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Résumé

La motivation de cette thése de Doctorat est de modéliser quelques problemes biologiques
avec des systemes et des équations de réaction-diffusion. La these est divisée en sept chapitres:

Dans le Chapitre 1 on modélise des ions de calcium et des protéines dans une épine den-
dritique mobile (une microstructure dans les neurones). On propose deux modeles, un
avec des protéines qui diffusent et un autre avec des protéines fixées au cytoplasme. On
démontre que le premier probleme est bien posé, que le deuxieme probleme est presque
bien posé et qu’il y a un lien continu entre les deux modeles.

Dans le Chapitre 2 on applique les techniques du Chapitre 1 pour un modele d’infection
virale et réponse immunitaire dans des cellules cultivées. On propose comme avant deux
modeles, un avec des cellules qui diffusent et un autre avec des cellules fixées. On démontre
que les deux problémes sont bien posés et qu’il y a un lien continu entre les deux modeles.
On étudie aussi le comportement asymptotique et la stabilité des solutions.

Dans le Chapitre 3 on montre que la croissance a deux effets positives dans la formation de
motifs ou patterns. Le premier est un effet anti explosion (anti-blow-up) car les solutions
sur un domaine croissant explosent plus tard que celles sur un domain fixé, et si la crois-
sance est suffisamment rapide alors elle peut méme empécher I’explosion. Le deuxieme est
un effet stabilisant car les valeur propres sur un domaine croissant ont des parties réelles
plus petites que celles sur un domaine fixé.

Dans le Chapitre 4 on étend la définition de front progressif a des variétés et on en étudie
quelques propriétés.

Dans le Chapitre 5 on étudie des front progressifs sur la droite réelle. On démontre
qu’il y a deux fronts progressifs qui se déplacent dans des directions opposées et qu’ils se
bloquent mutuellement, générant ainsi une solution stationnaire non-triviale. Cet exemple
montre que pour des modeles a diffusion non-homogene les fronts progressifs ne sont pas
nécessairement des invasions.

Dans le Chapitre 6 on étudie des fronts progressifs sur la sphere. On démontre que pour des
sous-domaines de la sphere avec des conditions aux limites de Dirichlet le front progressif
est toujours bloqué, tandis que pour la sphere complete le front peut ou bien invahir ou
bien étre bloqué, tout en fonction des conditions initiales.

Dans le Chapitre 7 on étudie un probleme elliptique aux valeurs propres nonlinéaires.
Sur S! on démontre 'existence de multiples solutions non-triviales avec des techniques
de bifurcation. Sur SV on utilise les mémes arguments pour démontrer I'existence de
multiples solutions non-triviales a symétrie axiale, i.e. qui ne dépendent que de l'angle
vertical.

Mot Clés : Equations de réaction-diffusion, analyse nonlinéaire, équations aux dérivées par-

tielles paraboliques, équations aux dérivées partielles elliptiques, sur-solutions et sous-solutions,

méthodes variationelles, méthodes topologiques, Biomathématiques.
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Abstract

The motivation of this PhD thesis is to model some biological problems using Reaction-
diffusion systems and equations. The thesis is divided in seven chapters:

In Chapter 1 we model calcium ions and some proteins inside a moving dendritic spine
(a microstructure in the neurons). We propose two models, one with diffusing proteins
and another with proteins fixed in the cytoplasm. We prove that the first problem is
well-posed, that the second problem is almost well-posed and that there is a continuous
link between both models.

In Chapter 2 we applied the techniques of Chapter 1 for a model of viral infection of
cells and immune response in cultivated cells. We propose as well two models, one with
diffusing cells and another with fixed cells. We prove that both models are well-posed and
that there is a continuous link between them. We also study the asymptotic behaviour
and stability of solutions for large times, and we perform numerical simulations in Matlab.

In Chapter 3 we show that growth has two positive effects on pattern formation. First,
an anti-blow-up effect because it allows the solution on a growing domain to blow-up later
than on a fixed domain, and if growth is fast enough then it can even prevent the blow-up.
Second, a stabilising effect because the eigenvalues on a growing domain have smaller real
part than those on a fixed domain.

In Chapter 4 we extend the definition of travelling waves to manifolds and study some of
their properties.

In Chapter 5 we study travelling waves on the real line. We prove that there are two
travelling waves moving in opposite directions and that they mutually block, giving rise
to a non-trivial steady-state solution. This example shows that for models with non-
homogeneous diffusion the travelling waves are not necessarily invasions.

In Chapter 6 we study travelling waves on the sphere. We prove that for sub-domains of
the sphere with Dirichlet boundary conditions the travelling wave is always blocked, but
for the whole sphere the wave can either invade or be blocked, depending on the initial
conditions.

In Chapter 7 we study an elliptic nonlinear eigenvalue problem on the sphere. In S' we
prove the existence of multiple non-trivial solutions using bifurcation techniques. In SV
we use the same arguments to prove the existence of multiple axis-symmetric solutions,
i.e. depending only on the vertical angle.

Keywords : Reaction-diffusion equations, nonlinear analysis, parabolic partial differential
equations, elliptic partial differential equations, super-solutions and sub-solutions, variational
methods, topological methods, Biomathematics.
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Introduction

The motivation of this PhD thesis is to model some biological problems using Partial Differential
Equations. The general framework is a set of biological entities (either ions, molecules, proteins
or cells) that interact with each other and diffuse within a given domain. Therefore, building
our models via reaction-diffusion systems and equations seems quite natural.

This thesis is divided in seven chapters. The first two deal with reaction-diffusion systems
on Euclidean spaces and modelling:

e Chapter 1. Calcium ions in dendritic spines (microstructures in the neuron).
e Chapter 2. Viral infection of cells and immune response.
The next four chapters deal with reaction-diffusion equations on manifolds:
e Chapter 3. The stabilising effect of growth on pattern formation.
e Chapter 4. Definition and properties of generalised travelling waves on manifolds.
e Chapter 5. Generalised travelling waves on the real line.
e Chapter 6. Generalised travelling waves on the sphere.
The last chapter deals with elliptic nonlinear eigenvalues on the sphere:
e Chapter 7. Bifurcation and multiple periodic solutions on the sphere.

In all seven cases we are interested in pattern formation and the role of geometry. We prove
at least local existence of solutions, but in most cases we managed to find sufficient conditions
for the solutions to be globally defined.

In Chapters 1 and 2 we prove that the models are well-posed problems (global existence,
uniqueness and continuous dependence on initial data) and that the solutions are non-negative.
This implies that any numerical method used to approximate the solutions is robust. Moreover,
in Chapter 2 we also characterised the asymptotic behaviour of the solutions, which permits to
determine the stable states and the long term interaction of cells and viruses.

A recurrent finding is a link between pattern formation and geometry. In Chapter 3 we
prove that growth has two effects on pattern formation. The first one is a stabilising effect:

vii
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the eigenvalues of the operator on a growing domain are smaller than the eigenvalues on the
corresponding fixed domain. The second one is an anti-blow-up effect: growth enhances the
possibility of having time-global solutions. We prove that for scalar equations with quadratic
nonlinearities, which exhibit blow-up on the fixed domain, the blow-up time on the growing
domain occurs later. Moreover, if growth is fast enough the solutions are globally defined, i.e.
there is no blow-up at all.

In Chapters 5 and 6 we show that the geometry of the domain plays a crucial role in the
propagation of a travelling wave. Indeed, unlike classical planar travelling waves that invade the
whole Euclidean space, on the sphere the travelling waves do not necessarily invade the whole
domain. More precisely, we prove existence of generalised travelling waves that are eventually
blocked by non-trivial steady-state solutions, which implies that the wave cannot invade the
whole sphere. Since we find the same result on the projection of the sphere to the plane, on a
truncated sphere and on the whole sphere, the geometry of the sphere plays an important role
in the invasive nature of the travelling front.

In Chapter 7 we deal with an elliptic nonlinear eigenvalue problem on the sphere. In the
case of S we prove via topological bifurcation the existence of multiple non-trivial solutions.
In the case of SV we use the same arguments to prove the existence of multiple axis-symmetric
solutions, i.e. solutions depending only on the vertical angle, thus independent on the horizontal
angles.

Chapter 1. Calcium ions in dendritic spines

The study of synapses is a very recurrent and important topic that lies in the intersection of
Medicine, Neurology, Biology and Chemistry. The current technology of microscopes has shown
that the dendritic spines, the smallest structures of the neuron and the part responsible of the
synapses, possess a twitching motion. The goal of our model is to propose a theoretical frame-
work for this twitching motion and incorporate it into the dynamics of the calcium ions inside
the neuron.

The motivation of Chapter 1 is the two articles of Holcman and his collaborators, [33] and
[34]. In the former they use a stochastic model for each single calcium ion, whilst in the lat-
ter they pass from the microscopic description to a macroscopic reaction-diffusion model via
Fokker-Planck equations and the Law of Mass Action. This reaction-diffusion models describe
the twitching motion of the dendritic spine, but the assumptions on the mechanism that triggers
such twitches are not very realistic. After reviewing the experimental evidence in the literature
(e.g. Farah et al [19], Klee et al [36] and Shiftman et al [59]), we propose to modify the hy-
potheses on the genesis of the twitching to obtain a more accurate model from the biological
point of view. With the new boundary conditions the problem is very nonlinear and strongly
coupled, but we still have a well-posed problem.

We consider calcium ions interacting with some proteins that have 4 binding sites for the
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ions. Both calcium ions and proteins diffuse all within a moving domain 2 (a dendritic spine)
full of cytoplasm. Let M be the concentration of calcium ions, U the total number of binding
sites and W the total number of free sites and V the cytoplasmic flow field. If we suppose that
the proteins are fixed in the cytoplasm (i.e. they do not diffuse) then the model is

M = V-[DVM — VM] - kMU +k_1[A— U],
oUu = —klMU—i-k_l[A—U], (01)
V = Vé, Ad=0.

with initial conditions

and boundary conditions

M(o,t) = 0 on Iy x [0,7T],
(DVM — VM) -n(o,t) = 0 on T, x [0,7], (0.3)
Vo -n(o,t) = a(o)A(t) on I' x [0, T,

where I := 9Q, I’ =T, UT, and T',NT,. = 0. If we allow the diffusion of proteins then (0.1)-(0.3)

becomes
oM = V-[DVM - VM| -k MU+ k_ W,
oU = dAU — kMU + k_ W,

oW = dAU + kMU — k_ W, (0'4)
V = Vo, Ap=0.
with initial conditions
M(ZB, 0) = mo ($) )
U(xz,0) = A(x), (0.5)
W( ) O) = 0,
and boundary conditions
M(o,t) 0 onTy x[0,7],
(DVM — VM) -n(o,t) = 0 on I, x [0,77],
VU -n(o,t) = 0 on I' x [0, T, (0.6)
VW -n(o,t) = 0 on I x [0, T,
Vo -n(o,t) = a(o)A(t) onI' x [0,T]

Note that d should be much smaller than D because the proteins we are considering are around
10° times bigger than the calcium ions.

The main results of the calcium ion problem is that both models admit weak, positive
solutions and that there is a continuous link between both models. More precisely, we have the
following three results.

Theorem 0.1 For any T > 0 the reaction-diffusion system (0.1)-(0.3) has global unique weak
solutions M (x,t), U(x,t) and V (x,t) on Q x (0,T) with the following properties:
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1.

2.

M e L>®(Qx(0,T)) and 0 < M(x,t) < |[[molloc + k—1t]|Aloc a.e. in Q x (0,T).
M € L*>(0,T; H' (Q)) and

t
1M @)%+ D/O IV M(s)[2 ds < e [llmol® + k242]A]%] -

3. UeL>®(2x(0,T)) and 0 <U(x,t) < A(x) a.e. in Q x (0,7T).

4.

Ve L®(0,T; [L* ()]") and ||V | oo o,myz201) < Cllallool|lAlloo-

Theorem 0.2 For any T > 0 the reaction-diffusion system (0.4)-(0.6) is well-posed, i.e. it
has global unique weak solutions M (x,t), U(x,t), W(x,t) and V(x,t) on Q x (0,T) depending
continuously on the initial data. Moreover, we have the following properties:

1.

2.

M e L* (2 x(0,7)) and 0 < M(x,t) < ||molleo + k-1t]|A|lcc a.e. in Q x (0,T).

M € L>(0,T; H' (Q)) and
t
M (8)]1% + D/O eIV M (s)||* ds < e [[lmol|* + K2 1£]|A]P] -

UW e L*®(Qx(0,7)), they are non-negative and 0 < U(x,t) + W(x,t) < A(x) a.e. in
Q% (0,7).

.U W e L™ (O,T;H1 (Q)) and

t
TN+ 1w OI* + 2d/ i e (ITU(s)[? + VW (5)]2) ds < efo 5] ]2,
0

where c(t) = 2[k_1 + k1a(t)] and a(t) = ||mollcc + k—1t]|A]|co-
Ve L (0,T; [L* ()]") and |V |0z < Cllallsol| Alloo

Theorem 0.3 Ifd — 0 then the sequence (M%, U, W9, V%) of solutions of (0.4)-(0.6) converges
to the solution (M,U,W,V) of (0.1)-(0.3) in the following senses:

1.

M, U and W converge weakly in L? (O,T; L? (Q)) to M, U and W, respectively.

2. V¢ converges to V. weakly in L? (O,T; [L2 (Q)]n)

3.
4.

M?® converges strongly in L? (0, T; L? (Q)) to M.

U and W? converge weakly-x in L>(Q2 x (0,T)) to U and W, respectively.
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5. In the limit d =0 we have U(x,t) + W(x,t) = A(x) a.s. in Qx (0,T).
Finally, the solutions of both systems (0.1)-(0.3) and (0.4)-(0.6) are globally defined in time.

Theorem 0.4 Let M, U, W and 'V be solutions of either (0.1)-(0.3) or (0.4)-(0.6). Then:
1. M,U,W € L*> (0,00; L' (2)).

2. V € L™ (0,00; [L* (2)]").

Chapter 2. Viral infection and immune response

Starting from the assumption that cells and viruses diffuse and interact with each other moti-
vates the framework of a reaction-diffusion system for viruses, normal cells and infected cells. If
we add an immune response via antibodies then we should add as well a new type of cells that
become resistant to viruses when they get in contact with antibodies. Models of this kind are
important because of their potential applications in Cellular Biology and molecular transport,
and could shed a light towards new gene therapies.

Getto et al [24] constructed an Ordinary Differential Equation model for virus infection
of cells and immune response. The authors completely solved the model, and in particular
they found that in the limit the viruses and the non-infected cells cannot coexist. Motivated
by this result, we built up a reaction-diffusion model in order to study the spatial structure
and properties of the solutions. Since the boundary conditions we imposed are homogeneous
Neumann (i.e. no-flux), the problem is significantly easier than the one in Chapter 1 (calcium
ions), which allows a complete description of the asymptotic behaviour and stability of solutions.

We consider a model where virions (i.e. viral particles) v infect cells, but we add an immune
response from the organism via interferons ¢. There are 3 possible types of cells: wild-type
cells W that has not been in contact with virions, infected cells I that have been in contact
with virions, and resistant cells R that have been in contact with interferons. All five biological
particles are confined within a domain €2 with no-flux boundary conditions.

As in the calcium ion problem, we will consider two models. The first model is a reaction-
diffusion (RD) system, where we allow cells to diffuse:

OW = dAW —iW — oW,

Kl = dAI — pil +oW,
R = dAR+iW, (0.7)
Ov = dyAv — v + ol — agoW

Oyt = di A1 — i + oyl — agiW,
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with boundary conditions

VW -n(o,t) 0 onDx][0,T],
VI-n(o,t) = 0 onlx[0,T],
VR-n(o,t) = 0 onl x]0,7], (0.8)
Vv-n(o,t) = 0 onl x[0,T],
Vi-n(o,t) = 0 onI x][0,T],
and initial conditions
W(il?, O) = Wo(:B) N
I(wa O) = IO(w )
R(x,0) = Ry(x), (0.9)
v(x,0) = wvo(x).
i(x,0) = idp(x).

In the second model we consider that the cells do not diffuse at all. Therefore, we set d =0
and we thus obtain a hybrid model consisting of PDE equations for the interferons ¢ and virions
v and ODE equations for the three types of cells W, I, R:

atW = —W - UW,
8,5[ = —M[I + oW R
OR = W, (0.10)

O = dyAv — v + ol — agoW |
O = d; A1 — wit + ol — aziW,

with boundary conditions

{ Vo-n(o,t) = 0 onl x[0,7], (0.11)

Vi-n(o,t) = 0 onI x][0,T].

We prove that both the RD and the hybrid models are well-posed problems, i.e., they have
unique solutions which are non-negative, uniformly bounded, and depend continuously on the
initial data. We also prove that there is a “continuous link” between these two models.

Theorem 0.5 Fiz any T > 0. If the initial conditions (0.9) are non-negative a.e. and bounded
then the RD system (0.7)-(0.8) has unique weak solutions W (x,t), I(x,t), R(x,t), v(x,t) and
i(x,t) on Qx[0,T]. Moreover, these solutions are non-negative, uniformly bounded, and depend
continuously on the initial data.

Theorem 0.6 Fiz any T > 0. If the initial conditions (0.9) are non-negative a.e. and bounded
then the hybrid system (0.10)-(0.11) has unique weak solutions W (x,t), I(x,t), R(x,t), v(x,1)
and i(x,t) on Q x [0,T]. Moreover, these solutions are non-negative, bounded, and depend
continuously on the initial data.
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Theorem 0.7 If d — 0 then the solutions (W< I, R v i) of the RD system (0.7)-(0.8)
converge to the solution (W, 1, R,v,i) of the hybrid system (0.10)-(0.11), in the following sense:

o Strongly in L? (O,T; L? (Q))
o Weakly in L* (0, T; H' (2)).

o Weakly-x in L>°(Q x (0,T)).

So far we have (essentially) the same results we got for the calcium ion problem. However, the
viral infection problem is easier because the boundary conditions are Neumann homogeneous,
whilst for the calcium ions the boundary conditions were strongly coupled. This feature has
allowed us to study in detail the asymptotic behaviour of solutions.

Theorem 0.8

1. The solutions W, I, R,v,i of the RD system (0.7)-(0.8) are globally-defined and belong to
L>®(Q2 x (0,00)).

2. If W, I, R,v,i are non-negative, steady-state solutions of the RD system (0.7)-(0.8) then

W(x) Wy >0 constant,
I(x) = 0,

R(x) = Rp>0 constant,
v(iz) = 0,
i(x) = 0.

Theorem 0.9 IfW, I, R, v,i are non-negative, steady-state solutions of the hybrid system (0.10)-
(0.11) then

S
—~~
8 8
~— ~—
11l

~.
—~

8
~—

Il

Moreover, suppose that the initial conditions belong to L>°(2). Then the solutions of the hybrid
system (0.10)-(0.11) are globally-defined and have the following asymptotic properties:

1. I(z,t) belongs to L'(0,00; L3(R)), i.e.,

t
lim/ /12(m,s)d9ds<oo.
t—o0 0 Q
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2. v(z,t) and i(x,t) belong to L*(0,00; HY(Q)), i.e.,

t—o0

t
lim </ v (x, 5) dQ+/ |Vv(w,s)|2d§2> ds < o0,
0 Q Q

t
lim </ i%(x, 5) dQ+/ |Vi(1:,s)|2d§2> ds < .
t—oo Jo Q Q

3. v(z, t)W(x,t) and i(x,t)W (x,t) belong to L'(0,00; L1(2)), i.e

¢ ¢
lim / / v(x,s)W(x,s)dds < oo and lim / / i(x,s)W(x,s)dds < co.
0 JQ 0 JQ

t—o00 t—o00

4. For any x € Q,

lim I(x,t) =0, limv(x,t)=0, lim i(x,f)=0.

t—o0 t—o0 t—o0
5. For any x € Q, Wy(x) > 0 if and only if

lim W(a,t) > 0.

t—o00

Theorem 0.10 Consider the hybrid system (0.10)-(0.11) and suppose that p, = 0. Then:
1. If voo(x) is a steady-state solution then |Vus|| = 0.

2. Define
Voo () := limsup v(z, ).

t—o00

If a, > aqpur then

/Q Voo () A2 > / vo() d€2.

Q
In particular, if vg Z 0 then v Z 0.

Chapter 3. The effect of growth on pattern formation

The study of pattern formation lies in the possibility of predicting the generation of certain
patterns as a consequence of other factors, e.g. the strength of external stimuli and the concen-
tration and diffusion of certain molecules. In Chapter 3 we focus our attention on the effect of
growth in the existence and stability of patterns.

The study of pattern formation in reaction-diffusion systems started with the seminal paper
of Turing [66], where he showed that the diffusion, a process that has a regularising effect, can
drive instabilities when there are several substances interacting.
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The study of the effect of growth and curvature on pattern formation is however more re-
cent. In 1995 Kondo and Asai [38] reproduced numerically the skin patterns of a tropical fish
by adding growth to the classical reaction-diffusion system. In 1999 Crampin et al [15] showed
in 1D that the domain growth may increase the robustness of patterns. In 2004 Plaza et al [52]
derived a reaction-diffusion model for two morphogens on 1D and 2D growing, curved domains.
In 2007 Gjiorgjieva and Jacobsen [28] found that on a 2D sphere the solutions under slow growth
are very similar to the solutions of the 2001 model of Chaplain et al [13] on a fixed sphere. They
also showed numerically that the eigenmodes on the growing domain are smaller than those on
the corresponding fixed domain, and that there is a continuous link between both patterns.

In Chapter 3 we prove that growth has two effects: (i) a regularising, anti-blow-up effect
in the sense that growth not only delays the blow-up but it can even prevent it, and (ii) a
stabilising effect in the sense that the eigenvalues of the linearisation on a growing domain have
smaller real parts than those on a fixed domain.

Let M be an n-dimensional manifold without boundary and consider the reaction-diffusion
system
Dy
ou Dy

EZDAMU-FF(U), D= . , D >0, (0.12)

Dy
where A is the Laplace-Beltrami operator. Since we are interested in the effect of growth

on pattern formation, we will consider (0.12) on a growing domain (My)¢>o. In particular, for
isotropic growth we will assume that there is a growth function p(t) such that M, := p(t) M.

Our first result characterises generic reaction-diffusion systems on a growing manifold.

Theorem 0.11 Let (My)i>0 be a growing manifold with metric (gi;(€,t)). Under the hypotheses
of Fick’s law of diffusion and conservation of mass, any reaction-diffusion system on My has
the form

omu = DA, u— Oflog\/g(§, t)Ju+F(u), g:=det(gi;), (0.13)
where Ay, is he Laplace-Beltrami operator on My. In the case of isotropic growth we have
D A(t)
ou=——Apu—n—=su+F(u), 0.14
SN0 o0 E 040

where the coefficients of A do not depend on time.

We prove local existence, uniqueness and regularity of solutions of (0.14). Moreover, under
extra assumptions on the nonlinearity we prove that the solutions are global.

Theorem 0.12 There is a time T > 0 such that the reaction-diffusion system (0.14) with initial
condition ug € C [M,RM] has a unique solution

u(t) € € ([0,7],C [M,RM]).



tel-00666581, version 1 - 5 Feb 2012

xvi

Theorem 0.13 IfF : RM — RM js O then

u(t) € C® [M x (0,T],RM] .

Theorem 0.14 Let (My)i>0 be an isotropic growing manifold with growth rate

H(t
c(t) == n& >0.
p(t)
Suppose that the initial condition ugy of the reaction-diffusion system (3.4) is in C [M,]RM
and takes its values inside the rectangle R = (—1,1)™. Suppose further that for all (z,t) €
OR % [0,00) we have

F(z) -n(z) < c(t), (0.15)

where n(z) is the outer normal at z. Then the solution u(t) of (0.14) is global and bounded,
i.e. it exists for all times t > 0 and takes its values inside R. In particular, here is no blow-up
whenever (0.15) holds.

From Theorem 0.14, if the growth rate is sufficiently big to satisfy
c(t) > sup{||F(2)]| : z € IR}
then the solution is globally bounded, which implies that there is no blow-up. Notice that since
the growth rate ¢(t) is increasing in n, which implies that the dimension of the space enhances
the regularity of solutions.
We quantitatively asses this anti-blow-up effect of growth for scalar equations. For homo-

geneous equations we compare the corresponding ODE with and without growth. On the one
hand, the ODE on a fixed domain is

U= u?,
u(0) =ug >0,

u(t) = (ulo —t>_1 ,

which blows up when ¢t — t; := 1/ugp. On the other hand, the ODE on a growing domain is

whose solution is

U= —c(t)u + u?,
u(0) =up >0,

whose solution is

tge Lds \ 7
U(t):/o pg(s) X<u10_/0 pg(s)) ’
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which blows up at time ¢y, where 9 is defined as

/t2 a1
o P(t)  wo

It is easy to show that (i) t2 > t1 := 1/up, (i7) t1 and t2 are decreasing functions of the initial
condition wug, (ii) ty is an increasing function on the spatial dimension n, and (iv) if growth is
sufficiently fast, i.e. if the growth function p(t) satisfies

/OO dt <i
o PMt) T uo

then t9 = o0, i.e. there is no blow-up on the growing domain.

The same results hold for non-homogeneous scalar equations. Indeed, consider the scalar
reaction-diffusion equation

o = ——Apu—c(t)u+u?,
p

u(0.6) = uo(€)>0.
o) = [[ wtoa2. w0 = [[ wieanso.

it can be shown that .
n(t)>/td3 x(l —a/tds >_
~Jo p(s)  \n(0) o P(s))

In particular, for an exponential growth p(t) = €™ such that nr > an(0), i.e.

r> ’/:l’//MuO(S)dQ,

we have blow-up on the fixed manifold but not on the growing manifold.

If we define

Besides the anti-blow-up effect of growth, there is a second effect that we found: under
isotropic regimes, we proved that growth has a stabilizing effect on pattern formation, as the
next theorem shows.

Theorem 0.15 Let (My)o<i<T be an isotropic growing manifold with growth rate c(t). Define
S := M7 and notice that we will use the notation S for the fixed manifold and Mt for the final
stage of the growing manifold (My)o<i<r. Then X is an eigenvalue of the reaction-diffusion

operator on S,

D

if and only if X — ¢(T) is an eigenvalue of the corresponding operator on Mr,

D

Latr = g Baty = (T +dF(0).
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Theorem 3.5 says that when we compare the spectra of Ls and L, on the same manifold
S = Mr we obtain
spectrum (L, ) = spectrum(Ls) — ¢(T) .

Therefore, growth shifts the eigenvalues to the left in the complex plane, which is indeed a
stabilising effect since the real parts are smaller. Moreover, this shift is exactly the growth
rate ¢(T") > 0, which implies that the faster growth is, the more stable the patterns are. It
is important to remark that, as far as we know, Theorem 3.5 is the first analytic proof of the
stabilising effect of growth on pattern formation. It is worth to mention that the proof we
provide does not hold for the case of non-isotropic growth.

Chapter 4. Generalised travelling waves on manifolds

We extend the current definitions of travelling waves in Euclidean spaces to curved domains, i.e.
to manifolds. This extension permits a unified framework to study the emergence and stability
of patterns on manifolds, which is the main objective of Chapters 5, 6 and 7.

The study of travelling waves started in 1937 with the pioneering article of Kolmogorov
[37]. Later on, in 1977 Aronson and Weinberger [3] proved the existence of multi-dimensional
travelling waves, and in 1978 Fife and McLeod [20] proved that the travelling waves have an
exponential decay at infinity. However, for the planar travelling waves to exist it is necessary
to have an axis in the domain such that the equation is invariant under translations on that axis.

For non-planar travelling waves there are several approaches, but they could be divided
in two categories: equations with coefficients that are not invariant under translations (i.e. in-
homogeneous media) or domains that do not have an invariant direction (e.g. Euclidean domains
with holes). For the study of such generalised travelling waves we refer the reader to Berestycki
and Hamel [6], [7], [8] and Berestycki et al [9], .

Berestycki and Hamel [8] defined a generalised travelling wave in terms of their level sets,
which are no longer hyper-plans but hyper-surfaces. We realised that the definitions and prop-
erties of generalised travelling waves were easily extended to the case of curved domains, i.e.
manifolds. We adapted the existing proofs for on general Euclidean domains and found that all
the conclusions of Berestycki and Hamel [8] hold for complete, unbounded, Riemannian mani-
folds.

It is worth to mention that of these results are straightforward, e.g. maximum principles
and Harnack’s inequality, because they are local in nature. However, for global results such as
a priori estimates we need uniform bounds of the coefficients.

Let M be a complete, unbounded, Riemannian manifold and consider the reaction-diffusion
equation
{ Ou = DApu+ F(t,z,u); teR, ze M, (0.16)

u(0,z) = up(z) ; rEM.
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where Apq is the Laplace-Beltrami operator. The assumptions on the nonlinearity F(t,z,u)
are:

e Either F is C! and both F and 0, F are globally bounded, or
e Either F' is bounded, continuous in (¢, z) and locally Lipschitz continuous in u, uniformly

in (¢, ).

The goal of this project is to extend the notion of a travelling wave to manifolds. We start
with several definitions. For any two subsets A, B C M denote

d(A, B) :=inf{d(z,y) : x € A, y € B},
where d(-,-) is the geodesic distance.

Definition 0.1 A generalised profile is a family (Qfﬁ, ['y)ier of subsets of M with the follow-
ing properties:

1. Q; and Qf are non-empty disjoint subsets of M, for any t € R.

2. Ty =09, N0 and M =T, UQ; UQ, for any t € R,

3. sup{d(z,Ty) : te R,z €Q; } =sup{d(x,Ty) : tER, z € Q} = +o0

Suppose that there exist p~, p* € R such that F(¢,z,p*) = 0 for all t € R and all z € M.
Then u = pT are solutions of (0.16).

Definition 0.2 Let u(t,z) be a time-global classical solution of (4.1) such that w # p*. Then
u(z,t) is a generalized front between p~ and p* if there exists a generalized front (Qf,Ft)te]R
such that

lu(t, z) — p*| — 0 uniformly when z € QF and d(z,T;) — +oo.

Definition 0.3 Let u(t,x) be a generalized front. We say that p™ invades p~ or that u(t,z)
is a generalised invasion of p~ by p™ (resp. p~ invades p* or that u(t,x) is a generalised
invasion of p* by p~ ) if

(i) QF C QF (resp. Q7 € Q) for allt < s.

(ii) d(I't,T's) — +oo when |t —s| — +oo.

Definition 0.4 A generalised front u(t,z) has global mean speed ¢ > 0 if the generalised
profile (QQ—L, Iy, )ter is such that

d(T,Ty)

— ¢ when |t — s| — +oo.
|t — s
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For any z € M and any r > 0 define

B(z,r) = {yeM :d(x,y) <r},
S(z,r) = {yeM :dz,y)=r}.

We exhibit some properties of the level sets.

Theorem 0.16 Let p~ < pt and suppose that u(t,x) is a time-global solution of (0.16) such
that
p~ <u(t,r) <pt forall (t,r) € R x M.

1. Suppose u(t,z) is a generalised front between p~ and p™ (or between p* and p~ ) with the
following properties:
(a) There exists T > 0 such that sup{d(z,T;—;) : t e R, x € Ty } < 400, and
(b) sup{d(y,Ty) : y € Qifﬂ S(z,r)} — 400 when r — 400, uniformly int € R and
xz ely.
Then:

(i) sup{d(z,T;) : u(t,z) =X} < +oo forall X € (p~,pT).
(ii) p~ < inf{u(t,z) : d(z,T}) < C} <sup{u(t,z) : d(z,Ty) <C} <p* forall C >0.

2. Conversely, if (i) and (ii) hold for a certain generalised profile (QF, Ty, )ier and there
exists dg > 0 such that for all d > dy the sets

{(t,2) ERX M : 2 €QF, d(x,Ty) >d}

are connected, then u(t,x) is a generalised front between p~ and p* (or between p™ and

)

We prove that the global mean speed is unique and that generalised fronts are monotonic in
time.

Theorem 0.17 Let p~ < p' and suppose that u(t,z) is a generalised front between p~ and p*,
where its associated profile (U, Ty, )ier satisfies (b) in Theorem 0.16. If u(t,z) has a global
mean speed ¢ > 0 then it is independent of the generalised profile. In other words, if for any
other generalised profile (0, Ty, )ier satisfying (b) the generalised front u(t,x) has global mean
speed ¢, then ¢ = c.

Theorem 0.18 Monotonicity
Let p~ < p* and suppose F(t,z,u) satisfies the following conditions:
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(o) s+— F(s,x,u) is non-decreasing for all (x,u) € M x R.
(B) There exists § > 0 such that g — F(t,z,q) is non-increasing for all ¢ € R\ (p~ +6,pT —9).
Let u(t,z) be a generalised invasion of p~ by p* and assume (as in Theorem 0.16) that:
(a) There exists T > 0 such that sup{d(z,I';—;) : t e R, x € 'y } < 400, and
(b) sup{d(y,T) : y € Qifﬂ S(z,r)} — +o0 uniformly int € R and x € Ty when r — +o00.
Then:
1. p~ <u(t,z) <p* forall (t,z) € R x M.

2. u(t,z) is increasing in time, i.e. u(t +s,x) > u(t,x) for all s > 0.

Chapter 5. Travelling waves on the real line

As a first application of the concept of generalised travelling waves of Chapter 4, in Chapter
5 we study calcium waves on spherical eggs. We assume that the waves depend only on the
horizontal angle. When we project the waves on the real line we pass from a reaction diffusion
equation with constant coefficients on a curved domain to a reaction-diffusion equation with
non-constant coefficients on a 1D Euclidean domain. The two striking features of the travelling
waves on the real line are (i) the existence of non-trivial steady-state solutions, and (ii) the
travelling wave does not invade the whole domain (as it does in the classical 1D case) but it is
blocked by the non-trivial steady-state solution. Therefore, the curvature of the sphere plays a
crucial role in the properties of the travelling wave.

Gilkey et al [25] studied calcium waves on the eggs of amphibians, which are pretty spher-
ical. They found that the waves seem to be invariant under rotations around the vertical axis,
and that the velocity of the waves is bigger on the northern hemisphere than on the southern one.

Murray [49] constructed a classical reaction-diffusion equation on the sphere in order to model
these calcium waves. However, he found that the model gave the opposite result, namely that the
theoretical velocity is smaller in the northern hemisphere than in the southern one. Therefore,
the parabolic equation model was discarded and the research on calcium waves turned towards
more complex models (e.g. mechano-chemical models based on both parabolic and hyperbolic
equations).

However, we found that the conclusions of Murray seem to be wrong. Projecting the equation
on the whole real line and truncating the coefficients in order to avoid the singularity of the
north and south poles (which are of both mathematical and biological nature), we reproduced
the conclusions of Gilkey et al [25], and as such we find the opposite of Murray’s results [49].
Moreover, we also proved that there are two waves, one travelling from the north to the south
pole and the other in the opposite sense, and that these travelling waves eventually block each
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other, giving rise to non-trivial solutions to the associated elliptic equation. This is an example
of generalised travelling waves on the real line, whose velocity of propagation is not constant.

On the unit sphere S? € R3 we consider the reaction-diffusion equation
Ou — Ageu = f(u), (0.17)
where Ag> denotes the Laplace-Beltrami operator and s +— f(s) is a bistable nonlinearity, i.e.
e f(0)=0and f'(0) <O0.
e f(1)=0and f'(1) <O0.

e There exists a € (0,1) such that f(a) = 0, f'(a) > 0, f(s) < 0 for any s € (0,«) and
f(s) >0 for any s € (a, 1).

If we restrict our analysis to the class of solutions that are independent of the horizontal angle
¢ then (0.17) takes the form

Opu — Oggu — coth pu = f(u), (t,0) € R x (0,7). (0.18)
Under the change of variables x = cotf we obtain an equation on the whole real line,
O — (14 22)20u — (1 + 22)0pu = f(u), (t,z) € R%. (0.19)

Notice that the north and south poles (fo00, resp.) are mathematical and biological singularities.
Mathematical singularities because the parametrisation is not bijective on the poles and the
coefficients explode, and biological singularities because the underlying biochemical mechanism
that triggers the calcium waves is still unknown. Therefore, we will restrict our analysis to a
truncated version of (0.19), i.e.

O — a(2)Opeu — b(x)0pu = f(u), (t,z) € R (0.20)
where -
_f 4= iffz] <p,
al@) = { (L+p%)? if o] > p,
—p(1+p%) ifz<—p,
b(z) =< z(1+2?) if |z| < p,
p(1+ p?) if x > p.

For the truncated model (0.20) we have the following four results.

Proposition 0.19 Let (p,cp) be the unique solution of

" —cop' + flp) =0, lim ¢(z) =0, lim ¢(z)=1. (0.21)

Z——00 z——+00
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1. There is a unique (up to translation) travelling wave solution

T+ cnt 9
= = + 1+
PN <P< 1+ p2 > ,en = (co+ p)( p°)

for the equation on the north pole, i.e.
Oy — (14 p*)20eu — p(1 + p?)0pu = f(u). (0.22)

2. There is a unique (up to translation) travelling wave solution

T + cgt 9
= = —p)(1+
ps <P< 1 PQ > , s = (co—p)( r)

for the equation on the south pole, i.e.
O — (1 + p»)20p0u + p(1 4 p?)0pu = F(u). (0.23)

In particular, cy > cg.

Theorem 0.20 Suppose that f(s) is a bistable Lipschitz nonlinearity and let ¢y > 0. Then
there exists 3 > 0 such that the reaction-diffusion equation (0.20) has a unique global solution
u(t, x) satisfying

0<u(t,r) <1 VY(tz)ecR?

and

t
u(t,z) — ¢ (m) ‘ = 0(e’)  when t— —oo, uniformly in z € R.

Mt@_¢<x+qw>

1+ p?
Furthermore, t — u(t,x) is non-decreasing, and if the initial condition ug(zx) is non-decreasing
then x +— u(t,x) is also non-decreasing.

In particular,

lim
t——o00

=0 uniformly in z € R.

Theorem 0.21 Let f(s) be a bistable Lipschitz nonlinearity, and suppose that p is sufficiently
large such that cs < 0. Then there exists > 0 such that the reaction-diffusion equation (0.20)
has a unique global solution v(t,x) satisfying

0<wv(t,z) <1 V(tx)ecR?

and
T+ cst

1+ p?

u@@—¢<

> ‘ = O(e”") when t— —oo, uniformly in z € R.

In particular,
T+ cst

U(t’x)_¢<1+p2

Furthermore, t — v(t,x) is non-increasing, and if the initial condition vo(z) is non-decreasing
then x — v(t, x) is non-decreasing.

lim
t——00

) ’ =0 uniformly in z € R.
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Theorem 0.22 If we define

Uso(T) 1= tEJrgloou(t,a:), Voo (T) 1= tggloov(t,m).

then oo (x) and veo(x) are steady-state solutions of (0.20) satisfying

0 < ult,r) < uoo(z) < voolx) <wv(t,x) <1 V(tz) € R

Chapter 6. Travelling waves on the sphere

Unlike Chapter 5, where we passed from a homogeneous reaction-diffusion equation on a curved
domain to a non-homogeneous reaction-diffusion equation on an Euclidean domain, in Chapter
6 we work directly on the sphere and analyse the properties of generalised travelling waves. We
consider here a reaction-diffusion equation with bistable nonlinearity on two domains, a trun-
cated sphere with non-homogeneous Dirichlet boundary conditions and the whole sphere with
no boundary conditions.

On the truncated sphere we prove that (i) if the nonlinearity is strong enough there are
non-trivial solutions of the elliptic problem, (i7) there is a nontrivial solution of the parabolic
problem that is strictly increasing in time, i.e. a generalised travelling wave, and (7i7) the trav-
elling wave is blocked by the non-trivial elliptic solution. On the whole sphere we prove that (7)
there are non-trivial solutions of the elliptic problem and (ii) depending on the initial conditions,
the solution u(¢,z) can converge or not to the stable states 0 and 1. In particular, when the
solution does not converge to 0 or 1 the wave does not invade the whole sphere, it does not
vanish and if it converges then its convergence is non-monotonic.

Our results on both domains are evidence of solutions that do not invade the whole domain.
Whether there is invasion or not depends on the geometry of the sphere, the strength of the
nonlinearity (measured in terms of \) and the initial conditions.

Travelling waves on the truncated sphere

Let § € (0,7). We define the truncated sphere as
M={z=00,0)eS?:6<0<m, 0<p<2n}, OM={0=75},

i.e. M is the sphere minus a symmetrical neighbourhood of the north pole of vertical angle
0 > 0. On M we will study the nonlinear elliptic equation

{ —Au = Af(u) on M, (0.24)

u=1 on oM,
where A > 0 and f is bistable, i.e.

e f(0)=0and f'(0) < 0.
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e f(1)=0and f'(1) <0.

e There exists a € (0,1) such that f(a) = 0, f'(a) > 0, f(s) < 0 for any s € (0,«) and
f(s) >0 for any s € (a, 1).

e We extend f on R\ [0, 1] in a C}, fashion. More precisely, we will assume that there exist
01 < 0 and (B2 > 1 such that :

— f(s)=0for s € R\ (b1, fa).
— f(s) >0 for s € (41,0].

— f(s) <0 for s € (1, 3].

Equation (0.24) is the Euler-Lagrange equation of the functional

1

Ii(u) = 3 /M \Vu|? do — )\/M Fu)dx, F(z):= /OZ f(s)ds, (0.25)

defined on
{ue H' (M) : u=1 on OM}.

It is worth to notice that F'(0) =0,

1
F(1) = / f(s)ds
0
and the only constant solution of (0.24) on [0,1] is u = 1.
In order to have a problem defined on HJ (M) we use the following change of variables:
wi=1—u, g(s)=—f(1-s).

Under this framework, equation (0.24) becomes

(0.26)

—Aw = Ag(w) on M,
w=0 on JdM,

where g is bistable and share the same properties of f, except that its zero on (0,1) is 1 — .
The associated functional is

I\(w) = ;/M \Vwl|? dx — )\/M Gw)dr, G(z):= /OZ g(s)ds. (0.27)

Notice that G(0) =0, G(1) = —F(1) and the only constant solution of (0.26) on [0, 1] is u = 0.

If the non-linearity is too weak, i.e. if the parameter A > 0 is small enough, we prove that
the only solution of (0.26) is the trivial solution w = 0.

Theorem 0.23 There exists A > 0 such that for any A < A the only solution of (0.26) is w = 0.



tel-00666581, version 1 - 5 Feb 2012

XXVi

Moreover, if the nonlinearity g(s) does not have the good orientation, that is if its integral
on [0, 1] is non-positive, then w = 0 is a global minimum.

Theorem 0.24 If G(1) <0 and A > 0 then w = 0 is the unique global minimum of (0.27).

If the non-linearity is strong enough, i.e. if A > 0 is sufficiently big, we show that we have
non-trivial solutions of (0.26).

Theorem 0.25 If G(1) > 0 there exists \* > 0 such that for any X > \* we have at least one
non-trivial solution of (0.26).

Theorem 0.25 is proven using variational techniques, but using topological techniques e.g.
degree theory we can prove that we have at least two different, non-trivial solutions of the elliptic
problem (0.26). Therefore, the non-trivial solutions of (0.26) come in pairs.

Theorem 0.26 If G(1) > 0 then for any A > N we have a pair of distinct, non-trivial solutions
of (0.26).

Theorem 0.27 Let X\ and A\ be as in Theorems 0.25 and 0.26, respectively. Then No= )\

From Theorems 0.25 - 0.27 it follows that A\* is a pitchfork bifurcation point for the elliptic
problem (0.26) because, if there exists one non-trivial solution then there is a second, different
non-trivial solution. More precisely, choosing

A” = inf{\A >0 : (0.26) has a non-trivial solution}

then for A < A’ the only solution is w = 0 whilst for A > A\’ we have two distinct, non-trivial
solutions.

Having proven the existence of a non-trivial solution of the elliptic problem (0.26), we can
now prove that there is a time-increasing solution of

Ou = Au~+ Af(u) in (0,00) X M,
u=1 on (0,00) X IM, (0.28)
uw(0,z) =0 forall z € M,

i.e. a generalised travelling wave, and that this wave is blocked by the non-trivial solution.

Theorem 0.28 There is a non-trivial solution u(t,x) of (0.28) such that t — wu(t,z) is strictly
increasing, 0 < u(t,z) < u*(z) for all t > 0 and

lim u(t,z) < u*(x) Vee M.

t—o0
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Travelling waves on the whole sphere

Consider the elliptic nonlinear equation
—Au=\f(u) onSYN c RVNTL (0.29)

where f € C'(R) is the same bistable nonlinearity as in the truncated sphere model. As before,
we define

F(z) = /Ozf(s) ds.

The first result is the same as before:

Theorem 0.29 There ezists A > 0 such that for any A < A the only solutions of (6.18) are
constant.

Definition 0.5 Let u be a solution of (6.18). We say that u is stable if
/ {IVw* = M (w)w?} dz >0 Ywe H'(SY). (0.30)
SN

Property (6.22) is equivalent to say that the first eigenvalue uq(u) of the operator
w— —Aw — \f'(u)w

satisfies 1 (u) > 0.

Theorem 0.30 Let u be a solution of (0.29). If u is stable then it is constant.

From Theorem 0.30, if u is a non-trivial solution of (6.18) then w is necessarily unstable and
{zeSYN : fllu(z) >0} #0.

Theorem 0.30 has been proven by Casten and Holland [12] and Matano [46] in the case of an
Euclidean convex domain with homogeneous Neumann boundary conditions. As far as we know,
Theorem 6.8 is a new result on manifolds.

Theorem 0.31 There exists X > 0 such that for any A > X\° we have at least one non-trivial
solution u*(x) of (6.18) such that 0 < u* < 1.

We have proved that on the whole sphere SV there exists A.(= \) such that for any A € (0, \,)
the only solutions of (6.18) are constant, and that there exists A\*(= A?) such that for any
A € (A*,00) there is a non-trivial solutions of (6.18). We conjecture that A, = A* and that this
is true for any compact, connected, smooth manifold without boundary.

Conjecture 0.32 Let M be a compact, connected, smooth manifold without boundary. Then

A(M) = A(M), ie.
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e There is bifurcation on the elliptic nonlinear eigenvalue problem
—Apu = Af(u)
starting at (A, u) = (A, 0),
e for any A\ < A, the only solutions are trivial (i.e. constant), and

e for any X\ > A, we have non-trivial solutions.

In the following chapter we prove Conjecture 0.32 when M = S! and for a bifurcation starting at
the trivial solution © = a. However, the general case of a compact, connected, smooth manifold
M without boundary is an open problem.

We will show that, depending on the initial conditions, the solution wu(¢,x) can converge or
not to 0 or 1. In particular, when the solution does not converge to 0 or 1 we have that (i) this
solution cannot invade the whole sphere, (i7) it does not vanish, and (4i7) if it converges then its
convergence is non-monotonic.

For any p € (0, 7) define
Alp) ={z=(p,0) €SN : 0<p<2m, 0<0<p}.

Let u(p,t,x) be a solution of the problem

Ou = Au+ Af(u) in (0,00) X SN, 01
u(p,0,z) =0 for all z € SV, .
where
_ [ 1 ifzeAlp),
uolp, @) = { 0 ifzeSV\ A(p). (0.32)

Theorem 0.33 1. If p~ 0 then
lim u(p,t,z) =0.
t—o0

2. If p~m then
lim u(p,t,x) =1.
t—o00
3. There exists p € (0,7) such that u(p,t,x) does not converge to 0 or 1. If u(p,t,z) converges
to a (necessarily untable) solution then its convergence is non-monotonic.

As a final result, we found that the case of a monostable nonlinearity f is much simpler
compared to the bistable case. Indeed, not only we always have invasion but also the global
solution just depends on time, i.e. it is independent of the space variables.
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Let f:[0,1] — R be a C* function such that f(0) = f(1) =0, f > 0 on (0,1) and f'(0) > 0.
Denote t — &(t) the unique solution of

Et)=f(E@1), 0< &) <1 forallt e R and £(0) = %

The function ¢ is increasing and {(—o0) = 0, {(+00) = 1. Let M be a connected compact
smooth manifold without boundary (e.g. S) and denote A be the Laplace-Beltrami operator
on M.

Theorem 0.34 If u is a solution of
Ou = Apu+ f(u) in Rx M

such that 0 < u(t,x) < 1 for all (t,z) € R x M, then u depends only on t. More precisely, we
have either u = 0, uw = 1 or there exists T € R such that u(t,x) = {(t+T) for all (t,z) € Rx M.

Chapter 7. Bifurcation and multiple periodic solutions on the
sphere

In Chapter 6 we saw how the analysis of non-trivial steady-state solutions, in particular via
topological degree, is determinant of the properties of the generalised travelling waves. In this
chapter we will study in more detail the solutions of the elliptic nonlinear eigenvalue problem

—Agvu = Af(u) on SV, (0.33)

We will show that the problem admits multiple non-trivial solutions, whose number is increas-
ing in the parameter A > 0, and each time we cross an eigenvalue pj; there appears a new
non-trivial solution. If A\ € (g, px11), we prove the existence of 2k non-trivial solutions in S!
and k non-trivial solutions on S, the latter depending only on the vertical angle, i.e. invariant
under horizontal rotations. We also prove Conjecture 6.12 for the 1D case (i.e. S!), but the
N-dimensional case, N > 2 it is still an open problem.

As in Chapter 6, f(s) is a globally-bounded bistable nonlinearity with unstable state o €
(0,1). However, f is no longer C* because here we extend f to R\ [0,1] as zero. As before we
define

Fe) = [ 16,

Case N = 1. Solutions on the circle
For the case N =1, (0.33) reduces to the nonlinear ODE
—u” = Af(u),

3 (0.34)
u'(0) = 0.

£
—~

(=}
SN—

I
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Theorem 0.35 There ezist periodic solutions of (0.34) if and only if £ € (0,a) U («, 3), where
B := F~1(0). Moreover, the periodic solutions come in pairs: if u1(6) is a T-periodic solution
then there exist another T-periodic solution ug(6) such that uy # ug and

lu1llcogo,r) = lluallcogo,r) -

Finally, there exists A\g > 0 such that (0.34) admits 2m-periodic solutions if and only if A > A.

We can now return to Conjecture 6.12 and prove it for S! and for the trivial solution v = a.

Theorem 0.36 Let M be a compact, connected, smooth manifold without boundary and con-
sider the problem

—Apu = Af(u) on M. (0.35)
Define
Ac(M) = sup{\ > 0 : the only solutions of (7.7) are constant},
A*(M) = inf{\ > 0 : there are non-trivial solutions of (7.7)}.

If M =St then \.(S') = X\*(SY) and there is a bifurcation branch starting at (A, ).

We complete the bifurcation analysis with the following theorem.

Theorem 0.37 Let {pi}ren be the eigenvalues of (0.34), i.e.
]{72
= —— -
f'(a)

For any \ € (pg, px+1) we have at least 2k different non-trivial, 2m-periodic solutions of (0.34).

Case N > 2. Axis-symmetric solutions on the sphere

We parametrise SV as (6, ), where § € (0,7) is the vertical angle and ¢ € SV~! are the
horizontal angles. If we search for solutions of (0.33) depending only on # andindependent of ¢,
(0.33) reduces to the nonlinear ODE

” cosd

—u"—(N-1) u' = \f(u), (0.36)

sin @

with initial conditions

{6

By studying the properties of the solutions of (0.36) we can deduce the existence of multiple
axis-symmetric solutions of (0.33).
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Theorem 0.38 Let {py}ren be the eigenvalues of (0.33), i.e.
k(k+ N — 1)
fla)
For any A € (uk, pr+1) there are at least k different non-trivial solutions of the ODE (7.13),

i.e. k non-trivial solutions of the nonlinear eigenvalue problem (7.11) that are invariant under
horizontal rotations ¢ € SN71.

M =



xxxii
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Chapter 1

[ ] [ ] [ ] [ ] [ ] [ ]
Calcium ions in dendritic spines
Work in collaboration with Kamel Hamdache. Published in Nonlinear Analysis: Real World
Applications, Volume 10, Issue 4, August 2009.

As it was pointed out by D. Holecman and Z. Schuss in Modeling calcium dynamics in dendritic
spines (SIAM J. Appl. Math. 2005, Vol. 65, No. 3, pp. 1006-1026), the concentration of
calcium ions inside the dendritic spines plays a crucial role in the synaptic plasticity, and in
consequence in cognitive processes like learning and memory. The goal of this paper is to study
the reaction-diffusion model of calcium dynamics in dendritic spines proposed by Holcman and
Schuss. We start from the construction of the model of Holcman and Schuss and propose a
modification in order to admit more realistic biological assumptions supported by experimental
evidence but still mathematically solvable. We show that the dynamics of the calcium ions
and the proteins interacting with them follows a system of coupled nonlinear reaction-diffusion
equations, which is degenerate elliptic if the proteins are considered fixed, and strongly elliptic
if they diffuse with a diffusion coefficient d > 0. In the first case we prove a priori estimates,
global existence, global uniqueness and positivity of solutions, whereas in the second case we
prove not only the same features but also that the problem is well-posed. Moreover, we show
that there is a “continuous” link between the two problems in the sense that the solutions of
the problem with d > 0 converge to the solutions of the problem with d = 0.

1.1 Introduction

1.1.1 Dendritic spines

Dendritic spines are tiny bud-like extensions or protrusions on the dendrites with small bulbous
heads and narrow necks. They have lengths around 1 gm and volumes around 0.2 ym?. They
are ubiquitous because, on the one hand, 90% of excitatory synapses occur in dendritic spines,
and on the other hand there are more than 10 dendritic spines inside the brain. We also
find actin microfilaments, endoplasmic reticulum and polyribosomes inside the head, but other
structures like mitochondria and microtubules appear to be excluded (see Nimchinsky et al [50]).

Synapses take place on the surface of the spine head where several specialized microstruc-
tures can be found, e.g. neuro-receptors and ion channels. Inside the head of the spine there are

3
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several molecules related to the intricate biochemical machinery that codifies the information
from the pre-synaptic neuron, and eventually, emits a electric potential that flows through the
post-synaptic neuron and transmits the excitatory or inhibitory information to another neuron.
This means that the former post-synaptic neuron have become pre-synaptic, and the process
repeats itself until the signal reaches the target neuron.

As we can see, dendritic spines are at the very basis of the information exchange inside the
neural system.

1.1.2 The role of Ca*" in spine twitching and synaptic plasticity

One of the main questions addressed by Holcman and his colaborators in [33] and [34] was to
understand the spine twitching and the synaptic plasticity in terms of the binding reactions be-
tween the Ca?T ions and some proteins inside the spine. They attributed the twitching motion
of the spine to the contraction of actin-myosin AM proteins in the following way. They consid-
ered that once an AM protein has four Ca?t ions bound there occurs a local contraction of the
AM, and that all local contractions at a given time produces a global contraction of the spine,
which has two consequences: first, it is responsible for the rapid twitching motion of the spine,
and second, it produces a hydrodynamical movement of the cytoplasmic fluid in the direction
of the dendrite. This motion is thus responsible of the transport of the ions, not only Ca?* but
also Na*, into the neuron, which constitutes the electric potential we mentioned in Section 1.1.1.

Holcman et al [33] also mention that a protein with four Ca®" ions bound contracts at a
fixed rate until one Ca?* ion unbinds. The contraction due to Ca?* binding also appears in
the works of Farah et al [19], Klee et al [36] and Shiftman et al [59], but in all three cases the
proteins suffer a conformational change each time a Ca’*t ion binds, and not only when they
have four Ca?t ions. We will consider this experimental evidence for the new model we will
propose.

The synaptic plasticity is defined as changes in the synaptic strength, i.e. in the intensity
of the signal transmission between two neurons. These changes can be short-term if they occur
in the range of milliseconds or minutes, or long-term if their duration is measured in hours,
days, weeks or longer. The long-lasting changes in synapses are related to cognitive processes
like learning and memory. These changes are divided in two: Long-Term Potentiation (LTP),
if there is an increase in the synaptic strength, or Long-Term Depression (LTD), if there is a
decrease in the synaptic strength. The major determinant of whether LTP or LTD appears
seems to be the amount of Ca?* in the post-synaptic cell: small rises in Ca’*t lead to depres-
sion, whereas large increases trigger potentiation (see Purves et al [54], Chapter 24, pp. 575-610).

As we can see, Ca’" ions inside the dendritic spine play a crucial role in the twitching motion
and synaptic plasticity, and therefore in cognitive processes like learning and memory.
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1.1.3 The original model

The mathematical modeling of calcium dynamics related to neuroscience is a vast topic. Since
we will only mention the nonlinear reaction-diffusion model proposed by Holcman and Schuss
[34], we recommend [62] for discussions of the different models for calcium dynamics in neurons.

Following Holcman and Schuss [34] we will consider that the Ca?' ions have a dynamics
governed by the Langevin equation

&(t) = V(x,t) + V2Dw(t). (1.1)

where w(t) is a Brownian motion that represents the thermal fluctuations of the medium, V' (x, t)
is the cytoplasmic flow field and D is the diffusion coefficient

_ kgT
=

D

with kp the Boltzmann constant, T the temperature, m the mass and p the dynamic viscosity.
The Langevin equation (1.1) has a solution x(t) if V(x,t) is Lipschitz and satisfy the growth
condition (see Pksendal [51], Theorem 5.2.1, p. 68)

V(e t)] <C(1+|z) .

In order to pass from this microscopic description to a macroscopic level we will not be concerned
on the dynamics of each Ca?" ion &(t) but rather on the concentration of the Ca?" ions, which
we will denote M (x,t). When normalized, M (x,t) can be seen as the probability density of the
Ca?" ions of the diffusion (1.1), and in consequence it solves solves the Fokker-Planck equation

M (x,t) =V - [DVM(x,t) — V(x,t)M(x,t)] (1.2)
associated to the diffusion (1.1).

Holeman and Schuss [34] also suppose, as we will do, that there are no obstacles inside the
dendritic spine, like organelles and macromolecules. However, it is important to remark that
this is only a simplification of the model and not a biological fact because dendritic spines do
have organelles, as we mentioned in Section 1.1.1.

In the model of Holeman and Schuss [34] there is a reaction term that takes into account the
binding and unbinding processes (i.e. the association and dissociation processes) between the
calcium ions Ca?" and some fixed proteins inside the spine like calmodulin CaM, actin-myosin
AM and calcineurin. These proteins can carry up to four Ca?t ions. Since we want to keep
track of the number of free and bound ions at any time and position, we need to classify the
proteins in terms of the number of bound ions.

Define S/ = S%(x,t) for j = 0,1,2,3,4, as the number of proteins containing j bound ions
(note that we are not making any distinction between CaM, AM and calcineurin). A protein
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SJ can gain or lose one ion at a time with a constant reaction rate ki or k_i, respectively.
Therefore, the chemical description of S7 is

Siml = 51 = gitt (1.3)
ko kg

The Law of Mass Action states that the rate of a reaction is proportional to the product of
the concentrations of the reactants. If we take into account that S7 has j occupied binding sites
and 4 — j free binding sites, and on each one the four reactions given in (1.3) we use the Law of
Mass Action, it follows that the dynamics of S7 is given by

Cf; =B M [(5— )" — (4= )8 ] — k4[58 — (j+ 1) ] (14)

Now let 2 be the interior of the dendrite, which we will suppose to be a bounded open set in
R? or R? with a piecewise smooth Lipschitz boundary. Define I' := 02 and consider a partition
I' =T, Ul with I'; the “absorbing” part of the boundary and I', the “reflecting” part. On
[, the ions M (x,t) leave the spine and they never return, which is expressed mathematically
as a zero boundary condition. I'y has two components, Ca?t pumps at the spine head and the
bottom of the spine neck (where the ions enter the dendrite). On I, the ions M (x,t) cannot
leave the spine, i.e. if they hit the boundary they rebound, which is modelled as no flux boundary
conditions.

ion channels

dendrite

Figure 1.1: Dendritic spine. We denote ) the interior of the spine, I' its surface, T', the absorbing
boundary and I',. the reflecting boundary.

In the light of equations (1.2) and (1.3), the reaction-diffusion model of Holcman and Schuss
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[34] is

OM = V-[DVM—VM|—kM [z§:0(4 - j)SJ} ko [Z?zojSﬂ} ,
S = EM[(5—4)S  —(4—35)8] — ki[5S — (j +1)S7], (1.5)
V = V¢, Ap=0,

where, by convention S~!(x,t) = S°(x,t) = 0. The third equation in (1.5) implies that we
suppose the cytoplasm flux V is incompressible and it is the gradient of a potential function ¢.

The initial conditions for the system (1.5) are
1 ,
M(zx,0) = mg(x) >0; S°x,0) = ZA(SC) >0, S(x,0)=0 forj=1,2,34, (1.6)

whereas the boundary conditions are

M(o,t) = 0 on T, x [0,7T],
(DVM — VM) -n(o,t) = 0 on T, x[0,77], (1.7)
Vo-n(o,t) = a(o)A(t) on I' x [0, T,

where n(o,t) is the outer normal of I, a(o) is given, and A(t) is related to the total number
proteins with all four Ca?" ions bound, i.e. on S*.

1.2 The modified model and main results

1.2.1 New variables

From the system (1.5) we observe that the important variables for the description of the dynamics
for M(x,t) are not the proteins S7(x,t) but the quantities

4 4
=> (A=) (z,t), Wt)=) jS(m,1). (1.8)
j=0 Jj=0

Note that U(x,t) is the total number of free binding sites about @ at time ¢, and W (x,t) is the
total number of occupied binding sites. This change of variables not only simplifies the notation
but also reduces the system (1.5) to a new system on the variables (M,U, W). Indeed, if we
develop the equations S7(z,t) in the system (1.5) it follows that

98" = kM[0—4S°] —k_1[0—1S"],
St = kM[4S8° 38" —k_i[18" —257],
9S? = kM[3S'—25%] —k_1[25% - 35°],
S? = kM[2S% - 151] k_1[35% —45%],
St = kM[1S'—0] —k_1[48*—0].
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Multiplying the j-th equation by (4 — j) and adding them up we obtain

o0U = k1 MU + k_ W . (1.9)
Analogously, multiplying by j and adding up we get

oW =kiMU — k_{W . (1.10)
In the variables U and W the equation for M (x,t) takes the form

M =V - [DVM — VM] — kMU + k_1W . (1.11)

1.2.2 Modeling the twitching motion of the spine

In Section 1.1.2 we mentioned that each time a Ca?T ion binds to a protein this latter suffers a
contraction, and that the addition of all these local contractions have two effects: the twitching
of the spine and changes in the cytoplasmic flow field V' (x,t). In order to take into account
both effects we will assume that the spine movement depends on the cytoplasmic velocity at the
spine surface I', and that this value depends on the total number of Ca?* ions that are bound
to the proteins. More precisely, if we define

A(t) = /QW(:B, 1dQ, (1.12)

which is the total number of occupied binding sites at time ¢, then our assumption is that the
spine surface I' moves with velocity V' - n proportional to A(t).

It is worth to mention that Holcman and Schuss [34] supposed that the contraction of a
protein takes place only if it has four Ca®* ions bound, which implies that

At) = /QS4(m,t) Q. (1.13)

However, as we have already mentioned Section 1.1.2, assuming (1.12) instead of (1.13) is bio-
logically more accurate.

Following Holcman and Schuss [34] we will also suppose that there exists a potential ¢(x,t)
such that V' = V¢, whose dynamics is given by the equation

Agp(xz,t) = 0 on Q x [0,7T], (1.14)
V¢ -n(o,t) = a(o)A(t) onT x[0,T]. '
where a(o) € L*°(I") is given, together with the orthogonality condition
/ 6(x,1) dQ = 0 (1.15)
Q

and the compatibility condition

/a(a,t) ds =0. (1.16)
r



tel-00666581, version 1 - 5 Feb 2012

Chapter 1. Calcium ions in dendritic spines
Work in collaboration with Kamel Hamdache. Published in Nonlinear Analysis: Real World
Applications, Volume 10, Issue 4, August 2009. 9

For a fixed ¢ > 0 the problem (1.14) is the Laplace equation with Neumann boundary
conditions; therefore the solution ¢ exists, and is unique due to the orthogonality condition
(1.15). Moreover, using integration by parts and Poincaré’s inequality it can be shown that
there is a constant C' > 0 such that

IVO)lizzy < CIWEI forall t € 0,7), (1.17)

where || - || denotes the norm in L2((2).

1.2.3 The modified model
Observe that (1.9) and (1.10) imply that for all times

4
Uz, t) + W(z,t) =4) S (x,0) = A(z),
7=0

so we can reduce further the system (1.9)-(1.11) to

M = V-[DVM —VM] - kMU + k_1[A— U],
oUu = —k‘lMU—f-k‘_l[A—U], (1.18)
V = Ve, Ap=0.

with initial conditions

U0 = At 19

and boundary conditions

M(o,t) = 0 on Ty, x [0,7T],
(DVM — VM) -n(o,t) = 0 on T, x [0,7], (1.20)
Vo -n(o,t) = a(o)A(t) on I' x [0, 7.

There is an important issue we want to remark. So far we have considered that the proteins
were fixed in the cytoplasm, but this is not true in the real biological situation. In order to
take into account the motion of the proteins we can suppose that they diffuse with a constant
diffusion coefficient d > 0 and that they cannot leave the spine. Under these assumptions, the
model (1.18)-(1.20) with diffusive proteins takes the form

OM = V-[DVM—VM]—kMU+k W,
U = dAU — kMU + kW ,

oW = dAW + kMU — kW, (1.21)
V = Vo, Ap=0.
with initial conditions
M(z,0) = mo(z),
U(x,0) = A(z), (1.22)
W(x,0) = 0,
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and boundary conditions

M(o,t) = 0 onT'y x [0,7T],
(DVM — VM) -n(o,t) = 0 on I, x [0,T7],
VU -n(o,t) = 0 on I x [0, T, (1.23)
VW -n(o,t) = 0 on I' x [0, T,
Vo -n(o,t) = a(o)A(t) onI'x [0,T]

Note that d should be much smaller than D because the proteins we are considering are around
108 times bigger than the calcium ions.

1.2.4 Main results

From now on we will always assume the following hypotheses:

mo(x) € L>®(Q), mo(x) >0 a.e. in Q,
Alx) € L>*(Q), A(x) >0 ae. inQ, (1.24)
a(o) € L*(T), [pa(o)dS=0.

For the model with fixed proteins (1.18)-(1.20) we prove global existence, global uniqueness,
boundedness and positivity of solutions.

Theorem 1.1 For any T > 0 the reaction-diffusion system (1.18)-(1.20) has global unique weak
solutions M (x,t), U(x,t) and V (x,t) on Q x (0,T) with the following properties:

1. M e L®(Qx (0,T)) and 0 < M(,t) < |[mol|oc + k-1t Al a-e. in Q x (0,T).
2. M € L* (0,T; H' (Q)) and

t
1M ()] + D/O IV M(s)[* ds < e [Jlmol® + k242]A]%] -

3. UeL>®(2x(0,T)) and 0 < U(x,t) < A(x) a.e. in Q x (0,T).
4. Ve L>(0,T; [L*(2)]") and |V |12y < Cllallool| Alloo-

For the model with diffusive proteins (1.18)-(1.20) the situation is even nicer because we
have not only the same results of Theorem 1.1 but in addition the problem is well-posed.

Theorem 1.2 For any T > 0 the reaction-diffusion system (1.21)-(1.23) is well-posed, i.e. it
has global unique weak solutions M(x,t), U(x,t), W(x,t) and V(x,t) on Q x (0,T) depending
continuously on the initial data. Moreover, we have the following properties:

1. M e L*®(Qx(0,T)) and 0 < M(z,t) < |[mo|loc + k-1t||Al|cc a-e. in Q x (0,T).
2. M € L>(0,T; H (Q)) and

t
1M (@)% + D/O YUV M(s)[* ds < e [llmol® + k242][A]%] -
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3. UW e L*®(Qx(0,T)), they are non-negative and 0 < U(x,t) + W(x,t) < A(x) a.e. in
Q% (0,7).

4. U W e L™ (O,T; H? (Q)) and
t
U@+ [|W (@)% + 2d / els <O (1TT (5)]> + VW () [|2) ds < edo )| 412,
0
where c(t) = 2[k_1 + k1a(t)] and a(t) = ||mollco + k—1t]|A]|co-
5.V e L*(0,T; [L*()]") and [V ooz < Cllallooll Alloo

There is a link between the model with fixed proteins (1.18)-(1.20) and the model with
diffusive proteins (1.21)-(1.23). Indeed, we have the following “continuity” result.

Theorem 1.3 If d — 0 then the sequence (M, U W9, V%) of solutions of (1.21)-(1.23) con-
verges to the solution (M,U,W,V) of (1.18)-(1.20) in the following senses:

1. M?, U and W® converge weakly in L? (O,T; L? (Q)) to M, U and W, respectively.
2. V2 converges to V weakly in L* (0,T; [L* (Q)]").

3. M? converges strongly in L? (0, T; L? (Q)) to M.

4. U and W9 converge weakly-+ in L>=(Q x (0,T)) to U and W, respectively.

5. In the limit d =0 we have U(x,t) + W(x,t) = A(x) a.s. in Qx (0,T).

Finally, the solutions of both systems (1.18)-(1.20) and (1.21)-(1.23) are globally defined in
time. More precisely, we have the following result.!

Theorem 1.4 Let M, U, W and V be solutions of either (1.18)-(1.20) or (1.21)-(1.23). Then:
1. M,U,W € L* (0,00; L' (2)).

2. V€ L* (0,00; [L? (2)]").

! The author would like to thank Prof. Jeff Morgan (University of Houston) for his remarks on the global
definition of the solutions.
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1.3 Proof of Theorem 1.1

1.3.1 A priori estimates

Lemma 1.1 If M(x,t) is a solution of (1.18)-(1.20) such that M (x,t) > 0 a.e. in Q x (0,T)
then:

1. 0 < U(z,t) < A(x) a.e. In particular, U(z,t) € L>®(2 x (0,T)).
2. M(z,t) € L* (Q x (0,T)) and M(x,t) < a(t) := ||mollco + k-1t]| Al a-.e.

3. There ezists a positive constant C = C(D, ||V - n||x, ) such that
t
1M (8] + D/ I VM (s)|P ds < e [[[mol® + K2,t]| AJ7] -
0

Proof:

1. Using the equations (1.18)-(1.20) we have
t
U(x,t) = A(xz)exp {—/ (k1M (x,s) + k:_l]ds}
0
t t
+ k:_lA(a:)/ exp{—/ [klM(a:,r)—l—k_l]dr}ds.
0 s

Therefore U(x,t) > 0 a.e., and using M (z,t) > 0 a.e. it follows that U(x,t) < A(x) a.e.

2. Let a(t) be a smooth function and define Z(x,t) := M(x,t) — a(t). Then the equation
for Z(x,t) is

OZ V- (DVZ-VZ)+kZU = —a'(t)—ka(®)U +k_1(A—U),
Z(x,0) = mp(x)— a(0),
Z(o,t) = —at) onI'y x [0,7],

(DVZ-VZ) -n(o,t) = 0 on Iy x [0,T7,

Choosing a(t) := ||mol|cc + k—1t]|A|cc it follows that

WZ —-N-(DVNZ-VZI)+kZU < 0,
Z(x,0) < 0,

Z(o,t) < 0 on 'y x [0,7T7,

(DVZ-VZ)-n(o,t) = 0 onl, x[0,T]

Therefore, the Maximum Principle implies that Z(x,t) <0 a.e.
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3. Multiply (1.18)-(1.20) by M, integrate over £ and use integration by parts to get

1 1
fiM2+D||VMH2 = /V-nM2dSk:1/ UM? dS

+ k_l/[A—U]MdQ.
Q

For the first integral, notice that V' -n € L>®(T" x [0,T]). Therefore, using trace estimates
we obtain that for any € > 0 there exists a constant C1 = C1(e, ||V - 1|0, 2) such that

1
= /V-nMQdS‘§5/|VM2dQ+q/]M|2dQ.
2|Jr Q 2 Jo

For the second and third integrals, observe that U > 0 since M > 0, and in consequence
k2, ) 1 )
kg [[A-—UMdQ < — | A%dQ+ = | M*dQ).
Q 2 Jo 2 Jo
Choosing C' := C1 + 1 and € = D/2 we obtain
d
ﬁ\lMll2 + D|VMI? < C|[M|* + k24| A|I*.

(&

Finally, multiplying by e~ ¢! and integrating on [0, ¢] we obtain the result. O

1.3.2 The Fixed Point operator

Define
K = {Mti € L2 (0,T; L2 () : M(z,t) > 0 a.e.} .

Fix M? € K and set
U = ki M*U + k_4[A - U], U(w,0) = A(z).

For any finite time interval [0, 7] this linear problem has a unique solution U(x, ) given by
t
U(x,t) = A(x)exp {—/ (k1 M (x, s) + k_l]ds}
0
¢ ¢
+ k:_lA(:c)/ exp {—/ (ki MF(x,7) + k_l]dr} ds,
0 s
which satisfies 0 < U(x,t) < A(x) a.e. in Q x (0,7"). With this U(x,t) define
) = / [A(@) — U, )] d
Q

and set the elliptic problem

{ Ap(x,t) = 0 in €,
Vo -n(o,t) = a(o)\(t) onT,
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with a(o) € L>(T') and [, ¢(x,t)dQ = [ra(c)dS = 0. This linear problem has a unique

solution ¢(x,t) € L™ (0, T, Hl(Q)) satisfying
191l () < Cllallcol|Alloo -
Now, define V (z,t) = V¢(x,t) and set the linear problem
oM =V - [DVM — VM| — kiMU + k_1[A — U]

(DVM — VM) -n(o,t
M(z,0) = mo(z)

(1.25)

in Q x (0,7),
onI'y x [0, 77,
onI', x [0,T7,
in Q.

For any finite time interval [0,7] there exists a unique weak solution M (x,t) satisfying the

estimates in Lemma 1.1.

In summary, we have just constructed a chain of maps M*? — U — V +— M, where each map
is given by a solution of a differential equation. In the light of this, we can define the operator
R(M?) := M, and our task now is to show that R has a fixed point.

In order to apply Schauder’s Fixed Point Theorem to the operator R we need to show that

it satisfies the following conditions.

Lemma 1.2 Fix a positive time T > 0. Then:
1. K is a convex closed subset of L* (0,T; L? ().
2. R:K—K.
3. R:L? (O,T; L? (Q)) — L? (O,T; L? (Q)) is continuous.

4. R(K) is relatively compact in L* (0,T; L* ().

Proof:

1. K is a convez closed subset of L* (0,T; L* (). It is immediate.

2. R : K — K. Multiply (1.18)-(1.20) by —M ~, integrate over 2 and use integration by

parts. After those calculations we arrive to

ld
2 dt

kl/Q[AU]M_ Q.

1
M2+ DIVM-|? = 2/V-n\M‘]2dS—k1/U]M_|2dQ
T Q

From Lemma 1.1 we have 0 < U < A since M € K. Using this fact and trace estimates we

arrive to

1d
2 dt

1M+ (D = ) [VM™|* < CllM |,



tel-00666581, version 1 - 5 Feb 2012

Chapter 1. Calcium ions in dendritic spines
Work in collaboration with Kamel Hamdache. Published in Nonlinear Analysis: Real World
Applications, Volume 10, Issue 4, August 2009. 15

where € > 0 is arbitrary. Therefore M~ (x,t) =0 a.e. in Q x (0,7), and in consequence M € K.

8. R :L*(0,T;L* () — L?(0,T;L? () is continuous. Let Z\ﬂj,l\@j € K, and for each

1 = 1,2 consider the chain of maps
Mf'—>Ui'—>Vi'—>Mz‘-

Define M* := M} — M}, U :=Us — U1, ¢ 1= g2 — 1, V := V3 — Vy and M = My — M. The
differences M and U solve the equations

atM = V- [DVM — VlM — VMQ] — [k‘lMQ + k‘,l]U + k‘lMUl , (126)
U = —[kiM}+ k1)U + kMUY, (1.27)

with homogeneous boundary and initial conditions, whereas V' solves
V-V =0, (1.28)
V.n = —a / Uds).
Q

We can solve explicitly the equation (1.27):
Ulzx,t) =k /Ot exp {— /t [k:lMg(:n, r)+ k‘,l} dr} M (x, s)U(x, s)ds .
Since Mg >0and 0 < Uy < A it follows that
|U ()| < ki A( /\Mﬁws]ds
Using Hoélder’s inequality we find that
Ol < KA [ 13s) P,
and integrating over ) we obtain

1T < BOINE 220 oy B = KIAI%L. (1.29)

Multiply the equation (1.26) by M, integrate over {2 and use integration by parts to obtain

1 ~ R .
Lyvrp + pyost? = 2 / Vi n|N2dS — / V VAT M, dO
2dt 2 J; 0

—/ [k1 My + k_1] UMdQ—kl/Ul\M\ZdQ. (1.30)
Q Q

Let us estimate the right-hand side of (1.30). For the first integral, using V1-n € L*> ((0,7) x Q)
and trace estimates we obtain

1 N N N
2/V1-n|M]2dS§Cl/ \M|2dQ+5/ |VM|?dS. (1.31)
r Q Q
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For the second integral, using Holder’s inequality it follows that

/QV'VMM2dQ < VO lz2@p M2l 2 @x o) VM ()] (1.32)

IN

Col|U (1) (t) + el VM (2)]?,

with C5 > 0 independent of T'. For the third integral we have
/ (kiMp + k1] UM Q. < (kva(t) + k) |U()] | M(2)] (1.33)
Q

< 3 o) + k-0 OOIF + S,

In conclusion, from the estimates (1.31)-(1.33) it follows that
5 M@+ (D = 22)[[VM[[7 < 1C+ 5 | [[M ()]
2dt 2
1 X
+ [eato) + 5 ) +k? 101

Choose ¢ = D/4, integrate over [0,t] and use (1.29) to obtain

t
O RO YCl ———e /0 |31 (s)]| ds

where 71 () = 2C5a%(t) + (k1a(t) + k_1)? and C = 2C; + 1. Finally, using Gronwall’s inequality
we get R R
I < NI 20,1200

and integrating on [0, 7] yields

IM1Z20mr2@) < YDIMA 207,020 (1.34)
YT) = TeT~(T),

which implies the continuity of the operator R.

4. R(K) is relatively compact in L? (O, T; L? (Q)) We will use Aubin’s compactness theorem
(see Theorem 5.1 in Lions [45], Section 5.5, pp. 57-64, and Tartar [63], Chapter 24, pp. 137-
141). Suppose that the sequence {Mﬁ} is uniformly bounded in L? (0,75 L*(2)). Then by
the continuity of R the sequence {RM, = M,} is also uniformly bounded in L? (0,7 L*(Q2)),
and the estimates in Lemma 1.1 imply that {M,} is uniformly bounded in L? (0,T; H'(Q)).
Furthermore, the sequence of derivatives {9;M,} is uniformly bounded in L? (0,T; H *(2)).
Indeed, we have

T
/ / |V, M, |> dQ dt
0 Q

IA

THMn”LOO(Qx(O,T)) ||Vn||%°0(07T;[L2(Q)]")

A

CTo*(T)|all ool Alloo »
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from where it follows that for all ¢ € [0, 7] the expression
BiM, =V - [DVM,, — VM| — ki MUy, + k_1[A — U]

defines a uniformly bounded sequence of distributions in H'(£2). Therefore, applying Aubin’s
theorem to the spaces H!(Q) C L?(Q) C H~!(Q) we obtain that the sequence {M,,} is relatively
compact in L? (0, T; L? (Q)) O

1.3.3 Conclusion of the proof

Lemma 1.3 For any T > 0 the reaction-diffusion system (1.18)-(1.20) has global unique weak
solutions M (x,t), U(x,t) and V(x,t) in Q x (0,T) a.e. Furthermore, M(x,t) > 0 a.e. in
Q x (0,T), and the estimates of Lemma 1.1 hold.

Proof: The four statements of Lemma 1.2 imply that we can apply Schauder’s Fixed Point
Theorem to the operator R and obtain a fixed point M*(x,t) = M (x,t) in K. This implies that
M(x,t) > 0 a.e. in 2 x (0,7), and in consequence Lemma 1.1 holds.

Observing carefully the explicit expression of (T") in (1.34) it follows that v(7') — 0 if
T — 0. Therefore, the operator R is a contraction if T' > 0 is small enough, and in consequence
we have the local uniqueness of (1.18)-(1.20) .

Now choose a time Ty € (0,7 such that v(7p) < 1 and perform the very same calculations
we have already made but with initial conditions M (x,Ty) and U(x,Tp) instead of mo(x) and
A(x), respectively. This yields a different set of bounds

a(To,t) = [[M(To)llec + k1 (t = To)IU(T0) [l ,
B(To.t) = k|U(TH)|%(t —Th),

7 (To,t) = 202@2(T0,t) + (kra(To, t) + k_1)2,
Y(To,t) = (t—Tp)eCtT0)y (Ty,t).

Recall that U(Tp) < A(x) and | M||coc < a(T) and define

a(T) = oT)+ kit A o

B(IT) = B(I),

(T) = 2C26%(T) + (ka(T) + k_1)?,
AT) = TeT(T).

These new bounds are independent of the initial conditions M (Tp) and U(Tp). Therefore, if Tj
was chosen such that 7(7p) < 1 we can extend the uniqueness result to the interval [Tp, 27p],
and repeating this procedure we obtain uniqueness on the whole interval [0,77], i.e. global
uniqueness. ]

From Lemmas 1.1 and 1.3 the proof of Theorem 1.1 follows immediately.
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1.4 Proof of Theorem 1.2

1.4.1 A priori estimates

Lemma 1.4 U(x,t), W(x,t) € L*° (2 x (0,T)) and
0<U(x,t)+W(x,t) <||Alloc a-e. (1.35)

Proof: For any ¢ € R the function Y := U + W — c satisfies

Y
oY =dAY I 0 onI, Y(x,0)=A(x)—c.
n
Therefore, applying the Maximum Principle to the cases ¢ = 0 and ¢ = ||A]| we obtain the
first and second inequalities in (1.35), respectively. O

Lemma 1.5 If M(x,t) >0 a.e. in Q x (0,T) then:
1. M e L*®(Qx(0,T)) and 0 < M(z,t) < a(t) := ||mollec + k-1t||Allcc a.e. in Q x (0,T).

2. M e L>*(0,T;H' () and
IM(5)]*+ D /0 O [T M () ds < e [llmoll® + k2 £ AlI%] .
3. UWeL>®(Q2x(0,T)) and 0 < U(x,t) + W(x,t) < A(x) a.e. in Q2 x (0,7T).
4. UW e L*(0,T; H' (Q)) and
U@+ 1w (@©)]1* + 2d / PECE (IVU)I? + [VW(s)]|?) ds < eho o) A)2,

where ¢(t) = 2[k_1 + k1a(t)].

5.V e L*(0,T; [L*()]") and |V ooz < Cllallool Alloo-

Proof: The only statements we need to prove are 3 and 4 because the other ones can be proved
using exactly the same arguments we have already performed in Section 1.3.

Let us first prove statement 3. An integration by parts in (1.21)-(1.23) yields

Ld

2dt||UH2+dHVU||2+k:1/ M|U|2:—k_1/ WU~ Q.
Q Q

We affirm that WU~ > 0. Indeed, by Lemma 1.4 we have that U + W > 0, which implies that
0< U (U+W)=—|U|>+U"W. Therefore U_W > 0, and in consequence |U~(¢)||*> = 0.
The argument for proving ||W~(¢)||> = 0 is the same.
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For statement 4, integration by parts yields

HUHQ+dHVUHQ+k1/M]UQdQ = k_l/WUdQ,
2dt o

2dt|]W|]2+dHVWH2+k /yw%m = kl/MUWdQ.
Q

Adding both equalities we get

1d
2dt

c(t)

(T2 +1W112) + a [V )2 + 9w ] < S ),

where ¢(t) = 2[k_1 + k1a(t)]. Multiplying this inequality by e —Js e(®)ds and integrating on [0, T
we obtain the result. g

1.4.2 The Fixed Point operator
Define

K = {Mﬁ € L*(0,T; L2 () : 0 < M(w,1) < [molloo + k_1t|Allos ace. in Q x (o,T)} .

Fix M? € K and set

U = dAU — by M*U + kW in Q x (0,7),
W = dAU + ky M*U — k_\ W in Q% (0,7),
VU -n(o,t) =0 on I' x [0, 77,
VW -n(o,t) =0 on I x [0, 7).

For any finite time interval [0,77] this linear system has unique solutions U(x,t) and W (z,t),
which are non-negative and satisfy 0 < U(x,t) + W (x,t) < A(x) a.e. in Q x (0,7). With these
U(zx,t) and W (x,t) set

Vo-n(o,t) = alo) [ W(e,t)dQ onF

with a(o) € L>®°(T) and [, ¢(x,1)dQ = [ a(o)dS = 0. This linear problem has a unique solution
¢(x,t) € L= (0,T; H'(2)) satlsfymg

9]l 1) < Cllallool|Alloo - (1.36)

Now, define V(x,t) = Vo (x,t) and set

OM =V - [DVM — VM| — kyMU + k_1[A — U] in Q x (0,7),
M(o,t) =0 on I'y x [0, 77,
VM -n(o,t) =0 on Iy x [0,T7,

M(x,0) = mo(x) in Q.
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For any finite time interval [0,7] there exists a unique weak solution M (x,t) such that 0 <
M(x,t) < |molloo + k-1t]|A|loc a.e. in Q x (0,T).

We have just constructed a chain of maps M* — (U, W) — V — M, and our goal is to show
that the operator R(M?*) := M has a fixed point.
1.4.3 Conclusion of the proof
Let Mlﬁ, Mg € K, and for each ¢ = 1,2 consider the chain of maps

Define M* := My — M}, U == Uy — Uy, W := Wo — Wi, ¢ = g2 — 1, V := V5 — V and
M = My — M. The differences M U and W solve the equations

OM = V-[DVM -V M —VM)—kiUMy— kiU M+ k_ W,
(U = dAU — kUM — kiU M* + kW, (1.37)
W = dAUK UM + kUM — kW,
with homogeneous initial and boundary conditions, whereas V= V(]B solves
V-V =
Von = a/ W dQ.
Q

Lemma 1.6 If fori=1,2, Mf(:n,t) >0 a.e. inQ x (0,T) then there exist positive continuous
functions C1(t), Ca(t) and Cs(t) such that

IN

LR < ) (IR + 10017 + W o)?)
Lo+ IWOIR) < o (I0@P+ W@ +I8E@P) . (18s)
OO+ IWOIZ) < Cstn) (101 + 1)
Proof: Multiply (1.37) by M and integrate by parts to get

2dtHM\|2+DHVMH? _ —kl/ ]U\gffl-ndS—/M2V-VMdQ (1.39)
Q Q

- kl/UMszQ—kl/ U1|M]2dQ+k:1/WM
Q Q Q

Noticing that all the functions are in L° we can deduce the first estimate in (1.38). Indeed,
since |V|| < C||W/|| it follows that

/ MoV - VN dQ < ||V | + C() W12,
Q
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and the other four integrals in (1.39) can be estimated similarly in order to get
d . - ~ N N
%IIM(t)IIQ < Gi(t) (IIM(t)H2 +HIT @ + IIW(t)IIQ) :
Multiply (1.37) by U and integrate by parts to get
1d, -~ - - SPIDN .
——||U|? +4d|VU|? = —kl/ U205 do — kl/ U MU d) + k:l/ WU dQ. (1.40)
Observe that second integral in (1.40) can be estimated in two ways, either
[oargaa<c (J0@P + 1))
Q

or either
/ ULNIED 49 < C)|[0 ()12
9
In the first case we can deduce that
d - - A N
@HU(f)II2 <C() (HU(t)II2 + W @))* + HMﬁ(t)IIQ) ; (1.41)
whereas in the second case we can show that

L1 < om (1012 + W ol?) (1.42)

Now perform the same estimates for W and add up both the estimates for U and W. Tt follows
then that with estimates of type (1.41) we obtain the second inequality in (1.38), whereas with
estimates of type (1.42) we get the third inequality in (1.38). O

Lemma 1.7 For any T > 0 the reaction-diffusion system (1.21)-(1.23) is a well-posed problem,
i.e. it has global unique weak solutions M (z,t), U(x,t), W(x,t) and V (x,t) which depend
continuously on the initial data. Moreover, M(x,t), U(x,t) and W (x,t) are non-negative a.e.
in Q x (0,T) and the estimates of Lemma 1.5 hold.

Proof: Using Gronwall’s lemma in the second equation in (1.38) we have
OO + W@ < CoOIMAONZ 20,7120

Plugging inequality into the first equation in (1.38) and using again Gronwall’s lemma we obtain
that there exists a positive continuous function é(¢) such that

IML(@)I* < 6O IMEON 20,7520 -

Integrating on [0,7] we have

VL) 2202200y < TODINE DI 07,1262 -
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which implies that the operator R is continuous. Therefore, applying Schauder’s Fixed Point
Theorem it follows that R has a fixed point M (x,t). With this M(x,t) we can construct
U(x,t), W(x,t) and V(x,t), and the four of them are global solutions of the problem (1.21)-
(1.23). Moreover, since M (x,t) > 0 a.e. in Q x (0,7") then the estimates of Lemma 1.5 hold.

Now suppose we have non-homogeneous initial conditions. Then adding up the first and
third equations in (1.38) and using Gronwall’s lemma we can show that there exists a positive
continuous function k(t) such that

V@) + T @ + W (@) < s(t) (HM(O)H2 + 1T + IIW(U)H2> :
Therefore, the solutions are unique and depend continuously on the initial data. O

From Lemmas 1.5 and 1.7 the proof of Theorem 1.2 follows immediately.

1.5 Proof of Theorems 1.3 and 1.4

1.5.1 Proof of Theorem 1.3

For any 0 < d < dg let (M?, U4 W9 V%) be the weak solutions of (1.21)-(1.23) and let d — 0.
First, Lemma 1.5 implies that the sequence U? is bounded in

X =L*(0,T;L* (Q)) N L>®(Q2 x (0,7)),

which implies that a subsequence, still denoted U?, converges weakly-+ in X to a limit U°.
Similarly, a subsequence W¢ converges weakly- in X to a limit 9.

Second, Lemma 1.5 also affirms that the sequence V¢ is uniformly bounded in
Y:=L>(0,T; [L* ()]") ,

then there is a subsequence V¢ converging weak-+ in ) to a limit V°.
Third, from Lemma 1.5 the sequence M¢ is uniformly bounded in

Z:=1*(0,T;L*(Q) N L* (0,75 H' (Q)) N L™ (0, T; H' (Q)) N L®( x (0,T)),
hence a subsequence M¢ converges weak-x in Z to a limit M°. Moreover, using classical estimates
of type
T
/ / VIME — VOMO|dQdt < C1||[VE - VO + Cyl| M — MO
0 JQ
it follows that VIM?® — VOMO strongly in [L'(Q x (O,T))]n and M4U? — MOU strongly in
L'(Q2x(0,T)). This implies that the sequence 8; M is uniformly bounded in L* (0, T; H~' (2)),

so applying Aubin’s compactness theorem we have that the convergence M? — M?Y is in fact
strong in L* (0, T; L* (Q)).



tel-00666581, version 1 - 5 Feb 2012

Chapter 1. Calcium ions in dendritic spines
Work in collaboration with Kamel Hamdache. Published in Nonlinear Analysis: Real World
Applications, Volume 10, Issue 4, August 2009. 23

In the light of the former convergences we obtain that a subsequence (M d yd, Wd,Vd) of
weak solutions of (1.21)-(1.23) converges weakly in L? (0, T; L? () to (M°,U°, W°,V?), which
is a weak solution of (1.18)-(1.20). However, the uniqueness of the problem (1.18)-(1.20) implies,
on the one hand, that (M°, U° W° V%) = (M,U, W, V), and on the other hand, that the whole
original sequence (M? U4 W< V%) converges weakly in L? (O,T; L? (Q)) Moreover, since in
the limit we have 0;(U + W) = 0 and U,W € L>®(Q2 x (0,T)) then U(x,t) + W(x,t) = A(x)
a.e. in Q x (0,7).

1.5.2 Proof of Theorem 1.4

From Theorems 1.1 and 1.2 we have that U(x,t) + W(x,t) < A(x) for all t > 0 and all = € Q.
Therefore, U(x,t) and W (x,t) are globally defined in time and

1U | oo (@x(0,00)) < [ AllLeo@) s Wl oo (@x(0,00)) < [[All oo () -

On the model with diffusive proteins (1.21)-(1.23), if we integrate the equations for M and W
and use the boundary conditions we obtain

3 /Q (M(z,t) + W(z,t))

/V-[DVM—VM]dQ+/AWdQ
Q Q

= D VM -ndS <0.
Ta

The last inequality holds because M > 0 in Q and M = 0 on I'y imply VM -n < 0 on T',.
Therefore,

/ (M (2, t) + W(z,t)) dQ < / mo(x) dS?,
Q Q

and in consequence M € L™ (O, oo; Lt (Q)) For the model with fixed proteins (1.18)-(1.20), inte-
grating M —U and repeating the previous argument it can be shown that M € L*>° (O, oo; L (Q))

Notice that since the boundary condition for V' = V¢ depends on W, it necessarily lies in
L>(T" x (0,00)). Therefore, integrating we find a constant C' such that

/Q|V¢I2dQ = /Fqba(a)A(t) ds < C (/F|V¢|2d9>1/2.

On the other hand, using (1.15) and trace inequalities we obtain that
Vo)l 2@y d2 < C vt >0.
In consequence, V' = V¢ is globally defined and V' € L (0, oo; L? (Q))

1.6 Final remarks

1.6.1 On the cytoplasmic flux

Throughout this article we have supposed that the cytoplasmic flow field V is incompressible
(V -V =0) and that it comes from a potential (V = V¢). These two hypothesis are assumed



tel-00666581, version 1 - 5 Feb 2012

24 Section 1.7 Discussion

in the model of Holcman and Schuss [34], but the cytoplasmic flow could have been modeled in
a more realistic way without affecting the results we presented. Indeed, we could consider that
V follows Stokes’ equation

— AV +Vp=0 in Q, (1.43)
V-V=0 in Q,
V=Xt f on I

with f € [H 1/2(1) ﬂLOO(I‘)]n. Under these assumptions the problem (1.43) has a unique
solution V' € [H 1(Q)]n satisfying

IVl < CIAOL- I e oy

which can be used instead of (1.17) to obtain the same results of Theorems 1.1, 1.2 and 1.3.

1.6.2 On the diffusion coefficient

If we wish to take into account the existence of obstacles inside the spine, like organelles or
macromolecules, we can add them in two forms: either as “exterior domains”, i.e. we take out
a tiny section from the domain €2 and suppose that the boundary of the section belongs to the
boundary of €2, or either by considering that the diffusion coefficients are no longer constant.
The results we presented here are still valid in both situations provided that the exterior domains
have C! boundaries, D,d € C'(Q x [0,T]) and

0<D1§D(d),t)§D2, 0<d1§d(m,t)§d2.

1.6.3 On the reactions between calcium and the proteins

As in Holeman and Schuss [34], we assumed in the model that all binding sites have the same
affinity for the Ca?" ions, but this is not the real case. Indeed, calcineurin has one binding
site with high affinity and three with low affinity (see Klee et al [36]), AM-type proteins like
Troponin have two low affinity sites and two high affinity sites (see Farah et al [19]), and CaM
with two Ca?" ions bound has more affinity to bind calcium than CaM with no Ca?* ions bound
(see Shiftman et al [59]). Nevertheless, such distinctions were not considered here in order to
keep things as simple as possible.

1.7 Discussion

All the results we presented here are new and can be considered as the sequel of the works of
Holcman et al [33] and [34], and in particular of [34] where Holeman and Schuss proposed the
reaction-diffusion system (1.5) as a model for calcium dynamics inside a dendritic spine. Our
main results are Theorem 1.1, where we proved that the system (1.5) in its modified form (1.18)-
(1.20) has global unique positive solutions, Theorem 1.2, where we proved that if the proteins
diffuses then the corresponding problem (1.21)-(1.23) is well-posed, and Theorem 1.3, where we
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showed that the solutions of (1.21)-(1.23) converge to the solutions of (1.18)-(1.20) when d — 0.

We mentioned also that the experimental evidence suggests that the twitching motion of the
spine should depend on the total number of occupied binding sites. We made the assumption
that the spine twitching depends on the cytoplasmic velocity V' at the spine surface I', and
that this value depends on the total number of Ca?" ions that are bound to the proteins. This
renders a strong coupling between M, U, W and V' but nevertheless we succeeded to solve this
coupled system.

There are at least two tasks that we consider interesting to address in the future. First, it
could be illustrative to perform numerical simulations for both reaction-diffusion models (1.21)-
(1.23) and (1.21)-(1.23) in order to compare them with the simulations of the Langevin equation
(1.1) that appeared in Holecman et al [33], [34], and also with experimental data. Second, given
that the solutions are globally defined in time, we would like to study the asymptotic behaviour
and stability of the solutions for large times.
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Chapter 2

Viral infection and immune response

Work in collaboration with Anna Marciniak-Czochra. Already submitted.

In this work we extend the ODE model for virus infection and immune response proposed by
P. Getto et al (Modelling and analysis of dynamics of viral infection of cells and of interferon
resistance, J. Math. Anal. Appl., No. 344, 2008, pp. 821-850) to account for the spatial effects
of the processes, such as diffusion transport of virions, biomolecules and cells. This leads to two
different nonlinear PDE models, a first one where the cells and the biomolecules diffuse (which
we call the reaction-diffusion model) and a second one where only the biomolecules can diffuse
(the hybrid model). We show that both the reaction-diffusion and the hybrid models are well-
posed problems, i.e., they have global unique solutions which are non-negative, bounded, and
depend continuously on the initial data. Moreover, we prove that there exists a “continuous”
link between these two models, i.e., if the diffusion coefficient of the cells tends to zero then the
solution of the reaction-diffusion model converges to the solution of the hybrid model. We also
prove that the solutions are uniformly bounded and integrable for all times. We characterize
the asymptotic behavior of the solutions of the hybrid system and present several relations
concerning the survivability of viruses and cells. Finally, we show that the solutions of the
hybrid model converge to the steady state solutions, which implies that the latter are globally
stable. We finish with several numerical simulations performed in Matlab.

2.1 Introduction

2.1.1 Spatial effects of viral infection and immunity response

When a virion, i.e., an individual viral particle, enters a healthy cell, it modifies the genetic
structure of its host. After infection, the altered biochemical machinery of the host starts
to create new virions. The virions are then released from the host cell and may infect other
cells. However, the infected cell activates intrinsic host defenses, which include, among others,
activation of the innate immunity system and release of biomolecules called interferons (IFN),
which communicate with the other cells and induce them to deploy protective defenses. The
dynamics of such complex virus-host system results from the intra- and extracellular interactions
between invading virus particles and cells producing substances, which confer resistance to virus.

These key processes have been addressed by the mathematical model proposed by Getto,

27
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Kimmel and Marciniak-Czochra in [24]. The model was motivated by the experiments involving
vesicular stomatitis virus (VSV) [16, 42] and respiratory syncytial virus (RSV). The work of P.
Getto et al [24] is focused on the study of the role of heterogeneity of intracellular processes,
reflected by a structure variable, in the dynamics of the system and stability of stationary
states. It is shown that indeed the heterogeneity of the dynamics of cells in respect to the age
of the individual cell infection may lead to the significant changes in the behavior of the model
solutions, exhibiting either stabilizing or destabilizing effects.

Another interesting aspect of the dynamics of the spread of viral infection and development of
resistance is related to the spatial structure of the system and the effects of spatial processes, such
as random dispersal of virions and interferon particles. In a series of experiments on the vesicular
stomatitis virus infection [16, 42], it was observed that the spatial structure of the system may
influence the dynamics of the whole cell population. The role of spatial dimension and diffusion
transport of virions and interferon molecules were experimentally studied using two type of
experiments: a one-step growth experiment in which all cells were infected simultaneously, and
a focal-infection experiment in which cell population was infected by a point source of virus.
A spreading cicular wave of infection followed by a wave of dead cells was observed. The
experiments were performed on two different cell cultures: DBT (murine delayed brain tumor)
cells, which respond to IFN and can be activated to resist the replication of viruses, and BHK
(baby hamster kidney) cells, which are not known to produce or respond to IFN. In case of focal
infection both in DBT and BHK populations spread of infection (rings) was observed. The size
of the rings was dependent on the type of the virus (N1, N2, N3, N4 -gene ectopic strains as
well as M51R mutant and XK3.1). However, for all virus types, it was observed that in DBT
cells the speed of the infection propagation was decreasing with time, while in case of BHK the
radius of the infected area was growing linearly in time. Results of the experiments showed that
the rate of infectious progeny production in one-step growth experiments was a key determinant
of the rate of focal spread under the absence of IFN production. Interestingly, the correlation
between one-step growth and focal growth did not apply for VSV strains XK3.1 and M51R in
the cells producing IFN. Focal infection in DBT cells led only to the limited infection, the spread
of which stopped after a while.

These experiments indicated suitability of focal infections for revealing aspects of virus-
cell interactions, which are not reflected in one-step growth curves. Motivated by Duca et al
experiments, we devise a model of spatio-temporal dynamics of viral infection and interferon
production, which involves virions, uninfected, infected and resistant cells, as well as the in-
terferon. We assume that interferon is produced by infected cells and spread by diffusion to
neighboring uninfected cells, making them resistant. At the same time, the virus is spread, also
by diffusion and the final outcome is the result of competition beween these two processes.

2.1.2 The original model

The point of departure for this work is a system of nonlinear ordinary differential equations
developed by P. Getto et al [24] to model wild-type cells interacting with virions and the con-
sequent interferon-based immune response. The model describes time dynamics of five different
types of entities interacting in a culture: three different types of cells (wild-type, infected and
resistant) and two different biomolecules (virions and interferons).
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P. Getto et al [24] considered a culture of wild-type cells infected by virions. When a wild-
type cell interacts with a virion it becomes an infected cell. Infected cells produce further virions,
but they also release interferons. If an interferon reaches a wild-type cell before a virion does,
then this cell becomes a resistant cell. Virions, interferons and infected cells are supposed to
have an exponential death rate, whilst there is no death rate associated to wild-type and resis-
tant cells, because they are considered to live longer than infected cells. In the other words, the
model describes the time scale of in vitro experiments, which is short comparing to the life span
of healthy cells.

Under these hypotheses the following nonlinear ODE model was proposed:

W' = —iW —oW, — wild-type cells
I' = —uil+oW, — infected cells

R = W, — resistant cells (2.1)
vV o= —ppv + apl — agoW, «— virions
i = —pit+ ol — aziW, « interferons

where all coefficients coefficients are positive constants.

2.1.3 Biological hypotheses of the new model

In this work we will modify the ODE model (2.1) by introducing spatial random dispersion of
cells, virions and IFN molecules. We consider two models: In the first model (which we call
the reaction-diffusion model) we assume that all cells, virions and interferons diffuse, whilst the
second model (which we call the hybrid model) is based on the hypothesis that only virions
and interferons diffuse. The diffusion terms are supposed to follow Fick’s Law with constant
diffusion coefficients and it is modeled by adding Laplacian operators to the ODE system.

Concerning the boundary conditions, we assume that the whole system is isolated within
a bounded domain @ ¢ RY (N = 2,3). This implies no-flux boundary conditions, i.e., ho-
mogeneous Neumann conditions, on I' = 9. It is worth to remark, however, that the results

presented here are also valid for other boundary conditions such as homogeneous Dirichlet and
Robin (mixed).

Since the cells are far bigger than the interferon molecules and the virions, we can suppose
that d is much smaller than both d; and d,. In order to compare the two latter diffusion
coefficients, one can recall that interferons are biolomecules and virions in general have several
proteins (including DNA or RNA). Under the light of this argument we assume that d,, is smaller
than d;, but both are of the same order. This leads to the following conditions,

0<dxd, <d;.



tel-00666581, version 1 - 5 Feb 2012

30 Section 2.2 Main results

2.1.4 The reaction-diffusion (RD) model

Let Q ¢ RY (N = 2,3) be a bounded domain with Lipschitz boundary I', and let 7 > 0. We
consider in Q x [0,7] a reaction-diffusion (RD) system

oW = dAW —iW —oW ,

ol = dAI — puil + oW,
R = dAR+iW, (2.2)
v = dyAv — v + ayl — agvW |
i = d; A1 — pit 4+ ol — aziW,
with boundary conditions
VW -n(o,t) = 0 on I' x [0,T7,
VI-n(o,t) = 0 onlx[0,T],
VR-n(o,t) = 0 onl x]0,7], (2.3)
Vv-n(o,t) = 0 onI x[0,T],
Vi-n(o,t) = 0 onI x][0,T],
and initial conditions
W(z,0) = Wo(z),
I(il}, O) = IO(:B )
R(x,0) = Roy(x), (2.4)
v(z,0) = wvo(x)
i(ma 0) = 20(37)

2.1.5 The hybrid model

Since d is much smaller than both d; and d, it is plausible to consider that d = 0. Under this
assumption we obtain a hybrid model consisting of PDE equations for the interferons ¢ and
virions v and ODE equations for the three types of cells W, I, R. The system takes the form

8tW = —iW - UW,
8,5] = —/L[I + oW s
OR = iW, (2.5)

Ov = dyAv — v + ayl — agvW |
ati = diAi — ,U,Z"i + CKiI — OégiW,

with boundary conditions

{Vv-n(a,t) = 0 onIx[0,T],

Vi-n(o,t) = 0 on I x [0,T]. (2.6)

2.2 Main results

In this Section we formulate main results of the work. The proofs are presented in the following
sections.
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2.2.1 Existence and uniqueness results
Throughout this work we denote || - || the norm in L?(€2) and || - ||so the norm in L>(().
We will prove that both the RD and the hybrid models are well-posed problems, i.e., they

have unique solutions (in the weak sense) which are non-negative, uniformly bounded, and
depend continuously on the initial data.

Theorem 2.1 Fiz any T > 0. If the initial conditions (2.4) are non-negative a.e. and lie
in L>(Q) then the RD system (2.2)-(2.3) has unique weak solutions W (x,t), I(x,t), R(x,t),
v(x,t) and i(x,t) on Q x [0,T]. Moreover, these solutions are non-negative, uniformly bounded,
and depend continuously on the initial data.

Theorem 2.2 Fiz any T > 0. If the initial conditions (2.4) are non-negative a.e. and lie in
L>®(Q) then the hybrid system (2.5)-(2.6) has unique weak solutions W (x,t), I(x,t), R(x,t),
v(x,t) andi(x,t) on Qx[0,T]. Moreover, these solutions are non-negative, bounded, and depend
continuously on the initial data.

We also prove that there is a “continuous link” between these two models, as the next result
shows.

Theorem 2.3 If d — 0 then the solutions (W<, 1%, R, v% i%) of the RD system (0.7)-(0.8)
converge to the solution (W, I, R,v,i) of the hybrid system (0.10)-(0.11), in the following sense:

o Strongly in L? (O,T; L? (Q))
o Weakly in L? ((), T;H! (Q))

o Weakly-x in L>®(2 x (0,7)).

2.2.2 Asymptotic results for the RD system
Theorem 2.4

1. The solutions W, I, R,v,i of the RD system (2.2)-(2.3) are globally-defined and belong to
L>®(Q x (0,00)).

2. If W, I, R,v,i are non-negative, steady-state solutions of the RD system (2.2)-(2.3) then

W(x) Wy >0 constant,
I(x) = 0,

R(x) = Rp>0 constant,
v(iz) = 0,
i(x) 0.
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2.2.3 Asymptotic results for the hybrid system

Regularity of solutions W, I, R,v,i follows from a classical theory for evolution systems and
depends on the regularity of initial conditions (see eg. [58], for reaction-diffusion systems coupled
with ODEs). In the remainder of this paper we assume that the solutions are (at least) C?.

Theorem 2.5 IfW, I, R,v,i are non-negative, steady-state solutions of the hybrid system (2.5)-
(2.6) then

~

—~
8

N—
Il

<
—

8
~

1

i(x) =

Moreover, suppose that the initial conditions belong to L*°(Y). Then the solutions of the
hybrid system (2.5)-(2.6) are globally-defined and have the following asymptotic properties:

1. I(z,t) belongs to L' (0, 00; L*(Q)), i

i.e.,
t

lim/ /12(113,3)de5<00.
0 Jo

t—o0

2. v(z,t) and i(x,t) belong to L*(0,00; HY(Q)), i.e.,

t
lim </ v?(x, 5) dQ+/ |Vv(a:,s)|2dQ> ds < o0,
0 Q Q

t—o0

t
lim (/ i%(x, 5) dQ+/ |Vi(a:,3)|2dQ) ds < 00.
0 Q Q

t—o0

3. v(x, t)W(x,t) and i(x,t)W (x,t) belong to L'(0,00; L' (), i.e.,

t t
tlim / / v(z,s)W(x,s)dlds < co and tlim / / i(x,s)W(x,s)ddds < co.
4. For any x € Q,

lim I(x,t) =0, limv(z,t)=0, limi(e,t)=0.

t—o0 t—o0 t—o0
5. For any x € Q, Wy(x) > 0 if and only if
lim W(a,t) > 0.
t—o0
Theorem 2.6 Consider the hybrid system (2.5)-(2.6) and suppose that p,, = 0. Then:

1. If voo(x) is a steady-state solution then |[Vus|| = 0.
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2. Define

Voo () 1= liin sup v(x,t).
—00

/Qvoo(a:)dQZ/Qvo(a:) dsd.

In particular, if vg Z 0 then vy Z 0.

If a, > aqper then

2.3 Numerical simulations

In order to solve numerically the considered systems we used the method of lines, under which
the system of nonlinear partial differential equations was converted to a large system of ordinary
differential equations by discretising of Laplacian (three coordinates for the 1D Laplacian and
five coordinates in the 2D case). The discretised system of ordinary differential equations was
numerically solved using the CVODE package and numerical estimates of the Jacobian matrix.
This program offers an implicit method for time discretization, originally developed for stiff
problems of ODEs. Space discretization is a gridpoint on a unit interval. The size of the spatial
grid is adjusted according to the value of the diffusion coefficient. Time discretization is per-
formed implicitly. Homogeneous Neumann boundary conditions (zero flux) are implemented as
a reflection at the boundary (see e.g. [2]). The graphical visualization of the numerical solutions
in space and time is realized using Matlab.

The domain is the 2D square [0,1] x [0, 1]. The initial concentration in the 2D simulations
are Wy = 1 and vg = 0.5 on the sub-square [0.4,0.6] x [0.4,0.6] and zero otherwise. These initial
conditions are exactly those in the numerical simulation of the ODE model in P. Getto et al
[24]. For the simulation of the hybrid model we used a 30 x 30 grid in space and 50 time steps.
The pictures correspond to the final stage ¢ = 50. We fixed the parameters ag = 1, ay = 4,
pwr =0.3, u; = 0.4 and o; = 0.8.

From the numerical simulations we could assess the effect of the spatial structure (i.e. the
diffusion) in the virus proliferation:

e When p, > 0 the viral diffusion plays against virions and helps the wild-type cells. In
pictures 3.1-3.3 we can see that, as the diffusion coefficient grows, the concentration of
wild-type cells seems to grow.

e When p, = 0 the viral diffusion has a positive effect on the viral concentration and plays
against the wild-type cells. In pictures 3.4-3.6 we can see that, as the diffusion coefficient
grows, the concentration of virions grows as well.

As we can see in both cases, the spatial structure (represented by the diffusion term) has
crucial effect on the final concentration of wild-type cells and virions. Indeed, if pu, > 0 the
diffusion helps the cells and punishes the virions whilst if u, = 0 it has the opposite effect.
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Figure 2.1: d, = 0.001, p, = 0.2 and o, = 0.8.
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Figure 2.3: d, =0.1, p, = 0.2 and «,, = 0.8.
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Figure 2.4: d, =1, p, =0 and «,, = 2.
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2.4 The fixed point operator and a priori estimates

2.4.1 Construction of the fixed point operator R
Our approach follows the ideas used by K. Hamdache and M. Labadie in [39].

Define
K= {(vﬁ,iﬁ) e 1? <O,T; I% (Q)]Q) AL % [0,T])])? : vi(z,t) > 0, if(z,t) > 0 ace. in Q x [o,T]} :

Fix (vf,i*) € K and set

W — dAW + W + o'W =0 in Q x (0,7),

O — dAI + ppI — o'W =0 in Q x (0,7),
R —dAR—i*W =0 in Qx (0,7), (2.7)

VW -n(o,t) =0 on I' x [0, T,

VI -n(o,t)=0 on I x [0, T,

VR-n(o,t) =0 on I' x [0, 7.

For any finite time interval [0, T, the linear system (2.7) has a unique solution (W (x,t), I(x,t), R(x,t)),
which is non-negative and bounded.

With these functions W (x,t), I(x,t) and R(x,t) set

00 — dpAv + v — il + agvW =0 in Q x (0,7),
Byi — diNi + g — ol + aziW =0 in Q x (0,T), (2.8)

Vv -n(o,t) =0 on ' x [0,T]

Vi-n(o,t) =0 on I' x [0, T,

Again, for any finite time interval [0, 7| the linear, uncoupled system (2.8) has a unique solution
(v(z,t),i(x,t)), which is non-negative and bounded.

Our goal is to show that the operator R[(vf,i%)] := (v,i), defined for the chain of maps
(v%,i%) — (W, I, R) — (i,v) constructed above, has a fixed point.

2.4.2 Positivity of solutions
From now on we will assume that the coefficients
da d'lH di7 By Py [, O3, 4
are all positive, and that the initial conditions (2.4) are non-negative and bounded.

Lemma 2.1 Let (v, i) — (W,I,R) — (v,i) be solutions of (2.7)-(2.8).
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1. Ifv* and i* are non-negative and bounded then W, I and R are non-negative and bounded.

2. If W, I and R are non-negative and bounded then v and i are non-negative and bounded.

Proof:

1. The equation for W is

W — dAW + (i* + " )W =0 in Q% (0,7),
VW -n(o,t) =0 on I' x [0, T,
W(x,0) =Wy(x) >0 in Q.

Applying Maximum Principle we obtain that W (x,t) > 0 for all (z,t) € Q x (0,7T).

Define Z; := W — ~1, where 71 € R. Then Z; solves

W7y —dAZ + (iF + 0 Z) = — (i + oP)y in Q% (0,7),
VZi-n(o,t) =0 on I' x [0,T7,
Zl(m,()) = Wo(:D) — 71 in Q.
Choosing 71 = ||Wo||s and using non-negativity of i* and vf we obtain
Oy —dAZy + ( + v )Zl <0 in Q x (O,T),
VZi-n(o,t) =0 on I' x [0, T,
Zl(m,O) <0 in Q.
Hence, Maximum Principle implies that Z;(z,t) < 0 for all (x,t) € Q x (0,7), and in

consequence W (x,t) < |[Wy|leo for all (x,t) € Q@ x (0,T).

For I, notice that v* and W are non-negative. Therefore, similarly as above Maximum
Principle yields that I(x,t) > 0 for all (xz,t) € Q x (0,T).

Now, due to the boundedness of I, the function Zs := I — 75 solves

OrZy — AN + purZy = V"W — e in Q x (0,7),
VZy-n(o,t) =0 onI' x [0,T7,
Zg(a?, 0) = Io($) — Y2 in .

Choosing

Hloo W0 l oo
v
Ny = maX{HIolloo,”'HO”}

and applying Maximum Principle, we obtain that I(x,t) < v for all (x,t) € Q x (0,7).
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Finally, Maximum Principle implies that R(x,t) > 0 for all (z,t) € Q x (0,7). For the
boundedness of R, define Z3 := R — y3(t). It yields

0, Z3 — dAT = i*W — ~4(t) in Q% (0,7),
VZs3-n(o,t) =0 on I' x [0, T,
Z3(x,0) = Ro(x) — v3(0) in Q.

Choosing
v3(t) = || Rollso + t[[*[|oc ] Woll o

and applying Maximum Principle we obtain that R(x,t) < 3(t) for all (x,t) € 2 x (0,T).

2. Using the same argument as before we can prove that 0 < v(x,t) < 4 and 0 < i(x,t) < 75
for all (x,t) € Q x (0,7T), where

|1 , o || L
o = e { o, 200 0p e { g, 2002

v (2

2.4.3 A priori estimates

Lemma 2.2 Let (v%,i%) — (W,I,R) — (v,i) be solutions of (2.7)-(2.8). Then the functions
W,I,R,v,i belong to L? (O,T; Hl(Q))

Proof:

e Multiply (2.7) by W and integrate by parts to obtain

Ld

W2 + d[ VW2 = —/(ijj + o W2de.
> di A

Since f and ! are non-negative, it follows that

Ld

Wl +d 2<90.
2dtH [#+dIVIW= <0

Integrating over [0, ¢] yields
t
W (5)]2 + 24 /0 VW (s)[2ds < W (0)]2.

e Multiply (2.7) by I and integrate by parts to obtain

Ld

5P+ VIR + )P = [ wrag.
Q

Recall the identity

1
/|vﬁWJdeg / |UﬁW|2dQ+s/ |1)?d2.
Q de Jq Q
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Choosing ¢ = uy/2 and using the uniform bounds in Lemma 2.1, it follows that there is a
constant C' > 0, depending on the L norm of the initial data, such that

d
I+ 2a| VI + TP <
Here we can keep or discard the term puy||I]|?, leading to two different estimates:
— If we discard the term, the integration over [0, 7] yields
t
1)1 + 2d/0 IVI(s)[*ds < || 1(0)|* + Ct,

which implies that I € L* (0,7 H*(12)).
— If we keep the term, after multiplying by e#’* and integrating over [0, T,

t
le#*21(#)]* + 2d/ M| VI(s)]* ds < [[1(0)] + C(e* = 1).
0
Therefore,

t
@I +2d [ e TIE)| ds < 1)+ C(1 = ).
0
This estimate will be useful for the study of the asymptotic behavior when ¢t — oc.

e Multiply (2.7) by R and integrate by parts to obtain
1d

R2+dVR2:/iWRdQ.
thll | IVR] A

Therefore,
d
ﬁHRH2 +2d|VR|* < C + |IR|*.

Multiplying by e™* and integrating over [0, ¢] leads to
¢
IR(@)[I” + Qd/ ¢! IVR(s)|* ds < [|R(0)[%e" + C(e! —1).
0
e Repeating the argument for v and ¢ yields
t
lo(®)]* +2dv/ IVu(s)Pds < [o(0)]* + Ct,
0
t
lo(®)]I* + 2dv/ et )| Tu(s)[Pds < [l(0)]Pe Tt + O(1 — e,
0
t
it +2di/ IVi(s)|[Pds < [li(0)[]* + Ct,
0

t
li(t)]1? + 2d; /0 HEIVils)|Pds < [i(0)Pe T+ O(L - e ). O
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2.4.4 Continuity of the operator R

Let (v%,z%) — (Wi, 11, Ry) — (v1,41) and (vg,zg) — (Wa, Iy, Ro) +— (v2,i2) be two solutions of
the systems (2.7)-(2.8), with the same initial conditions (vg = g, i(ﬁ) = 19, Wo, Iy, Ro, vo, ip)-

Define
o = Ug—vﬁ,
#o= i
W o= W,-Wi,
I = L-1,
R = Ry— Ry,
U = vy —p,
i o= g —iy.

Lemma 2.3 There exists a positive continuous function C(t) such that

1ol + 181R) as| <o [ [ (1917 + 1#1R) as) (2:9)
J J<colf |

Proof: The differences 0, 1, W, f, R solve the system

o0 — dyA% + ¥ + g Wot + 044171W — Ozvf =
i — d; AT+ uﬂ + asWoi + asiyW — oyl
W — dAW + W + Wi + bW + Wy ot
I — dAT + prl + Wodt + oW =

iR — dAR + iAW + Whit =

o O o o O

with homogeneous initial and boundary conditions.

Multiply the equation for I by I and integrate by parts to obtain
1d

2dt||f||2+d||wf||2+w\|f||2 :_/QMWQMQ+/U§WMQ.

Q

Noticing that all the functions are in L*°, we deduce that there exists C' > 0, depending on the
initial conditions and the model coefficients, such that

d - A A -
ZIE2 + 24 V112 < € (e + W12 + 1)) - (2.10)
Using the same argument we can show that

d, - . . ) X
SNV + 20| V2 < O (IR + 1 + 1)) (2.11)

d ~o 5112 242 57112
_ < .
SIRIP+2d|VRIP < C (I#)2 +1W)?2)
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From (2.10)-(2.11) and d > 0, it follows that
d ir112 2112 5112 2412 A2 i7112 2112
— < .
= (W12 4 1212 + 1RIZ) < € (182 + 19902 + W12 + 11£]2)
Integrating over [0,¢] we obtain that
I7112 7112 D12 ! 212 2 ! 37112 T2
4 1 1R < | [0 4 1007) as] 0 | [ (e ) as]

Applying Gronwall’s Lemma it follows that there exists a positive continuous function C(t) such
that

t
W 1+ 1R < c) | [ (112 4 15917) as] (212)

On the other hand, multiply the equation for @ by i and integrate by parts to obtain

1d . . . . - .
Hz’H2—|—diHVz'H2+ui||iH2+a3/ Wgz’QdQ:—ag/ilVVz'dQ—i—ai/IidQ.

Proceeding as before we can show that there exists a constant C; > 0 such that
d =0 212 212 7112 2112
2+ 24, Vil < (12 + I + 1))
Analogously, we can show that
d ~112 ~112 ~112 17112 7112
2912 + 24,1Vl < Cy (1ol + W12 + 1 11) -
Using (2.12) we obtain that
d 22 2 22 2 ! cH12 2
= (112 + 102 < e (il + 191?) + C (@) [ /0 (02 -+ 19%)2) ds} .

Integrating over [0, ¢] yields

t t
i+ 1P < v | [ (112 1olP) as] + cco | (02 + 1907) o]
0 0

Applying Gronwall’s Lemma, it follows that

t
P + ol < <) | [ (12 + 1712) as]

Integrating again over [0,¢] we obtain (2.9). O



tel-00666581, version 1 - 5 Feb 2012

Chapter 2. Viral infection and immune response
Work in collaboration with Anna Marciniak-Czochra. Already submitted. 43

2.5 Proof of the theorems

2.5.1 Proof of Theorem 2.1
Lemma 2.4 Fix a positive time T > 0. Then:
1. K is a convex closed subset of L? <O,T; [LQ (Q)]2)
2. R:K—K.
3. R:L? (O,T; [L? (Q)]z) — L2 (O,T; [L? (Q)]2> is continuous.

4. R(K) is relatively compact in L? (O,T; [LQ (Q)]2>

Proof:

1. By construction, K is convex and closed.
2. If i > 0 and v# > 0 then from Lemma 2.1 it follows that ¢ > 0 and v > 0.
3. By Lemma 2.3 the operator R is continuous.

4. We will use Aubin’s compactness theorem (see Theorem 5.1 in Lions [45], Section 5.5, pp.
57-64, and Tartar [63], Chapter 24, pp. 137-141). Suppose that the sequence {(vﬁ,z%)}
is uniformly bounded in L? (0, T, [L2(Q)]2>. Then, by the continuity of R, the sequence
{R[(vg, ZEL)] = (vp,in)} is also uniformly bounded in L? (0,T; [L*(©2)]), and the estimates
in Lemma 2.2 imply that {(vy,4,)} is uniformly bounded in L? (O, T; [H'(Q)] 2). Further-
more, the sequence of derivatives {(0;vy,, Oin)} is uniformly bounded in L? <O, T; [HH(Q)] 2) ,
because the expressions

O, = V- (dyVup) — tyvn + aply — agv, W, ,
8ﬂn = V- (dZVzn) _— Hiin + o1, — agian,

define two uniformly bounded sequences of distributions in H'(f2). Therefore, applying
Aubin’s theorem to the spaces [Hl(Q)]2 C [LQ(Q)]2 C [H_I(Q)]2, we obtain that the

sequence {(vy,i,)} is relatively compact in L? (0, T; [LQ(Q)]Q). O
We can now conclude the existence of solutions of the reaction-diffusion system (2.2)-(2.3):

From Lemma 2.4 we see that the operator R satisfies Schauder’s Fixed Point Theorem
(Corollary B.3, p. 262 in Taylor [65]). Therefore, the system (2.2)-(2.3) has solutions W, I, R, v, 1.
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Moreover, from the fact that v and i coincide with v and ¥, respectively, we can derive two
consequences. First, from Lemma 2.1 it follows that W, I, R, v, are non-negative and bounded.

Second, from Lemma 2.2 we have that W, I, R, v,i belong to L? (0, T, [Hl(ﬂ)]Q)

Lemma 2.5 The solutions W (z,t), I(x,t), R(x,t), v(xz,t) and i(x,t) of the reaction-diffusion
system (2.2)-(2.3) are unique and depend continuously on the initial data (2.4).

Proof: Notice that v and i coincide with v* and ¥, respectively. Bearing this in mind, and
repeating the arguments in Lemma 2.3, we can show that there is a positive constant C' such
that

d 2 2 ~ ~ 2 2 2 7 ~ 2
= (W12 N2+ DRI + ol + 11117) < © (W2 + 102 + LRI + 1912 + 1] ?) -

Therefore, Gronwall’s lemma implies that there exists a positive continuous function C(¢) such
that

W2+ 12+ RIP + [[o]* + 2] < O(2) (HWoH2 + [ Zol|* + (1 Rol|* + l[é0]|* + Hfon> - O

2.5.2 Proof of Theorem 2.2

So far we have only considered the reaction-diffusion system (2.2)-(2.3). However, for the hybrid
system (2.5)-(2.6) the same results hold. Indeed, on one hand, in Lemmas 2.2-2.5 we have only
used that d > 0. On the other hand, we can use the integral representations of W, I and R in
order to deduce that they are bounded and non-negative, which proves the analogue of Lemma
2.1 in the hybrid case. [J

2.5.3 Proof of Theorem 2.3

For any 0 < d < dg let (W%, 1%, R? v? i%) be a weak solution of (2.2)-(2.3) and let d — 0.

First, from Lemma 2.2 it follows that the sequence W is bounded in
L*(0,T; H (Q)) N L=(Q x (0,T)),

which implies that a subsequence, still denoted W¢, converges weakly in L? (0, T;H! (Q)) and
weakly-x in L>°(Q x (0,7)) to WO, This result is also valid for the sequences 1%, R? v¢ and .

Second, using classical estimates of type
T
/ / [i9W e — OWO) dQdt < Cy||i% — || + Co||[We — WO
0 Q
it can be shown that the sequence 9;W¢ is uniformly bounded in L? (0,7; H~! (Q2)). In con-

sequence, applying Aubin’s compactness theorem yields the strong convergence i¢ — % in
L? (O, T; L? (Q)) This result is also valid for the sequences I?, R% v® and °.
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Finally, we obtain that a subsequence (W9, I¢ R4 v? i9) of weak solutions of (2.2)-(2.3)
converges strongly in L? (O,T; L? (Q)), weakly in L2 (O,T; H! (Q)) and weakly-x in L>°(Q x
(0,7)). Since the limit (W, 1% RY 49 i) is by construction a weak solution of (2.5)-(2.6), the
uniqueness of the hybrid system (2.5)-(2.6) implies that the limit is the same for any converging
subsequence. [

2.5.4 Proof of Theorem 2.4
Lemma 2.6 The solutions W, I, R,v,i of the RD system (2.2)-(2.8) are globally-defined and

belong to L>=(2 x (0, 00)).
Proof:
1. Define N(x,t) := W(x,t) + I(x,t) + R(x,t). Then N satisfies

N —dAN <0 in Q% [0,7],
VN -n=0 on ' x [0, 7).

Therefore, Maximum Principle provides
N(z,t) < ||Nolloo V(x,t) € Qx[0,T].

Moreover, since this bound is independent of ¢ and T', it follows that N (x,t) is defined for
all t € R. In consequence, the positivity of W, I, R implies that these three functions exist
for all times and that they are uniformly bounded, i.e.,

W(z,t), I(z,t), R(x,t) < ||[Nolew Y(z,t) € Qx[0,00).

2. From Lemma 2.1 we obtain that 0 < v(zx,t) < v4 and 0 < i(zx,t) < 75 for all (x,t) €
Q2 x (0,T), where

_ || Zolloo _ o ailllollo
Y4 = max ”’UOHoo,T y Y5 = max HZoHomT .

v K3

Again, since the bounds are independent of ¢ and 7', the solutions v and i exist for all
times. [

Lemma 2.7 IfW, I, R,i,v are non-negative, steady-state solutions of the RD system (2.2)-(2.3)
then

() Wy >0 constant,
() = 0,
R(x) = Rp>0 constant,
() = 0
() = 0



tel-00666581, version 1 - 5 Feb 2012

46 Section 2.5 Proof of the theorems

Proof: If W, I, R,i,v are non-negative, steady-state solutions of system (2.2)-(2.3), then

—dAW = —iW —oW,
—dAl = —pil +oW,
—dAR = W, (2.13)
—dyAv = —pyv 4+ ol — ag oW,
—d; A1 = —pii+ ol — agiW,
with boundary conditions
VW -n(c) = 0 onT,
VI-n(c) = 0 onl,
VR-n(c) = 0 onl, (2.14)
Vuv-n(oc) = 0 onT,
Vi-n(e) = 0 onl.

Multiplying the equation for W by W and integrating by parts we obtain
d|[VW|? + / (i +v)W?2dQ = 0.
Q

Therefore iW = vW = 0 and W (x) = Wy constant. Using same argument for I yields
d|VI|? + il =0,
which implies that I(x) = 0. For R we obtain
d|VR|* =0,
and therefore, R(x) = Ry is constant, whilst for v,7 we obtain

do | Vol* + pollv]* =0,
di||Vill* + pallil* = 0,

and, in consequence, v(x) =i(x) = 0. 0.

2.5.5 Proof of Theorem 2.5

Lemma 2.8 If W, I, R,i,v are non-negative, steady-state solutions of the hybrid system (2.5)-
(2.6) then

.
T
8 8
S—
1Tl
o ~
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Proof: The steady-state-solutions of system (2.5)-(2.6) solve

0 = —iW—ovW,

0 = —ul+oW,

0 = iW, (2.15)
—dyAv = —pyv + ol — agoW
—diA’i = _Mii + Ctz‘[ — OégiW s

with boundary conditions

{Vv-n(a) = 0 onT, (2.16)

Vi-n(c) = 0 onT.
From the first three equations in (2.15)-(2.16) it follows immediately that

W =oW = purl =0.
Since py > 0 then necessarily I = 0. Moreover, v and i solve

—dyAv = —py,v,
—dlA’L = —,LLZ"L'.

In consequence, since u, > 0 and p; > 0 it follows that v = ¢ = 0. It is worth to mention that
in this case we have no restriction on W and R. O

Lemma 2.9 Suppose that the initial conditions belong to L*°(Q). For any x € 2, the solutions
of the hybrid system (2.5)-(2.6) are integrable in the following sense:

1.
t t
lim [ I(xz,s)ds <oo and lim / / I(x,s)dds < oo.
t—oo Jq t—oo Jg Jo
2. . .
tlim v(x,s)W(x,s)ds < oo and tlim / / vz, s)W(x,s)dds < oo.
—eJo —Jo Ja
3. . .
tlim i(x,s)W(x,s)ds < oo and tlim / / i(x,s)W(x,s)dds < oo.
—eJo —Jo Ja
Proof:

1. Adding the equations of W, I, R we obtain that
OW 4+ I + R+ purl <0.

Integrating over [0, ¢] it follows that, for any (z,t) €  x [0, 00) we have

Wiz, t)+ I(x,t) + R(x,t) + pr /Ot I(x,s)ds < W(xz,0)+ I(x,0) + R(x,0).  (2.17)
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Therefore, from (2.17) and using uniform boundedness of the initial conditions we can
deduce that

t t
lim [ I(x,s)ds < oo and tlim / / I(x,s)dds < oo.
—Jo Ja

t—o0 0

2. Integrating over [0, t] the equation for I yields

I(x,t) — I(x,0) —1—/0 I(x,s)ds :/0 v(x, s)W(x, s) ds.

Therefore, using the previous result on the integrability of I we obtain that

t t
lim [ v(z,s)W(x,s)ds <oo and lim / / v(x, s)W(x,s)dQds < cc.
0 JQ

t—oo Jj t—00
3. Integrating over [0, ] the equation for W yields
t t
W(x,t) — W(x,0) +/ vWi(x,s)ds = / i(x,s)W(x,s)ds.
0 0

Since the left-hand side has a limit so does the right-hand side, i.e.,

t t
lim [ i(x,s)W(x,s)ds < oo and lim / / i(x, s)W(x,s)dQdds < co. O
0o Ja

t—o00 0 t—o00

Lemma 2.10 The solutions of the hybrid system satisfy the following properties:

1. 041 is uniformly bounded for t € [0,00). Moreover, for any x € €,

t
lim I(x,t) =0, lim [ I*(x,t)dQ2=0 and tlim//lz(w,s)dﬁds<oo.
—>Jo Ja

t—o0 t—o00 Q

¢ ¢
tlim / ([[o(s)]|* + IVo(s)]|?) ds < oo and tlim / ([li(s)|I” + [ Vi(s)]]?) ds < oe.
—00 Jo —oo Jo

3. Oy and By are bounded distributions in L* (0, c0; H'()).

Proof:
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1. Since the functions I, v and W are uniformly bounded in © x (0,00), from the equation
for I it follows that 9;1 is uniformly bounded as well. Therefore, using

t
lim [ I(x,s)ds < oo
t—o0 0
we can infer that
lim I(x,t) =0 for all x € (.
t—o00
Now consider a sequence

O<to<ti <:--- <ty =0

and define
fu(x) :=I(x,ty,).

We have already proven that

lim f,(x) =0 and 0< f,(x) < Ny(x),

n—oo

where
No(x) := W(x,0) + I(x,0) + R(x,0) € L>(Q).

Therefore, we can apply Lebesgue’s Dominated Convergence Theorem to obtain

lim [ f2(x)dQ = / lim f2(x)dQ = / 0dS = 0.
Q Qe Q

n—oo

Since this holds for any arbitrary sequence (t,)nen then
lim [ I*(x,t)dQ = 0.

t—o00 O

For the last statement, if we integrate the equation for I over Q x [0,t] we obtain

t t
VO + 2011 /0 /Q (@, 5) dds = [T(0)]® + 2/ | 2= 0. /0 /Q o, )W (@, 5) A ds.

Since the right-hand side converges as t — oo then the left converges as well, which implies

that .
lim/ /Iz(a:,s)des < 0.
t—oo Jo Jo
2. Multiplying the equation for v by v and integrating by parts yields
L @I + dol| Vo) + mollo(t)]2 = av/ Tvdf — a4/ VW QL.
Q Q

Integrating over [0,t] it can be shown that there is a constant C' > 0, independent of ¢,
such that

t t t
lo(®)|I? + 2d, /0 IV0()|I2 ds + oo /0 lo(s)[2 ds < 0(0)]2 + C /0 /Q I2(x, 5) dQds.
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But from the previous results it follows that the right-hand side converges. In consequence,
the left-hand side converges, i.e.,

. t 2 2
Jim [ (o) + [Ve()]) ds < oc.

The proof for i is exactly the same as for v.

3. Let ¢(w,t) be a test function in L' (0,00; H*(2)). Calculating the dual product in
L' (0,4 H(9)) yields

t t
(O, ) = —dU/ /Vv-Vqﬁdet—,u,v/ /vgdedt
0 JQ 0 JQ

t t
+Oév/ /Igdedt—a4/ /ngdedt.
0 JQ 0 JQ

Using the uniform boundedness and integrability of I and W it can be shown that there
exist three positive constants C7, Cy and (3, independent of ¢, such that

(O, p)| < Cr+ Calloll pro,mr () + Callvllroem (@) -

This implies that [(9;v, ¢)| is bounded for any test function in L' (0,¢; H'(2)) with norm
less than one, uniformly in ¢. Therefore, 9;v is a bounded distribution in L* (O, oo; H' (Q))

The proof for i is exactly the same as for v. O

Lemma 2.11 Suppose that the initial conditions belong to L>®(). For any x € Q fized, the
solutions of the hybrid system (2.5)-(2.6) satisfy the following properties:

1.
tlim v(z,t)W(x,t) =0 and tlim iz, t)W(x,t) =0,
2.
tlim v(z,t) = tlim i(x,t) = 0.
3. . .
tlim v(xz,s)ds < oo and 1tlim i(x,s)ds < co.
Proof:

1. Integrating the equation for I over [0,t] we obtain

/ v(z, )W (x,s)dt = I(x,t) — I(x,0) + /J[/ I(x,s)ds.
0 0
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On one hand, using the previous results it follows that the right-hand side is uniformly
bounded in t. In consequence,

t
lim [ v(z,t)W(x,t)ds < oo.

t—o00 0

On the other hand,
815(’[)W) = v(‘?tW + W(‘?tv

is uniformly bounded because v, W, 0,v and 0;W are all uniformly bounded. In conse-
quence,
lim v(x, )W (x,t) = 0.

t—o00

2. Integrating over € x [0, ¢] the equation for v and using Fubini’s Theorem yields

/Qv(a:,t)dQ—/Qv(a:,O)dQ _ /Ot/QAv(cc,t)det—MU/Ot/Qv(az,t)det

t t
—i—av/ /I(az,s) det+a4/ /v(w,s)W(w,s) dQ dt.
0 JQ 0 JQ

Now recall that v satisfies homogeneous Neumann boundary conditions. Therefore,

t t
/ / Av(z,t)dQdt = / Vu(z,t) -ndSdt =0,
0 JQ 0 JoQ

which implies that

/Qv(a:,t)dﬂ—/gv(w,O)dQ = —,uv/ot/Qv(:c,t)dﬂdt+ozq,/0t/ﬂf(a:,s)dﬂdt
+ouy /Ot/Qv(sc,s)W(:c,s) dQ dt.

From the previous results and the uniform boundedness of W, I and v it follows that

¢
lim/ /v(m,t)det<oo.
t—o0 o Jo

Since J,v is uniformly bounded it follows that

lim [ v(zx,t)dQ =0. (2.18)

t—o00 Q

Now let € > 0 and choose xy € 2. Define
B(e,xp) ={x € Q : |x — xo| < e}.

From (2.18) there exists 7'(¢) > 0 such that

/ v(xz,t)d) < e|B(e,zg)| forall t > T(e).
Q
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In consequence,

/ v(x,t)dQ < / v(x,t)dQ < ¢|B(e, xo)|,
B(e,xzo)

Q
which implies that

i)
_ v(x,t)d2 < e.
BE20)] Sy &

Therefore, since v(x,t) is continuous, we have

v(xp, t) = (x,t)dQY <e,

N e A
| B(e,0)|—0 IB g, o) m)

which implies that
lim v(wg,t) <e.
t—o0

Since € > 0 and x € €2 are arbitrary it follows that

lim v(z,t) =0 for all x € Q.
t—o0
The proof for i(x,t) is exactly the same.

OO:—thm// x,s)dQds.

From the previous results we have that C is well-defined, finite and positive. Now, for
any n € N define

. Define

t
Ay, = {aj €Q: lim | v(x,s)ds > nC’OO} .

t—o00 0

On the one hand,
t
lim / / v(xz,s)dQds > nCx|Ay| .

t—o00 0

On the other hand,

tlim// a:sdﬂds<hm// (x,5)dds = Cop

1
Ay —. 2.19
Aal < - (219)

Therefore,

Moreover, since
A1 DAD - DA, D+

it follows that

t o]
Aso 1= {a: € Q: lim v(x, s)ds diverges} = ﬂ A,

t—o00 0
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In consequence, from (2.19) we obtain that |As| = 0, which implies that

t

lim [ v(x,s)ds < oo a.e. in
t—oo J

Finally, since t — v(x,t) is continuous we conclude that

t
lim [ v(z,s)ds <oo forall ze .

t—o0 0

The proof for ¢ is the same. [

Lemma 2.12 For any x € Q, Wy(x) > 0 if and only if

lim W(x,t) > 0.

t—o0

Proof: Integrating over [0, t] the equation for W we obtain

t t
W(x,t) = Wy(x) x exp {—/ v(x,s)ds — / i(x, s) ds}.
0 0
In consequence, the result follows immediately from Lemma 2.11. [

2.5.6 Proof of Theorem 2.6

Lemma 2.13 If voo(x) is a steady-state solution of the hybrid system (2.5)-(2.6) and p, = 0
then ||Vusl|| = 0.

Proof: Following the proof of Lemma 2.8 it follows that
dyAvs = 0.

Therefore, integrating by parts yields ||Vus| =0. O

Lemma 2.14 If v is solution of the hybrid system (2.5)-(2.6) and p, =0 then

lim [ v(x,t)dQ > /

vo(x) dQ+(av—a4u1)/ /I(sc,s) dQ dt.
t=o0 Jo Q o Ja

Proof: Integrating over 2 x [0, ¢] the equation for v and using Fubini’s Theorem yields

/Qv(:c,t) dQ—/Qv(:L',O) dQ:/Ot/QAv(:c,t) dQ dt+a, /Ot/gl(w,s)det—Faz;/ot/Qv(:c,S)W(:c,s) dQ dt.
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Now recall that v satisfies homogeneous Neumann boundary conditions. Therefore,

¢ ¢
/ / Av(z,t)dQdt = / Vou(z,t) -ndSdt =0,
0 JQ 0 Jos2

which implies that

t t
/v(w,t) Q) = / v(x,0) dQ+av/ /I(a:,s) det+a4/ /v(w,s)W(m,s) dQ) dt.
Q Q 0 Jo 0 Jo
On the other hand, integrating the equation for I yields
t t
/ v(x, )W (x,s)dt = I(x,t) — Ip(x) + ,U]/ I(x,s)dt.
0 0

In consequence,
t
/v(:z:,t)dQ = /vo(a:)dQ+(av—a4u[)/ /I(:c,s)det (2.20)
Q Q 0 JQ
+a4/l(zc,t) dQ—a4/I0(cc) Q).
Q Q

Now recall that Ip(x) is non-negative and

lim [ I(x,t)dQ=0.

t—oo Jo

Therefore, taking the limit ¢ — oo and applying Lebesgue’s dominated convergence theorem in
(2.20) we obtain

lim [ v(x,t)dQ > /

t WMMQH%—MMV"/H%Qmﬁ.D
—JQ Q 0 Q

Lemma 2.15 Define

Voo () 1= liin sup v(x,t).
—00

A%mmzémmm

In particular, if vg Z 0 then vy Z 0.

If ay, > aypg then

Proof: 1If a,, > aypr then from Lemma 2.14 we have

lim [ v(x,t) dQZ/UO(:E) Q).
t—oo Jo Q

Recall that v(z,t) is uniformly bounded. Therefore, applying Fatou’s lemma we obtain

t—o0

/voo(m)dQZ lim [ v(x,t) Z/UO(m)dQ. O
Q Q Q
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2.6 Discussion

We proved that both the reaction-diffusion and the hybrid models are well-posed problems, i.e.,
they have global unique solutions (in the weak sense), which are non-negative, bounded and
depend continuously on the initial data. We also showed that, when d — 0, the solution of the
reaction-diffusion model coverges to the solution of the hybrid model.

We provided several asymptotic estimates for the solutions of the hybrid model. First, we
proved that the solutions are uniformly bounded and integrable over Q x (0,00). Second, we
showed that virions and wild-type cells cannot coexist, because the product of their concentra-
tions tends to zero as t — oo. Third, we proved that if u, > 0 then the virus concentration
tends to zero as t — oo and W tends to a non-zero, non-homogeneous limit. Fourth, if u, =0
and a,, > aypur then the global virus concentration is bigger than the original concentration.

One striking result for the hybrid model is the global stability of the steady-state solutions.
Indeed, we characterized the steady-state solutions and showed that they coincide with the limits
of the corresponding time-dependent solutions. Indeed, for u, > 0,

tlim Ix,t) = 0 = Iy(x),
tlim v(x,t) = 0 = wve(x),
tlim iz, t) = 0 = ix(x),

whilst W (a,t) has an explicit limit,

Woo(x) = Wo(x) exp {—/Ooov(a:,s) ds — /Oooi(w,s) ds}.

Finally, in the numerical simulations we found that the spatial structure (i.e. the diffusion)
plays a crucial role in the proliferation of virions. Indeed, d, has a positive effect when p, = 0
and a negative effect when u, > 0. Therefore, the spatial structure permits the existence of
richer patterns than in the original ODE system of P. Getto et al [24], which confirms what we
have conjectured at the beginning of the project.



Section 2.6 Discussion

56

ZT0Z o4 G - T UOISISA “T8599900-I9)



tel-00666581, version 1 - 5 Feb 2012

Part 11

Reaction-diffusion equations and
systems on manifolds

57






tel-00666581, version 1 - 5 Feb 2012

Chapter 3

The effect of growth on pattern
formation

Based on abundant numerical and experimental evidence, it has been conjectured that growth
should have some kind of stabilising effect on pattern formation. In this paper we answer affir-
matively this question: under an isotropic regime, growth shifts the eigenvalues of the reaction-
diffusion system towards the left on the complex plane. Since the real parts of the eigenvalues
are smaller, we can interpret this fact as a gain of stability. We also prove that growth enhances
the possibility of a solution to be global: a local solution (i.e. defined up to a finite time) has
more chances to be global (i.e. to exist for all times) on a growing manifold than on a fixed
manifold. Moreover, if growth is fast enough we show that the solutions are always global. We
illustrate this anti-blow-up effect with two scalar examples, for which there is blow-up on fixed
domains. We show that on growing domains the blow-up occurs later than in fixed domains, and
that if growth is fast enough then here is no blow-up. We finish with a discussion of the results,
showing that the classical linear stability analysis for bifurcations apply to this framework, and
pointing out the possible applications of our results to regulatory dynamics in pattern formation,
embryogenesis and tumor growth.

3.1 Introduction

Since the seminal paper of Turing [66], the most frequently used framework for modeling pattern
formation in biological and chemical systems are reaction-diffusion systems of the form

D,
D
%‘::DAu+F(u), D= ° Dy >0, (3.1)

Dy

where u = u(z,t), z is the position in a domain in RY and ¢ > 0 is time. However, as Plaza
et al [52] remark, this framework does not take into account the effects of domain growth and
curvature, which are crucial for the development of an organism. Therefore, it is necessary to
develop reaction-diffusion models that consider these two important features.

99
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There have been several works aiming at studying the effect of growth on pattern formation.
In 1995 Kondo and Asai [38] reproduced numerically the complex behavior of patterns on the skin
of Pomacanthus, a tropical fish, by just adding growth to the classical reaction-diffusion system
(3.1). Based on this evidence, Meinhardt [47] emphasized that this result suggests a new way to
look at the process of regulatory features in embryogenesis, not only in Pomacanthus but also in
other organisms like Drosophila. In 1999 Crampin et al [15] showed in a 1-dimensional simulation
that domain growth may be a mechanism for increased robustness in pattern formation. They
managed to find a critical growth rate, under which there is a sequence of mode-doubling pattern
transitions, and they also showed that if the growth rate is much bigger or smaller than this
critical value the mode-doubling pattern dissappears. In 2004 Plaza et al [52] derived a reaction-
diffusion model for two morphogens on 1 and 2-dimensional growing domains. They used this
model to perform numerical calculations in squares and cones with isotropic growth, and in the
light of the simulations, they concluded that growth has a stabilising effect on pattern formation.
More precisely, and we quote:

“New patterns can be robustly selected due to the effect of either curvature and/or
growth, which would be unstable otherwise”.

In 2007 Gjiorgjieva and Jacobsen [28] studied the effect of growth on pattern formation on
a 2-dimensional sphere. They showed that the solutions under slow growth are very similar to
the solutions of the model of Chaplain et al [13] on a fixed sphere, which implies that there
is a continuity link between growing and fixed patterns. But they also found something very
interesting, which is worth quoting:

“In general, the range of eigenmodes which yield Turing pattern formation for a
growing sphere is larger than the range for a fixed sphere, which implies that growth
increases the number of possible patterns. However, the dominant eigenmode deter-

mining the pattern is smaller for growing spheres [...] This shows that, although
a larger class of patterns is allowed for growing spheres, a lower mode is typically
selected”.

All these four numerical examples reinforce the conjecture that growth should have some kind
of stabilising effect on pattern formation. In this paper we affirmatively answer this question,
showing that (7) under an isotropic regime growth has indeed a stabilising effect on patterns,
i.e. the eigenvalues of a growing domain have real parts smaller than those on fixed domains;
and (i7) growth enhances the possibility of a solution to be globally defined, i.e. blow-up on
growing manifolds occur later than on fixed manifolds, and if growth is fast enough we can even
avoid blow-up. We will finish with a discussion of the results, showing that the classical linear
stability analysis for bifurcations apply to our case, and pointing out the possible applications
of our findings to regulatory dynamics in pattern formation, embryogenesis and tumor growth.

3.2 Main results

3.2.1 Reaction-diffusion systems on growing manifolds

Let us define the mathematical objects we will work with throughout this paper.
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Definition 3.1 4 manifold M will be for us a smooth (C*°), compact, connected, oriented