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WASSERSTEIN DECAY OF ONE DIMENSIONAL JUMP-DIFFUSIONS

BERTRAND CLOEZ

ABSTRACT. We are interested by a one dimensional Markov process whimes following

a diffusion for some random time and then jumps. It can remiesome natural phenomena
like size of cell or data transmission over the Internet. paper begin with some results about
Lipschitz contraction of semigroup. Our approach is cotewavith the notion of curvature
introduced by Ollivier and Joulin. Our main results for jumiffusions are quantitative estimates
in Wasserstein distance, when the jump times depend of theesmotion. We use different
techniques which are a particular Feynmann-Kac interpoetaand a non coalescent coupling.
Several examples and applications are developed, ingjuiplicit formulas for the equilibrium,
application to branching measure-valued processes aegrai$ of compound Poisson process

S{ with respect to a Brownian motion.
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1. INTRODUCTION AND MAIN RESULT

1.1. Introduction and related work. We are interested by a process that models a fragment
which remains stable and moves for some random time and tingpsj. It represents some nat-
ural phenomena that can be observed at a great variety efssca give just few examples, let
us simply mention the studies of stellar fragments in asiysjes, fractures and earthquakes in
geophysics, degradation of large polymer chains in cheynisize of cell in biology, fragmen-
tation of a hard drive in computer science. More preciselys processX = (X;):>¢ hasE, a
subinterval ofR, as state space and its infinitesimal generator is giverarfgrsmooth enough
functionf : £ — R, by

W) Vo20, £f(x) = @) (@) + 9(a) (@) + (o) ( [ CF(F.0) - f(a)ds )

whereo,r, g andz — F(x,-) areC*, 0 — F(-,0) is measurable; ando are non negative.
Betweens the jumps, this process evolves like a diffugkdn>o which satisfies the following
stochastic differential equation :

@) Yy = g(Yy)ds + V20(Ys)dBs
where(B;):>o is a standard Brownian motion. Then, at a random timehich verifies

/OT r(Ys)ds ~ Exp(1) & P(T > t|Ys, s <t) = exp (—/0 7“(Ys)d$)

it jumps following F'. IndeedXr = F(Xr_,0) = F(Yr_,0) where® is a uniform variable
on |0, 1]. Then, the process evolves like the diffusion and we reesiet steps again and again.
This process is an hybrid process [5] and wher- 0 it is a piecewise deterministic Markov
process (PDMP) [14].

t

Some subclass of this process was studied. For instancatities [3, 10, 15, 17, 18, 26, 25, 32]
study a version which represent the modeling of the famoassiission Control Protocol
(TCP) used for data transmission over the Internet. And,i2[13, 24, 31], some others exam-
ples represent the growth of some biological content of elle(isutriments, parasites,...) which
is shared randomly in the daughter cells when the cell dividhere is again a lot of application,
like reliability theory and queuing [14, 23, 25]. Some theos about the ergodicity and others
properties are established in these papers. But to find ditiekound for the speed of conver-
gence is an interesting question which it remains to establi

Our aim in this paper is to get quantitative estimates fordbmvergence to equilibrium of
X. For some particular coefficient, it is ergodic and admitsiguwe invariant law. We can find
conditions in [23], when the jumps are additive, and in [bpmsition 5.1], when the jumps are
multiplicative. These two results are proved via Lyapuneshhiques. Nevertheless, this pro-
cess is, in general, irreversible since time reversed sapaths are not sample paths and it has
infinite support. This makes Lyapunov techniques less efitdor the derivation of quantitative
exponential ergodicity. Furthermore, another main diffies is that entropy methods fails. In
general, the process do not verify a Poincaré or log-Sohokxyuality.

Using different techniques (gradient estimate via Feymrigac formula and non coalescent
coupling), we arrive to prove different bounds in Wassénsteetric. These bounds are optimal
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in term of curvature of semigroup. The proofs are inspirdigd, 10, 27] which gives similar
result for others models or for particular cases. Recettlfind quantitative bounds, Harnack
inequalities, functional inequalities or Wassersteinvature, for jumps processes, has spurred
an enormous amount of research [3, 4, 9, 12, 16, 17, 22, 23, 37]

The remainder is explained after the main results.

1.2. Lipschitz contraction and Wassertsein curvature. In this section, we present briefly
some basic definition about Lipschitz contraction of Markwecess. The results presented
here hold in a very general setting. Some of these are new,itthere is some close theorem,
and some others are not new, but we hope our proof is simpkr( A, d) be a Polish space,
we denote byP;(E) the set of probability measurgson E such that/, ., d(x, zo)pu(dz) < oo

for some (or equivalently for ally, € E. We recall that the Wasserstein distance between two
probability measureg, s € Py(F) is defined by

3) Walpromo) = int [ d(ey)wida, dy).
veMarg(p,u2) JJE?2

where Margy.1, 2) is the set of probability measures 61 such that the marginal distributions
arey; andye, respectively. This infimum is attained [34]. The KantostwRubinstein duality
[34, Theorem 5.10] gives that we also have the followingespntation:

X P / 9 din _/ g dus,
g€Lip,(d) JE B
where Ligd) is the set of Lipschitz functiop with respect to the distancg i.e.
1‘ —
lolupe = sup L& =IWN _

z,yeE d(ﬁ, y)
Ay

and Lip (d) = {g € Lip(d) | llgllLip@@y < 1}. If the semigroup is smooth enough, we have
0. P, € Py(Ry), forallz € E andt > 0. Hence, the semigroup is well defined on (djp
The Wasserstein curvature @X;);>( with respect to a given distancks the optimal (largest)
constanip in the following contraction inequality:

(5) |1 P llLip(a)—Lipa) < €7, t>0.

Here || P ||Lip(a)—Lip(a) denotes the supremum 6 f|| i,y When f runs over Lig(d). Itis
actually equivalent to the property that

Walpa Pry o Py) < e P Wa(ur, pa),  pa, 2 € Pa(Ry), ¢ >0.

This notion of curvature was introduced by Joulin [22] andiv@r [29] and is connected to
the notion of Ricci curvature of Riemannian manifold. Thédidition of curvature is relatively
close to the notion of Wasserstein spectral gap (see farinsf [19]) : A semigroup possesses
a Wasserstein spectral gap if there exist 0 andC' < 0 such that

W (8,.P;,6,P;) < Ce™Md(x,y).

The presence or not of the const@ntmay be important for concentration inequalities. If the
optimal constant is positive, and the process has a stagigorabability measurer then the
semigroup converges exponentially fast in Wassersteiaruis)V,; to the stationary distribution
(it is enough to takes = 7). We can notice that an exponential decay is possible evamgth
the Wasserstein curvature is null:
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Theorem 1.1(Exponential decay whem= 0). Let X be a (general) Markov process such that
its Wasserstein curvature defined at (5) is null (or non-tieg. If there existsy > 0 such that
K, = sup Wd((;xopto’ 6y0Pt0)
0 z0,Yyo€E d(ZC(], yO)
Then there exists > 0, such that for allzg, yo € E,
Vt Z th Wd(émoph 6y0Pt) S eitlid(x(% yO)

< 1.

Furthermore,x can be chosen as
1
P D(Kto)
to
The Wasserstein curvature is a local characteristic. Itesponds to the worst exponential
decay. In this paper we use two different distances. Wheny) = |x — y| for all z,y € E,
W, is the standard Wasserstein distance (also called Kantbradistance). So, in this case, we
denote it by andd = | - |. WhenE C R and F}, F;, are the cumulative functions of, and
12, We have

W1, 12) = /E |Fy(z) — Fy(a)|dz = |[Fy — F|p..

The convergence in Wasserstein distance is equivalenthetoonvergence in law and the con-
vergence of the first moment.

Whend(z,y) = 1,—,, forall z,y € E, Wy is the standard total variation distance. So, in this
case, we denote it by, . The equation (4) becomes

X | |
vl ) =5 s [, s = [ s

If 11, uo have densityq, no With respect to the Lebesgue measure, we have

1 1
drv(p, pe) = 3 /E [n1(z) — na2(x)|de = §Hn1 —nalpr.

We finish this section with two results. The first one givesdkistence of an invariant distribu-
tion and the second one describes the link between Wassetlstzay and.?—spectral gap.

Theorem 1.2(Existence and uniqueness of the stationary distributide)(F;):>o be a Markov
semigroup, if its Wasserstein curvatyrés positive then there is a unique invariant meastre
Furthermore,

Vv € Py(E), Wy (uP;, ) < e "Wy (v, )

We can compare this theorem (and its proof) with [11, Thedse2].
Theorem 1.3(Wassertsein contraction implids —spectral gap for reversible semigroupet

(P;)e>0 be a semigroup of a Markov process. Assume:

e |ts Wasserstein curvature, is positive.

e The semigroup is reversible.

e Lipi(d) N L () N L?(x) is dense inL?().
Then there is d.>—spectral gap. Indeed,

Var, (P.f) < e ?P'Var,(f).
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Or equivalently,

<e M
L2(m)

We can see, in the proof, the importance of the reversibilijevertheless, for the most
part of our examples, this condition is never verified. Thisorem is just the continuous time
adaptation of [19, Proposition 2.8]. We can compare it (amgroof) with [11, Theorem 5.23]
and [36, Theorem 2.1 (2)] for continuous time version and R&position 30]. Notice that
the two last theorems are also true when there is a Wassesgtectral gap instead a positive
curvature. Let us end this section by advertising on a paraiid independent work [33] which
give some related results.

rif - [ tar

g [ tar

L2 ()

1.3. Main results : Quantitative bounds of jump-diffusions. In this section, we first recall
some properties of the process that we study, then we statmain results. LetP, f(z) =
E[f(X}:)|Xo = z] be the semigroup generated by (1). By the 1td-Dynkin, it nsethat

©) R = £@)+ [ PLr)ds = @)+ [ LR (s

for all f smooth enough (see [5] or [14] for the domain of the generaldie can describe the
evolution of X in terms of stochastic differential equations (SDE). [Bt).>, be a standard
Brownian motion, and lef)(ds, du, df) be a Poisson point measure Bn x R, x [0, 1], of
intensity ds du df, independent from the Brownian motion. Heti, du, df are the Lebesgue
measures oft ;, R, and[0, 1]. Then we have,

) X = Xo+ /Otg(Xs)ds + /Ot V20 (X,)dB,

t
L sy (FXe0) = Xo) QUds, du.db).
0 JE x][0,1]

We are interested by the long time behavior and not by theesds. Hence, in all the paper,
the coefficient are supposed to be smooth. Now, we are ablgtess our main results.

Theorem 1.4 (Wasserstein curvature for jump-diffusion which consertlee monotonicity,)

Assume L

1
/ 0, F(z,0)d0 # 0 andr’(m)/ 2 — F(x,0)d0 < 0.
0 0

inf <—g'(w) +r(x) <1 - /0 1 avF(x,G)dG) () /0 L P 9)d9> —p>0.

>0
Then the contraction inequalit{p) is satisfied with the optimal constamt Indeed, we have
W (uPi,vP;) < e "W (u,v)
for all measure, and v which have a first moment.
In section??, we will see that, under this condition, the process is sistibally monotone.

Indeed, the semigroup preserves the monotonicity. It ig asee that the conserve is true. In
particular this theorem can be used when

e ris decreasing.
e F(x,0) < z, foralmost alld € [0, 1].
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e z+— F(z,0)isincreasing.

For instance, the jumps can be multiplicative (indé&d:, §) = ¢(0)x, wherep < 1), additive
(indeedF'(z,0) = = — ¢(6), wherep > 0), or a combination of these two types. We can, of
course, also suppose thais increasing, and, for almost @l< [0, 1], F(z,0) > x.

In the expression o, we can see the interplay between the drift parameter (thgeand
the jump mechanism (indeedand F)). We also see that the curvature do not depend to the
diffusive termo. We also give an other criterion to find the Wasserstein ¢ureawhich is just
a generalisation of the result of [10, theorem 2.3]:

Theorem 1.5(Wasserstein curvature wherns affine) If the following assumptions hold
[ ] E C R+.
e F(x,0) <z, for almostalld € [0, 1].
e © — F(z,0)is increasing.
e 0,F(x,0) <1.
e r(x) =ax +b, forall z > 0, wherea,b > 0
Then the contraction inequalitp) verifies

1
p>—supg(z)+b (1 - sup/ 8xF(z,9)d0> .
zeE z€E JO

This bound looks like the bound of theorem 1.4 (becatise R, and F'(x,0) < x implies
inf,epx—F(z,0) = 0). Itwill be interesting to prove that this bound is optimataight for all
r. These two theorems give interesting estimates in Wasgsedistance. It is also interesting to
prove some bounds in total variation distance, but it is naiffecult. For instance, for the TCP
windows size process, between the jumps the trajectoreepaallel, thus it seems impossible
to intersect it (see section 4). A first approach is given |n [3

It will be interesting to find the same type of result when wd adliscrete component to our
process. It will be generated by

1
Lf(@n) = o) f"(a) + g(o.m) (@) + r(a,n) ([ F (Fla,n,0))d8 = ).

In this case X = (Z, N), andZ may be continuous (see [16], for instance). It is also irstiéng
to investigate the multidimensional case. The proof of thepl.4, is not adaptable in these two
cases.

The papers is organised as follow: The next section is dewotéhe proof of theorem about
Lipschitz contraction. The proof of theorem 1.4 and theofiefnare in section 3. Many exam-
ples and applications are given in the last section.

2. GENERAL PROPERTIES ABOUTLIPSCHITZ CONTRACTION
In this section we prove the theorems of section 1.2

2.1. Exponential decay whenp = 0 (proof of theorem 1.1). Let X be a Markov process such
that its Wasserstein curvature defined at (5) is null (or negative). Assume there exists> 0
such that

< 1.

Kt = Sup Wd (51'() Pto U 5?/0 Pt() )
0 zo,yo€E d(w07 yO)
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We will prove that there exists > 0, such that for allg, yo € F,
Vt > to, W0y Py 0y Pr) < e " d(z0,y0).
Letw be defined, for alk: # y, by
Wa (L£(X¢ | Xo =2), L(X¢ | Xo =)
[z =yl

w(t,z,y) =

)

and

a(t) = sup w(t,z,y).
zT,YyeL

Let (Y, Z) be any coupling of the law ok . IndeedY” 2 72 X puty andZ are not necessary
independent. The Markov property gives

w(t,y, 2)d(y, z) = Sup E[f(Yers) | Yo =yl = E[f(Ztys) | Zo = 2]

= sup E[E[f(V)| Yo=Y ~E[f(Z)| %= 2] | Yo=y.2% =2
fé€Lip,
<E[0()d(Ys, Zs) | Yo =y, Zo = 2],

where(Y, Z) is a coupling of the law o . Taking the infimum on all coupling we deduce,
w(t+s,z,y) <w(t)w(s,z,y) = w(t+s) <wot)w(s).
Now, by the hypothesis, the curvature is non-negative, thus
vt >0, w(t) < 1.
Hencew is decreasing. But, by the assumptions, there ekjsts 0 such thatv(¢y) < 1, and so
Yt > tg, w(t) < 1.
Finally, for all ¢ > t, there exists € N such that > ntq, and then
Wi(62P;, 0y Pr) < w(t) Wa(dz, 0y) < w(nty) Wa(dz,dy)
(to))

e
< @(to)" Wal6s, 6,) < exp (t n(“;—

; ) Wi(6z,9y).

2.2. Existence criterion of the invariant distribution (proof o f theorem 1.2). Let X be a
Markov process an@P;);>¢ its semigroup. First, let us assume that

o Wi(uPy,vPy) < e P"Wy(u,v) forall u,v € Py(E).

o C = supysgWi(0z,0,P;) < +oo for somex € E.
We will prove that gives the existence of an invariant measurhe proof which follows is
simple and comes from a discussion with D.Villemonais. Hg theveloped the same type of
criterion, for the existence of Quasi-stationary disttidm, with the help of P. Del moral in a
work still to be completed (see [35, chapter 5]). Considersbquencéd, P, ):>o, it verifies

Vit 5 > 0, Wa(0y Prss, 02 P) < e P Wy(6, Py, 0y)
<e PC.
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Furthermore, the spadéP,;(F),W,) is known to be complete [11, theorem 5.4] thus the se-
quence(d, P, )>( converges to a measurec P;(E). Then

tl}inoo Wd(npt-i-Sv nPt) = Wd(T('PS, 7T) =0.

Thusr is invariant, and the Lipschitz contraction gives the upiggss and the exponential decay.
Now, it rest to prove thatup;o Wa(dz, 0. P;) < +oo for somez € E. We have

sup  d(Pif(z), P f(y)) < e Pd(z,y).
17 llip, <1

HenceP, remains stable the space of Lipschitz function. As we hay&d,., 0. P;) = P, f.(x),
where f,.(y) = d(z,y), the mappingr — W;(d., I, P;) is continuous and for alt € E and
g > 0 we have

(8) sup Wy(dz,0.P) < 4o0.
t€[0,e+1]

And we have for alk € N* andt € [e,e + 1],
k-1

W0, 60 Pit) <Y Wa(0aPjt, 02 Pty
j=1
k—1
< Z e_jpth(5x7 5th)
j=1
< Wd(5x7 5J:Pt) !
- 1 —e—cr

The last inequalities and (8) gives the needed boundedness.

2.3. Lipschitz contraction and L?—Spectral Gap (proof of theorem 1.3). The proof of this
result is a continuous-time adaptation to [19, Proposifidh]. Let f be a non-negative, Lips-
chitz and bounded function such that fd= = 1. Using the reversibility, we have,

2
Var, (P,f) = /E £ Py fdm — ( /E fdw)
< [ fllLip(@yWa (Patfdm, )

where Py, fdr is the measure which verifies, for all smoath

/ @Py fdr = / / y) Por(z, dy)m(dz)

/ / y) Pou(y, da)m(dy).

Becauser is reversible. Hence,

Varz (Pf) < || fllLipayWa ((f7) Pat, )
(9) < Cfeizpt.
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By translation/dilatation, the last inequality holds fdk lapschitz and bounded’, and by
density, for allf € L2(r). Now, let f be a measurable function such that,

/f 7(dx) —Oand/f dzr) = 1.

Applying spectral theorem, Jensen inequality and (9), wa fin
Var, (P, f) = / P fldn = / / e MAE\(f)dr
EJO

_t
< < / / e‘“”s)dEA(f)dw) "
EJo
_t
< C;+s e—pt
Taking the limits — 400, we conclude the proof.

3. EXPONENTIAL DECAY FOR JUMPDIFFUSIONS

In this section, we prove the announced results about juliffission and add some remark
or corollary.

3.1. Gradient estimate (proof of theorem 1.4).In this section we follow the same approach
to [9]. Using a Feynmann-Kac semigroup, we estimate theval@re of our semigroup. So, we
begin to prove, for any smooth enough functifn

(10) Vo >0, (Bf)(z) = E { F(Yi)e fgwy.s)ds] ‘

WhereY is a Markov process generated by

Lsf(x) = o®(x)f"(x) + (20(x)0’ (x) + g(x)) f'(x)
1 1 1
95)/0 0. F'(x,0)dd <m/ 0 F(x,0)f(F(x,0))d0 — f(5'3)>

—r'(x)/olm— (xH)CM(fOﬂU— x@d@//me w)du do — f(x ))

Lemma 3.1(Gradient estimate via Feynmann-Kac formulAssume

1 1
/ 0, F(x,0)d0 # 0 andr’(:c)/ v — F(z,0)d0 < 0.
0 0
Vxe E, E [exp (— /Ot V(Ys)ds) | Yo = m] < +00.
where
Vi(z)=—g () + r(z) (1 — /1 0, F (z, 0)d6) —7'(z) /1 x — F(x,0)do.
0 0
Then(10) holds.
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Proof. First, we haveLf)' = (Ls — V) f'. Then, by the 1t6-Dynkin formula (6),
t
(PefY (@) = (@) + [ (CP.f) (@)ds
t
= @)+ [ (s = V) (P (@)ds

Thust — (P, f)’ verifies this partial differential equatio®;u = (Ls — V) u. But, it is known
that the following semigroup verify this equation too:

Suf (@) = [ f(vi)e V00

whereY is generated by s. As there is a unique solution, we dét. f)' = S, f’. O

Corollary 3.2 (Propagation of monotonicity)Under the same assumptionfifs non-increasing
then P, f is also non-increasing.

This corollary implies that, for alk: < y, there exists a couplingX*, X¥), such that the
marginals are generated iy which start from(x, y), and

Vi >0, X <X/ as.
It is why this type of formula is available only for a non gealerlass ofr.

proof of theorem 1.4Let f be a Lipschitz and smooth function. For anyy > 0, we have by
the intertwining identity (10),

|Pf(z) — Pf(y)] < Sup [(PLf) (2)|]x =y
t
< supks [’f’(Yt)\e Jo Vs )y, — } |z —y]
2>0
AT
< supE e o VOUEIYG = 2] o — .

z>0

so that dividing byjz — y| and taking suprema entail the inequality:
t
1P iy < sup E [exp (= [ V(Y ds) [ ¥o=2].
Finally, the right-hand-side of the latter inequality isttiag but|| P;(id)|| ;,, sShowing that the
supremum over Lip is attained for the functiah: = — z. It achieves the proof. O

Remark 3.3 (h—transform and first eigenvaluepssume thats — V' have a first eigenvalue
such that its eigenvectap is positive. Using arkh—transform withh, = e =1, we get for any
Lipschitz functionf,

B[/ kO] — s [L] < v [£0].

Then, ifyy is smooth enough, the Wasserstein spectral gap £ee sectio?for an application.
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Theorem 3.4 (Exponential decay when the curvature is nuljnder the assumption of the
previous lemma and i is irreducible,V' > 0, and there exis© = (a,b) ande > 0 such that
O¢is compact and

Ve e O,V(z) > e.
Then there existy > 0 andx > 0 such that
Yt > to, W(uPs, vP;) < e " W(p,v)
foranyu,v € P |(Ry).

a andb may be infinite if there is not in the same time. Notice thathére exist: € F, such
thatV (x) = 0 then the curvature is null.

Proof. The proof is adapted to [27, section 5.1]. Let

D(t,z) =E; [exp (— /Ot V(Ys)dsﬂ

andD(t) = sup, o D(t, ). Itis easy to see that for all € £, D(-, ) and D are decreasing.
Furthermore D(t,z) = 1 if and only if, starting fromz, Y, € O° almost surely, for almost alll
s < t. Then, asY is irreducible, we have

(11) Ve >0, Vt>0,D(t,x) < 1.
If x € O, then itis also right fot = 0. We begin to prove that there exigtsuch that

Vi > to, D(t) < 1.

Then, we will prove the assertion of the theorem. Far O, setr = inf{t > 0| Y; € O°}. We
have,

D) =B [t (= [ Vs) |+ B [t (- [ V)]

¢
<E, {1T<t exp (—/ V(Ys)ds)] +e !
0
And

B, [t (= [[V0ds)] < B [t =2, oxp (- [ viras) 7]

< Ey |1, max (D(t — T, c))]
c€{a,b}

< E{L’ ]-T —et D t - B
< <t)2€ cg%}( (t—r7 C))]

+E,;

Lijo<raie ™ e (D(t -, C))]

< max (D(t —7,¢)) + e /2
ce{a,b}
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whereF is the filtration associates 10. Thus,

sup D(t,2) < max (D(t —1,¢)) + e 5t + e~¢/2,
xcO ce{a,b}

Then we deduce thaim sup,_, ., sup,co D(t,z) < 1 and then the existence af such that
forall ¢t > ¢,

sup D(t,x) < 1.
z€O

Whenx € O°, we see that he Feynmann-Kac semigroup is continuous ketausrifies the
Feller property, then, the supremumsaip,co. D(t, x) is attained. And finally, by (11), we
haveD(t) < 1forall ¢t > ty. Now, we can use theorem 1.1 to conclude. We can also use the
argument to [27]. That is, the Markov property ensures that

D(t+s,z) =E, {exp (— /Ot V(Yu)dU) Ey, [exp (_ /Ot WY“)C“‘)”

<E, [exp (_ /0 t V(Yu)du> D(s)} — D(t,2)D(s)
< D(t)D(s)

and thenD(t + s) < D(t)D(s). For allt > t,, there exists: € N such that > nt,. Hence, we
have

W(uP;,vP;) < D(t) W(u,v) < D(ntg) W(p, v)

In(D(to))
to

) W(p,v).

O

3.2. Contraction by coupling (Proof of theorem 1.5). As in [10], we make a coupling which
favour the simultaneous jumps. Because, by the properti¢s during a simultaneous jump,
the distance is decreasing. More precisely, this couplerngiated by

Gf(x,y) = o(2)Onaf (2, y) + 0(y)0yy f (2, y) + 9(2)02 f (2, y) + 9(y)0y f (x, y)
(o) [ 1 (0, Fly,0) a0
0
1
+ (@) =) [ F(F@.0).9)d0 (@) f ()

if x>y, and
Gf(x,y) = 0(x)0uaf(x,y) + 0(y)Oyy f(x,y) + g(x)0s f (2, y) + 9(y)0y f (2, )

1
+ () /0 f (F(x,0), F(y,0)) df
() = @) [ P, 0) 0~ ) )

in the other case. The first line describe the space motiondaet the jumps and the second line
the jump mechanism. The dynamics of the couple of comporngaisfollows:
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(1) After an "appropriate" time which depends of the twodcapries (or only one in some
cases). The upper coordinate jumps.

(2) Simultaneously, the other one "tosses an appropriateé wiose probability of success
depends on the positions on the two components to deciddarhat not it jumps too.

(3) In the case of joint jumps, both components use the saif@mvariable.

(4) Then, we repeat these three first steps again and again...

Leta be defined byy(, () = E[|X; — Yi|], where(X,Y") is generated by: and starting
from (x,y). It verifieSO/(w)(O) = Gf(z,y) wheref : (u,v) — |u— v|. AsSsumez > y, we
have,

sy ) = 900) ~ 9(0) + ay 1) [ (F(2,0) ~ Fip,0))d0
+a(z —y) /01 |F(z,0) —y|dd — (ax 4+ b)(x — y)

< (z —y)[supg'(2) + (ay + b) sup/@FzH )db
2€E z€E

+a/01\F(x,9)—y\d0—(ax+b)]

1
<(x—y)lsupg'(z) +b (sup/ 0, F(z,0)df — 1)
2>0 2€EJo

1 1
+ a/ <F(:U, 0)—z+y(l-— sup/ 0. F(z, 9)d9)> 1p(2,0)>y
0

zeE JO

+ ((y —x) + y(1 —sup /1 0. F(z, 9)d9)> 1F(x79)<yd9]

zeE JO

1
<(x—y) lsupg,(z) +5b <sup/ 0 F(z,0)df — 1)1

2>0 2cEJo

Then, by the Markov property,

z>0 z€E JO

azx7y) (t) < <sup dz)+b <sup /1 0. F(z,0)do — 1)) () (1)

1
=gy (t) < exp <sup g +b (sup/ 0, F (2,0)df — 1) t) |z — yl.

zeE JO

The end of the proof is standard.

4. EXAMPLES AND APPLICATIONS

We begin by the easier example. This example show the ialetpttween the growth and
the jump rate. After, we consider five examples. The first @peasents a process, which grows
linearly, and jumps additively. Then, the three next exasgire different growth-fragmentation
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processes. We called growth-fragmentation process, &gsagenerated by

12 £7@) =@+ @) @) + ) ([ fharan) - 5@).

The state space can lie = R or £ = R,. And we finish by an example of structured-
population.

4.1. Straightforward consequences.

4.1.1. Jumps independent of the current stafessumeF'(x, ) = F'(6) for almostalld € [0, 1].

It means that, when a jump occurs, the new position of thega®do not depend of the previous
position. This process forgets its origin just after itstfjtsnp. We can find an expression of
the invariant distribution in [25]. In this case, the theuré.4, is valid when increases before
fol F(6)df and decreases after. And we have that the curvatuegifies

> inf —supg'(2).
p 2 infr(z) 2229(2)

4.1.2. Feller diffusion with multiplicative jumps : The BansayeT process.Let us consider
the process studied in [2]. It evolves like a Feller diffuslmetween the jumps. Indeed, it moves
following the E.D.S.:

V¢ >0, dY; = gYidt + \/20Y;dB;.

Whereg areo are two positive numbers. And, when it jumps framthis new state ig7x
parasite, wherd! ~ H, and# is a measure supported [ii 1]. This process models the rate
of parasite in a cell population. The parasites grow in eatlraod, sometimes, the cells divide.
These two phenomena do not unwind in the same time scale.arasife are born and die faster
than the cell divide. Hence, the rate of parasite is moddiied Feller diffusion. This one can
be understood as the limit of birth and death process. Thpgumodels the division of cells. In
this setting, we have

Corollary 4.1 (Exponentially decreasing . If r is decreasing or affine and

1
g < ;rzlgr(x)/o hH(dh)
then

BX) < exp (<t (inf (@) [ Wottan) - g) ) ELXo),

Proof. Under theorem 1.4 and theorem 1.5, the Wasserstein cueviatpositive. Furthermore,
dp is invariant and\V (0, P;, dp) = P ld(z) = E[X; | Xo = z]. O

The results of [2] are better even if this corollary gives arub for theL!-convergence. To
compare, for instance, [2, proposition 3.1]) tells us

Theorem 4.2(Extinction criterion when is constant) We have the following duality.
() If g < —r [y log(h)H(dh), thenP(3t > 0, V; = 0) = 1.
Moreover ifg < —r [ log(h)H(dh),

Ja>0,Vrg >0,3c¢>0, P(X;>0|Xg=m0) <ce ™ (t>0).
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(i) If g > —r [ log(h)H(dh), thenP (vt > 0, X; > 0) > 0.
Furthermore, for every) < o < g + r [log(h)H(dh),
P ( lim e Y, = oo) ={Vt, X; >0} as.

t——+o0

Whenr is constant ang < rx, we haveg < —r fol log(h)H(dh). ThusX converges almost
surely to0, and

E[[X,[] < e~ ®E[|X,|).
More precisely, a rapidly calculation (which is given in thhere general case hereafter) gives
E[X;] = e®E[X).
So, if
1 g 1
/ —log(n)H(dh) > & > 5 =1- / WH(dh)
0 0

then
lim X; =0a.s.but lim E[X;] = +oc.

t—-+o00 t——+00

These two convergences explain why our criterion is notiegiple and why the convergence is
slow in this case.

4.1.3. Speed of convergence for branching measure-valued pegeSsnsider a model of
structured population. We observe a conténdf a cell which evolves following the stochastic
differential equation (2) and after an exponential tifnethe cell dies and is replaced by a ran-
dom number of offsprind<. The content of the mother is shared in each new cells. Indked
offspringj < K have the contenk’(Y7, ©) . Consider the measure defined, foralt 0, by

Zy =Y Oxu
uecVy
where X}* is the content of the cell at timet, andV; the set of individual alive. It was proved
in [1] and [13] that
B| [ fe)zi(as)| =E[£(X0).

WhereX is generated by (1), with biased parameter. Hence, we detladeng time behavior,
and the contraction properties of the mean measure. A samelff@holds whem is not constant
(see [13]). It will be interesting to capture the speed ofvepgence tdZ instead off[Z]. A first
approach is given in [13, theorem 1.2].

4.1.4. Stress release, repairable system and workload modedsume thate = R, and let us
define

1
L1f(x) = gf'(x) + r(z) /0 f (@ = G(,0)) — f(x)db,

whereg is a positive number an@' is a non-negative and measurable function. The process
generated by, was studied in [23]. This class represents a generic modgiuifed probability
and is of importance in earthquake modeling, reliabilitydty and queuing. We have
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Corollary 4.3 (Wasserstein curvature wherns decreasing)If r is decreasingg — G(z,-) is,
almost surely, increasing, we have

p> ;g}f% (r(z) /01 8xG(x,9)d0) —supr’'(2) /01 G(z,0)do.

z€R
In particular, if G do not depend t@, then we have

p=—supr'(z) /01 G(6)do.

z€R

This corollary implies a bound to the Wasserstein curvatdithe virtual waiting time (also
workload) process. Indeed, this process is generated by

£af (&) = ~8Lazof @)+ 7(2) [ f @+ G, 0)) ~ F(2)a

whereg is a positive number an@' is non-negative. IV is generated by, it is a lipschitz
transformation of a process generateddy Indeed, we can write

vVt > 0, W; = max(Xy, 0).
whereX is generated by, (with an otherG).

4.2. Kolmogorov-Langevin processes.Let us consider the process which verifies the follow-
ing S.D.E.:

dX, = V2dB; — ¢'(X,)ds
wheregq is C*° andB is a standard Brownian motion. Itis already known, undeasle assump-
tion, that this process converges to the Gibbs (or Boltznameasurer(du) = e~ 9 du/Z
(where Z is a renormalizing constant). The theorem 1.4 shows thattimeature is equal to
p = inf.cr ¢”(z). This result was already known but we can hope an exponetedly to the
invariant measure whem < 0. The case wherp = 0 was studied in [27]. Our main example
of interest is

q(z) = 2 — 2%

We begin by a preliminary lemma

Lemma 4.4 (Existence of eigenelements of a certain operatbex us defined the closure on
L? of the operator defined by

ql/
Hf=—f"()+ %
for all smooth enouglf. If ¢ is C*° and

lim ¢"(z) = 400,
|z| =400

there exist a unique positive functigne L?NC> and a real numbei > 0 such thati ¢ = \p.

Proof. Itis know from [6, theorem 3.1 p. 57] that if
q”(l')
|| —+oo 2

then H has a discrete spectrum. Furthermore, there exist a unigsiéive eigenvector. It
corresponds to the smaller eigenvalue> 0 and we denote it by (see [6, chapter 2]). The

:+OO
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regularity of o comes from the regularity af and the uniqueness of the solution of the linear
equation. O

Theorem 4.5(Rates of convergencelUnder the same assumption of the previous lemma, we
have for allz, y € R,

W6, Pf) < e sup a2 (O 4 Cop' ) o~y

z€[x,y] SO(Z)
whereC, C, are two positives constant§'( is explicit) ands € (0,1).
Proof. Let (P;):>0 be the semigroup aok'. As can be view in the proof of theorem 1.4, we have,
for all f smooth enough,

OuPyf = Sif
where(S;):>¢ is a Feynamnn Kac semigroup generated_tefined by,

Lf=["(x) —q'(@)f"(x) - ¢"f(x).

Let (Q:):>0 be defined for all smooth enoughby

e)\t

Qi(f) = ?G_q/QSt(f@eq/Q)

We have
N p p M P p
0Qi(f) = A?B V=S (fpe?=) + ?6’ V=S (L(fpe?*))
AL AL
- %e*qﬂst(feq/?mp) + %e*qﬂst(—eq/?H(f@))
AL
= %G*qﬂgt(eq/?gogf)
= Qi(Gf).
Where

SDl
Gf = f'+2f
This relation can be understood as
/ Y)
Do Pof (x) = e MA@ 2p(2)E [_f () —atvirz |y, — 4
whereY is a Kolmogorov-Langevin process generated:bgnd starting frome. Hence,
0, P, f ()] < = Mfera()/20-M a(®) 205 (1)), <l> (@).
12
But

e
So, by [28, theorem 6.1] with™ = 1/, we have

a2 ()55 )

1 __SDII_A_ql/
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for all z € R, wherej € (0,1), B > 0 and7(dz) = el 2/edx)Z = p(x)2dx/Z (Zis a
renormalizing constant). Finally,

0, P, f (z)| < e~ Mzera()/2e=Mea(2)/2 (1) (7} (l) + B (1 + L)) )
@ p(x)

O

Example 4.6(Ornstein-Uhlenbeck)If ¢(z) = ux? /2 then the theorem is not available. But we
see thatp = 1 is an eigenvector off with respect to the eigenvalyg’2. It is the smaller eigen-
value such that the eigenvector is positive. With a same otatipn to the previous theorem,
we can prove

W (0, P, 6,P;) < e M/2|z — y|.
We can compare this result with the one of theorem 1.4:
W (0,P:,0,P;) < e M |x —y|.
In fact, it easy to see that it is an equality.

This example prove the non-optimality to the previous teearBut as can be viewed by the
following example, this techniques can be useful for mompiicated example.

Example 4.7(An example where is not convex) Let us consider
q(z) = 2t — 2%
Henceq”(z)/2 = 622 — 1 and Hp(z) = Ap(z), when
A=+6—-1 and ¢(x) = exp (—xZ\/é/Q) .
So, asr, the invariant measure, integratég, we have,
W (P, ) < C e~ Vo1
wherey is a measure which integrate/ ¢ andC), . a constant which depend foand .

4.3. TCP Windows size process.

4.3.1. An ideal model for the TCP windows sizdow, we study some model which represent
the TCP congestion. The first one was developed in [30]. Bedgump, the process evolves as

g
0X, = =
T X

The jumps arise following a Poisson process of intensityith points (7%);>o. And the
jumps are multiplicative, indee 7, = hXr, _. The parameters verify

0O<h<l1l, m>-1,g>0andr > 0.
In [30], the proof of the ergodicity and an explicit formular the invariant measure is proved:

Theorem 4.8(Convergence to equilibrium)For any initial condition, X converges in law to a
measurer which has a density defined by

m h—k(m+1)
T Z ag(h) exp 2 Tymh
= g(m +1)
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where
(—1)Fp"F 2+

L5 (1 WD) [T (1~ bt D)’

By theorem 1.4, ifn > 0, the Wasserstein curvaturess=r(1 — h).

ak(h) =

Corollary 4.9 (Wasserstein exponential ergodicitypssumen > 0, for any probability mea-
surey € 7?|,|(R+) (indeed, which has a first moment), we have

W(uP;,m) < e "W, ).

4.3.2. A more realistic modelNow, we consider that the jumps depend of the position and the
growth is linear. Le{.X;);>o be the Markov process generated by

(13) Vo 20, £1() = 5'@) +r(e) [ shaymian - @)

To fix an idea, (z) = « is an interesting value [3, 15, 18], but, the case wheigeconstant, is
often used for its simplicity [26, 30]. The invariant measis known when-(z) = rz®(it is
explain in the following). We have:

Corollary 4.10 (Wasserstein curvaturelf r is decreasing, we have thatdefined a(5), verifies

p= (]—-jglhgi(dh)> E;%(r(m)-—:xr%aﬂ).

If otherwise,r(x) = ax + b, we have

> <1 _ /01 h?—[(dh)> b= (1 _ /01 h?—[(dh)> inf (r(z) - ar'(2)).

In particular, wherr(z) = z, we havep > 0. When the process is near th@rthe jump rate
is null. Hence the process evolves like> X, + ¢ which have a null curvature. So we see that
p = 0. Arecent work [3] prove that, nevertheless the curvatumulf this process converges
exponentially rapidly to its invariant distribution.

4.3.3. The embedded chainlVe always consider a process generated by (13)(f(gbn20 be
the embedded chain. It is defined by,
(14) X, = X7, where T, = inf{t > T, 1 | X;; # X;_} forn >1and T = 0.

This Markov chain is easier to study than the continuous pnoeess. For instance, fofz) =
ax®, itis easy to see that

R(Xt,,,) = R(Hy(R™ (B, + R(X1,)))) = HY " (B, + R(X7,,))
whereR is the antiderivative of. Then, it is ergodic and its IimLf{OO verifies
R(Xr.) £ HZ T (B, + R(Xu0)).

Now, using [18, proposition 5], we deduce th&t, have a density given by

h— (e D) (n+1)

a —h— (a+1)(n+1)a(a+1)—1x(a+1)

xHH (_ a+1 ZH —(a+1)k axe :
n>1 n>0k 1
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Now, applying [14, theorem 34.31], we can deduce the inaadiaw of the continuous time
process. This result generalises [10, Theorem 2.1] buiréady known via others techniques
[32]. For this Markov chain, we arrive to bounded all Wastnsdistance. Indeed, recall that
for everyp > 1, theW(®) Wasserstein distance between two lawsand i, on E with finite p
moment is defined by

WP (111, o) = inf EllX — yPHY/P
(i) = inf (E]] 1)

where the infimum runs over all coupling pf and ..

Theorem 4.11(Wasserstein exponential ergodicity for the embedded¢hAssume thaf (X))
and £(Yy) have finitep™ moment for some real > 1 andr is increasing. LetX andY be the
embedded chains &f andY. Then, for anyn > 0, with a random variabled ~ H,

WWN(L(X,), L(Yn)) < BE(HP)YPW,(L(X), L(Yp)).
In particular, if 7 is the invariant law ofX then
WN(L(Xy), 7) < E(HP)"PW,(L(Xo), 7).

Proof. It is sufficient to provide a good coupling. Let> 0 andy > 0 be two non-negative
real numbers, and I€tF,),,-, and (Hy,),,; be two independent sequences of i.i.d. random

variables with respective laws the exponential law of urémand the la. Let X andY be
the discrete time Markov chains @i co) defined by

Xo=2 and X,.1 = Hy\1R™YR(X,) + Enyy) foranyn >0
Yo=y and Y, = H, 1R Y (R(Y,) + Eny1) foranyn > 0.
the law of X (respectivelyY) is the law of the embedded chain of a process generated by

L and starting frome (respectivelyy). Now, leta be a non-negative number, , : = —
R~ '(a+ R(x)) then

r(z)
(15) Po(r) = ra+t7) = |pa(®) — pa(y)| < |z -yl
And we get
Vp > 1, E[‘Xn-kl - Y/n-H’p] = E[H£+1’wEn+1 (Xn) — $PEnt1 (an)’p]
< E[H} 1| Xn — Yal?) = E[H]]E[| X, — Vo [?]
A straightforward recurrence leads to
E[| X, — Yal"] <E[H]"|z — y]P.

This gives the desired inequality when the initial laws am@a®masses. The general case follows
by integrating this inequality with respect to couplinggtof initial laws. O

The fact that, between the jumps, the growth is linear is &nmental in this proof. It is why,
we do not generalise it. So, we arrive to prove a convergeritaion for the continuous time
process whem decreases and for the embedded chain wharcreases. We are not able to
associate these two approaches.
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4.4. Integral of Lévy processes with respect to a Brownian motion Before to talk about
integral of Lévy process, we give an example of growth-fragtation processes, where some
calculates are explicit.

4.4.1. Generator which conserves the polynomial functio@®nsider the process generated by
(12) with the following parameters:

g(x) =go+ g1z, a(x) =09 t+o01T+ 02x2.

And r is constant. In this case, the generator conserves the gralgh functions and their
degree. We then deduce,

Theorem 4.12(Moments estimates).et:¢ > 0 andz > 0, we have

E[X; | Xo = 2] = (m n L) ot _ 00

g1 —Tk1 g1 — Tk
and §
Vn>2 EXP| Xo=1] = A" + 3 AW o2k (E=1)+gik+rm)t
k=1
wherek,, = 1 — [ h"H(dh) and for allk € {1,..,n — 1} we have
—1 _ B
AW = A2 4 A1)y
0 oon(n — 1) + gin — rk, (oon(n —1)A; + (o1n(n —1) +gon)A4y )
1 - —
T T (oan(n = 1) gun =y C0n (= DA 4 (oin(n = 1)+ gon) A4 )
n 1 .
A = ((o1n(n — 1) + gon) A7),

1—(oon(n—1)+gin —rky,)
n—1
AW =z =3 A,
k=0

Proof. Lett > 0, n € Nanda,(t) = E[X}], we get,
ag(t) =1, o/ (t) = go + (g1 — rr1)au (t)

and,
al (t) = oon(n — a,_2(t) + (e1n(n — 1) + gon)a,_1(t) + (o2n(n — 1) + gin — rkg) o (t).
Then the result follows by a straightforward reccurence. O

Remark 4.13 (Convergence to the equilibrium)his result gives the convergence of the mo-

ments whery; — rx < 0. In this case, the:™ moment converges tﬂé”) which is easily
calculable. When this sequence verifies the Carleman witethat is

Z(A(()n))_l/Qn = 400
n>0
We have the convergence, in law,6fto a measure with moments defined by the sequdpce

Example 4.14(A first link with the Lévy process)The Ifo; = 052 = 0 and gy = 0, thenX

is the exponential of a Levy process The conditiong; — r« < 0 implies thatX converges
to 0 almost surely. The Wasserstein decay of the theorem 1.4 gigpeed of convergence in
L'-norm.
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This example is near to the example of theorem 4.2. In theviatlg, we give an other link
with the Lévy processes and an other example which haveexeliff behaviour.

4.4.2. Integral of Lévy processes with respect to a Browniateuristically, if you take the log-

arithm of a growth-fragmentation process, you transforenrtultiplicative jumps on additive

jumps. Then, as the jump times are Poissonian, we can obtintanuous process by renor-
malising our process with a Lévy process. Formally(Igt) be the Lévy process defined by,

. N
ST i )
Ry x[0,1] -

and letX the continuous process defined By = X,e’t. We get,

Lemma 4.15(Stochastic differential equation fof and X). If X is generated by (12) then, for
any non negative numbeywe get

_ t t
X =X +/ el g(X,)ds +/ el o (X,)dBs
0 0
and,
t t
X, = Xge It +/ e*LSg(Xt_S)ds +/ e*LSa(Xt_S)dBS.
0 0

Proof. All the stochastic integrals that we write are well definedaasl martingales. Using
Ito's formula with jumps [20, Theorem 5.1, p.67] (see alsb,[Zheorem 4.57, p.57]) and since
X is continuous, we get:

B t
Xi=Xo+ [ el (g(X,)ds + o(X.)dB,)
0
"t
+ / X,el — X" 10,<,1Q(ds, du, dh)
; <

't
:XO+/ eLs (g(X,)ds + o(X,)dBs).
0
Then, we deduce,

it
X, = Xoe bt + / els= e (g(X,)ds + o(X,)dBy)
0

t
= Xge I +/ e Ft=s (g(X,)ds + o(X,)dBs)
0

t t
= Xpe I —i—/o e*Lsg(Xt_s)ds—i—/o e Lio(X;_,)dB,.
]

This lemma is a generalisation of the relation of [2, lemn] 8nd [26, section 6]. In [2], it
is a preliminary for the proof of theorem 4.2 and in [26], tldgduce that whep is constant,
ando = 0, we get,

. oo —Ls
tLleroo X, = g/o e ds.
The behavior of the right hand side was studied in [7] and ¢8]general Lévy processes. We
give an other application:
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Theorem 4.16(Long time behavior of Integral of Lévy process with respect Brownian
motion). If

t
Y, = / e s dBy
0

whereL; = Z]kvil H; is a levy process independent of the Brownian mofionThen it con-
verges to a measure such that

/‘ " de) n!
2" u(dr) = ———
/2 HZfl Kok

for all n € 2Z and

n!
/ a" p(dz) = o
p(n+1)/2 HH”/Q
otherwise. Furthermore, for all > 0,
W(L(Y:),m) < e_“tW(éo,ﬂ),
wherex = r (1 — fol h?—t(dh)).

Rok—1

Proof. In this case, we have that is generated by (12), wherg,= 0,0 = 1, r is constant and
Xo = 0. The result is an application of the results of the previadisns. O
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