e(t—s)[
(Jrfo [l AT (u(tion)) - Ala(u(ty))dty .. dtior)
(JE o [0 Au(ty)) - A (ultion))dty .. dtios)
lds

. Ai—1,i(u(70)))) Definition 2. A bounded input u(.) is said to be a regular input if,

and OI’lly lf, 6o > 0; ITH > 0; Tt > To; Jag; VO > Og; VYt > to,
we have:

i) f;% L (5,t)CTCD,(s,t)ds > aol, where I is the identity

matrix.
i) T(t) < a(0)P(t), for some a(0) such that limg_, oo % =0.
ity 3y > 0, [P} OIIPu(®)]| <7, for 1 <5 < i.

Lemma 1. Consider to of definition 2, there exist two constants
m > 0, n2 > 0, such that for every t > to, we have:

POz [

t—To

e 0T (5 1) CTCDy (s, t)ds > sl (23)

where 13 = aonge_GTo, and:
mP(t) < S(t) < nP(t) (24)

Proof: (23) comes from the definition of P and i) of the above
definition. (24) is deduced from the definition of S(t), P(t) and (23).

Remark 5. The set of regular inputs contains the set of local regular
inputs.

Proof: Let us show that if u is a local regular input, then 1), ii)
and iii) of definition 2 are satisfied.
i) Let u be a local regular input, from (8), we have: W(¢t —
) = fttfé Ol (5,1)CTCP,(s,t)ds > afA,>. Hence i)
of definition 2 is satisfied for Ty = 07 1.

ii) On the one hand, using the expression of P;;(t) and the fact
that the Ay;(u(t)) are bounded, we can show that P;;(t) <
92{%1[711., for some constant a which does not depend on
6. Hence, I'(t) < afA,>. On the other hand, since u is
local regular, we have P(t) > e "W(t — 5.t) > ae” "0A,”
(Pii(t) > (‘;*2';—:11]%). Combining these two facts, we deduce
I(t) < %P(t), which is exactly condition ii) of definition 2.

iii) From above we know that 92{%]7” < Pis(t) < 925%1]”1. for
some constants ¢ and a. Thus iii) of definition 2 is fulfilled.

Example 1. For the following example, we show that u(t) = cos(t)
is not a local regular input, but is a regular input.

. (0 u
*=\lo o))" (25)
y=(1 0)x

The fact that cos(t) is not a local regular input can be obtained as
follows:

. . . 1 ['cos(t)dr
The transition matrix of (25) is 0 s 1 and the term

Was(t) of the Gramian given in (8) is ftt_l(f: cos(T)dr)?ds. At
[

t = kw4 5, we can verify that Ux»(t) = foé r0(€)d¢, for some
bounded function O(.). Hence, for 6 sufficiently large, Waa(t) < %
where ¢ > 0 is a constant which does not depend on 0. Thus condition
(8) cannot be satisfied. Consequently, cos(t) is not a regular input
for (25).

In the appendix, we show that u(t) = cos(t) is a regular input for
this system.

Our candidate observer for system (5) takes the following form:
Z=AW)Z+Gu,2) - ST (Cz—vy)

S =—-05—AT(u)S — SA(u) +CTC (26)
S(0) is a SPD matrix
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As above, the control set U is bounded and G. =
{G, suchthat |—(u,2)|| < ¢, V(u,2) € U x R"}, for
some fixed constant ¢ > 0.

Now we can state our main result:

Theorem 2. Let G € G. and let u(.) be a regular input. Then there
exists 0y > 0 s.1. for every 0 > 0, there exists two constants p1(0) >
0, pa(6) > 0 such that ||2(t) —z(t)| < p1(0)e #2@|12(0) — 2(0) |,
where z(t) and Z(t) are the respective trajectories of systems (5) and
(26).

Proof: Setting e(t) = Z(t) — z(t), from (5)-(26), we get:

{ é¢=(Au) — S71CTC)e + 6(G) 27

S=—-05—AT(w)S - SA)+CTC

where §(G) = G(u,z) — G(u, z). From (18), we know that S(t)
is a SPD matrix. Using the Cholesky decomposition we can set:
S(t) = A(t)AT(t), where A(t) is a lower triangular matrix, moreover
its diagonal terms are strictly positive. Now setting e(t) = AT (¢)e(t),
we get:

e=ATAWA T —ATTCTON e+ AT6(G)+ATA e (28)

where A~7 denotes the inverse of A”. Using again S(t) =
A(t)AT (t) and the fact that S(t) is a solution of the second equation
of (26), we obtain:

AAT + AAT = —0AAT — AT (W)AAT — AAT A(u) + CTC (29)

Let us multiply both sides of (29): to the left by A=', and by A=7
to the right, we get:

ATA+ATAT = 01 — AP AT (w)A — AT A(u)A~ T+
ATtCToATT
(30)
Now setting V() = €T (t)e(t):
V=eTet e
="ATTAT (WA = ATTCTCOA e
+ " ATAWATT = ATICTCOA e (31)
+2¢"AT8(G)
+ e [ATTA+ATATT e
Combining (30) and (31), it follows:
{ V =—0V +27AT5(G) — P AT oA Te

(32)
< -0V + 2V V| ATS(G)||

where ||.|| denotes the Euclidean norm.
Combining condition i) of definition 2 with the second inequality of
(24), we obtain:

Vi > to, S(t) = A()AT(t) < n2P(t) (33)
Thus (32)-(33), yield to:
V < =0V +2y/aVV/(6(G)TP()5(G), Vt > to (34)

Since P(t) is a SPD matrix for ¢ > +¢o (condition i) of
definition 2), we deduce that 227 P;;(t)z; < 2z Pu(t)z +
2] Pj;(t)z;. Thus P(t) < a(q)T'(t), where T'(t) is the diagonal
block matrix of P(t) (defined in (22)) and a(g) is a positive
constant which depends only on ¢. Hence (6(G))TP(t)6(G) <
a(q) >0, (6(G))T Pii(t)6(G);. Now using the mean value theorem,

we obtain: 0(G); = 37, Mij(.)e;, where e; = Zj —z; and M;;(.)

is a n; X n; matrix depending only on (u, 2z, z) and which is bounded
(since G € G.). Hence the following hold:

BGNTPu(t)6(G)i = 3o} oy €k M () Pii(t) Ma()ex

< M||Pii(t)|| i_, el er, M is a constant

(35)

Since the P;;’s are n; X m; SPD matrices, using the Cholesky
decomposition, we get Py;(t) = L; LT where L; is a lower triangular
matrix. Set ¢; = L;e; and € = (E{ .. .'quT)T, from (35) and inequality
iii) of definition 2, it follows that for every ¢ > to:

{ GG Pu(H)8(G)i < M| Pus(t)| X0y 1Py (1) 1€ &

< be:l & @, where b> 0 is a constant which not depend on 6
(36)
Combining (34) and (36), there exists a constant p > 0, which does
not depend on 6, such that:

Vt>to, V<=0V 4+ pVVVETE (37)
From ii) of definition 2, the following holds for 6§ > 0y and ¢ > to:
()

I'(t) < a(0)P(t), with lim

6—oco 62

=0 (38)
On one hand, using the definition of € and I'(t), we get:
de=e"T(t)e < a(f)e Pe (39)
On the other hand, using the first inequality of (24), we get:
e ()P (t)e(t) < ny e’ (£)S(t)e(t) = ny "V (t), for every t > to

(40)
Now combining (37), (39) and (40), we obtain:
V<—0V+p @V 1)
m
. a(0) .
But limg_ o0 5 = 0, hence for 6y sufficiently large and 6 > 6o,

we deduce that V(t) < fire #2'V(0), for some constants iy > 0,
112 > 0 depending on 6. Finally, using the first inequality of (24) and
inequality (23), it follows that |le(t)]| < u1(8)e#2Ot||e(0)]|.

IV. CONCLUSION

In this paper, an observer design for systems that admit inputs
which render them unobservable has been investigated. It has been
showed that if the input satisfy some observability assumption
(regular input), one may design an observer where the gain requires
the resolution of a Lyapunov differential equation which does not
depend on the nonlinear term.

V. APPENDIX

In the example 1 in section III, we have seen that u(¢) = cos(t)
is not a local regular input for the considered model of this example.
Here, for the same model, we show that u(t) = cos(t) is a regular

input.
. (0 w
= ( 00 )”’" (42)
y=(1 0)z
Let us check conditions i), ii) and iii) of definition 2:
1) Condition i): The transition matrix is ®(s,t) =

1 f: cos(7)dr
0 1
Set Tp = 2m, the Gramian of observability on the

interval [t — 2m,t] is given by G(u,t — 2m,t) =
2m fti%(f; cos(7)dr)ds B
f;% (f: cos(T)dT)ds f;% (f: cos(T)dr)?ds o
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2)

- ( 2 —25sin(t) )

—2sin(t) 1+ 2sin?(t)
G(u,t — 2m,t) > aol, for some constant ag > 0. This
ends the proof of condition i) of definition 2.

and clearly,

Condition ii): The matrix P(¢) defined in (19) is given by:

P(t) =
e 0t S)ds e 0t=9)( f cos(T)dr)ds
f 679“ s) f cos()dr)ds f e 90=3)( f cos(T)dr)?ds
Hence we can obtain the decomposition P(t) = P(t)+ M(t),
where P(t) is
1 6 cos(t) + sin(t)
6 602 +1)
6 cos(t) + sin(t) Pas(t) (43)
0(62 + 1) 22

260% cos?(t) + 4sin?(t) + 60 sin(t) cos(t) + 2
0(1462)(4+ 62?)

and ||M(t)]| < @e~ %", for some constant @ which does not

depend on 6. Consequently, it suffices to verify condition ii)

of definition 2 for P(t) and its block diagonal matrix I'(t):

where Pas (t) =

0
202 cos?(t) + 4sin?(t) + 66 sin(t) cos(t) + 2
0(1 4 62)(4+ 62?)

I(t) =

l
(=S

- ~ (44)
Since I'(t) is invertible, to show that I'(t) < a(8)P(t) (for

some constant «(6) s.t. limg_, = 0), it suffices to show

92
the following:

IO G )
Consider the following elementary relation:

zTPe(t)z = zf+z§—|—2a(9, t)z122 > (1—|a(¢9,1§)|)||ZH2 (46)

where:
a(0,t) = (0 cos(t >+sin< Wit o2
\/1+702f\/ 0 cos(t fsm( ))2+1—isin2(t)
47)
or,
(140 )
ma (G,t) =
(6 cos(t) + sin(t))? _
2((Ocos(t) + 2 sin(t))? + 1 — L sin?(t))

(6 cos(t) + sin(t))?

2[(6 cos(t) + sin(t))? + 2(0 cos(t) + sin(t)) sin(t) + 1]
(48)
In order to check inequality (45), it suffices to show that:

Jao €]0,1[;300 > 0;Vt > 0, a®(6,t) <o (49)

If O cos(t) + sin(t) = 0, then a*(f,t) = 0 and hence (49)
is satisfied. Now assuming that 6 cos(¢) + sin(¢) # 0, setting
Z = (O cos(t) +sin(t)) " and s = sin(t), we obtain:
2 (440°) 1 (A+0%) _
0,t) = Si li =
a’(6,%) (14+02)2(1+sZ + Z2)° e e (1 + 62) (14 62)
1, in order to achieve (49), it suffices to show that 2(1+ sZ +
Z% > § This last inequality comes from the fact that 222 +

2sZ + 5 > 0, since |s| <1 . This ends the proof of condition
ii) of definition 2.

3) Condition iii): Using again the decomposition P(t) = P(t) +
M (t) given in the above step 2), it suffices to check condition
iii) of definition 2 for the diagonal elements of P:

Pu=y
By — 46% cos®(t) + 4(1 + 2sin?(t)) 4 100sin(t) cos(t)
). 2= 20(1 1 02)(4 + 67)
(50

Clearly, it is not difficult to verify that ’5517322 < 7, where
7 is a positive constant which does not depend on 6 (since
|s] < 1). This ends the proof of condition iii) of definition 2.
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